Singular Perturbations of z^n

Robert L. Devaney^∗ Matt Holzer Daniel M. Look Mónica Moreno Rocha David Uminsky

February 22, 2006

∗Please address all correspondence to Robert L. Devaney, Department of Mathematics, Boston University, 111 Cummington Street, Boston MA 02215, or e-mail bob@bu.edu. 1

1 Introduction

Our goal in this paper is to give an overview of some of the many recent results dealing with the topology of and dynamics on certain Julia sets of functions drawn from the family of rational maps of the complex plane given by F_λ(z) = z^n + λ z^d where n, d ∈ Z^+. While many of these results have appeared elsewhere, some of the results described below are new.

When λ = 0, these maps reduce to z → z^n and the dynamical behavior in this case is well understood: the Julia set of F_λ is just the unit circle and all other orbits tend either to ∞ or to the superattracting fixed point at 0.

When λ ≠ 0, several things happen. First of all, the map F_λ now has degree n + d rather than n. Secondly, the origin is a pole rather than a fixed point. And, finally, there are n + d new critical points in addition to the original critical points at 0 and ∞. As we discuss below, the orbits of all of these new critical points behave symmetrically, so we essentially have only one additional “free” critical orbit for each of these maps. As is well known in complex dynamics, the behavior of this critical orbit determines much of the structure of the Julia sets of these maps.

One of our main goals in this paper is to describe what happens to the Julia set when the parameter λ is nonzero but small. In this case, the map F_λ is called a singular perturbation of z^n. The reason for the interest in such a perturbation arises from Newton’s method. Suppose we are applying Newton’s method to find the roots of a family of polynomials P_λ which has a multiple root at, say, the parameter λ = 0. For example, consider the especially simple case of P_λ(z) = z^2 + λ. When λ = 0 this polynomial has a multiple root at 0 and the Newton iteration function is simply N_λ(z) = z/2. However, when λ ≠ 0, the Newton iteration function becomes

N_λ(z) = z^2 − λ 2z and we see that, as in the family F_λ, the degree jumps as we move away from λ = 0. In addition, instead of a fixed point at the origin, after the perturbation, there is a pole at the origin.

For the families F_λ, there are a number of different cases to consider depending on the values of n and d. When n ≥ 2, the point at ∞ is a superattracting fixed point whereas when n = 1 this point is a parabolic fixed point. Since much of the interesting dynamical behavior occurs when the free critical points tend to or land at ∞, the singular perturbations therefore behave very differently in these two cases.

One of the main results that we describe below is the following. When n ≥ 2, we have an immediate basin of attraction B_λ of the superattracting fixed point at ∞. Note that F_λ is n to 1 on a neighborhood of ∞ in B_λ. Since 0 is a pole of order d, the only other preimages of points in B_λ lie in a neighborhood of the origin. We let T_λ be the preimage of B_λ surrounding the origin. (The sets B_λ and T_λ may or may not be disjoint.) As we shall show, for λ small, it is possible that the critical orbits eventually land in B_λ and hence tend to ∞. In this case, we have the following result described in Section 3.

Theorem (The Escape Trichotomy). Suppose n ≥ 2 and that the orbits of the free critical points of F_λ tend to ∞. Then

1. If one of the critical values lies in B_λ, then J(F_λ) is a Cantor set and F_λ | J(F_λ) is a one-sided shift on n+d symbols. Otherwise, the preimage T_λ is disjoint from B_λ.

2. If one of the critical values lies in T_λ ≠ B_λ, then J(F_λ) is a Cantor set of simple closed curves (quasicircles).

3. If one of the critical values lies in a preimage of B_λ different from T_λ, then J(F_λ) is a Sierpinski curve.

Several Julia sets illustrating this trichotomy and drawn from the family where n = d = 3 are included in Figure 1.

A Sierpinski curve is a very interesting topological space. By definition, a Sierpinski curve is a planar set that is homeomorphic to the well-known Sierpinski carpet fractal. But a Sierpinski curve has an alternative topological characterization: any planar set that is compact, connected, locally connected, nowhere dense, and has the property that any two complementary domains are bounded by disjoint simple closed curves is known to be homeomorphic to the Sierpinski carpet [24]. Moreover, such a set is a universal planar set in the sense that it contains a homeomorphic copy of any compact, connected, one-dimensional subset of the plane.

a. λ = 0.23 b. λ = 0.0006

c. λ = 0.125i

Figure 1: Some Julia sets for z^3 + λ/z^3: if λ = 0.23, J(F_λ) is a Cantor set; if λ = 0.0006, J(F_λ) is a Cantor set of circles; and if λ = 0.125i, J(F_λ) is a Sierpinski curve.

When n ≥ 2, there are certain cases of this Theorem that may or may not hold, depending on the value of d. For example, if n and d satisfy 1 n + 1 d < 1, then there is a neighborhood of λ = 0 for which the critical values all lie in T_λ ≠ B_λ and so the Julia set is a Cantor set of simple closed curves. This phenomenon was first observed by McMullen for small λ (see [14]) and so we call the regime in the λ-plane where this occurs the McMullen domain. There is no McMullen domain if this inequality does not hold, i.e., if n or d is equal to 1 or if n = d = 2. Instead, in the special cases where n = d = 2 or n > 1, d = 1, we have the following result which is described in Section 4: Theorem. Suppose n = d = 2 or n > 1, d = 1. Then, in every neighborhood of the origin in the parameter plane, there are infinitely many disjoint open sets O_j with j = 1, 2, 3, . . . of parameters having the following properties:

1. If λ ∈ O_j , then the Julia set of F_λ is a Sierpinski curve, so that if λ ∈ O_j and μ ∈ O_k, the Julia sets of F_λ and F_μ are homeomorphic;

2. But if k ≠ j, the maps F_λ and F_μ are not topologically conjugate on their respective Julia sets.

The case where n = 1 is fundamentally different from the other cases since the function F_λ(z) = z + λ z^d has a parabolic fixed point at ∞. Furthermore, any map of this form is linearly conjugate to the case where λ = 1. So, instead of considering this case, we adjust the family slightly to deal instead with the family

F_λ(z) = λ ( z + 1 z^d )

when n = 1. For this family ∞ is an attracting fixed point when |λ| > 1 and is repelling when |λ| < 1. So when |λ| < 1, ∞ is in the Julia set, and we may have that the critical orbits map onto ∞. In this case, the Julia set is the entire Riemann sphere. Much else occurs near λ = 0, for, as we show in Section 5, we have:

Theorem. Let F_λ(z) = λ(z + 1/z). Then, in any neighborhood of λ = 0 in the parameter plane:

1. There are infinitely many parameter values λ for which the Julia set of F_λ is the entire Riemann sphere;

2. There are also infinitely many parameter values for which the critical orbit is superattracting.

Unlike the situation that is described in the previous two theorems for λ near 0, in the case where we have a McMullen domain, the dynamical behavior of F_λ is the same for any λ sufficiently close to 0. However, away from this region, F_λ exhibits a rich array of different dynamical behavior. For example, in Section 6 we show that there are many different ways that the Julia sets may be Sierpinski curves. In the previous Sierpinski curve examples, the complement of J(F_λ) was simply B_λ together with all of its preimages. However, there are parameter values in these families for which the Julia set is a Sierpinski curve whose complementary domains consist of a variety of different attracting basins (not just B_λ) together with their preimages. Again, while these Julia sets are all homeomorphic to one another, the dynamics on different pairs of these sets is often quite different.

