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AN APPROACH TO LARGE-SCALE QUASI-BAYESIAN
INFERENCE WITH SPIKE-AND-SLAB PRIORS*

By YVES ATCHADET AND ANWESHA BHATTACHARYYAY

Boston University' and University of Michigan®

We propose a general framework using spike-and-slab prior distri-
butions to aid with the development of high-dimensional Bayesian in-
ference. Our framework allows inference with a general quasi-likelihood
function. We show that highly efficient and scalable Markov Chain
Monte Carlo (MCMC) algorithms can be easily constructed to sample
from the resulting quasi-posterior distributions.

We study the large scale behavior of the resulting quasi-posterior
distributions as the dimension of the parameter space grows, and
we establish several convergence results. In large-scale applications
where computational speed is important, variational approximation
methods are often used to approximate posterior distributions. We
show that the contraction behaviors of the quasi-posterior distribu-
tions can be exploited to provide theoretical guarantees for their vari-
ational approximations. We illustrate the theory with some simula-
tion results from Gaussian graphical models, and sparse principal

component analysis.

1. Introduction. We consider the problem of estimating a p-dimensional param-
eter using a dataset z € Z, and a likelihood or quasi-likelihood function £ : RP x Z —
R, where Z denote a sample space equipped with a reference sigma-finite measure dz.
We assume that the quasi-likelihood function (0, z) — £(6, z) is a jointly measurable
function on RP x Z, and thrice differentiable in the parameter 6 for any z € Z. We
take a Bayesian approach with a spike-and-slab prior for 8. The prior requires the in-
troduction of a new parameter § € A ey {0, 1}? with prior distribution {w(d), § € A}

which can be used for variable selection. The components of 6 are then assumed to
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be conditionally independent given §, and 6| has a mean zero Gaussian distribution
with precision parameter p; > 0 if §; = 1 (slab prior), or a mean zero Gaussian
distribution with precision parameter py > 0 if §; = 0 (spike prior). Spike-and-slab
priors have been popularized by the seminal works [30, 14] among others. Versions
with a point-mass at the origin are known to have several optimality properties in
high-dimensional problems ([19, 9, 8, 2]), but are computationally difficult to work
with. In this work we follow [14, 31] and others, and replace the point-mass at the ori-
gin by a small-variance Gaussian distribution. We then propose to study the following

quasi-posterior distribution on A x RP,

1510 p=l3llo

(1.1) H(é,d@\z)oceg(gévz)w(é)<§71)7(570) 2 G013~ B 10051349,
T m

assuming that it is well-defined, where for 8 € RP, and 6 € A, 65 denote their com-
ponentwise product. A distinctive feature of (1.1) is that we have also replaced the
quasi-likelihood #(6;z) by a sparsified version £(fs;z). In other words, even if ¢ is
a standard log-likelihood, (1.1) would still be different from the Gaussian-Gaussian
spike-and-slab posterior distribution of [14, 31]. To the best of our knowledge this
sparsification trick has not been explored in the literature. It has the effect of bring-
ing (1.1) closer to the point-mass spike-and-slab posterior distribution in terms of
statistical performance, while at the same time providing tremendous computational
speed as we will see.

By working with a general quasi-likelihood function this work also contributes to a
growing Bayesian literature where non-likelihood functions are combined with prior
distributions for the sake of tractability and scalability ([10, 18, 28, 46, 22, 27, 2,
3]). Non-likelihood functions (also known as quasi-likelihood, pseudo-likelihood or
composite likelihood functions) are routine in frequentist statistics, particular to deal
with large scale problems ([29, 49, 40, 37, 42, 25]). In semi/non-parametric statistics
and econometrics, the idea is closely related to moments restrictions inference ([17,
11, 3)).

At a high-level, our main contribution can be described as follows: given a log-quasi-
likelihood function ¢ and a random sample Z such that ¢(-; Z) is (locally) strongly
concave with maximizer located near some parameter value of interest 6, € RP, we
show that the distribution (1.1) puts most of its probability mass around (dy,60,),

where 0, is the support of ;. Precise statements can be found in Theorem 2 and
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Theorem 3. The parameter value 6, is typically (but not necessarily) defined as the

maximizer of the population version of the log-quasi-likelihood function:

0. = Argmax E, [((6; Z)].
OeRP
We use Theorem 2 to argue in Section 2.1 that the sparcification trick used in (1.1)
significantly speeds up MCMC computation compared to the state of the art.

For sufficiently strong signal 6,, we show that II actually behaves like a product
of a point mass at d, and the Gaussian approximation of the conditional distribu-
tion of # given § = ¢, in II (Bernstein-von Mises approximation). Precise statements
can be found in Theorem 7. The results have implications for variational approxima-
tion methods, and as an application of the main results, we derive some sufficient
conditions under which variational approximations of Il are consistent. We illustrate
the theory with examples from Gaussian graphical models (Section 5.1), and sparse
principal component analysis (Section 5.2).

The paper is organized as follows. We study the sparsity and statistical properties of
IT in Section 2 and 3 respectively. The Bernstein-von Mises theorem and the behavior
of their variational approximations are considered in Section 4. We illustrate these
results by considering the problem of inferring Gaussian graphical models in Section
5.1, and sparse principal component estimation in Section 5.2. All the proofs are

collected in the appendix.

1.1. Notation. Throughout we equip the Euclidean space RP (p > 1 integer) with

its usual Euclidean inner product (-,-) and norm || - ||2, its Borel sigma-algebra, and

its Lebesgue measure. All vectors u € RP are column-vectors unless stated otherwise.
. def def

We also use the following norms on RP: ||0]; = L1051, 110110 = > 1 10,150}

def
and [|0]|cc = maxi<j<p|6;].

We set A % {0,1}P. For 0,0" € RP, §-0" € RP denotes the component-wise product
of § and ¢#'. For 6 € A, we set RY o {6-0: 0 € RP}, and we write 05 as a short for
6-0. For §,0' € A, we write § D ¢ to mean that for any j € {1,...,p}, whenever
6; = 1, we have §; = 1. Given § € R?, and 6 € A\ {0}, we write [f]5 to denote the
d-selected components of 6 listed in their order of appearance: [f]; = (65, j € {1 <
k<p: 6 =1}) € R0, Conversely, if u € RI%llo, we write (u,0)s to denote the

element of RY such that [(u,0)s]s = w.



If f(6,x) is a real-valued function that depends on the parameter § and some other
argument z, the notation V) f(6, z), where k is an integer, denotes the k-th partial
derivative with respect to 6 of the map (0, x) — f(0,x), evaluated at (0, z). For k =1,
we write Vf(6,z) instead of VIV £(6, z).

A continuous function r: [0,400) — [0, +00) is called a rate function if r(0) = 0,
r is increasing and limg o r(z)/z = 0.

All constructs and other constants in the paper (including the sample size n) depend
a priori on the dimension p. And we carry the asymptotics by letting p grow to
infinity. We say that a term = € R is an absolute constant if  does not depend on p.
Throughout the paper Cy denotes some generic absolute constant whose actual value

may change from one appearance to the next.

2. Main assumptions and Posterior sparsity. We introduce here our two

main assumptions. We set
Lo, (0;2) € 0(6; 2) — £(61; 2) — (VU(B1; 2),0 — 61), 6 € RP,
and we assume that the following holds.

H1. We observe a Z-valued random variable Z ~ fy, for some probability density
fx on Z. Furthermore there exists 0, € A, 0, € ]Rp*, 0. # 0, finite positive constants
p, K, such that P,.(Z € &) > 0, where

def

& = {z € Z: II(+|z) is well-defined, [|[Vl(0y;2)]|co < =, and

— 27
Lo (0:2) > —gue —0,]2, forallfc ]Rg*} .

Furthermore, we assume that the prior parameter py satisfies 32p1|6+||00 < p, and we

write P, and E, to denote probability and expectation operator under fy.

REMARK 1. HI1 is very mild. Its main purpose is to introduce the data generating
process, the true value of the parameter, and their relationship to the quasi-likelihood
function. Specifically, since V£(+; z) is null at the maximizer of £(+; z), having z € &
implies that the maximizer of £(-;z) is close to 6, in some sense, and the largest

restricted (restricted to ]Rg*) eigenvalue of the second derivative of —¢(+; z) is bounded
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from above by k. The assumption that 6, # 0, is made only out of mathematical
convenience. All the results below continue to hold when 6, = 0, albeit with minor

adjustments. 0

For convenience we will write s, |10x]lo to denote the number of non-zero com-
ponents of the elements of 6,. We assume next that the prior on ¢ is a product of

independent Bernoulli distribution with small probability of success.

H2. We assume that
w(8) = glolo(1 — gyp=lolo 5 ¢ A,

where q € (0,1) is such that ﬂ—q = Iﬁ, for some absolute constant v > 0. Further-

more we will assume that p > 9, p*/2 > 2¢21.

Discrete priors as in H2 and generalizations were introduced by [9]. This is a very
strong prior distribution that is well-suited for high-dimensional problems with limited
sample where the signal is believed to be very sparse. It should be noted that this
prior can perform poorly if these conditions are not met. We show next that the

resulting posterior distribution is also typically sparse.

THEOREM 2. Assume HI-H2. Suppose that there exists a rate function ry such
that for all § € A,

(2.1) logE, [1€(Z)e£9*(u;Z)+(1—Ppl) <VZ(¢9*;Z),u—0*>:|

< —50([10x - (w—0)ll2) i 165 (w—0)]1 < 7I6s - (u—0,)]x
10 otherwise

)

for some measurable subset & C &. Let ag def — mingsg [ro(:n) — 4p131/2m . If for

some absolute constant co we have

1 s K a
(2.2) Sy <2 + 2p1> + 5* log (1 + Pl> + 50 + 20116413 < o5 log(p),

then it holds that for all j > 1
2(1 2
£, 162 (160 2 5. (14 2520) 4 j17)| < 2




PROOF. See Section A.2. O

Theorem 2 is analogous to Theorem 1 of [8], and Theorem 3 of [2], and says that the
quasi-posterior distribution IT is automatically sparse in 0 (of course 6 is never sparse).
The main contribution here is the fact that this behavior holds with Gaussian slab
priors. The condition in (2.2) implies that the precision parameter of the slab density
(that is p1) should be of order log(p) or smaller. Simulation results (not reported here)
show indeed that the method performs poorly if p; is taken too large.

