Tying Hairs for Structurally Stable Exponentials

Ranjit Bhattacharjee Robert L. Devaney^�

November 10, 1999

�Please address all correspondence to Robert L. Devaney, Department of Mathematics, Boston University, Boston MA 02215, or email bob@math.bu.edu. 1

1 Introduction

In this paper we will discuss the topology of the Julia set for certain complex exponential maps of the form E_λ(z) = λ exp(z) where λ ∈ C . We will restrict attention to those exponentials for which E_λ has an attracting periodic orbit. It is known that, since E_λ has a unique asymptotic value (0) and no critical values, E_λ has at most one attracting cycle.

The Julia set of E_λ is the set of points at which the family of iterates of E_λ fails to be a normal family in the sense of Montel. It is known that each point in the Julia set whose orbit has bounded imaginary part lies on a curve in the Julia set [7]. This curve is the image of a homeomorphism h : [0, ∞) → C with the following properties.

i) The orbit of h(0) is bounded

ii) If t > 0 , the orbit of E^n_λ (h(t)) tends to ∞ as n → ∞

iii) lim_{t→∞} Re h(t) = ∞

These curves are called hairs. Points whose orbits escape lie on the tail of the hair. The point h(0) whose orbit is bounded is called the endpoint of the hair.

It is known [4] that the Julia set of E_λ is also the closure of the repelling periodic points of E_λ. These points therefore lie at the endpoints of the hairs since all other points on the hairs escape to ∞. Hence these endpoints must accumulate on all other points on the Julia set. Another established fact is that the tails of different hairs cannot meet in C . However, the endpoints of certain hairs may coincide [10]. In fact, it often happens that more than one tail meets at a given endpoint. When this happens, we say that the hairs are attached or tied together.

For example, in Figure 1, we display the Julia set when λ = 1/e. For this λ-value, E_λ has an attracting fixed point. The basin of attraction of this fixed point (the complement of the Julia set) is displayed in black. In this figure, it appears that the Julia set contains open sets. However, this is not the case. In fact, J(E_λ) is a “Cantor bouquet” which consists of an uncountable collection of hairs, none of which are tied together. It is known [18] that the Hausdorff dimension of this Julia set is 2.

In Figure 2, we display the Julia set when λ = 5 + iπ, one of the fundamental examples we deal with below. As we will see, this exponential has

Figure 1: The Julia set for λ = 1/e.

Figure 2: The Julia set for λ = 5 + πi.

Figure 3: The Julia set for λ = 10 + 3πi.

an attracting cycle of period 3. In this case it appears that there are trios of hairs that are attached at a number of distinct points in the plane.

In Figure 3, we display the Julia set when λ = 10 + 3πi. This map also has an attracting cycle of period 3. Note that different hairs now seem to be attached. In contrast, the Julia set for λ = 3.14i (Figure 4) shows that the structure of the attached hairs can be extremely complicated.

Our goal in this paper is to develop an algorithm that specifies exactly which hairs are attached at which endpoints in the Julia set. Our algorithm will depend on the kneading sequence associated to E_λ. The kneading sequence is a sequence of n − 2 integers that specifies the topology of the basin of attraction of the attracting n-cycle (we assume that n > 2 since the period 1 and 2 cases are trivial). Given the kneading sequence, we will use symbolic dynamics to understand how the hairs are tangled together. In particular we will prove that, if the last integer in the kneading sequence is nonzero, then the corresponding exponential must have infinitely many distinct periodic points that have multiple hairs attached.

Figure 4: The Julia set for λ = 3.14i.

2 Fingers

In this section we will describe some general properties of the complement of the Julia set. We assume that E_λ has an attracting periodic cycle z_0, ..., z_n = z_0 of period n. Throughout we assume that n ≥ 3.

It is well known that the asymptotic value 0 lies in the immediate basin of attraction of some point on the cycle. Without loss of generality we will assume that 0 ∈ A^∗(z_1) where A^∗(z) is the immediate basin of attraction of z. The reason for assuming 0 ∈ A^∗(z_1) rather than 0 ∈ A^∗(z_0) will become apparent in the sequel. We will define a collection of open set B_i about each of the z_i. Starting with the point z_1 we first define a set B_{n+1} with the following properties:

i) B_{n+1} is an open and simply connected subset of A^∗(z_1) .

ii) 0, z_1 ∈ B_{n+1}

iii) B_{n+1} has compact closure and is a fundamental domain, i.e., E^n_λ (B_{n+1}) ⊂ B_{n+1}

Next we will obtain a neighborhood of z_0 by considering the preimage of B_{n+1}. Define B_n = E^{−1}_λ (B_{n+1}) .

Proposition 2.1 B_n is simply connected neighborhood of z_0 and B_n contains a half-plane Re z ≤ ξ_1 and is contained in a half-plane Re z ≤ ξ_2 for some ξ_1, ξ_2 ∈ R.