There is another famous Sierpinski “object” in fractal geometry, namely, the Sierpinski gasket or triangle. Objects similar in construction to this shape also occur in these families. In Section 7 we construct infinitely many “Sierpinski gasket-like” Julia sets for F_λ. Unlike the Sierpinski curves, each pair of these Julia sets are topologically as well as dynamically distinct.

This paper is respectfully dedicated to the memory of Professor Noel Baker. Professor Baker’s numerous contributions to the field of complex dynamics have been an inspiration to all of us.

2 Preliminaries

We consider the maps

F_λ(z) = z^n + λ z^d where n, d ∈ Z^+. The Julia set of F_λ, J(F_λ), is defined to be the set of points at which the family of iterates of F_λ fails to be a normal family in the sense of Montel. Equivalently, the Julia set is the closure of the set of repelling periodic points for F_λ or, alternatively, the set of points on which F_λ behaves chaotically. The complement of the Julia set is called the Fatou set.

There are n + d finite and nonzero critical points for F_λ and all are of the form ω^kc_λ where c_λ is one of the critical points and ω^{n+d} = 1. Similarly, the critical values are arranged symmetrically with respect to z → ωz, though there need not be n + d of them. For example, if n = d, the n + d critical points are given by λ^{1/2n}, while there are only two critical values given by ±2 √ λ. There are n + d prepoles at the points (−λ)^{1/(n+d)}.

Note that F_λ(ωz) = ω^nF_λ(z). Hence the orbits of points of the form ω^jz all behave “symmetrically” under iteration of F_λ. For example, if F^i_λ(z) → ∞, then F^i_λ(ω^kz) also tends to ∞ for each k. If F^i_λ(z) tends to an attracting cycle, then so does F^i_λ(ω^kz). Note, however, that the cycles involved may be different depending on k and, indeed, they may even have different periods. Nonetheless, all points lying on this set of attracting cycles are of the form ω^jz_0 for some z_0 ∈ C . In particular, all n + d critical points have orbits that behave symmetrically, so this is why there is only one free critical orbit for F_λ.

We now restrict attention to the case n ≥ 2; the case n = 1 will be dealt with in Section 5. The point at ∞ is a superattracting fixed point for F_λ and it is well known that F_λ is conjugate to z → z^n in a neighborhood of ∞, so we have an immediate basin of attraction B_λ at ∞. Since F_λ has a pole of order d at 0, there is an open neighborhood of 0 that is mapped d to 1 onto a neighborhood of ∞ in B_λ. If the entire basin of ∞ is disjoint from this neighborhood around the origin, then there is a open set about 0 that is mapped d to 1 onto B_λ, and this entire set is disjoint form B_λ. This set is called the trap door and we denote it by T_λ. Since the degree of F_λ is n + d, all points in the preimage of B_λ lie either in B_λ or in T_λ.

Using the symmetry F_λ(ωz) = ω^nF_λ(z), it is straightforward to check that all of B_λ, T_λ, and J(F_λ) are symmetric under z → ωz. We say that these sets possess n+d-fold symmetry. In particular, since the critical points are arranged symmetrically about the origin, it follows that if one of the critical points lies in B_λ (resp.,T_λ), then all of the critical points lie in B_λ (resp., T_λ).

For other components of the Fatou set, the symmetry situation is somewhat different: either a component contains ω^jz_0 for a given z_0 in the Fatou set and all j ∈ Z, or else such a component contains none of the ω^jz_0 with j ≠ 0 mod n + d:

Symmetry Lemma. Suppose U is a connected component of the Fatou set of F_λ. Suppose also that both z_0 and ω^jz_0 belong to U, where ω^j ≠ 1. Then in fact, ω^iz_0 belongs to U for all i and, as a consequence, U has n + d-fold symmetry and surrounds the origin.

See [8] for a proof of this fact.

3 The Escape Trichotomy

For the well-studied family of quadratic maps Q_c(z) = z^2 +c with c a complex parameter there is the well known Fundamental Dichotomy:

1. If the orbit of the one free critical point at 0 tends to ∞, then the Julia set of Q_c is a Cantor set;

2. If the orbit of 0 does not tend to ∞, then the Julia set is a connected set.

In this section we discuss a similar result for F_λ that we call the Escape Trichotomy. Unlike the family of quadratic maps Q_c, there exist three different “ways” that the critical orbit for F_λ can tend to infinity. If the critical orbit tends to infinity, then all of the critical values must lie in B_λ or one of its preimages. These three different scenarios lead to three distinct classes of Julia sets for F_λ that comprise the Escape Trichotomy.

3.1 Critical Values in B_λ

We first assume that one of the critical values of F_λ lies in B_λ. In this case, J(F_λ) is a Cantor set. We sketch a proof of this fact here (for more details, see [8]).

By symmetry, if one of the critical values lies in B_λ, then all of the critical values do so as well. Let v be a critical value of F_λ and let c be a critical point such that F_λ(c) = v. Let U be an open disk in B_λ containing both v and ∞ with F_λ(U) ⊂ U. We may assume that U has (n + d)-fold symmetry. Let V be the preimage of F_λ(U) containing the origin. We may also assume that U and V are disjoint.

Let γ be an arc in U connecting v to ∞. The preimage of γ is an arc γ^′ that contains c and is mapped two-to-one onto γ. One portion of γ^′ connects c to ∞. The curve γ^′ must therefore also lie in B_λ, and so we see that c and hence all of the critical points must lie in B_λ.

Since c is a critical point, it follows that γ^′ contains a second preimage of ∞. One checks easily that this second preimage of ∞ is 0, not ∞, and so γ^′ extends all the way from 0 to ∞. In particular, γ^′ meets both U and V , and so both of these sets lie in B_λ. Therefore B_λ and T_λ are not disjoint sets. Let W be the preimage of U. It follows that W contains U, V , and a neighborhood of γ^′.