Roughly speaking, the condition (2.1) is expected to hold if

16,(2)L0, (03 7) < ~logE, |1 3) T2 ]

for all w in the cone C = {u € RP : ||6¢ - (u — 0.)|1 < 7|0 - (uw — 0,)|]1}. If the
quasi-score V{(0,; Z) is sub-Gaussian, then the right-hand side of the last display is
lower bounded by —co(1 — p1/p)?||u — 6,||3, for some positive constant cy. In this case

(2.1) will hold if
Lo (Z) Lo, (u; Z) < —co(1 = p1/p)*[|lu — 6413,

for all w € C. Hence (2.1) is a form restricted strong concavity of ¢ over C. We refer

the reader to [32] for more details on restricted strong concavity.

2.1. Implications for Markov Chain Monte Carlo sampling. Theorem 2 has impli-
cations for Markov Chain Monte Carlo (MCMC) sampling. To show this we consider a
Metropolized-Gibbs strategy to sample from II whereby we update 6 keeping ¢ fixed,
and then update d keeping 6 fixed — we refer the reader to ([39]) for an introduction
to basic MCMC algorithms. Note that given §, [f]s and [f]sc are conditionally inde-
pendent, and [6]se i1 N(0, py 1), whereas [f]s can be updated using either its full
conditional distribution when available, or using an extra MCMC update. For each j,
given 6 and 0_j;, the variable §; has a closed-form Bernoulli distribution. However, we
choose to update d; using an Independent Metropolis-Hastings kernel with a Ber(0.5)
proposal. Putting these steps together yields the following algorithm.

ALGORITHM 1. Draw (6(,0(0)) ¢ A x RP from some initial distribution. For
k=0,..., repeat the following. Given (6%),9%)) = (§,0) € A x RP:
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(STEP 1) For all j such that J; = 0, draw 9](-k+1) ~ N(0,py!). Using [0]s, draw
jointly [0(k+1)]5 from some appropriate MCMC kernel on RlI°lo with invariant

distribution proportional to

(STEP 2) Given 0D = g, set 6+1 = () and do the following for j = 1,...,p.
Draw ¢ ~ Ber(0.5). If 5j(-k+1) = 0, and ¢ = 1, with probability min(1,A4;)/2
change sFFY o 4. 1f sEHD = 1, and + = 0, with probability min(l,Aj*l)/Q,

J J
change 6§k+1) to ¢; where
2 »
(2.3) A 9P (o) F 0 )-8 s2)
7 1—-qV o ’

where égj’l), _((Sj’o) € RP are defined as (é((;j’l))k = (égj’o))k = (05)s, for all k # 7,

and (G5"); = 8, (G5"); = 0. -

We have left unspecified the MCMC kernel on RI%l0 used in STEP 1, since it can
be set up in many ways. Let us call Cl(é(k)) the computational cost of that part
of STEP 1, and let C5(0) denote the cost of computing the quasi-likelihood £¢(6s; z)
which is the dominant term in (2.3). Then as p grows, the total per-iteration cost of

Algorithm 1 is of order
O (C1(8) + pCa(6™)).

Since Theorem 2 implies that a typical draw 6(F) from the quasi-posterior distribu-
tion is sparse and satisfies [|6()[|g = O(s,), we can conclude that the per-iteration
cost of the algorithm is accordingly reduced in problems where the sparsity of ¢ re-
duces the cost of the MCMC update in STEP 1, and the cost of computing the
sparsified pseudo-likelihood ¢(fs; z). For instance, in a linear regression model (see
Algorithm 2 in Appendix C for a detailed presentation), if the Gram matrix X'X
is pre-computed then C1(6*)) = O(|s®™)||3) = O(s?) (the cost of Cholesky decom-
position), and Cy(6*)) = O(]|6™||¢) = O(s,). As a result the per-iteration cost of
Algorithm 2 grows with p as O(s3 + syp) = O(s.p), which is substantially faster than
O(min(n, p)p?) as needed by most MCMC algorithms for high-dimensional linear re-

gression ([5]). We refer the reader to Section 5.1 for a numerical illustration.



3. Contraction rate and model selection consistency. If in addition to the
assumptions above, the restrictions of £ to the sparse subsets R{; are strongly concave
then one can show that a draw 6 from II is typically close to 6. To elaborate on this,

let § > s, be some arbitrary integer and set Az &f {6 € A: ||d]]o < 5}, and

&1(5) def &N {z €Z: Ly (0;2) < —%r(HO —0,||2), foralld e As, € R’g} ,
for some rate function r. Hence z € &;(5) implies that the function u — ¢(u;z2)
behaves like a strongly concave function when restricted to Rg, for all § € Az, but
with a general rate function r. Here also, checking that Z € &;(5) boils down to
checking a strong restricted concavity of ¢, which can be done using similar methods
as in [32]. The use of a general rate function r allows to handle problems that are not
strongly convex in the usual sense (as for instance with logistic regression). Our main
result in this section states that when z € &(5), we are automatically guaranteed a

minimum rate of contraction for II given by

(3.1) ¢ ¥ inf {z >0: r(z) —2(sy +5)Y2px >0, for all > 2} .

To gain some intuition on €, consider a linear regression model where £(6; z) = —||z —
X0|13/(20%). Then we have

X'X
n

Lo, (0;2) = —2%2(9 —0,) ( ) ©—9,).

If € RE for some 6 € Az, then Ly, (6; 2) < —nv(5+s4)||0—04]|3/(202), where v(5+s,)
is the restricted smallest eigenvalue of X’ X /n over (5+ s,)-sparse vectors. Hence, we
can take the rate function r(z) = nv(5 + s.)z?/0?, In that case the contraction rate
in (3.1) gives € = 202(5 + 54)/2p/(nv(5 + s4)). The final form of the rate depends
on p (in H1) which is determined by the tail behavior of the quasi-score V{(0,; Z).

In the sub-Gaussian case p < \/nlog(p), and this gives € oc 1/(5 + s4) log(p)/n. We

refer the reader to the proof of Corollary 15 for more details.

We set
(3.2) BE J {6} xB®,
VAN
where

(3.3) g(9) def {9 R : |05 —0,]]2 < Ce, |0 — b5]2 < v/ (1 4+ C1)pyp, } ,
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for some absolute constants C, C; > 3, where € is as defined in (3.1). Our next result
says that if (0,0) ~ II(-|Z) and Z € £(5), then with high probability we have § € B(%)

for some & € Aj: 65 is close to 6,, and 0 — 65 is small.

THEOREM 3. Assume HI-H2. Let § > s, be some arbitrary integer, and take
EC&(s). If

(3.4) Cp(sy + 5)1/26 > 32max |5log(p), (1+ u)s4log <p + pﬁ)} 7
P1

then for all p large enough,
(3.5) K, [1c(Z2)I1(B%|Z)] < B, [1e(Z2)L(||5]lo > 5 |Z)] + 8¢ 337(s:+9)' /% 4 o
where B¢ %< (A x RP) \ B.

PROOF. See Section A.3. O

REMARK 4. The result implies that for j such that d; = 0, |0;] = O(1/py ") under
II. As a result we recommend scaling p, Lin practice as
G G
0 n 0 'R

When the posterior distribution is known to be sparse one can choose § appropri-

ately to make the first term on the right hand side of (3.5) small. For instance under

the assumptions of Theorem 2, we can take

§=s, <1+ 2(1+CO)> + k.
u
If in addition P.(Z ¢ &(5)) — 0 as p — oo, we can deduce from (3.5) that
E.[II(B¢|Z)] — 0, as p — oo. If Theorem 2 does not apply, one can modify H2
to impose the sparsity constraint ||0]lg < § directly in the prior distribution. In this
case the first term on the right hand side of (3.5) automatically vanishes. The main
drawback in this approach is that an a priori knowledge of § > s, is needed in order

to use the quasi-posterior distribution with a possible risk of misspecification. 0
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We now show that when the non-zero components of 8, are sufficiently large, II
achieves perfect model selection. Given § € Ag we define the function ¢0(-;z2) :
R0 — R by £19)(u; 2) & ?((u,0)s; z). We then introduce the estimators

(3.6) 05(z) e Argmax () (u;2), ze Z.

wecRlIsllo
When § = d, we write é*(z) At times, to shorten the notation we will omit the data
z and write 05 instead of §5(z). Recall for z € £1(5) the functions £19)(-; z) are strongly
concave. Therefore for z € &£(5), the estimators 05 are well-defined for all § € Aj.
Omitting the data z, we will write Z; € Rll%lloxlIdllo to denote the negative of the

matrix of second derivatives of u — £19(u; z) evaluated at 65(z). That is
75 X v @0l (45, ») e RIGIoxI3lo.

Note that Z is simply the sub-matrix of V()¢ ((ég, 0)s; z) obtained by taking the rows
and columns for which §; = 1. When ¢ = J,, we will write Z instead of Zs, . For a > 0,
and 6 € A\ {0}, we define

w (0, a; 2) def sup

ueRlI8lo; |u—052<a

2300 (u; 2)
8u18u]8uk

max
1<i,5,k<]|é]lo

w(0, a; z) measures the deviation of the log-quasi-likelihood from its quadratic ap-
proximation around fs. With the rate € as in (3.1), we will make the assumption
that

(3.7) min . 10| > Ce.