Proof: Choose a closed disk D_ρ(0) of radius ρ which is contained in B_{n+1} and centered at 0. Let ξ_1 = log(ρ/|λ|). Then

E^{−1}_λ (D_ρ(0)) = {z | Re z ≤ ξ_1}

so this plane is contained in B_n. Since this half plane contains all of the preimages of points in D_ρ(0), it follows that B_n is connected. Further, E_λ : B_n → B_{n+1} is a universal covering and so B_n is simply connected. Finally, since B_{n+1} has compact closure, we can choose R so that B_{n+1} ⊂ D_R(0). Let ξ_2 = log(R/|λ|). Then B_n ⊂ {z | Re z ≤ ξ_2} 2 Now we can extend this construction to all the points on the cycle. For j = 1, ..., n let B_{n−j} be the connected component of E^{−1}_λ (B_{n−j+1}) that contains z_{n−j}. Note that B_1 is contained in the immediate basin of z_1 and B_1 ⊃ B_{n+1}. Indeed, E^n_λ (B_1) = B_{n+1} − {0}. We also have B_0 ⊃ B_n and E^n_λ (B_0) = B_n.

Proposition 2.2 For j = 1, ..., n − 1, B_j is a simply connected set which is mapped univalently onto B_{j+1} by E_λ.

Proof: For j = 2, ..., n − 1, B_j is contained in the basin of attraction of z_j by construction. Now recall that if U is a simply connected region such that 0 /∈ U, then there exists a continuous branch of the logarithm defined on U and so E^{−1}_λ (U) consists of infinitely many disjoint simply connected regions. Since the basin of z_0 does not contain 0 and B_n is simply connected, the result follows by applying this argument n − 1 times in succession. 2

Note that E_λ : B_0 → B_1 − {0} is a universal covering and hence this map is not univalent.

Definition 2.3 An unbounded, simply connected F ⊂ C is called a finger of width c if

i) F is bounded by a simple curve γ ⊂ C

ii) There exists a ν > 0 such that F ∩ {z | Re z > ν} is simply connected, extends to infinity, and satisfies {F ∩ {z | Re z > ν}} ⊂ { z | Im z ∈ [ ξ − c 2 , ξ + c 2 ]}

for some ξ ∈ R.

Worth noting is the fact that since γ is a simple curve, there exists a μ such that F ∩ {z | Re z ≤ μ} = ∅. Proposition 2.4 Suppose F is a finger of width c with 0 /∈ F . Then E^{−1}_λ (F ) consists of infinitely many disjoint fingers, each of width d ≤ 2π.

Proof: Since 0 /∈ F , we may define a single valued branch of z → log(z/λ) on F . Hence there are infinitely many components of E^{−1}_λ (F ), each of which is simply connected and extends to ∞. These components extend to ∞ in the right half plane, since E_λ maps Re z < ν into a disk centered at 0. Finally, there exists α < 0 such that the interval (−∞, α) is not contained in F . Therefore the lines E^{−1}_λ (−∞, α) determine horizontal strips of width 2π, each of which contains a single component of E^{−1}_λ (F ). 2

Proposition 2.5 Let n ≥ 2. For j = 1, ..., n − 1, B_j is a finger of width b_j ≤ 2π. Proof: By Proposition 2.1 , B_n is a region bounded on the right by a simple curve in C which extends to ∞ in both directions in the strip ξ_1 < Re z < ξ_2. We then argue as in the previous proof to show that E^{−1}_λ (B_n) consists of infinitely many disjoint components , each of which is a finger of width ≤ 2π. By definition, B_{n−1} is the finger that contains z_{n−1}. If 0 /∈ B_{n−1}, the previous proposition applies and it follows that B_{n−2} is a finger of width ≤ 2π. Repeating this yields that B_{n−3}, ..., B_1 are fingers, since 0 /∈ B_{n−2}, ..., B_2. 2

This construction stops at B_0, since B_0 is not a finger due to the fact that 0 ∈ B_1.

Proposition 2.6 The complement of B_0 consists of infinitely many fingers of width w_0, where w_0 ≤ 2π.

Proof: Since B_1 is a finger of width w_1, w_1 < 2π, the set B_1∩Re z > ν > 0 for sufficiently large ν is also a finger of width 2π. Call this finger B̃_1. If ν > 0, then 0 /∈ B̃_1, so Proposition 2.4 applies and E^{−1}_λ (B̃_1) consists of infinitely many fingers of width 2π. But each of these fingers is contained in B_0 which is connected. Hence the complement of B_0 consists of infinitely many fingers which, in Re z > ν, are separated by the unbounded components of E^{−1}_λ (B̃_1). Since these components are 2πi periodic, it follows that the fingers have width at most 2π. 2

In this sense B_0 resembles a “glove”, since it contains a left half plane and has infinitely many fingers extending to the right. To summarize:

Theorem 2.7 Suppose z_0, ..., z_{n−1} is attracting periodic orbit for E_λ with n ≥ 3. Suppose 0 ∈ A^∗(z_1). Then there exist disjoint, open, simply connected sets B_0, ..., B_{n−1} such that

i) z_j ∈ B_j, B_j ⊂ A^∗(z_j).

ii) E_λ (B_j) = B_{j+1}, j = 0, ..., n − 2 and E_λ (B_{n−1}) ⊂ B_0.

iii) B_1, ..., B_{n−1} are fingers of width b_j ≤ 2π.

iv) The complement of B_0 consists of infinitely many disjoint fingers.