Since v was an arbitrary critical value of F_λ we can repeat this process and obtain n + d arcs connecting 0 and ∞ such that each arc contains a distinct critical point. Furthermore, these arcs may be chosen so that they do not intersect and are symmetric under z → ωz where ω^{n+d} = 1. Each of these arcs also lies in W and so W consists of the Riemann sphere with n + d disjoint and symmetric disks A_j for j = 1, . . . , n + d removed. Finally, it is easy to check that each A_j in the complement of W is mapped univalently over the complement of U and hence over all of the other A_i. Therefore, each of the n + d sets A_j contain preimages of all of the other A_i, and the Julia set is contained in the union of these (n + d)^2 sets. See Figure 2. Standard arguments then show that the Julia set is a Cantor set and F_λ is a one-sided shift on n + d symbols on this set. Figure 1a displays an example of a Julia set for which the critical values lie in B_λ.

A_1

A_2

A_3 γ

Figure 2: The sets A_j and their preimages.

3.2 Critical Values in T_λ

Assume now that B_λ and T_λ are disjoint and that one, and hence all, of the critical values of F_λ now lie in T_λ. In this case, J(F_λ) is a Cantor set of simple closed curves. To see this, note first that, since B_λ and T_λ are both open disks, the Riemann-Hurwitz formula shows that preimage of T_λ is an open annulus surrounding the origin and located between T_λ and B_λ. We denote this preimage of T_λ by T^{−1}_λ and the n^{th} preimage of T_λ by T^{−n}_λ . The annulus T^{−1}_λ contains all of the critical points of F_λ and its closure divides the region between T_λ and B_λ into two open subannuli that are mapped onto C − (B_λ ∪ T_λ). We call these subannuli A_{in} and A_{out}, with A_{in} the subannulus bordering T_λ and A_{out} the subannulus bordering B_λ. Note that since the boundary of T^{−1}_λ , ∂T^{−1}_λ , is mapped onto ∂T_λ, whereas both ∂T_λ and ∂B_λ are both mapped onto ∂B_λ, it must be the case that ∂T^{−1}_λ is disjoint from ∂T_λ and ∂B_λ. See Figure 3. Let A denote the union of the three annuli A_{in}, A_{out}, and T^{−1}_λ .

B_λ

T_λ T^{−1}_λ A_{in} A_{out}

Figure 3: The sets A_{in}, A_{out}, T_λ, B_λ and T^{−1}_λ .

Since all of the critical points lie in T^{−1}_λ , the annuli A_{in} and A_{out} are mapped as coverings onto C − (B_λ ∪ T_λ). Hence there exist preimages of T^{−1}_λ in each of these subannuli. Note that there will be two annular components of T^{−2}_λ , one in A_{in} and one in A_{out}. See Figure 4. Continuing in this fashion, we see that T^{−n}_λ consists of 2^n subannuli. In [8], quasiconformal surgery was used to show that the boundaries of B_λ, T_λ, and all of the preimages of T_λ are simple closed curves surrounding the origin. Hence the Julia set is given by a nested intersection of closed annuli and the result follows exactly as in the case described by McMullen in [14].

B_λ

T_λ T^{−1}_λ

T^{−2}_λ

Figure 4: Inverse images of T_λ.

We remark that, by the covering properties of F_λ on A_{in} and A_{out}, we must have

mod A > mod A_{in} + mod A_{out} = ( 1 d + 1 n ) mod A

where mod A denotes the modulus of A. Hence, as in the McMullen result, we must have 1/d + 1/n < 1 in order for v to lie in the trap door. Therefore, if 1/d + 1/n > 1, then v cannot lie in the trap door, so part 2 of the Escape Trichotomy Theorem cannot occur if d = n = 2 or if either n or d is equal to 1. In Figure 1b we display a Julia set for which the critical values all lie in T_λ.

3.3 Critical Values in a Preimage of T_λ

We now describe the final case where the critical values have orbits that eventually escape through the trap door, but the critical values do not themselves lie in the trap door. In this case the Julia set is a Sierpinski curve. We first observe that the Julia set of F_λ is compact, connected, locally connected, and nowhere dense. Indeed, since we are assuming that the critical orbit eventually enters the basin of ∞, we have that the Julia set is given by C − ∪F^{−j}_λ (B_λ). That is, J(F_λ) is C with countably many disjoint, simply connected, open sets removed. Hence J(F_λ) is compact and connected. Since J(F_λ) ≠ C , J(F_λ) cannot contain any open sets, so J(F_λ) is also nowhere dense. Finally, since the critical orbits all tend to ∞ and hence do not lie in or accumulate on J(F_λ), it follows that F_λ is hyperbolic on J(F_λ) and standard arguments show that J(F_λ) is locally connected (see [16]). In particular, since B_λ is a simply connected component of the Fatou set, it follows that the boundary of B_λ is locally connected. Hence J(F_λ) fulfills the first four of the conditions to be a Sierpinski curve.

To finish showing that J(F_λ) is a Sierpinski curve we need to show that the boundaries of B_λ as well as all of the preimages of B_λ are simple closed curves and that these boundary curves are pairwise disjoint. To see this, we first claim that C − B_λ is a connected open set. This should be contrasted with the situation for quadratic polynomial Julia sets where C − B_λ often consists of infinitely many disjoint open sets (consider the Julia sets known as the basilica or Douady’s rabbit, for example). Assume that C − B_λ has more than one component. Let W_0 be the component of C − B_λ that contains the origin. Note that T_λ ⊂ W_0. Since F_λ(∂T_λ) = ∂B_λ ⊃ ∂W_0, it follows that there are points in W_0 whose images also lie in W_0 and consequently F_λ(W_0) ⊃ W_0. Now if one of the prepoles lies in a component of C − B_λ that is disjoint from W_0, then by symmetry all of the prepoles have this property. But this then gives us too many preimages of points in W_0, and so all of the prepoles must in fact lie in W_0. It then follows that all of the preimages of any point in W_0 lie in W_0.

If there were another component of C − B_λ, then the boundary of this set must eventually be mapped over the boundary of W_0 since ∂W_0 ⊂ J(F_λ), and so there must be additional preimages of points in W_0. But again, this is impossible. Therefore W_0 is the only component of C − B_λ. Standard arguments [10] using external rays then show that the boundary of W_0 must in fact be a simple closed curve. So too are the boundaries of all of the preimages of B_λ. One then checks that all of these curves are disjoint, for a point that lies in the intersection of one of these curves must either be a critical point or one of its preimages, but we know that all critical points have orbits that tend to ∞. This completes the proof that the Julia set is a

Sierpinski curve.

In Figure 5 we show B_λ, T_λ and the first two preimages of T_λ in the special case where n = d = 2 and under the assumption that there are no critical points in T^{−1}_λ or T^{−2}_λ . An actual Julia set for which the critical points lie in T^{−2}_λ is depicted in Figure 1c.

Figure 5: B_λ, T_λ, T^{−1}_λ and T^{−2}_λ .