J: 6*]':

Clearly this assumption is unverifiable in practice since 6, is typically not known.
However a strong signal assumption such as (3.7) is needed in one form or the other
for exact model selection ([31, 8, 47]). Furthermore as we show in Section 5.1, in
specific models (3.7) translates into a condition on the sample size n, which in some
cases can help the user evaluates in practice whether (3.7) seems reasonable or not. An
understanding of the behavior of II when (3.7) does not hold remains an interesting
problem for future research.

One can readily observe that when (3.7) holds, then the set B(®) introduced above

is necessarily empty when § does not contain the true model d,. In other words, when
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(3.7) holds, the set B defined in (3.2) can be written as

B= [ J {0} xBY,

dEAs

where

As L5 e At |lo <5, and§ D6}

and we recall that the notation ¢ 2 ¢’ means that §; = 1 whenever ¢% = 1 for all j.

More generally, for j > 0, we set

A EH0€A: |0lo<s.+4, 6268}, and Bj= |J {6} xBO.

0€As, +j
In particular By = {d,} x B®+), and (6,60) € B; implies that § has at most j false-

positive (and no false-negative). We set

O RACORIAREEEA max  ((fy;2) — 091 (6,;2) < Lllog(p) b,
j=1 0€As: ||5||0=S*+j 2

which imposes a growth condition on the log-quasi-likelihood ratios of sparse sub-

models.

THEOREM 5. Assume HI-H2, and (3.7). Let 5 > s, be some arbitrary integer,
and take € C E3(8). For some constant k > 0, suppose that for all z € £,

1 (=@ gl
(3.8) min inf inf { ¥ ( 2(u 2) U oveRllb, y20b > g
6€As yeRIdlo: ||u—05]2<2e ||UH2

and

v’ (7v(2)g[5} (u; 2)) v
lvl3

(3.9) max sup sup
6ehs crldllo

, U E RH‘SHO, v F# 0} <R,
where K is as in H1. Then it holds that for any 7 > 1
(3.10) 1g(2) (1 —TI(By2))

_ _ 22555 ¢ ]+1
< 8eColPr 0o Petars26) 5 < ﬂ’jﬁ) + 1e(2)TI(B°2),
~ p2

provided that kp* > 4py, and (C—1)ex/? > 2(51/2—}—1), where ag & maxse 4, w(0, (C+

1)e;2), and Cy some absolute constant.
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PROOF. See Section A .4. O

We note that By = {6,} x B) < {6,} x RP. Hence by choosing j = 0, (3.10)

provides a lower bound on the probability of perfect model selection II(d,|z).

REMARK 6. The left hand sides of (3.8) and (3.9) are restricted eigenvalues. We
note that the infimum on  in (3.8) is taken over a small neighborhood of 5, which is
an important detail that facilitates the application of the result. The main challenge
in using this result is bounding the probability of the event £(S) (which deals with
the behavior of the quasi-likelihood ratio statistics). For linear regression problems,
this boils down to deviation bounds for projected Gaussian distributions as we show
in Section 5.1. An extension to generalized linear models via the Hanson-Wright

inequality seems plausible although not pursed here.
O

4. Posterior approximations. We show here that a Bernstein-von Mises ap-

proximation holds in the KL-divergence sense. We consider the distribution
(4.1) 1) (5,d6|2) o 15, (6)e 3 s =00 T(01s, ~6.)= 51605, 113 g9,

Which puts probability one on d,, and draws independently [0]5, ~ N(é*,I_l), and
0] 5 i N(0,pp"). Our version of the Bernstein-von Mises theorem says that IT
behaves like Hioo). If u, v are two probability measures on some measurable space we

define the Kulback-Leibler divergence (KL-divergence) of u respect to v as

dp .
def log (7) du, fpu<v
KL (ulv) = J1oe (4 ,
400 otherwise.

A Bernstein-von Mises approximation in the KL-divergence sense — unlike the anal-
ogous result in the total variation metric — requires a control of the tails of the
log-quasi-likelihood. To limit the technical details we will focus on the case where

those tails are quadratic.

THEOREM 7. Assume H1-H2. For some integer § > s,, and some constant k > 0,
let £ be some measurable subset of Z such that for all z € &€, II(d,|z) > 1/2, (3.9)
holds with &k as in H1, and

(= @) 8] (4
(4.2) min  inf  infd O 2wznﬂveRWMv¢0 > k.
6€As ueRldlo lv]15
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Then there exists an absolute constants Cy such that

3p7 (e +1104]12)?
2(p1 + R)

(4.3) Ze(2)KL (Hi‘”)m) < Cy (p1§1/2e+3253/2e3) n

9 (R El _(€c-1)2%x o
+Co(pr+R)e” ) em 32+ Colpr +R)e™? +21e(2)(1 —~ 11(04]2)),
provided that K(C — 1)e > 4max(\/sxk, p1(e+ si/QHH*HOO)), where C' is as in Theorem

3.
PROOF. See Section A.5. O

REMARK 8. The upper bound in (4.3) implies an upper bound on the total varia-
tion distance between IT and TI°”) via Pinsker’s inequality (see e.g. [7] Theorem 4.19).
The leading term in (4.3) is typically Co(p5'/2€ + ap5%/2¢3) which gives a non-trivial

convergence rate in the Bernstein-von Mises approximation. 0

4.1. Implications for variational approzimations. When dealing with very large
scale problems, practitioners often turn to variational approximation methods to ob-
tain fast approximations of II. We explore some implications of Theorem 7 on the
behavior of variational approximation methods in the high-dimensional setting. Let
S € {0,1}P*P be a symmetric matrix, and let M;;(S) be the set of all p x p sym-
metric positive definite (spd) matrices with sparsity pattern S (that is M € M} (S)
means that S - M = M, where A - B is the component-wise product of A, B). We
assume in addition that & is such that if M is spd then & - M is also spd. We
consider the family Q o {Quw, U} of probability measures on A x RP, indexed by
U= (q,p,C) € (0,1)? x R? x M} (S), where

(4.4) Qu(ds,d0) = [ [ Ber(g;)(dd; )Ny (u, C)(0)do,
j=1

In these definitions Ber(«)(dz) is the probability measure on {0, 1} that assigns prob-
ability a to 1, and N,(m, V')(-) is the density of p-dimensional Gaussian distribution
N,(m, V). Let @ be the minimizer of the KL-divergence KL (Q|II) over the family Q:

(4.5) Q X Argmin KL (QIII).
QeQ
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We call (Q the variational approximation of II over the family ©. Although not shown

in the notation, () depends on the data z. We will consider the following examples.

EXAMPLE 9 (Skinny variational approximation). If S = I, then @ corresponds
to a mean-field variational approximation of II. We will refer to this approximation

below as the skinny variational approximation (skinny-VA) of II.

EXAMPLE 10 (full and midsize variational approximations). If S is taken as the
full matrix with all entries equal to 1, we will refer to @) as the full variational approx-
imation (full-VA) of II. More generally let §() be some element of {0,1}” that we call
a template. Ideally we want 8@ to be sparse and to contain the true model, but this
needs not be assumed. We then define § as follows: S;; = 1if ¢ = j, and §;; = 510)5]0)
if i # 5. If 6 is sparse, matrices M € M;(S) are also sparse. In that case we call Q)
a midsize variational approximation (midsize-VA) of II. We note that we also recover
the skinny-VA by taking 6() = 0,, and we recover the full-VA by taking 6 as the

vector with components equal to 1.

The appeal of variational approximation methods is that ) can be approximated
using algorithms that are order of magnitude faster than MCMC. We note however
that the optimization problem in (4.5) is non-convex in general. Hence, convergence
guarantees for these algorithms are difficult to establish. We do not address these
issues here. Instead we would like to explore the behavior of @) in view of Theorem 7.

Let us rewrite the distribution IT° in (4.1) as

Hi“)(é, df|z) o 15*(5)6—%(9—9*)@7(9—9*)(19,

where we abuse notation to write (6, 0)s, as 6y, and Z, € RP*? is such that [Z,]5, 5, =

Z, [1))s5..60 = [iv]gg,cs* =0, and [Z,]s¢ s¢ = (1/7)Ip—s,. Then we set
(4.6) 11> (0,d0|z) < 15, (5)(;%<97é*)’(8-i7)(9—é*)d9_

The total variation metric between two probability measure is defined as

= vl € sup  (u(A) - v(A)).

A meas.
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THEOREM 11. Assume H1-H2. For all z € Z such that TI(+|z) and Hioo)('|z) are

well-defined we have

5 (o) _
(4.7) Q- <8¢+ 10 [ og (S ) ant,
0, X RP dII
where
det(Z,) = =
4. =log [ — =L~ Tr(Z74S - Z,)) — p.
PROOF. See Section A.6. O

REMARK 12. As we show below in the proof of Theorem 7, the integral on the
right size of (4.7) behaves like KL <H£°O) \H), which can be shown to vanish using the
Bernstein-von Mises theorem (Theorem 7) under appropriate regularity conditions.
In this case, whether @@ behaves like ﬁioo) can be deduced from the behavior of (, a
term that is easier to analyze. For instance for the full-VA ¢ = 0. More generally for
any midsize-VA such that 6() D §,, we have ¢ = 0. In the case of the skinny-VA (mean
field variational approximation), ¢ > 0 in general, but ( = o(1) when the off-diagonal

elements of the information matrix Z are o(1). 0

REMARK 13. Theorem 11 gives an approximation (in total variation sense) of the
variational approximation. To the exception of ([44]) most of the theoretical work
on variational approximation methods have focused on concentration: whether the
variational approximation put most of its probability mass around the true value (see
e.g. [1] for some recent results, and [44] for an overview of the literature), without
addressing whether other aspects of the distribution are recovered well. One important
limitation of [44] which makes the extension of their approach to high-dimension
problematic is their reliance on a) local asymptotic normality assumptions, and b)
the assumption that the variational family can be viewed as a re-scaled version of

some sample-size independent family.