Since this collection of sets will become important we will formulate the following

Definition 2.8 A collection of open subsets B_0, ..., B_{n−1} satisfying the conditions in Theorem 2.7 is called a fundamental set of attracting domains for the cycle z_0, ..., z_{n−1}. The fingers B_1, . . . B_{n−1} are called stable fingers.

A typical example of a fundamental set of attracting domains for an exponential with an attracting cycle of period 5 is shown in Figure 5. We remark that this figure is actually a caricature, since, for an actual exponential, the width of the fingers B_1, B_2, and B_3 should be arbitrarily small while the width of B_4 should be π. We will verify this in Proposition 2.11 below.

Figure 5: A fundamental set of attracting domains.

Example A. Let μ = 5 + iπ. Actually, the construction below works for any μ of the form a + iπ with a sufficiently large; we choose 5 merely for convenience.

The map E_μ has an attracting cycle of period 3. To see this, we first note that the real part of E^i_μ(0) satisfies

Re E_μ(0) = 5 Re E^2_μ(0) ≈ −5e^5

Thus |E^3_μ(0)| ≈ 5e^{−5e5}

which is very close to 0.

Let B_δ denote the ball of radius δ centered at the origin. Then E^j_μ(B_δ) contains a ball whose radius is on the order of 5δ centered at μ = E_μ(0) if j = 1; on the order of 5e^5 · 5δ centered at E^2_μ(0) if j = 2; and on the order of 5e^{−5e5} · 5e^5 · 5δ centered at E^3_μ(0) if j = 3. One checks easily that this latter radius is much smaller than δ for δ on the order of 1/5. Moreover, the distance from E^3_μ(0) to 0 is much smaller than δ. Consequently, E^3_μ maps B_δ inside itself, and so E_μ has an attracting cycle of period 3.

Figure 6: Fingers for E_μ.

According to the above construction, we set B_4 = B_δ. Then the B_j for j = 0, 1, 2 form a fundamental set of attracting regions and are as displayed in Figure 6. Note that this picture is again a caricature of the B_j. Example B. Now let ν = a + 3πi where a is sufficiently large. A similar proof as in Example A shows that E_ν has an attracting cycle of period 3. In Figure 7 we sketch the location of the various B_j for E_ν . Note that the only difference is the placement of B_2 relative to the fingers in the complement of B_0.

In fact there are many ways to construct a fundamental set of attracting domains. In order to simplify later computations we wish to make the boundaries of the fingers smooth and nearly horizontal in the far right halfplane.

We will describe one important property in the following

Definition 2.9 A smooth curve γ(t) is called horizontally asymptotic to c if

i) lim_{t→∞} Re (γ(t)) = +∞.

ii) lim_{t→∞} Im (γ(t)) = c.

iii) lim_{t→∞} arg (γ^′(t)) = 0.

Since the construction of the fundamental set of attracting domains involves taking preimages we will need

Figure 7: Fingers for E_ν .

Proposition 2.10 Suppose γ(t) is horizontally asymptotic to c. Then E^{−1}_λ (γ(t)) is horizontally asymptotic to 2πk − arg λ for some k ∈ Z.

Proof: Suppose μ(t) is a smooth curve for which E_λ(μ(t)) = γ(t). Let μ(t) = x(t) + iy(t). Then we have

x(t) = log | | | | | γ(t) λ | | | | | →_{t→∞} ∞ Furthermore y(t) = arg ( γ(t) λ ) + 2kπ so we have Im μ(t) → (2kπ − arg λ)i as t → ∞. Finally, since

arg(γ^′(t)) = arg(E^′_λ(μ(t))) + arg(μ^′(t)) = arg(γ(t)) + arg(μ^′(t)

and since arg(γ(t)) → 0 as t → ∞, it follows that arg(μ^′(t) → 0 as t → ∞.

2_{For any fundamental set of attracting domains the property that the}

fingers have boundaries that are smooth and nearly asymptotic is solely dependent on the the boundary of the component B_n which includes the left half-plane. We will choose the boundary of that component to be vertical for large enough imaginary part. This yields the following proposition which we will state without a proof.

Proposition 2.11 For a cycle z_0, ..., z_{n−1} there exists a fundamental set of attracting domains, denoted C_j for j = 0, .., n − 1, with the following properties. There are integers k_j and a a parameterization γ_j(t) of the boundary of C_j which is horizontally asymptotic to

i) 2πk_{n−1} − arg(λ) ±^π_2 if j = n − 1

ii) 2πk_j − arg(λ) if j = 0, ..., n − 2

where k_j ∈ Z.