In Figure 6, we show the λ plane in the case n = d = 4. The outside grey region in this image consists of λ-values for which J(F_λ) is a Cantor set. The central grey region is the McMullen domain in which J(F_λ) is a Cantor set of simple closed curves. The region between these two sets is called the connectedness locus as the Julia sets are always connected when λ lies in this region. The other grey regions in this figure correspond to Sierpinski holes in which the corresponding Julia sets are Sierpinski curves.

4 The Case n = d = 2

As mentioned earlier, the cases where n = d = 2 or n > 1, d = 1 are significantly different from the other cases where n ≥ 2 since there is no McMullen domain in parameter space. In these cases, we instead have infinitely many open sets of parameters in any neighborhood λ = 0 in parameter space in which the critical orbits eventually enter B_λ and hence the Julia set is a Sierpinski curve. In each of these open sets the number of iterations that it takes

Figure 6: The parameter plane when n = d = 4.

for the critical orbit to enter B_λ is different, and so two maps drawn from different open sets are dynamically distinct in the sense that these maps are not topologically conjugate.

We sketch the proof of this when n = d = 2. We show that there are infinitely many open intervals in R^− in any neighborhood of the origin in parameter space in which the critical orbit eventually escapes. Similar results hold when n > 1, d = 1, though the real axis need not be the home of these open sets.

When n = d = 2, the four critical points and four prepoles of F_λ all lie on the circle of radius |λ|^{1/4} centered at the origin. We call this circle the critical circle. The case n = d = 2 is especially simple since the second image of the critical points is given by

F^2_λ (c_λ) = 4λ + 1 4 and so λ → F^2_λ (c_λ) is an analytic function of λ that is a homeomorphism. If −1/16 < λ < 0, then one checks easily that the critical circle is mapped strictly inside itself. Therefore, as in the previous section, J(F_λ) is a connected set and B_λ and T_λ are disjoint. In particular, the second image of the critical point lands on the real axis and lies in the complement of B_λ in R.

λ = −1/16 λ = −0.01

λ = −1/4 λ = −0.001

Figure 7: Sierpinski curve Julia sets for various negative values of λ when n = d = 2. All of these sets are homeomorphic, but the dynamics on each is different.

Proposition. There is an increasing sequence λ_2, λ_3, . . . in R^− with λ_j → 0 and F^j_{λj} (c_{λj} ) = 0.

Proof: Since F^2_λ (c_λ) = 4λ + 1/4, this quantity increases monotonically toward 1/4 as λ → 0. Now the orbit of 1/4 remains in R^+ for all iterations of F_0 and decreases monotonically to 0. Hence, given N, for λ sufficiently small, F^j_λ (c_λ) also lies in R^+ for 2 ≤ j ≤ N and moreover this finite sequence is decreasing.

Now suppose β < α < 0. We have F_β(x) < F_α(x) for all x ∈ R^+ . Also, F^2_β (c_β) < F^2_α (c_α) < 1/4. Hence F^j_β (c_β ) < F^j_α(c_α) for all j for which F^j_β (c_β) ∈ R^+ . The result then follows by continuity of F_λ with respect to λ. □ Note that λ_2 = −1/16. Using the previous Proposition, we may find open intervals I_j about λ_j for j = 2, 3, . . . having the property that, if λ ∈ I_j, then F^j_λ (c_λ) ∈ T_λ, and so F^{j+1}_λ (c_λ) ∈ B_λ. Therefore, F^n_λ (c_λ) → ∞ as n → ∞, and the Escape Trichotomy then shows that J(F_λ) is a Sierpinski curve.

Now let C(c_λ) denote the component of the Fatou set of F_λ containing c_λ. The map F_λ is two-to-one on each of the four sets C(c_λ) containing these critical points, and we have F^j_λ (C(c_λ)) = T_λ for some j. Now suppose that F_λ|J(F_λ) is conjugate to F_α|J(F_α) for some α ∈ ∪I_k for some k > 1. This conjugacy must take the boundaries of B_λ and T_λ to the corresponding boundaries of B_α and T_α. Similarly the boundaries of the four regions C(c_λ) must be mapped to one of the corresponding regions by the conjugacy, since these are the only complementary domains (besides B_λ and T_λ) on which F_λ is two-to-one. If, however, λ ∈ I_j and α ∈ I_k with j ≠ k, then these maps cannot be conjugate, since a conjugacy maps each of the j^{th} preimages of T_λ to one of the j^{th} preimages of T_α. Such a conjugacy would also have to map boundaries of domains on which F_λ and F_α were two-to-one to each other. Since j ≠ k, this is impossible. We therefore have:

Theorem. Let λ ∈ I_j and α ∈ I_k with j ≠ k. Then F_λ is not conjugate to F_α on their corresponding Julia sets.

In Figure 7 we display several dynamically distinct Sierpinski curve Julia sets for λ close to 0.

In Figure 8 we display the parameter plane for the case n = d = 2 as well as a magnification around λ = 0. In contrast to the image in Figure 6, all of the internal grey regions in this image are Sierpinski holes. There is no McMullen domain when n = d = 2.

Figure 8: The parameter plane and a magnification when n = d = 2.

5 The case n = 1

In this section we restrict attention to the family of functions

F_λ(z) = z + λ z so that n = 1. The dynamics of these maps are quite different from those for which n > 1. First, one checks easily that, for each λ, the map F_λ is conjugate to the function F_1(z) = z + 1 z . Hence this family does not really depend on a parameter. Therefore we change the family slightly so that we consider instead

F_λ(z) = λ ( z + 1 z ) . This family is conjugate to the family

G_λ(z) = λz + 1 z , and so can be regarded as a linear perturbation of the involution z → 1/z.

The main difference between this family and our original family is that these functions have a repelling fixed point at infinity whenever |λ| < 1. Consequently, 0 lies in the Julia set and thus there is no trap door as in the case where n > 1.

Figure 9: The λ plane for the function F_λ(z) = λ(z +^1_z ).

As in the previous cases, we are mainly concerned with the case of λ small, so that we are perturbing away from the identically zero function. It has been shown by Yongcheng [25] that for 0 < |λ| ≤ 1 the Julia set is connected while if |λ| > 1, it is a Cantor set. The parameter space is plotted in Figure 9. Similar figures have been produced by Hawkins [12] and Milnor [17]. Note that most of the interesting behavior seems to occur as we approach the parameter 0 along the imaginary axis. In fact, it is easy to check that, for 0 < λ ≤ 1, J(F_λ) is the imaginary axis, and all other points have orbits that are attracted to one of two attracting fixed points. For −1 ≤ λ < 0, J(F_λ) is the real axis, and this set separates the basins of an attracting two-cycle. In both of the large black circular regions in parameter space flanking the origin, the Julia sets are similar curves passing through the origin and ∞. In contrast, the dynamical behavior along the imaginary axis is much more complicated.