0

5. Examples.
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5.1. Gaussian graphical models via Linear regressions. Fitting large sparse graph-
ical models in the Bayesian framework is computationally challenging ([12, 26, 23, 34,
4]). A quasi-Bayesian approach based on the neighborhood selection of [29] offers a
simple, yet effective alternative. The idea was explored in [3] using point-mass spike
and slab priors. The approach proposed in this paper yields a highly scalable quasi-
posterior distribution with equally strong theoretical backing. We make the following

data generating assumption.

Bl. Z € R™ W) js q random matriz with i.i.d. rows from Np11(0,971) for some

positive definite matriz ¥,.. We set ¥ def 971 and also assume that as p — 0o,

1

(5.1) TS

+ Amax(X) = O(1).

REMARK 14. The assumption in (5.1) restricts our focus to problems that in some
sense do not become intrinsically harder as p increases. It can be relaxed by tracking

more carefully the constants in the proofs. 0

Given the data matrix Z € R™®*D  we wish to estimate the precision matrix
9. Instead of a full likelihood approach (explored in the references cited above), we
consider a pseudo-likelihood approach that estimates each column of ¥, separately.
Given 1 < j < p+ 1, we partition the data matrix Z as Z = [Y(j),X(j)], where
YW € R” denotes the j-th column of Z, and X&) € R"*? collects the remaining

columns. In that case the conditional distribution of Y given X is

1
N, (x0 )e(y) In> :
( Ny

where %) % (—1/[94];5)[V4]—;,; € RP. Therefore, for some user-defined parameters
oj >0, po,j >0, and py ; the quasi-posterior distribution on A x R? given by
(5.2) IIVY)(5,d0]Z)

_ 1 v _xe.2 1I8llo p—1dllo .
-2 HY X 96”2 1.4 b} 0 2 Pl P1,5 PO,] _ 2
207 w(6) (g;) (P%J) e 5105115 =52 10015 49

(&
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)

can be used to estimate 0/ , and hence the j-th column of ¥,, if an estimate of [0),];; is
available!. This is basically the quasi-Bayesian analog of the neighborhood selection of
[29]. The same procedure can be repeated — possibly in parallel — to recover the entire
matrix J,. We use the theory of Section 2-4 to describe the behavior of this approach
to infer ¥,. We focus on the case where n = o(p), and we recall that Cj is an absolute
constant whose value may be different from one expression to the other. Let Hij ) he
the corresponding limiting distribution of II) as defined in (4.1), and let flgj’oo) be
the corresponding approximation given in (4.6). In this particular case, H&j ) s the
probability measure on A x R? that puts probability one on (5£j ) (the support of «99 )),
draws [9]69) ~N (Qif)’ o3 (X,(J)X5£j>)_1)’ and draws independently all other compo-

nents i.i.d. from N(O,pa ), where éij) is the OLS estimator (X(S(j)Xé.(j)) Lx’ (J)Y( 7).

We set s 4 ||9£j ) llo- Let QU) denote the variational approximation of II¥) based on
the family (4.4) with sparsity pattern SU), and let (; denote the corresponding term
n (4.8).

COROLLARY 15. Assume H2, B1, and suppose that s9 > 0, max; H0 Hoo
O(1), and max; s s = = O(log(p)) as p — oo. Suppose also that u > 2, and uo; HOAT

16. Choose the prior parameter p1; as

log(p)

PLj =

Set

G
) & ) <1+ 6) L CO\/(sm +sD)logp) )
4’ (V4] n J

Suppose that the sample size n satisfies n = o(p), as p — oo, and
n > Coslog(p),
and the strong signal assumption

(5.3) min |0 k] > Cpel?)
k2 109)]1>0

LA full Bayesian approach can be adopted to estimate both 0 and [94];5. But for simplicity’s

sake we will not pursue this here
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holds. Then there exists a measurable set G with Po.(Z ¢ G) — 0 as p — oo such that

(5.4) |
- Co man(E(j) + 59)) log(p) Co

u

minj [ﬁ*}jj n pl/\(g—l) '

(4,50) | 77(4)
E, [1g(Z)1Sr§12;<HKL(H* It )}

Furthermore the variational approzimation Q1) satisfies

(5.5) E. [1g<Z> max |!Q<j>—ﬁ£j’°°)ufv] < 8E, [1g<Z> max (V)

1<j<p+1 1<j<p+1
Co max; (1) 4 sij)) log(p) Co
minj [ﬁ*]jj n pl/\<%_1)
PROOF. See Section A.7. O
REMARK 16. 1. We have focused in the Corollary on the Bernstein-von Mises

approximation and the behavior of the VA approximation. Other results, and
generally more precise results are given in the proof. In particular we show
that the rate of contraction of II) is ) and that II\) achieves perfect model
selection.

2. One cannot easily remove the indicator 1g from (5.4). However by Pinsker’s
inequality we get

2E, | max [P - 1|2 | <2P,[Z ¢ g]
1<j<p+1

Co maxj(§(j) + sij)) log(p) Co
1A(g—1) )

minj [ﬁ*]jj n P

3. If the variational approximation QU) is constructed from some template 507
then the remainder ¢ () is zero if 61 D) (5£j ). When this is the case we also have
ﬁij 00 _ H&j ) This holds for instance if §09) is the vector with all components

equal to 1 (full-VA). However the full-VA is expensive to compute. In fact, as we

illustrate below the full-VA is more expensive to compute than direct MCMC
sampling from I, However if 6(+) is sparse, for instance if 60+ is the support
of the lasso solution — or some equally well-behaved frequentist estimate — then
the scaling of the computational cost of Q) can be extremely favorable. Hence

Corollary implies that extremely fast variational approximation of TIU) with

strong theoretical guarantees can be computed in large scale Gaussian graphical

models.
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O

5.1.1. Numerical illustration.

We perform a simulation study

to assess the behavior of the
posterior distribution and its
variational approximations as
described in Corollary 15. For Fer
simplicity we focus on only one
of the regression problems. We
set p = 1000, n € {100,500}, L
and we generate Z = [V, X] €

Fia 1. Costs of: p iterations of Metropolized Gibbs sam-
R @+ as follows. We first pler (red solid line); 50 iterations of full-VA (blue+ line);
generate the matrix X by sim- and 50 iterations of midsize- VA with |6 ||g = 100 (blue-
ulating the rows of X indepen- dashed line), as functions of the dimension p.

dently from a Gaussian distribu-

tion with correlation 1V~ between components i and Jj, where 1 € {0,0.8}. When
1 = 0, the resulting matrix X has a low coherence, but the coherence increases when
¢ = 0.8. Using X, we general Y = X6, + €/¥, 11, with ¥, 11 = 1 that we assume
known. We build 6, with s, = 10 non-zeros components that we fill with draws from
the uniform distribution +U(a,a + 1), where a = Zh/W.

We build IT with 02 = 1, u = 2, p; = \/log(p)/n, and p,' = 1/(4n). We sample
from IT using Algorithm 2. We consider two variational approximation. The full-
VA, and a mid-size VA with template §() that contains the support of ,, and such
that [|60)]p = 100. We approximate the variational approximations by coordinate
ascent variational inference (see e.g. [6]). The details of these algorithms are given in
Appendix C. We initialize all three algorithms from the lasso solution. In Figure 1
we plot the computational cost of the three algorithms as p increases. It shows that
the full-VA is actually more expensive than the MCMC sampler. This is due to the
need to form the Cholesky decomposition of a large p X p matrix at each iteration
of the full-VA. In contrast, and as explained in Section 2.1 the per-iteration cost of
Algorithm 2 is of order O(s,p). On the other hand, for p = 5,000 the midsize VA is
more than 10 times faster than the MCMC sampler.
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Figure 2 shows the (estimated) posterior distributions for the parameters 61, 6, and
A3 from one MCMC run of 5,000 iterations and single CAVI-runs of 50 iterations.
Here we are comparing the skinny-VA, and the midsize-VA with ||60||q = 100, for a
template 60 that contains the support of ,. Since we are working in a high signal-
to-noise ratio setting the results are fairly consistent across replications. The true
signal 6, is such that 0,1 # 0 and 6,2 # 0 while 6, 3 = 0. Figure 2 shows that as n
increases both VA approximations approximate well the quasi-posterior distribution
in the low coherence regime. However in presence of correlation, the skinny-VA sys-
tematically underestimates the marginal posterior variances when there is correlation
between the relevant variables. However, as suggested by Corollary 15, the midsize-VA

approximates the whole distribution well.

5.2. Sparse principal component estimation. We give another illustration of the
quasi-Bayesian framework with a non-standard example from sparse PCA. Principal
component analysis is a widely used technique for data exploration and data reduction
([20]). In order to deal with high-dimensional datasets, several works have introduced
recently various versions of PCA that estimate sparse principal components ([21, 49,
40, 25]). Extension of these ideas to a full Bayesian setting has been considered in the
literature but is computationally challenging ([33, 13, 45]). Using the quasi-Bayesian
framework we explore here a fast regression-based approach to sparse PCA that we
show works well when the sample size n is close to p and/or the spectral gap is

sufficiently large. We consider the following data generating process.