For the remainder of this paper, we always assume that the fundamental set of attracting domains is chosen to satisfy the above constraints.

3 Dynamics on the Julia set

Our goal in this section is to describe the dynamics of E_λ on its Julia set via symbolic dynamics.

3.1 Itineraries

We begin by describing the itineraries of points in the Julia set as well as a collection of subsets of the Julia set, each of which is homeomorphic to a Cantor set.

Recall that the complement of C_0 consists of infinitely many closed fingers, unbounded in the right half-plane. We denote these fingers by H_k where

k ∈ Z. We index the H_k so that 0 ∈ H_0 and so that k increases with

increasing imaginary parts. Note that J(E_λ) is contained in the union of the H_k.

We have E_λ(C_0) = C_1 − {0}, so it follows that E_λ(H_k) = C − C_1 for each k. We define L_{λ,k} to be the inverse of E_λ on C − C_1 which takes values in H_k.

Let Σ = {(s) = (s_0s_1s_2 . . .) | s_j ∈ Z for each j}. Σ is called the sequence space. The shift map σ on Σ is given by

σ(s_0s_1s_2 . . .) = (s_1s_2s_3 . . .).

We define the itinerary S(z) of z ∈ J(E_λ) by

S(z) = (s_0s_1s_2 . . .) where s_j = k iff E^j_λ(z) ∈ H_k.

Note that S(E_λ(z)) = σ(S(z)).

We will be primarily concerned with itineraries whose entries are bounded. Therefore we set

Σ_N = {s ∈ Σ | |s_j| ≤ N for each j}.

Each E_λ possesses a natural invariant set Γ_N that is homeomorphic to Σ_N for each N. The details of this construction may be found in [7], but for completeness we sketch it here also.

For τ >> 0 and |k| ≤ N, we define V_k = (H_k ∩ {Re z ≤ τ}) − ∪^{n−1}_{j=1} C_j. For τ large enough, each of the V_k are simply connected and have the property that E_λ(V_k) ⊃ V_j for each j. See Figure 8.

Hence L_{λ,k} is well defined and maps ∪V_j into V_k. Given s = (s_0s_1s_2 . . .) ∈ Σ_N , we define L^n_λ = L_{λ,s0} ∘ · · · ∘ L_{λ,sn} . Each L^n_λ maps any V_j into V_{s0} . In particular, L^n_λ maps V_{s0} into V_{s0} . Moreover, for large enough n, the closure of L^n_λ(V_{s0} ) is contained in the interior of V_{s0} . Indeed, any point on the boundary of V_{s0} is mapped by E^k_λ outside of the V_j for some k ≤ n. The Poincaré (hyperbolic) metric defined on the unit disc induces a metric on V_{s0} , since it is simply connected. The earlier argument then implies that L^n_λ is a contraction in the Poincaré metric on V_{s0} . It follows that γ_s = lim_{n→∞} L^n_λ(z)

exists and is independent of z ∈ V_{s0} .

Let Γ_N denote the union of the γ_s for s ∈ Σ_N . Then it is straightforward to check that Γ_N is a Cantor set that is homeomorphic to Σ_N (with homeomorphism given by s → γ_s). Moreover Γ_N is contained in the Julia set of E_λ and is invariant under E_λ. Furthermore, the action of E_λ on Γ_N is conjugate to the shift map σ on Σ_N .

We summarize this as follows:

Figure 8: Construction of the V_k.

Theorem 3.1 For each N > 0 there is an invariant subset Γ_N of J(E_λ) that is homeomorphic to Σ_N and on which E_λ is conjugate to the shift map.

Remark. There are many points in J(E_λ) besides γ_s that share the same itinerary. Indeed, as we will describe below, each point in Γ_N has at least one “hair” attached that shares the same itinerary. This hair is a continuous curve that connects a point in Γ_N to ∞ and lies in the Julia set.

3.2 The Kneading Sequence

For each C_j with 1 ≤ j ≤ n − 1, there exists H_k such that C_j ⊂ H_k. We define the kneading sequence for λ as follows.

Definition 3.2 Let E_λ have a attracting cycle of period n ≥ 3. The kneading sequence as the string of n − 2 integers

K(λ) = 0k_1k_2 . . . k_{n−2}∗

where k_i = j iff E^i_λ(0) ∈ H_j.

Note that the kneading sequence gives the location of E_λ(0), . . . , E^{n−2}_λ (0) relative to the H_k. For completeness we include the location of 0 in H_0. Similarly, E^{n−1}_λ (0) lies in C_0, which is the complement of the H_k, and so this will be denoted by ∗. Equivalently, the kneading sequence indicates which H_k contain the points z_2, . . . z_{n−1} on the orbit of the cycle.