Given nonzero λ, the function F_λ is a degree-two rational map with two critical points at ±1. The orbits of these critical points behave symmetrically under F_λ. For purely imaginary parameter values, this function has the desirable property that, in the dynamical plane, the real axis is mapped to the imaginary axis and vice versa. Therefore, for such parameter values we will consider the second iterate map restricted to the real axis, that is, we restrict attention to the behavior of F^2_{iλ} on R, where λ is now a real parameter.

We compute

F^2_{iλ}(x) = −λ^2 ( x + 1 x ) + 1 x +^1_x . Note that, for small λ, this second iterate map can be viewed as a perturbation of the λ-independent function x → 1 x +^1_x . When one and hence both of the critical points land on the repelling fixed point at ∞, the Julia set is known to be the entire Riemann sphere [16]. We will refer to such parameter values as blowup points, with the convention that a blowup point of order n is one such that F^{2n}_{iλ} (1) = 0. Parameter values for which this occurs are also known as m-ergodic rational maps (although mergodicity describes a larger set of maps than just those for which a critical point lands on a repelling cycle). Rees [21] has proved that m-ergodic maps comprise a set of positive Lebesgue measure in the parameter space of most rational maps. Hawkins [12] developed a computer algorithm for finding and plotting these parameter values. In that paper, it was shown numerically that the m-ergodic maps accumulate on the origin along the imaginary axis in parameter space. We formalize this observation via the following theorem.

Theorem. For the family of functions F_{iλ}(z) = iλ(z + 1/z), in any neighborhood of λ = 0, there exists:

1. A countably infinite set of λ-values lying in (−1, 1) for which the Julia set is the entire Riemann sphere;

2. A countably infinite set of λ-values lying in (−1, 1) for which the critical point is part of a superattracting cycle.

Proof: To prove the first assertion, we will define a function G_n : R → R via G_n(λ) = F^{2n}_{iλ} (1) where λ ∈ R. For λ_1 = .5, G_1(λ_1) = 0. Also, G_1(0) = 1/2.

Further, note that G_m(λ) is continuous except at blowup points of order less than m. We now see that G_2 maps (0, λ_1) to (−∞, 1/2). Thus, by continuity of G_2 in this interval, there exists a λ_2 ∈ (0, λ_1) such that G_2(λ_2) = 0. If more than one λ value exists, we will chose the smallest to be λ_2. This ensures that G_3 will be continuous on (0, λ_2). Iterating this process we obtain the desired sequence.

Now suppose that this sequence does not accumulate on the origin. In other words, there exists some interval (0, λ̂) such that G_n(λ) > 0 for all n and λ ∈ (0, λ̂). Since the graph of F^2_{iλ} lies strictly below the diagonal on (0, 1) and F^2_{iλ} is monotonically increasing there, the interval (0, 1) is mapped inside itself. Thus, by the contraction mapping principle there exists a fixed point in (0, 1), which is a contradiction.

To prove the second part of the assertion, let λ_n and λ_m be blowup points of order n and m. Assume n < m. For fixed m there are a finite number of discontinuities of G_m in the interval (λ_m, λ_n). Furthermore, these discontinuities represent blowup points of order less than m. Therefore, we will restrict ourselves to a subinterval on which G_m is continuous and note that the result holding here is sufficient to establish the result in the general setting. Thus, without loss of generality, assume that G_m is continuous on (λ_m, λ_n). Therefore, G_m(λ_n) = ∞ and G_m(λ_m) = 0. By continuity of G_m there exists λ_p ∈ (λ_m, λ_n) such that G_m(λ_p) = 1. □ We will now briefly turn our attention to the case where d > 1. In this case the critical points are c = d^{1d+1} . As in the d = 1 case the critical points do not depend on the parameter value. Also there exist lines, analogous to the imaginary axis for the case d = 1 and passing through the origin in parameter space, for which F^{d+1}_λ is invariant over R. The parameter planes for several of these functions are plotted in Figure 10. For this class of rational functions, the results of Rees [21] guarantee a set of positive Lebesgue measure in parameter space for which the Julia set is the whole Riemann sphere. However, it is unknown whether this behavior accumulates on the origin and hence whether a corollary to the Theorem is true for d > 1.

6 Buried Sierpinski Curves

In this section, we discuss an infinite collection of dynamically distinct Sierpinski curve Julia sets for the family F_λ where the Fatou components are

Figure 10: The λ plane for the functions F_λ(z) = λ(z + 1/z^2) and F_λ(z) = λ(z + 1/z^3)

quite different than those described in previous sections. Instead of being preimages of a single superattracting basin at ∞, we give examples where the complementary domains consist of a collection of different attracting basins together with the basin at ∞ and all of the preimages of these basins. As before, we sketch a proof that the dynamics on these Julia sets are all distinct from one another as well as from those mentioned above, but again, all of these Julia sets are homeomorphic.

For simplicity, we restrict attention in this section to the special family F_λ(z) = z^2 + λ/z with λ ∈ R^− . In Figure 11, we display the Julia set of F_λ when λ = −0.327. For this map, there are attracting basins of period 3 and period 6 together with the basin at ∞. We also display the case where λ = −0.5066 for which there are three different attracting basins of period 4 together with the basin at ∞. The basins of the finite cycles are displayed in black.

There is a positive real fixed point for F_λ which we denote by p(λ). Also, c(λ) = (λ/2)^{1/3} is a critical point and v(λ) = 3 2^{2/3} λ^{2/3} is a critical value. Note that, for λ ∈ R^− , both c(λ) and v(λ) are real.

Figure 11: The Julia sets for F_λ(z) = z^2 + λ/z where λ = −0.327 and λ = −0.5066.

Let λ^∗ = −16/27. Straightforward calculations show that p(λ^∗) = 4/3 and p(λ^∗) is repelling. Further, the real critical point c(λ^∗) = −2/3 is prefixed, i.e., F_λ∗ (c(λ^∗)) = 4/3 = p(λ^∗). For λ-values slightly larger than λ^∗, the real critical value lies to the left of p(λ) and hence subsequent points on the orbit of the critical value begin to decrease. Graphical iteration shows that there is a sequence of λ-values tending to λ^∗ for which the critical orbit decreases along the positive axis and then, at the next iteration, lands back at c(λ). See Figure 12. Thus, for these λ-values, we have a superattracting cycle. More precisely, we have:

Theorem. Let F_λ(z) = z^2 +λ/z with λ ∈ R^− . There is a decreasing sequence λ_n ∈ R^− for n ≥ 3 with λ_n → λ^∗ = −16/27 and having the property that F_{λn} has a superattracting cycle of period n given by x_j (λ_n) = F_{λn} (x_{j−1}(λ_n)), where

1. x_0(λ_n) = x_n(λ_n) = c(λ_n), and

2. x_0 < 0 < x_{n−1} < x_{n−2} < · · · < x_1 = v(λ_n) < p(λ_n).