C1. The matriz X € R™*P is such that the rows of X are i.i.d. from the Gaussian

distribution Np(0,X) on RP, with a covariance matriz ¥ of the form
¥ = 96,0, + I,

for some sparse unit-vector 0, € RP, and some absolute constant ¥ > 0. We set

def
se = [|0«llo-

Let X = UAV’ be the singular value decomposition (SVD) of X. Let V; be the
first column of V. It was noted by [49] that setting y = A11Uq, it holds for all A > 0
that

S

Vi

— —— where 5% Argmin |y — X85 + AlIB]3-
102 BeR?
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ILinear regression with low coherent design matrix. p — 1000, 2 — 100.

pdf values
pdf values
pof values

0
89 38 37 36 35 34 -3 32 46 -45 44 43 42 41 -4 39 005 0 005 01 015
X values X values X values

ILinear regression with low coherent design matrix. p — 1000, 2 — 500.

pdf values

pdf values
pdf values
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145 15 155 16 165 17 235 23 225 22 215 21 205 008 -006 -004 -002 O 002 004 006 008
X values X values X values

ILinear regression with high design matrix . p =— 1000, 72 =— 100.

pdf values

pof values

ET ) ETITY 26 28 3 a4 38 38

42 -4 32
X values X values

ILinear regression with high design matrix. p — 1000, 72 — 500.

pdf values

pdf values

0 . o .
21 205 2 185 19 -1.85 18 -175 23 225 22 245 21 205 2 -195 -18 008 008 004 002 0 002 004 006 008
X values X values X values

Fic 2. Posterior inference for By (first column), Bs (second column) and B3 in the linear
regression example based on one MCMC run (histogram), one skinny-VA run (continuous
red line), and one midesize-VA run (+ blue line). Vertical lines locate the true values of the
parameters.
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This result suggests that one can recover the first principal component V7 by sparse
regression of y = A11U; on X. To implement this idea in a Bayesian framework we

are naturally led to the quasi-likelihood function
1 2
0o; X) = *ﬁ”y — X0|3, 0 €R”,

for some constant o2 > 0. The resulting quasi-posterior distribution on A x RP is the

same as in (5.2):

510 p—l3llo

T1(6,d0)|Z) o e~ a2 lv=X0sl13 5 <&>T<i) T 0513 - 100513 g .
’ o 2m

We analyze this quasi-posterior distribution. One challenge here is that we do not pos-
sess a good understanding of the distribution of the quasi-score function X'(A;1U; —
X0,)/c? due to the intricate nature of the SVD decomposition. Hence Theorem 2
cannot be applied, and thus we do not know whether the quasi-posterior distribution
is automatically sparse under the prior H2. We work around this issue by hard-coding

sparsity directly in the prior as follows.

C2. We assume that
w(8) o glolo(1 — qyr=olo g5 (5), &€ A,

for some integer 3 > s,, where q € (0,1) is such that quq = Iﬁ, for some absolute

constant u > 0. Furthermore we will assume that p > 9, p*/2 > 2e2°.

Since s, is not known, how to find s in practice that satisfies s > s, is not obvious,
and would require some judgment from the researcher. However in terms of compu-
tations, using C2 instead of H2 implies only a minor change to the MCMC sampler
in Algorithm 22. For a € R, sign(a) = 1 if @ > 0, and —1 otherwise.

COROLLARY 17. Assume C1, C2, and choose 0> = 9, p = +/log(p)/n. Suppose
that ||0«|lcc = O(1), as p — oo. There exist absolute constants Co, C' such that for
n > Co(§ + 5log(p)), we have

lim B, [ 1{sign((vi,0,))=1311 (Bo, 1 X) + {sign(vi.0.))=—1311 (Bo, | X)] = 1,

p—o0

%in STEP 2, if 6](-k) =0 and ¢ = 1, we propose to do the change only if ||§* o < 5.
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where for Oy € {0x, —04},

e E+1lo 5+ s,
B, def U {6}x 0 €eRP: ||6s — Opll2 < 079\/(’9 8(p) ( ), 160 — O5]|2 < 3y/7p

n
VAN

PROOF. See Section A.S. O

It is well-known that the principal component is identified only up to a sign, which
is reflected in Corollary 17. The assumption o2 = ¥ is made for simplicity, since ¥ is
typically unknown. To a certain extent the procedure is robust to a misspecification
of &2.

The contraction rate suggests that the method would perform poorly if the sample
size and the spectral gap are both small, which is confirmed in the simulations. One
important limitation of Corollary 17 is that the convergence rate does not have the
correct dependence on the spectral gap. This is most certainly an artifact of our
method of proof.

Corollary 17 does not cover model selection nor the approximation results. These
results require a good control of the probability of the event &(5), which itself re-
quires a better understanding of the distribution of singular vectors than we currently

possess. We leave these issues for possible future research.

5.2.1. Numerical illustration. We generate a random matrix X € R™*P according
C1 with p = 1000, and n € {100,1000}, where 5, = (0.5,0.5,0,0.5,0.5,0,...,0)".
We consider two levels of the spectral gap ¥ € {5,20}. As above we set up the prior
distribution with u = 2, p; = /log(p)/n, and py' = 1/(4n). We use the same
MCMC sampler as in the Gaussian graphical model of Section 5.1, that we initialize
from the lasso solution, and run the 2000 iterations. We normalize the MCMC output
to have unit-norm (at each iteration). We repeat all computations 100 times and use
the replications to approximate the distribution of the posterior means and posterior
variances of the first three components of 6 (61,02 and 63). Using the 100 replications

we also approximate the distribution of the error

00/
0,0
/H 19113 i

that we call projection approximation error. To assess the quasi-likelihood method

TI(d6|X),
2

advocated here we compare its performance to that of the frequentist estimator of
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([49]) as implemented in the Matlab package SpaSM ([41]). We present the results on

Figure 3 and 4. The results supports very well the conclusions of Corollary 17.
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Sparse PCA with ¥ = 5, p = 1000, n = 100.
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Fic 3. Distributions of posterior means and variances for b1, P2, B3, and distribution of the
projection approz. error. Estimated from 100 replications. S-VA is skinny-VA, F-VA is full-
VA. We also report similar distributions for the frequentist estimator computed by SpaSM.
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Fic 4. Distributions of posterior means and variances for b1, B2, B3, and distribution of the
projection approz. error. Estimated from 100 replications. S-VA is skinny-VA, F-VA is full-
VA. We also report similar distributions for the frequentist estimator computed by SpaSM.

Sparse PCA with ¥ = 20, p = 1000, n = 100.
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APPENDIX A: PROOFS OF THE MAIN RESULTS

A.1. Some preliminary lemmas. Let us(df) denote the product measure on
RP given by
P
def
ps(d0) = T pa,(d6;),
j=1
where pi9(dz) is the Dirac mass at 0, and p(dx) is the Lebesgue measure on R. We

start with a useful lower bound on the normalizing constant.

LEMMA 18.  Assume H1-H2. For z € Z, let C(z) denote the normalizing constant
of I1(:|z). For z € &, we have

16 Ilo

Al O(2) > w(5,)e! 0= —le*n%( pr\ e
(A1) (2) 2 wlb )0l HIE (P

PRrROOF. The proof is very similar to the proof of Lemma 11 of [2]. We set

oo () (32)

Fix z € &. Then II is well-defined, and we have

Clx) = Z@@/ o~ 0(65:2)~ 210532 10-05113 39
seA Ry

> @(5,) / o~ 05,:2)~ 41105, 322005, 13 49
RP

= @) (2npy ) TE [ Rl (),
RP
Setting G def VL(6s; z), we have for all u € R} and z € &,
(w;2) = €0 2) = (Gru—0.) = — = [lu— 0,3,
which implies that

Sx /2 ) &
C(2) > w(s,) (%) o (05:2)= 51164113 /R e Grum0x)= 5 lu=0ulI3+ 5HIO13 =51l ().
p

For all u € RY , (1/2)([|6.]3 = [[ull3) = —3llu — 6413 = (6., u — 6,). Therefore,

R P P
/ (Gu=0)= 5 =04 13+ 1015 -3 i3 5 ()
RP

Sx
_ o\ _Fte1 g 12 2m 2 Atera 2
_/ ¢(G=p0eu=0:) =P u—b,3 () = < > S IG=mbl}
RP K+ p1
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and (A.1) follows easily.
Ul

Our proofs rely on the existence of some generalized testing procedures that we de-
velop next, following ideas from [2]. More specifically we will make use of the following

result which follows by combining Lemma 6.1 and Equation (6.1) of [24].

LEMMA 19 (Kleijn-Van der Vaart (2006)). Let (X,B,)\) be a measure space with
a sigma-finite measure \. Let p be a density on X, and Q a family of integrable

real-valued functions on X. There exists a measurable ¢ : X — [0,1] such that

sup [/¢pdk+/(1—¢)qd>\] < sup H(p,q),

qeQ gE€conv(Q)
where conv(Q) is the convex hull of Q, and H(q1,q2) def J VargzdA.
We introduce the quasi-likelihood
fo(2) 3 02 geRP ze Z.
For 0, € RP, we recall that
Lo, (0;2) 00, 2) — 0(61; 2) — (VE(01;2),0 — 0,), 0 € RP.

We develop the test in a slightly more general setting. More specifically , in order
to handle the PCA example we will allow the mode of ¢(; z) to depend on z.