For τ >> 0 as defined above, the set Λ_τ = {z ∈ C | Re z ≥ τ} − n−1⋃ j=0 C_j consists of infinitely many closed fingers. Each finger in Λ_τ is included in precisely one H_j since all of the fingers in the glove C_0 which bounds the H_k are removed with the other C_j. If j is not one of the entries in the kneading sequence, then there is only one finger in Λ_τ that lies in H_j (namely the far right portion of H_j itself). We denote this finger in Λ_τ by H_j. However, for j in the kneading sequence, there is more than one finger in Λ_τ that meets H_j since the C_i separate Λ_τ ∩ H_j into at least two fingers. The fingers that lie in such an H_j ∩ Λ_τ will be denoted H_{jk} where j_k orders them with ascending imaginary part beginning with j_0. Note that all of these fingers lie in the half plane Re z ≥ τ.

Example A. Recall the example E_μ where μ = 5 + iπ as described in the previous section. In this case both C_1 and C_2 lie in H_0. Since the kneading sequence only involves the location of C_2 in this case, we have K(μ) = 00∗. Furthermore, the fingers C_1 and C_2 subdivide {Re z ≥ τ} ∩ H_0 into three fingers which we denote by H_{00} , H_{01} , and H_{02} . See Figure 9.

Example B. In example B of the previous section, the kneading sequence is now K(ν) = 01∗, since C_2 lies in H_1. Thus C_1 and C_2 subdivide both {Re z ≥ τ} ∩ H_0 and {Re z ≥ τ} ∩ H_1 into two subfingers, denoted by H_{00} , H_{01} , H_{10} , and H_{11} . See Figure 10

3.3 Augmented Itineraries

We can describe the itinerary of certain points in the Julia set even more precisely by defining an augmented itinerary for z ∈ J(E_λ) ∩ {z ∈ C | Re z ≥ τ}. In an augmented itinerary, we specify which of the H_{jk} the orbit of z visits. More precisely, let Z^′ denote the set whose elements are either integers not contained in the kneading sequence, or subscripted integers j_k

Figure 9: The fingers H_{00} , H_{01} , and H_{02} for E_μ.

Figure 10: The fingers H_{00} , H_{01} , and H_{10} , and H_{11} for E_ν.

corresponding to an H_{jk} if j is an entry in the kneading sequence. The the augmented itinerary of z is

S^′(z) = (s_0s_1s_2 . . .)

where each s_j ∈ Z^′ and s_j specifies the finger in Λ_τ containing E_λ(z). Let Σ^′ denote the set of augmented itineraries. Of course, the augmented itinerary is defined only for points whose orbits remain for all time in Λ_τ .

Definition 3.3 The deaugmentation map is a map D : Σ^′ → Σ such that if s_n = j_k then (D(s))_n = j. If s_n = j, then (D(s))_n = j.

That is, D simply removes the subscript from each subscripted entry in a sequence in Σ^′, and leaves other entries alone.

It turns out that not all augmented itineraries actually correspond to orbits in the far right half plane. In order to describe which augmented itineraries do correspond to points in J(E_λ), we introduce the concept of allowable transitions.

Definition 3.4 Let s = (s_0s_1s_2 . . .) ∈ Σ^′. A transition is defined as any two adjacent entries (s_i, s_{i+1}) in s. The transition is called allowable if E_λ(H_{si} ) ∩ H_{si+1} ≠ ∅. In this case we say E_λ(H_{si} ) meets H_{si+1} . An allowable transition will be denoted as s_i → s_{i+1}. An itinerary s^′ ∈ Σ^′ will be called allowable if for all s_j it follows that s_j → s_{j+1}. The set of allowable itineraries will be denoted Σ^∗.

For the remainder of this paper we assume that N satisfies |k_j| ≤ N for all entries k_j in the kneading sequence. Let Σ^∗_N denote the set of sequences in Σ^∗ whose deaugmentation is a sequence in Σ_N .

3.4 Hairs

We now turn to the question of which points in J(E_λ) share the same itinerary (augmented or otherwise). Without proof we will first state

Proposition 3.5 We may choose τ large enough so that if j_ℓ → i_k for a sequence in Σ^∗_N , then {Λ_τ ∩L_{λ,sj} (H_{ik} )} ⊂ H_{jℓ} is a closed finger that is bounded on the left by Re z = τ and completely contained inside some H_{jℓ} .

Using arguments developed in [7], we can show that given s^′ ∈ Σ^∗_N , lim_{n→∞}{Λ_τ ∩ L_{λ,s0} ∘ · · · ∘ {Λ_τ ∩ Ł_{λ,sn} (H_s0_{n+1} )}} is a closed and connected set that meets ∞, Rez = τ and is a continuous curve which we may parameterize by h_{λ,s}0 : [t_0, ∞) → H_s0 with Re h_{λ,s}0 (t_0) = τ. This curve is called the tail of a hair in the Julia set. Therefore we have

Proposition 3.6 Let s ∈ Σ^∗_N . There is a unique tail of a hair in Λ_τ ∩ J(E_λ) that has augmented itinerary s.

Thus, for each allowable sequence s^′ in Σ^∗_N , we have a well defined hair in the portion of the Julia set to the right of Re z = τ that has itinerary s^′. Our goal now is to see how these hairs connect to the Cantor set Γ_N constructed earlier.