For a proof see [6]. Now fix a particular parameter value λ = λ_n for which F_λ has a superattracting periodic point x_0 lying in R^− as described in the previous Theorem. We say that a basin of attraction of F_λ is buried if the

Figure 12: The graphs of F_λ(x) = x^2 + λ/x where λ = λ_4 and λ = λ_7.

boundary of this basin is disjoint from the boundaries of all other basins of attraction (including B_λ). We remark that buried basins are quite different from buried components of Julia sets. Note that, if the basin of one point on an attracting cycle is buried, then so too are all forward and backward images of this basin, so the entire basin of the cycle is buried. In [6] the following was shown:

Theorem. All of the basins of F_λ are buried and J(F_λ) is a Sierpinski curve.

As discussed earlier, any two Sierpinski curves are homeomorphic. Hence J(F_{λn} ) is topologically equivalent to J(F_{λm} ) for any n and m. However, each of these Julia sets is dynamically distinct from the others since the periods of the superattracting cycles are different.

In Figure 13 we display the parameter plane for the degree three family

F_λ(z) = z^2 + λ z together with a magnification of a certain region along the negative real axis.

The grey holes in this parameter plane correspond to parameter values for which the critical orbit eventually escapes to ∞ through the trap door, so the Julia set is a Sierpinski curve as discussed in Section 3. These are the Sierpinski holes. Note the existence of a small copy of a Mandelbrot set along the negative real axis in this image. In fact, there are infinitely many such

Figure 13: The parameter plane for the degree three family of rational maps and a magnification.

Mandelbrot sets converging to the left tip of the parameter space, which is the parameter λ^∗. See [4] for a proof of this in a more general setting. The parameters for which we have the superattracting cycles constructed above form the centers of the main cardioids of certain of these Mandelbrot sets.

We remark that there appear to be two very different types of baby Mandelbrot sets in this picture, some of which touch the outer boundary of the connectedness locus, and some that do not. It is known [3] that those Mandelbrot sets that touch the outer boundary actually touch infinitely many of the Sierpinski holes as well. We conjecture that the Mandelbrot sets corresponding to the λ_n in this section are also “buried,” this time in the sense that these sets do not touch any of the Sierpinski holes, nor the outer boundary.

7 Sierpinski Gasket-like Julia Sets

One of the outstanding theorems in the study of the families of polynomials z → z^d + c is the Landing Theorem, due to A. Douady and J. H. Hubbard [11], which states that every external ray in the parameter plane whose external angle is rational lands at a unique point in the boundary of the connectedness locus. Recently, C. Petersen and G. Ryd [20] have shown that this result may be extended to many other one-parameter families of maps with a single free critical orbit, including the family F_λ when n ≥ 2. In this section we will concentrate on λ-values that correspond to external rays whose external angles are of the special form p/n^j with p, j ∈ Z. The Landing Theorem implies that such a λ-value is a parameter for which the critical orbits eventually land on a fixed point in the boundary of B_λ. We call the corresponding maps Misiurewicz-Sierpinski maps, or MS maps, for short.

In Figures 14 and 15 we display several examples of Julia sets corresponding to Misiurewicz parameters for z → z^2 + λ/z and z → z^2 + λ/z^2 respectively. Clearly, these sets are no longer homeomorphic to the Sierpinski curve, as infinitely many boundaries of the complementary domains intersect other complementary boundaries at one or more points. In particular, the Julia set in the left-hand side of Figure 14 is homeomorphic to the well-known Sierpinski gasket (or triangle). Although the second Julia set in Figure 14 looks similar to the Sierpinski gasket, these two Julia sets are not homeomorphic, as we explain below.

Figure 14: Julia sets from the family z → z^2 + λ/z with λ ≈ −0.59257 and −0.03804 + i0.42622.

The Julia sets in Figure 15 can be thought of as generalizations of a Sierpinski gasket set with four distinguished vertices. We will see that these Julia sets are again not homeomorphic to each other. A generalized Sierpinski gasket set with four distinguished vertices is constructed as follows.

Figure 15: Julia sets from the family z → z^2 + λ/z^2 with λ ≈ −0.36428 and λ ≈ −0.01965 + i0.2754.

Consider the closed unit disk in the plane from which we remove an open rectangular region whose vertices lie in the boundary of the disk. We assume that the removed rectangle is symmetric under rotation of the disk by angle π/2. We are left with four symmetric closed sets which we denote by I_0, I_1, I_2 and I_3. From each of the I_j we next remove an open “generalized” rectangle whose vertices lie on the boundary of I_j . We stipulate that exactly two of these vertices lie on the boundary of the previously removed rectangle and that the newly removed sets are all symmetrically arranged. This leaves sixteen sets whose only intersection points are vertices of the removed rectangles. We continue in this fashion by removing at each stage open generalized rectangles with exactly two vertices lying in the boundary of the previously removed rectangle. In the limit this produces a set which we call a generalized Sierpinski gasket or a Sierpinski gasket-like set.

For simplicity, in this section we consider only the special case where n = d = 2, although all of the results go over with minor modifications to the more general family of maps with n ≥ 2, d ≥ 1. See [9].

Theorem. Let F_λ(z) = z^2 + λ/z^2 be an MS map. Then the Julia set J(F_λ) is a generalized Sierpinski gasket with four distinguished vertices. Moreover, if we assume that λ and μ are chosen so that F_λ and F_μ are MS maps from the same family, then their Julia sets are homeomorphic if and only if λ = μ.

7.1 Topology of Julia Sets

Suppose F_λ is an MS map with n = d = 2. Since the post-critical orbit is finite, the map is sub-hyperbolic and thus the boundary of each Fatou component is locally connected (see [16], page 191). Moreover, as shown in [8], there is only one component to the set C − B_λ and the boundary of this set is a simple closed curve which is also the boundary of B_λ. Denote the boundary of B_λ by β_λ and the boundary of the trap door by τ_λ. Our assumption implies that the four finite and non-zero critical points c_λ = λ^{1/4} lie in both β_λ and τ_λ. A straightforward argument given in [7] shows that if the set β_λ ∩ τ_λ is non-empty, then the critical points are the only points in this intersection. We call these points the corners of the trap door. The four corners separate τ_λ into four edges.