Let d, be some sparse element A. Let ©, be a finite nonempty subset of Rf;* (the
set of possible contraction points). Let p > 0 be a constant, § > 1 an integer, and r a
rate function. For each 0, € O, we define
P
2 )

1
and for all § € Az, 0 € RY, Ly, (0;2) < —ir(||9 - 0*||2)} ,

def

Eo. {2 € 21 |Viog fu.(2)lx <

which roughly represents the set of data points for which II(-|z) could contract towards
0.
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LEMMA 20. Set s, & 104ll0, and

e inf{z >0 r(x) = 2p(sx +5) %2z >0, forall x> Z} :

Let fy be a density on Z, and M > 2 a constant. There exists a measurable function
¢: 2 —1[0,1] such that

1/2

)

5 —; p(sx+35)
[ otz < ZEORE T

1—e" M p(sx+35)1/2€

where |O,| denotes the cardinality of ©.. Furthermore, for any 6 € Az, any § € R
such that ||0 — O||2 > jMe for some j > 1, and some 0, € O, we have

— g(ay) 222 4 ()
[ ameen e <),
PROOF. Define
Goon(2) L) f 1 (2), b.cO. ueRP, zez.

fo.(2)

Using the properties of the event & g,, we note that for 6 € Ag, and v € ]Rg we have
(A.2) / o, u(2)dz = / e(VUO)u=0.)+Lo, (62) £, (1)dz < eSlu=bill o o
Z Ero

Fix > 2¢ arbitrary. Fix 0, € ©,, 6 € Ag, and fix 0 € R} such that || — 0,]]2 > 7.
Let
($)

def | _ n
P=Poso ™ {Gou: ueR u—02< 7}

According to Lemma 19, applied with p = f,, and Q = P, there exists a test function

®0, 5,0 (that we will write simply as ¢ for convenience) such that

/¢f*+/(1¢>)q]_ - /Wdz

geconv(P)

(A.3) sup
qeP

Any q € conv(P) can be written as ¢ = > ; a;dp, u;, Where > a; = 1, u; € R%,
|luj — 8]|2 < n/2. Notice that this implies that |u; — 0.||2 > /2 > €. Therefore, by
Jensen’s inequality, the first inequality of (A.2), and the properties of the set & g, ,
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we get
fu] Z
f;/¢§:aew 0.l Sr(leg—0.12)
< ¢Xﬁ”4”%&)
< e—%r(%).
Consequently, (A.3) yields
~ 5 <t ®
(A1) sy { [ot.+ [a ¢>q] < e b3,

For M > 2, write Ug, Us {6 € RY : |10 — 0,]]2 > Me} as Uy, Us Uj>1.Ac(04, 6, ),

where the unions in § are taken over all § such that ||d]|p < 5, and

def

Ac(65,6,7) = {0 €RE: jMe < || —6,]]s < (j +1)Me}.

For A.(6y,0,7) # 0, let S(0y, 0, j) be a maximally (jMe/2)-separated point in A (6, 9, 7).
It is easily checked that the cardinality of S(fy,4d, ) is upper bounded by glidllo < 95
(see for instance [15] Example 7.1 for the arguments). For 6 € S(0,, 9, j), let ¢ denote
the test function obtained above with n = jMe. From (A.4), this test satisfies

(A.5) sup [ /Z $(2) fo(2)dz + /Z (1 $(2))o, u(2)dz| < e 5715)

iM
ueRf, lu—0]l2< <5<

We then set

$= max max sup max
0.€04 §: [60<5  j>1 0€S(6+,6,5)

It then follows that

/¢ <Y Y Y Y /¢ Vil

0, k=0 o ||5H0 k j>1 0€8(04,5,5)

<oy (z)gkze—;ww < 200, ](0p)° 3 e ().
k=0

j21 Jj=1
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Since jMe/2 > €, we can say that r(jMe/2) > 25(s, + 5)'/2(jMe/2). Hence
M 55, 4+5)1/2¢

Y e s () < e =’

>1 T e g alsata)t/2e
-

And if for some 4§, such that [|0]|p < 5, some 6, € ©,, and some § € R we have
|0 —64||2 > jMe, then 6 resides within (iMe)/2 of some point 8y € S(bs, d,7) for some
i > j. Hence, by (A.5),

ipe)

[0 60 Ba() < [ (1 - 6D ole)az < e H
z z

< e*%f(T
This ends the proof. O
A.2. Proof of Theorem 2. Let f: A xXRP — [0,00) be some arbitrary mea-

surable function. Take £ C &y. By the control on the normalizing constant obtained

in Lemma 18, we have

uw/ﬁmuwg0+;)2
1
w(d) (p1\'5° e!wi2) = |lul3
. g w(dy) (E) le(z) - f(‘s’“)mua(dw

We write
Uu;2) — L0k 2) = Lo, (u; 2) + (VE(Oy; 2),u — 0Oy) .

Therefore, since for z € £ C &, ||[VL(0x; 2)||c0 < p/2, it follows that for z € £

(u;z) — 0(0x;2) < Lo, (u;2) + (1 — '.i:) (VO(Ou;2),u — 0,) + %Hu — Oull1-

We deduce from the above and Fubini’s theorem that

ao 5o ] <11 )" 5 50 ()

1 deA
X/ F(6, u)e 2 (1013=1ul3)+ 3 b, | [15(Z)€L(u;z)+(1",})<W(0*;Z),ua*>] 115 ().
RP
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Set d(u) & —pyllull + pull0ull + (p1/2)llu — O.]1, u € RP. Given (2.1), we claim

that

(A7) dWE, 15(2)6‘(“?2”(1‘%)<W(9*?Z>7“‘9*> <eTe Tty e RP,

where ag = — ming~o[ro(z) — 4,013,1/ 2]. The proof of this statement is essentially the

same as in [8] Theorem 1. We give the details for completeness. Indeed,

d(u) = S0 (w0l + 5105 - ully = pallo. - ully = pall35 - ully + pa 6
3
< Do (=)l + L8 - (u = 0.1

If |05 - (w—6,) 11 > 7[|0x - (u—6,)[]1, we easily deduce that d(u) < —&||u — 64]|1. This
bound together with (2.1) shows that the claim holds true when |05 - (u — 6,)|1 >
T)[0x - (uw— 0|1 I |05 - (u — 0.) |1 < 7)|0x - (w — 04)||1, then again by (2.1), and the
bound on d(u) obtained above, we deduce that the logarithm of the left-hand side of
(A.7) is upper bounded by

3p1
2
P1 1/2 1
< —LHu— 0.+ 201520, - (w = 6.) 12 = Sro(llds - (u = 6.)]2)

. 1
— 51||<5* (u =01+ 5[0k - (u—0) |11 — §r0(||5* (u—0,)]2)

1
< =2 0ul = 5 [roll6 - (w = 0)]12) = 4prsy 216, - (u = 0.)]]

a
< —%nu — 0.+ 3

which also gives the stated claim. Hence (A.6) becomes

a8 £ [1e(2) [ aniz)| < (“”)?e?% x ()

1

< [ £(6,w)e O IB=ulE)—or (18- =) = S0l ().
Rp

The integral in the last display is bounded from above by

_PL||—0. |12 _ 301 f0—
(6, w)e— F w0 15+o1110: lallu—0ullo+ 23 flu—bul1 o)
Rp

p
< 2032010010 [ (5 qy)e T Iu=0:15 5 (du),
RP
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using some simple algebraic majoration. Then (A.8) becomes

(A.9) E. [lg(Z)/de(-|Z)] < (1+R>?62‘)+2m9*5

P1

< S waeyn ()5 [0 e 0o

seA w(d) 4m

In the special case where f(d,u) = 15//,>s,+k} for some k > 0, we have

Sk

2 . ) llall
B (6l > 5.+ 2)) < (145 ) 7 eBemielt 57 20 (g,
P1 5: ws,
lollo=s.+k

By H2, we have

Z ()™= 2 () () )

w
0: ||10]lo>sx+k Jj=s«+k

(1) ey 3 ()

Jj=sx+k

using the fact that J‘Tq = zﬁ’ and (?) < pis (571) Hence for p*/2 > 2e2P we get

Z w(é) <\/562p1>”6”0 < 2(]?) (\662/)1)8* }”c < 268*(%+2p1)+s*log(p)—“?klog(p)'
Sx

5: 5o, 4k 0 (0%) p2

Hence we conclude that

By [Le(D)I([[6]lo = 54 + K[ Z)]
< 95 (3201 Hog(p))+5 o (1475 ) 20 12,6, 3 ,— % log(p)

< 9¢(1Hc0)s. log(p) o= 5 log(p)

using (2.2). Setting k = (2/u)(1 + cp)s. + j for some j > 1 yields the stated result.

This completes the proof.
O
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A.3. Proof of Theorem 3. We write & instead of £;(5), and take £ C & . We
note that B¢ = {6 € A : ||0|lo > 5} U F1 U Fa, where

F def U {6} x {0 e RP . |05 — b4]|2 > Ce},
VAN
and
5 U {6} x {6 €R: |15 —0.)l2 < Ce, and || — 5]z > e},
(VAN

where €; = /(1 + C1)py 'p. Therefore we have

(A.10) 1(2)I(BC1Z) = 1(2)(||0]lo > 8|2) + 1e(2)N(F1]2) + 1(Z2)U(F2|Z).

Let ¢ denote the test function asserted by Lemma 20 with M «+ C, ©, = {0,}.
We can then write

(A.11) B, [1e(Z2)I(F1|12)] < By (6(2)) + Ex [1£(2) (1 — ¢(2)) I(F1|Z)] .