Given the hair h_{λ,σ(s)}(t), we may pull this curve back into the region Re z < τ by applying L_{λ,s0} . The result is a curve that extends the hair h_{λ,s}(t) into the region Re z < τ. This follows since E_λ ∘ h_{λ,s}(t) is properly contained in the hair h_{λ,σ(s)}(t) in the far right half plane. We continue this process by applying L_{λ,s0} ∘ · · · ∘ L_{λ,sn} to the hair h_{λ,σ}n+1_{(s)}(t). Each time we extend the original hair. Moreover, as in the proof that Γ_N is a Cantor set, these extended hairs all tend to a unique point in Γ_N . Now there is only one point in Γ_N that has the same non-augmented itinerary as the hair, namely the point whose deaugmented itinerary is given by D(s). Therefore the hair must terminate at this point.

If we let h^τ_{λ,s} be the set of points on the tail of the hair h_{λ,s}(t) where t ∈ [τ, ∞) then the full hair is characterized by the following definition.

Definition 3.7 The full hair corresponding to the sequence s ∈ Σ^∗_N is given by lim_{n→∞} L_{λ,s0} ∘ · · · ∘ L_{λ,sn} h^τ_{λ,σ}n+1_{(s)}. We have shown:

Theorem 3.8 Let s ∈ Σ^∗_N . The full hair corresponding to s is a curve in the Julia set that tends to ∞ in the right half plane and limits on γ_{D(s)} ∈ Γ_N .

It follows from Theorem 3.8 that hairs that correspond to different sequences in Σ^∗_N that have the same deaugmentation must limit on the same point in Γ_N . In this case, we say that the hairs are attached to the same point.

Hairs can in fact be tied together, as the following examples show.

Example A. Recall that for E_μ, the kneading sequence is K(μ) = 00∗ and that the region H_0 contained the only two fingers C_1 and C_2. These fingers subdivide Λ_τ into the three fingers which we denoted by H_{00} , H_{01} , and H_{02} .

Hence there are three full hairs in H_0, one tending to ∞ in each of these three fingers. As we will see in the next section, all of these hairs have deaugmented sequence (000 . . .). Hence, by Theorem 3.1, each of these hairs must be attached to γ_s with s = (000 . . .), which is a fixed point for E_λ. Furthermore, any preimage of γ_s must have three hairs attached, by invariance of the Julia set. These triple attachments are clear in Figure 2, which shows J(E_μ).

Example B. For the map E_ν, the kneading sequence is K(ν) = 01∗ and we have two fingers, C_1 ⊂ H_0 and C_2 ⊂ H_1. In H_0 we have two fingers H_{00} and H_{01} , and there are two in H_1 with indices 1_0 and 1_1. Each of these fingers contains a hair, and we will see that the pair in H_0 is attached to a point of period 2 with itinerary (010101 . . .), while the pair in H_1 is attached to the point with itinerary (101010 . . .). These, as well as many other attachments, are visible in Figure 3. Note the visible difference between J(E_ν ) shown in this figure compared to J(E_μ).

4 Untangling the Hairs

In this section, we show how to determine when two hairs are attached at the same point in the Julia set. By Proposition 3.6, if we have an allowable itinerary in s^′ ∈ Σ^∗_N , then there is a unique tail of a hair in J(E_λ) with that itinerary. If an augmented sequence is not allowable, then there is no such tail of a hair. Then, using Theorem 3.1, we can pull each of these hairs back until it lands at a point in Γ_N . The landing point is then given by the point whose deaugmented itinerary is D(s^′). Therefore, to determine whether we have more than one hair attached to a given point, all we need to do is to determine when we have multiple allowable augmented sequences, each of which has the same deaugmentation. This reduces the geometry of the hairs to a combinatorial problem, as we show below.

Our main tool is the following Lemma.

Lemma 4.1 Let s_0, s_1, . . . s_j ∈ Z. Let s^′_j ∈ Z^′ with D(s^′_j) = s_j. Then there is a unique sequence s^′_0, s^′_1, . . . s^′_{j−1} such that

1. D(s^′_i) = s_i for i = 0, 1, . . . j − 1.

2. The transitions s^′_0 → s^′_1 → · · · → s^′_j are all allowable.

Proof. Suppose that i_j → k_ℓ. Recall that this means that E_λ(H_{ij} ) meets H_{kℓ} in the far right half plane. Equivalently, we must have L_{λ,i}(H_{kℓ} ) ∩ Λ_τ ⊂ H_{ij} as shown in the proof of Proposition 3.6. Now if i_m → k_ℓ also, we must have E_λ(H_{im} ) meets H_{kℓ} in the far right half plane as well. But both H_{ij} and H_{im} are contained in H_i and E_λ is injective on H_i. Hence there can be at most one allowable transition of the form i_∗ → k_ℓ. This shows that the sequence above is unique, if it exists.