Using the fact that F_λ is conjugate to z → z^2 in B_λ, and that this conjugacy extends to β_λ, there exist four disjoint smooth curves, γ_j for j = 0, 1, 2, 3, connecting each of the critical points c_j to ∞ in B_λ. The γ_j are the external rays landing at c_j. Let H_λ(z) = √ λ/z. One checks easily that the two involutions H_λ interchange B_λ and T_λ and satisfy F_λ((H_λ(z)) = F_λ(z). Let ν_j denote the image of γ_j under the involution H_λ that fixes c_j. Then the curve η_j = γ_j ∪ ν_j connects 0 to ∞ and meets J(F_λ) only at c_j . Moreover, the η_j are pairwise disjoint (except at 0 and ∞). Hence these four curves divide the Julia set into four symmetric pieces I_0, . . . , I_3 where we assume that c_j ∈ I_j but c_j does not lie in the other three regions. Let I_0 be the component that contains the repelling fixed point p(λ) that lies in β_λ. Note that the I_j are neither open nor closed subsets of J(F_λ).

Since there are no critical points in any of the preimages of the trap door, it follows that each of its preimages is mapped in one-to-one fashion onto the trap door by F_λ. Hence each component of F^{−k}_λ (τ_λ) also has four corners and edges, and each of these corners is mapped by F^k_λ onto a distinct critical point in τ_λ.

To see that J(F_λ) is a Sierpinski gasket-like set, we require the following lemma.

Lemma. For k ≥ 1, let τ^k_λ be the union of all of the components of F^{−k}_λ (τ_λ) and let A be a particular component in τ^k_λ . Then exactly two of the corner points of A lie in a particular edge of a single component of τ^{k−1}_λ .

Proof: The case k = 1 is seen as follows. We have that F_λ maps each I_j for j = 0, . . . , 3 in one-to-one fashion onto all of J(F_λ), with F_λ(I_j ∩ β_λ) mapped onto one of the two halves of β_λ lying between two critical values (which, by assumption, are not equal to any of the critical points). Hence F_λ(I_j ∩ β_λ) contains exactly two critical points. Similarly, F_λ(I_j ∩ τ_λ) maps onto the other half of β_λ and so also meets two critical points. The preimages of these latter two critical points in τ_λ are precisely the corners of the component of τ^1_λ that lies in I_j . Thus we see that each component in τ^1_λ meets the boundary of one of the I_j’s in two points lying in β_λ and two points lying in τ_λ. In particular, two of the corners lie in the edge of τ_λ that meets I_j .

Now consider a component in τ^k_λ with k > 1. F^k_λ maps each component in τ^k_λ onto τ_λ and therefore F^{k−1}_λ maps the components in τ^k_λ onto one of the four components of τ^1_λ . Since each of these four components meets a particular edge of τ_λ in exactly two corner points, it follows that each component of τ^k_λ meets an edge of one of the components of τ^{k−1}_λ in exactly two corner points as claimed. □ We may now show the Julia set of an MS map is a gasket-like set as follows. Let K_0 = C − B_λ and K_1 = K_0 − T_λ. Then K_1 consists of the union of the four sectors I_j which are mapped in a one-to-one fashion onto K_0. Define recursively the sets K_{n+1} = K_n − F^{−n}_λ (T_λ). Each K_n is a nested collection of closed and connected subsets of the Riemann sphere with exactly 4^n generalized rectangles removed at each nth step. Moreover, the above lemma shows that for each n, the removed rectangles satisfy the two corner restriction given in the definition of gasket-like sets. Is not hard to see that ∩^∞_{n=0}K_n coincides with J(F_λ) and hence is a Sierpinski gasket-like set.

7.2 Homeomorphisms Between Julia Sets

Before proceeding with the discussion of homeomorphisms between Julia sets of MS maps, we provide a topological characterization of the critical points and the corners of every τ^k_λ . Proofs of the following propositions may be found in [9].

Proposition. (The Disconnection Property.) The four corners of the trap door are the only set of four points in the Julia set whose removal disconnects J(F_λ) into exactly four components. Any other set of four points removed from J(F_λ) will yield at most three components.

Clearly the corners of each component A in τ^k_λ inherit the disconnection property when restricted to the largest connected component of τ^{k−1}_λ that contains A. Any homeomorphism between Julia sets of MS maps must then preserve this topological invariant as described in the following result.

Proposition. Suppose F_λ and F_μ are MS maps. If there exists a homeomorphism h : J(F_λ) → J(F_μ), then

1. The map h takes the corners of F^{−k}_λ (τ_λ) to the corners of F^{−k}_μ (τ_μ) when k ≥ 0. 2. For k ≥ 1, each component of F^{−k}_λ (τ_λ) is mapped to a unique component of F^{−k}_μ (τ_μ).

For a proof of this result, see [9].

Suppose λ and μ are given parameters that correspond to MS maps of the degree four family. Unless these parameters are complex conjugate, the Theorem in the previous section states their Julia sets are not homeomorphic. To prove this assertion, we have developed a recursive algorithm based solely on the configuration of the corners of a finite number of preimages of τ_λ along β_λ. The configuration is completely determined by the itinerary associated to the finite critical orbit. If the itineraries for λ and μ disagree at the (n + 1)^{st} entry, then the algorithm shows that the corner configurations of τ^n_λ and τ^n_μ differ along the respective boundaries of the basin at infinity. Hence there is no homeomorphism between these Julia sets. We illustrate this algorithm with the two examples given in Figure 15.

Using the partition given by the sectors I_j we define the itinerary of a point z ∈ J(F_λ) as the infinite sequence S(z) = (s_0s_1s_2 . . .) ∈ {0, 1, 2, 3}^N defined in the natural way by its orbit in the regions I_j. Hence the itinerary of the accessible fixed point p_λ is 0 = (000 . . .), the itinerary of −p_λ is 20 = (2000 . . .), and so forth.

By assumption the itinerary of any critical point of a MS map ends with an infinite string of 0’s. Due to the four-fold symmetry and the existence of a unique free critical orbit, we will only concentrate on the itinerary of the critical point c_λ that lies in the first quadrant.

The two examples displayed in Figure 15, with λ ≈ −0.36428 and μ ≈ −0.01965 + 0.2754 i, correspond to the landing points of external rays with arguments 1/2 and 1/4 respectively. The extension of the Landing Theorem to the case of our rational families implies that the external rays of the same argument must land in the dynamical plane at the second iterate of the critical point. Thus, the itinerary of F^2_λ (c_λ) is (20) and the itinerary of F^2_μ (c_μ) is (120). It follows that the itinerary of c_λ is (1120) while the itinerary of c_μ is (11120).

Since these itineraries differ at the third entry, we only need to look at the configuration of the corners of the second preimage of the trap door.

We start with the case λ ≈ −0.36428. The ray 1/8 lands at the critical point c_1 = c_λ. By symmetry, the ray 7/8 lands at c_0. Thus, the preimages of c_1 and c_0 in I_0 are landing points of the rays 1/16 and 15/16 respectively. Note that these points are two corners of the component of τ^1_λ that lies in I_0. The remaining two corners of this component lie in the arc of τ_λ contained in I_0 and are mapped onto the critical points c_2 and c_3.