Lemma 20 gives

(A.IQ) E, (¢(Z)) < < 46—%ﬁ1(8*+§)1/267

for (C/16)p(5 + s,)'/%€¢ > 251og(p). By Lemma 18, we have

Sx/2
1:(2)(FL|Z) < 1:(2) <1+”)
Sllo/2 06;2)— 10115
y Z w(J) <&>H llo/ / e 921 22u5(d9),
w(5,) \21 ) 0 2) T [60.13
deAs €
def

where F°) & {6 € RP : |05 — 6,]|]2 > Ce}. We use this last display together with
Fubini’s theorem, to conclude that

(A13) E,[1£(2) (1 - ¢(2)) I1(F1]2)]

AN w 8110/
() gwé@ o)

l(:2) o013
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We write 7 = Uj»1FY, where FIV € {9 e RP : jCe < [|05 — O,l2 < (j + 1)Ce}.

j76 ) ]76
Using this and Lemma 20, we have

. L(0:2) =2 l1el3
a10) [ Be |- 60 Gy 1e(2) | vl

< e 55 )/ ——— is(d0).
FO e~ 2 110113
We note that p1]|0,13 — p1 013 = —prl0 — 0,13 — 21 (00,0 — 0,) < —p1]}0 — 0,13 +
201105 locl|f — 01 Therefore, for 6 € RE N F;2. pa[6.]13 — prllEl13 < —pu|6 — 6.]13 +
201|600 (5 + 55)/2(j + 1)Ce. We deduce that the right-hand size of (A.14) is upper-
bounded by

_ , l16]l0/2 ; l16110/2
e~ 87(75°) o1l10ulloo (54502 (15°) <2ﬂ> < 1155 <2W> ,
P1 P1

using the condition p > 32p||04|loc. Combined with (A.14) and (A.13) the last in-
equality implies that

P1

AN w(d) | e Tt
< (1+)
P1 deEA

AN w jCe
(A.15) E*[15<Z><1—¢<Z>>H<flrz>1s(1+) > <5>) e~ tsr(25%)

We note (£) < p*, so that

Sy 4 s s
(2 B () e () e
Sens w(o.) q sen, NI o \5/ \P

provided that p* > 2. It follows that

(A.16) E.[1£(2)(1 - ¢(2))I(F1]Z)]

§2ps*(1+U)657*1°g<1+E) €




38

def

Let 79 € {0 € RP: |05 — 0,]]2 < Ce, and [|0 — 0s]|2 > €1}, so that

1e(2)I(F)2) = 1e(2) Y WE|12)(FS8, Z),
0E€As
and TI(F16,2) < P[|Vsll2 > e, where Vs = (Vi ..., Vo_ys0) <" N(0, o). By
Gaussian tails bounds we get H(}"2(5)|(5, Z) < 2e7P, for any constant C; > 3. We

conclude that
(A17) 16(2)I(F2|2) <

for all p large enough. The theorem follows by collecting the bounds (A.17), (A.16),

(A.12), (A.11), and (A.10).
O

A.4. Proof of Theorem 5. We write & (resp. &) instead of £1(5) (resp. &2(5)),
and we fix £ C &. First we derive a contraction rate for the frequentist estimator
05. To that end we note that for § € As, and z € &, |V ([0,]s5;2)]lee < p/2.

Furthermore, the curvature assumption on ¢ in £; implies that
. . 1 .
0> —0©(05; 2) + £01([0,)55 2) = (=VAU(6.]5: 2), 85 — (05 ) + (105 — [6.]s]1).
Using this and the definition of €, it follows that for § € As,

(A.18) Le,(2)]165 — [0.s]l2 < e.

def

Set A. = As \ As, +j, and recall that Bj = Use 4, {6} x B®). Therefore we have

sxti
TI(Bj|2) + 1T (u56A+{5} X B(5>|z) FI(BCz) = 1

so that

(A19)  1e(2) (1~ TI(B)2)) = Le(2)TI(B]2) + Le()TT (Usea, {6} x BY|z) .

Hence it remains only to upper bound the last term on the right-hand side of the last

display. By definition we have

I1(6 x BO)|2)

IT (Usea, {6} x BO[2) = TI(6, x BO)Jz) S M5, x BO)[2)’

deAL
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and

16llg—s*

0 xBYz) _ w@) (p) 2
(A.20) (5, x BOI|2)  w(dy) (PO)

Jew € (0532) = 1106113 10-0513 39
Jaion o)~ F 105, 3= 516-05. T3 4

By integrating out the non-selected components (6 — 65), we note that the integral in
the numerator of the last display is bounded from above by
(2mpg )@ l9lo)/2 / 0251013, (),
{0€RP: [|0—0,|]2<Ce}
whereas the integral in the denominator is lower bounded by

(2mpg ) =>)/2p (V o IVe < c) /{ 0= 3101 5 (d0)

0ERP: ||6—04|2<Ce}

1 .
> 2 (ampg )0/ / 10251013, (dg),
{0ERP: [|0—0,|]2<Ce}

where V' = (V1,...,V,_s,) is arandom vector with i.i.d. standard normal components.
These observations together with (A.20) lead to

(O x B@|z) _ 2w(d) (&) lo-

( 0231013 145 (d6)
(5, x BO)|2) = w(dy)

For 0 € RE, 6 € Az, and [|0 — 04]|2 < Ck, it is easily checked that

[2<Ce}

f{GERP: [|16—0x]|2<C¢}

—C[6ullocpr5'2e < % (16113 = 16113) < Cll8ullooprs' e

and by the definition of w, and noting from (A.18) that ||[0]s —é(;HQ < 11615 — [Bx]s12 +
||é5 — [0x)sll2 < (C + 1)¢, we have

£9(0;2) — 91 5;2) — (V4905 2), 1015 — s ) +5(0)s — 05)' (015 — 0s)

=0
w (0, (C+1)ez) 5 23/22
< ZOLCHEDED gy g); g < 2220 + 1))
We conclude that
I(5 x BYW|z) < 2C0(P1 101 o5 2 e+225%/2¢9)

T1(6, x B(0+)|2)

w(9) () L e 0s:2) y/ det ( M{ )
5* 95*7 A /det 27TI 95*, B(S*)



40

for some absolute constant Cy, where Bs = {u € RIOI :  |ju — [6,]5]2 < Cel,
and N(é(;;Igl)(A) denotes the probability of A under the Gaussian distribution
N(ég;l—é_l). For z € &, using the assumption (C' — 1)ex'/? > 2(31/2 + 1), and for
z € &1, we have N(ég*;I(;*l)(Bg*) > 1/2. We conclude that

(A.21)

s1/2

(6 x BY)|2) < 4oC0(p1 10 loc5" 2etags®/2e) W(0) -\ Wolgsee e!0s2)  [det(Ts, )
< 4e

1e (2) o e 2 ; :
& 15, % BO ) w(s,) ! 651 \| det(T)

For z € &, and ||0]|o = s« + Jj, we have

A~

~ U
U05; ) — 0(65.:2) < 77 log(p).
Recall that Zy = — V)¢l (é(g; z). Hence we can write

det(y,) Aot (~VONE,52))  det (-VReI(G,.;2))

det(Zs) et <_v(2)£[5](é5*;z)) det (—v@)ﬂ‘“(é(s;z)) ‘

The Cauchy interlacing property (Lemma 26) implies that the first term on the right
hand side of the last display is upper bounded by (1/£)?. To bound the second term,
we first note that by convexity of the function —logdet, for any pair of symmet-
ric positive definite matrices A, B of same size, it holds |logdet(A) — logdet(B)| <
max(||A7 g, |B7YF)|A — B||g, where ||[M|g denotes the Frobenius norm of M.
Hence, if a symmetric positive definite matrix A(f) depends smoothly on a param-
eter 0, then we have |logdet(A(6)) — logdet(A(6p))| < sup,ee |A(u) e [[VA®D) -
(6 — 00)||F, for some 6 on the segment between @ and . We use this together with
the definition of as, to conclude that the second term on the right hand of the last

2a2§3e

equation is upper bounded by e = . Hence

det(Zs,) _ (1 je%zTﬁe
det(I(;) - .

K

Using these bounds, we obtain from (A.21),

II(§ x 8(5)]2) Co(p110s]|oc 51/ 2e4-a253/2 (¢34 2 2 o1 1 J
A22)  1g(z)—— T < g CoPrlOulloes Fetas®e ) (1 [P .
( ) g(z)H((S* x B)|2) — ‘ K pltz
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Using (A.22) and summing over ¢ € A, it follows that
1e(2)11 (Usea, {0} x BOJ2)

< 4C0(P110:llo05  2etans® 2 (34 glfé”si > nl)
iy - 1+% )

. , KEp
J=k+1 6264, [|6llo=s++j

) k+1
< 8e Co(p1|0]|005'/ 2e4a253/2 (e +‘°‘1/%)) pl
< K ps ’

provided that p*/2,/k/p; > 2. This bound and (A.19) yields the stated bound.

REMARK 21. By tracing the steps in the proof of (A.22), it can be checked that

the following lower bound also holds.

M@ X BO|2) 1 eyt Peranst/( @+ 22 ( fpr 1\
(A23) 151(2)m> 0\p1 2 = Epu+1 ]

]

A.5. Proof of Theorem 7. We start with the following general observation.

Let 7, ¢, and p be three probability measures on some measurable space such that

el @ r(dz)14(x)
M(d{L’) - fA ef(")ﬂ((liqu)

set A such that m(A) > 1/2. Furthermore, suppose that the support of ¢ is A. Then

/log (32‘) dq:/Aqu—log (/Aefdﬂ>.

By Jensen’s inequality we have

—10g</Aefd7r>_—log /f

Since —log(1l — z) < 2z for = € [0,1/2], we have —log(n(4)) < 2w(A°), and we

conclude that
du c
/log 3 dg < /qu—/fdw + 27 (A°) /\f|d7r
T

(A.24) < /A]qu—|—2/Af\d7r+27r(Ac).

for some measurable R-valued function f, and a measurable
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When ¢ = p, (A.24) writes

(A.25) KLl < [ 1712 [ |7ldm +2m(a0),

Let us now apply (A.24) and (A.25). Fix z € £. In order to use these bounds, we first
note that the density of Hioo) with respect to II that can be written as

(A 26) dH(OO) (5 0| ) efR(é’e;Z)l{é*}xRp((;, 9)
' dIT Jisycme € O2TI(dS, d6)]2)”
where
e - ; 1 ; -
R(5,6:2) = 05:2) — L1653 — €(65: 2) + 5165113 + 51615 — 05)'Zs (6] — Os),

= —%H%H% + SX16s 013 + V(?’)M(@a z) ([9]5 — 05, [0]5 — 05, (0] — éa) ;

for some element 5 on the segment between [0]s and é(;. The second equality follows
from Taylor expansion and Vf[é](ég; z) = 0. That second expression of R shows that
for z€ £, 6 € As, and 0 € B,

(A.27) |R(5,0)| < Cop15/2%e + Cpans®?e?,

for some absolute constant Cy. However, in general when 6 ¢ B()| R(5,0) is quadratic
in 0 under the assumptions of the theorem. Indeed, using VeI (0s;2) = 0, we can
write that £(0s; z) — 00 (05; 2) = —(1/2)([0]5 — 05)' |-V @£l (Bs; 2)]([0]5 — O5), for some
element 65 on the segment between [6]s and é(s. Hence, for 6 € RP

P1 A
(A.28) R(5,0)| < 2 [165]3 116513

[6]5 — 05) [=V PP (85; 2)([6]5 — b5) — ([6]5 — 05)'Z5([6]5 — b5)
P1 + K

3
116]s — 0513 + p1110s11211[6)s — 052

pi(e +[104]12)*

< (o1 + REls = 513 + =50

where the second inequality uses (3.9), and the third inequality follows from some
basic algebra, and (A.18).