To see that there is a transition i_j → k_ℓ, recall that E_λ(H_i) covers C − C_1 . Hence E_λ(H_i) meets all of the fingers in Λ_τ . In particular, there is a subfinger in Λ_τ ∩ H_i that maps over H_{kℓ} in the far right half plane. This proves existence. 2

Thus, according to this lemma, given any s_j ∈ Z^′, we can find one and only one initial portion of an allowable sequence whose j^{th} entry is s_j.

Corollary 4.2 Suppose s ∈ Σ^′_N contains infinitely many entries that are nonsubscripted. Then there is at most one hair corresponding to this sequence.

Proof. Given any integer k not in the kneading sequence, there are no subscripted entries in Z^′ corresponding to k. By the preceding lemma, there is then only one allowable sequence with a given deaugmentation that satisfies s_0 → s_1 → · · · → k. 2

Corollary 4.3 The only points in Γ_N that can have multiple hairs attached are those

1. whose itineraries consist only of subscripted entries in Z^′, or

2. are preimages of such points.

Proof. By the preceding corollary, any allowable sequence in Σ_N that corresponds to a point in Γ_N with more than one hair attached must end in only subscripted variables. 2

Therefore, to determine which hairs are attached to which points in Γ_N , we need only consider allowable sequences that consist entirely of subscripted entries. These allowable sequences together with their preimages are the only sequences that may have multiple hairs attached. So we have reduced the question to: Which sequences s^′ ∈ Σ^∗_N with only subscripted entries have the property that there is a second sequence t^′ with D(s^′) = D(t^′). We will describe the algorithm for determining this after going over several examples.

4.1 Example A

Consider the function E_λ(z) = μe^z where μ = 5 + iπ as described earlier. We have K(μ) = 00∗ and the structure of the relevant H_{0j} is a shown in Figure 9.

By the previous remarks, the only points in Γ_N that may have multiple hairs attached are those whose itineraries end (s_0 . . . s_n0 . . .). That is, only the single (repelling) fixed point in H_0 (and its preimages) can have multiple hairs attached. We will show that there are exactly three hairs attached to each such point.

To determine this, we need to ask which sequences in Σ^∗_N have deaugmentation (000 . . .). This in turn is determined by the allowable transitions among the 0_j.

Proposition 4.4 For E_μ, the allowable entries in a sequence in Σ^∗_N are 0_0, 0_1, 0_2 and all nonzero integers. The transition rules among these entries are:

i) 0_0 → 0_1

ii) 0_1 → 0_2, k ≥ 1

iii) 0_2 → 0_0, k ≤ −1

iv) j → k, 0_0, 0_1, 0_2, for any two nonzero integers j and k.

The proof of this proposition follows immediately from the construction of the fundamental set of attracting domains shown in figure 9.

As a consequence, the only three allowable sequences consisting of only the 0_j are

1. (0_00_10_2 . . .)

2. (0_10_20_0 . . .)

3. (0_20_00_1 . . .)

Hence we have:

Theorem 4.5 For λ = μ, the only points in Γ_N with multiple hairs attached are the fixed point with itinerary (000 . . .) and all of its preimages. Each of these points has exactly three hairs attached. All other points have a single hair attached.

Notice that we can capture the information about these hairs in matrix form using a transition matrix. In this matrix, the (i, j) entry is either 0 or 1 depending on whether i → j is either not allowed or allowed. Here the rows and columns of the matrix are specified by the subscripted entries in Z^′ In this case, the transition matrix involves the entries 0_0, 0_1, and 0_2 and is given by T_μ =

0 1 0 0 0 1 1 0 0 .

4.2 Example B

Now recall the function E_λ(z) = νe^z where ν = a + 3πi where a is sufficiently large. In this case C_1 lies in H_0 but C_2 now lies in H_1. So K(ν) = 01∗. Therefore the relevant entries in Σ^∗_N are 0_0, 0_1, 1_0, and 1_1 and we need only consider sequences involving just 0s and 1s.

Proposition 4.6 For E_ν, the allowable entries in a sequence in Σ^∗_N are 0_0, 0_1, 1_0, 1_1 and all nonzero integers. The transition rules among these entries are:

i) 0_0 → 0_1, 1_0

ii) 0_1 → all others, i.e. the complement of 0_1, 1_0

iii) 1_0 → 0_1, 1_0, 1_1, k > 0

iv) 1_1 → all others. i.e. the complement

Again the proof follows from the construction shown in figure 10.

Thus the transition matrix involves the four subscripted entries in Σ^∗_N and is given by:

T_ν =

0 1 1 0 1 0 0 1 0 1 1 1 1 0 0 0 .

The hair structure for E_ν is much different from that of E_μ. For example, the period 2 transitions

0_0 → 0_1 → 0_0 0_1 → 0_0 → 0_1

are both allowable. Also, the transitions

0_0 → 1_0 → 0_1 0_1 → 1_1 → 0_0

are also allowable. Let α denote the pair 0_00_1 and β the opposite pair 0_10_0. Then we can string together any number of α’s, say k, follow it with a 1_1 and then repeat periodically and we obtain an allowable sequence in Σ^∗_N . Similarly, the same number of β’s followed by a 1_0 and then repeated periodically is also allowable. But both of these sequences have the same deaugmentation, namely (0 . . . 01 . . .) with 2k 0’s in each repeating block. Hence the hairs corresponding to each of these sequences are attached to a periodic point of period 2k + 1.