By four-fold symmetry, we can compute the external rays landing on the corners of each component of τ^1_λ in each remaining sector I_j by adding a proper multiple of π/2. In particular, two corners of the component of τ^1_λ in I_1 correspond to landing points of the rational rays 5/16 and 3/16.

Now we compute the configurations of the components of τ^2_λ . For our purposes it suffices to find the configuration of the corners of B ⊂ τ^2_λ lying along the arc γ ⊂ β_λ bounded by the rays 1/16 and 1/8. Under F_λ, γ is mapped onto an arc bounded by rays 1/8 and 1/4. Since the ray 3/16 lands at a corner of the component of τ^1_λ in I_1, this implies that the ray 3/32 lands at a corner of the component B in τ^2_λ along γ. A similar analysis can be done to compute the locations of the remaining three corners of B. See Figure 16.

For the case μ ≈ −0.01965 + i0.2754, let c_1 = c_μ be the critical point lying in the first quadrant which is the landing point of the ray 1/16. By symmetry, the ray 13/16 lands at c_0. Hence the first preimages of c_1 and c_0 in I_0 are landing points of the rays 1/32 and 29/32 respectively. We may compute the external rays of the remaining corners in τ^1_μ by addition of a multiple of π/2 as before. In particular the external rays landing at corner points of τ^1_μ in I_1 are 9/32 and 5/32.

Let γ denote the arc of β_μ bounded by the landing points of the rays 1/16 and 1/32. Then γ is mapped onto the arc bounded by the rays 1/8 and 1/16. In this case, the image of γ fails to contain a corner point of τ^1_μ in I_1 as 1/16 < 5/32. This implies that there is no corners of the component B in τ^2_μ along γ. See Figure 16.

The previous proposition implies that a homeomorphism between J(F_λ) and J(F_μ) must preserve the configurations shown in Figure 16, which is impossible. Therefore these Julia sets cannot be homeomorphic.

Figure 16: A schematic representation of the Julia set J(F_λ) and J(F_μ), respectively, up to second preimage of the trap door. For clarity, only the relevant rational rays and certain preimages of the trap door in sectors I_0 and I_1 have been displayed.

References

[1] Blanchard, P., Devaney, R. L., Look, D. M., Seal, P., and Shapiro, Y. Sierpinski Curve Julia Sets and Singular Perturbations of Complex Polynomials. Ergodic Theory and Dynamical Systems. 25 (2005), 1047-1055.

[2] Devaney, R. L. Cantor and Sierpinski, Julia and Fatou: Complex Topology Meets Complex Dynamics. Notices Amer. Math. Soc. 51 (2004), 9-15.

[3] Devaney, R. L. Baby Mandelbrot Sets Adorned with Halos in Families of Rational Maps. To appear in Complex Dynamics: Twenty- Five Years After the Appearance of the Mandelbrot Set. Contemporary Mathematics. Amer. Math. Soc.

[4] Devaney, R. L. The McMullen Domain: Satellite Mandelbrot Sets and Sierpinski Holes. To appear.

[5] Devaney, R. L., Josic, K. and Shapiro, Y. Singular Perturbations of Quadratic Maps. Intl. J. Bifurcation and Chaos. 14 (2004), 161-169.

[6] Devaney, R. L. and Look, D. M. Buried Sierpinski Curve Julia Sets.

Discrete and Continuous Dynamical Systems. 13 (2005), 1035-1046.

[7] Devaney, R. L. and Look, D. M. A Criterion for Sierpinski Curve Julia Sets for Rational Maps. To appear in Topology Proceedings.

[8] Devaney, R. L., Look, D. M. and Uminsky, D. The Escape Trichotomy for Singularly Perturbed Rational Maps. To appear in Complex Dynamics: Twenty-Five Years After the Appearance of the Mandelbrot Set. Contemporary Mathematics. Amer. Math. Soc.

[9] Devaney, R. L., Moreno Rocha, M. and Siegmund, S. Rational Maps with Generalized Sierpinski Gasket Julia Sets. To appear in Topology and its Applications.

[10] Douady, A. and Hubbard, J. Itération des Polynômes Quadratiques Complexes, C.R. Acad. Sci. Paris, t. 29, (1982), 123-126.

[11] Douady, A. and Hubbard, J. Etude Dynamique des Polynômes Complexes. Partie I, Publ. Math. D’Orsay 84-02 (1984) and Partie II, Publ. Math. D’Orsay 85-04 (1985).

[12] Hawkins, J. Lebesgue Ergodic Rational Maps in Parameter Space.

Intl. J. Bifurcation and Chaos. 13 (2003), 1423-1447.

[13] Kuratowski, K. Topology. Vol. 2. Academic Press, New York (1968).

[14] McMullen, C. Automorphisms of Rational Maps. Holomorphic Functions and Moduli. Vol. 1. Math. Sci. Res. Inst. Publ. 10. Springer, New York (1988).

[15] McMullen, C. The Classification of Conformal Dynamical Systems.

Current Developments in Mathematics. Int’l. Press, Cambridge, MA (1995), 323-360.

[16] Milnor, J. Dynamics in One Complex Variable. Vieweg (1999).

[17] Milnor, J. Geometry and Dynamics of Quadratic Rational Maps. Exper. Math. 2 (1993), 37-83.

[18] Milnor, J. and Tan Lei. A “Sierpinski Carpet” as Julia Set. Appendix F in Geometry and Dynamics of Quadratic Rational Maps. Experiment. Math. 2 (1993), 37-83.

[19] Morosawa, S., Nishimura, Y., Taniguchi, M., and Ueda, T. Holomorphic Dynamics. Cambridge University Press (2000).

[20] Petersen, C. and Ryd, G. Convergence of Rational Rays in Parameter Spaces. In The Mandelbrot set: Theme and Variations, London Mathematical Society, Lecture Note Series 274, Cambridge University Press (2000), 161-172.

[21] Rees, M. Positive Measure Sets of Ergodic Rational Maps. Ann. Sci.

Ec. Norm. Sup. 19 (1986), 383-407.

[22] Steinmetz, N. Rational Iteration. W. de Gruyter, Berlin (1993).

[23] Sullivan, D., Quasiconformal Maps and Dynamical Systems I, Solutions of the Fatou-Julia Problem on Wandering Domains. Ann. Math. 122 (1985), 401-418.

[24] Whyburn, G. T. Topological Characterization of the Sierpinski Curve.

Fund. Math. 45 (1958), 320-324.

[25] Yongcheng, Y. On the Julia Sets of Quadratic Rational Maps. Complex Variables. 18 (1992), 141-147.