Let R be some arbitrary probability measure on A x RP with support {d,} x RP.
We make use of (A.24) with ¢ = R, u = ), 7 =11, and A = {6} x RP. We then
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split the integrals over {d,} x R? into {d,} x B(*) and {5,} x (RP \ B(%+)), together
with (A.27) and (A.28) to get

(00)
(A.29) 1g(2) /log (dgﬂ ) dR < 21¢(2) (1 — II(6,]2))

3p1(€ + 110]12)

+ Co (,0151/26 + 3253/263) +

2(p1 +R)
(o1 + R)Le(2) / 11615 — B5]3R(d5, d0)
{04} xRP\B(4%)
-2y + B)1e(2) / 11615 — 0513T1(d5, 46| 2).
{04} xRP\B(%%)

By (4.2), (3.9) and Lemma 23, the last integral in the last display is bounded from
above by

Sk

K\ 2 (c-1)22x
(C’ _ 1)262 M e ;1»32 + 2€*P7
p1tE

provided that £(C — 1)e > 4 max(\/s4k, p1(€ + 51/2H0*||OO)). We conclude that

(00) 2 2
drd 5 _ 3p° (e + [104]12)
N 1 1 dR < /2 3/2.3
(A.30) E(Z)/ og ( I ) R < Cy (,018 €+ a5” "€ ) + 2p1 + )

+ R 57* 7(0*1)2625 o
Zl +Z> e 4+ 2(py 4 R)e P + 21e(2)(1 — T1(6,]2))
1 [a%

+ Co(p1 + /76)62 <

(o1 4+ R)1e(2) / 11615 — 05 |3R(dS, do).
{5*}><RP\B(5*)

In the particular case where R = H&oo), Lemma 23 gives

(A.31) / 1[6]s — Bs]|2R(d5,d6) < (C —1)2€? <"‘> P
{5*}><RP\B(6*> K

The result follows by plugging the last inequality in (A.30). We note that the last

display also holds true if R = ﬁioo). 0

A.6. Proof of Theorem 11. We introduce

Q((Sv df) o Q((S)eié(g*é*)/(sj) (G*é*)dg’
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for some arbitrary distribution @ on A of the form Q(§) = b aj-j(l — o)1 7%,
where a; = a if 0,; = 1, and a; = 1 — a otherwise, for some a € (0,1). Note that
Qe Q and |Q - IZI&OO)HW —0,as o — 1.

The strong convexity of the KL-divergence (Lemma 24) allows us to write, for any
t e (0,1),

KL QI + (1 - KL (1) > KL (1 + (1 - nem) + L2 g - g,
This implies that
W16 - i, <k (Qm) + 1 (KL (@i — KL (Qm)) < KL (@),

where the second inequality uses the fact that Q € Q, and Q is the minimizer of the
KL-divergence over that family. Hence with ¢ = 1/2 we have

Q-T2 < 201Q - QIR +211Q - I3,
16KL (QIT) +2)1Q — T2,

IN

where the second inequality uses the bound on ||Q — Q||2, obtained above.
- dQ -
KL (Qyn) _ /log <dn> a0
dQ\ - dQ\ -
= log | —= | d@ +/ log | —= | d@.
/(6*><]RP)C (dﬂ> 5. XRP dIl

We note that ﬁioo) is precisely the restriction of Q on {6+} x RP. Therefore, on
O} X RP, the densit dQ can be written as
Y am

aQ - I arr™
ﬁ - Q({6*} x R )dH(OO) dH .

*

dQ\ - = (00) 17(0)) . 5 / ™ =)
I — < I,/ |11 1 I, .
/. Og(dH) 4Q < KL(EM) + Q) [ ee T ) o
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On the other hand,

(A.32) /(6* e log (3%) dQ

00) o) \ -
log <H(6\z)> + /log (W) Q(é’)d&]
g(L4m@wg%1—manwu»+/&@(Qﬁ?@>@wm4.

Collecting all the terms we obtain

@ — T2, < 16KL (T + 2@ - T2,

(00)
~ dII; ~ (c0)
+ 16Q (04 / log dIT}
( ) 0 XRP dII

16 (1 Q(5.)) max [— log(T1(6]2)) + /log (%) Q(Q)d&] .

Letting a — 1 on both sides yields

1Q — T2, < 16KL (ﬂi"")m&”)) + 16/5 N
% X

Using Lemma 22, we have

KL () = %

where ¢ = log (d(:i(téz%)> + Tr(Z7'(S-Z)) — p. Hence the theorem. 0

A.7. Proof of Corollary 15.

On the event G. We first constructed the event G. Let def max; ¥;;. For ¢; = 5,

co=1/4,and c3 =9, for j=1,...,p+ 1, we set G def ﬂ?g?—[(j), where

Zi||3
AL .

H@) ] 7 grxtD) .
1<k<p, k#j

x0) 1
for all v € RP : [1X%7vll2 > || 2V %02 — esms Mllv\ll :
v n
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When B1 holds, by Theorem 1 of [36] and Lemma 1 of [38] there exist absolute positive

constant cg4, cs such that
P(Z ¢ G) <4(p+1)e™™' L ey(p+1)e™" — 0,

as p — oo, provided that n > (256/min(1,128¢5))log(p). In what follows we will

assume that n satisfies
(A.33)

2
256 16¢c37s; () 6 4
2 o >l 2 1+ - —1 .
~ min(1, 128¢5) og(p), andn > (@)\1/.2(2)) [m]ax Sy + " + " og(p)

Problem set up and posterior sparsity. For any j we can partition Z as Z =
[Y©), X0)], and under B1,

1
VAUNIT

The quasi-likelihood of the j-th regression is £U)(u;z) = (1/20]2)\|Y(j) — X 0)y3.
The resulting quasi-posterior distribution IIU)(|Z) on A x R? fits squarely in the

(A.34) vy = xel) 4 V@, where VWX ~ N,(0, I,,).

framework developed in the paper, and we will successively apply to it the different
general theorems obtained above. However to keep the notation simple, and when
there is no risk of confusion, we shall omit the index j from the various quantities.
For instance we will Y instead of Y, X instead of X(), etc...

From the expression of the quasi-likelihood, we have

1

VUb,; Z) = 5 X'(Y — X0,),
o
and XX
n
Lo (u; Z) = —ﬁ(u —6,) < - ) (u—10,), ueRP,

which does not depend on Y. Let us first apply Theorem 2. We set

G {2 =y, x0) e R+,

max ‘<Xk,Y(j) — X(j)Hﬁj)H < \/67—2(1 + cl)nlog(p)} .

1<k<p, k] [94)

We set

2 6 '
P=— 197—2 (1+ci)nlog(p), &= (n/o?)(1+ 01)89)7'2.
o | [9:1is
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We stress again that these quantities and events are specific to the j-th regression.
From the expressions of V{(6,; z), and Ly, (6; z), it is straightforward to check that
G1 C & if we define & in H1 by taking p and & as above. We also note that by the
choice of p; and the conditions ||0.||cc = O(1), we have 32||0||ccp1 < p for all p large
enough. To apply Theorem 2, it only remains to check (2.1). With G; and Ly, as

defined above, we have

(A.35) E, [1g1<Z)e£0*(U;Z)+<1ppl)<vg(9*;z)’“9*>]

where the equality uses the moment generating function of the conditionally Gaussian
random variable V. For u € RP such that [|6¢ - (v — 6,)]|1 < 7||0x - (uw — 64)||1, and for
Z € G, we have

lo
(= 0)ll2 > exhmin(D)21u 0, — Besstry [PEP 5, (u— )

1
—IX
Vel

It follows that
X'X
n

C2
(u— 6, ( ) (=0 > ZAnin(D)6, - (u— )3,

if the sample size n satisfies
16 ?
n > (10/3272> s« log(p).
cQ}‘min(E)
Therefore, Since o2[,];; > 1, we conclude from (A.35) that (2.1) holds with

2
To(x)zw (1— <1_p1> >x22”031mi2n(2)p1x27
g p o p

and hence
_ 64s.0%p1p

— O PP o,
a0 nc%/\m;n(Z) =0
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for some absolute constant Cjy, as p — oo, given the choice of n, p; and p. The

condition (2.2) is easily seen to hold for ¢y = 2. Theorem 2 then gives

(A.36) E, [1g1(2)n <H5Ho > s (1 + i) 4 j\z)] < ;2.

Since Y = X6, + mv where V|X ~ N(0,I,), by a standard union bound

argument, and Gaussian tail bounds

Iy (X)P(Z ¢ G1|X)

= <
(0P ma (0 V)| > VoS enlog 1X ) <

3

Therefore, (A.36) becomes

(A.37) E, [1H(X)H <H5H0 > sy (1 + 2) + iyz)} <

Contraction and rate. Set 5= s, (1 + %) + %. We now apply Theorem 3 to 1),

With similar calculations as above, for ||6]o < 5, and u € RE,

NC3Amin(2)
802

provided that the sample size n satisfies (A.33) which shows that G; C &£;(5) with the

rate function r(x) = 22nc3Amin(3)/(40?). The contractio