Now none of these periodic points are preimages of each other. So, unlike the case of E_μ, we have infinitely many distinct periodic points with multiple hairs attached. Of course, each of their infinitely many preimages also has a pair of hairs attached.

Remark. Multiple hairs can be attached to nonperiodic points as well. For example, let α = 0_00_1 and β = 0_10_0. The we have the following allowable sequences

α1_1αα1_1ααα1_1 . . . β1_0ββ1_0βββ1_0 . . . .

Note that each of these sequences has the same nonperiodic deaugmentation.

5 The General Case

In this section we prove the main result in this paper.

Theorem 5.1 Suppose that K(λ) = k_1k_2 . . . k_{n−2} where k_{n−2} ≠ 0. Then the corresponding exponential has the property that there are infinitely many distinct periodic points that have multiple hairs attached.

Before proving this result, we introduce some notation. In H_0 there is at least one C_j, namely C_1, and perhaps stable fingers as well. We will denote the two fingers in Λ_τ directly below and above C_1 by H_μ and H_{μ+1}. This means that the subscripted entries in Z^′ with deaugmentation 0 may be ordered 0_0 ≤ . . . ≤ 0_μ < 0_{μ+1} ≤ . . . ≤ 0_k.

Lemma 5.2 Suppose the last digit in the kneading sequence is nonzero. The the following transitions are allowable:

0_0 → 0_{μ+1} and 0_k → 0_μ.

In particular, if 0_0 = 0_μ, then 0_μ → 0_{μ+1} is allowable. If 0_k = 0_{μ+1}, then 0_{μ+1} → 0_μ is allowable.

Proof. E_λ(H_{00} ) is mapped over at least H_{0μ+1} and perhaps other fingers in Λ_τ , as the boundary of H_{00} is mapped to the upper boundary of C_1. Similarly, the upper boundary of H_{0k} is mapped over the lower boundary of C_1, so H_{0k} is mapped over H_{0μ} . 2

Lemma 5.3 Suppose K(λ) = k_1 . . . k_{n−2} with k_{n−2} ≠ 0. Then there exists two strings k̂_1, . . . k̂_{n−2} and k^∗_1, . . . k^∗_{n−2} where D(k̂_j) = D(k^∗_j ) = k_j having the property that the following transitions are allowable:

0_{μ+1} → k^∗_1 → k^∗_2 → · · · → k^∗_{n−2} → 0_i with i ≤ μ

0_μ → k̂_1 → k̂_2 → · · · → k̂_{n−2} → 0_j with j ≥ μ + 1.

Proof. Let A denote the finger in H_{kn}�_2 ∩ Re z ≥ τ that is bounded above by the upper boundary of C_0 and below by the upper boundary of C_{n−1}. Let B denote the finger in H_{kn}�_2 ∩ Re z ≥ τ that is bounded below by the lower boundary of C_0 and above by the lower boundary of C_{n−1}. Since k_{n−2} ≠ 0, both A and B do not meet the finger C_1. It follows that F_A = L_{λ,0} ∘ L_{λ,k1} ∘ · · · L_{λ,kn}�_2 (A) ∩ {Re z ≥ τ} and F_B = L_{λ,0} ∘ L_{λ,k1} ∘ · · · L_{λ,kn}�_2 (B) ∩ {Re z ≥ τ} are fingers in H_0.

Note that L_{λ,kn}�_j ∘ · · · L_{λ,kn}�_2 (A) and L_{λ,kn}�_j ∘ · · · L_{λ,kn}�_2 (B) abut the finger C_{n−j−1} for each j, so F_A (resp. F_B) is a finger bounded below (resp. above) by the boundary of C_1.

We claim that F_A ⊂ H_{0μ+1} . Certainly, F_A meets H_{0μ+1} by the above observation. So suppose that F_A also meets a different C_j in H_0. Then there is an integer j < n − 1 for which E^j_λ(F_A) meets C_{n−1}, and thus E^{j+1}_λ maps points in F_A to points in H_v for arbitrarily large v. This contradicts the fact that each point in F_A has itinerary that begins 0k_1 . . . k_{n−2}. The same argument shows that F_B ⊂ H_{0μ} .In particular, we have the following allowable transitions:

0_{μ+1} → k^∗_1 → k^∗_2 → · · · → k^∗_{n−2} and 0_μ → k̂_1 → k̂_2 → · · · → k̂_{n−2}.

Now note that E_λ(F_A) meets H_{0i} for each i ≤ μ and E_λ(F_B) meets H_{0j} for each j ≥ μ + 1. This provides the desired itineraries. 2 We now complete the proof of Theorem 5.1. Let β_1 denote the subscripted index 0_0 and β_2 denote the subscripted index 0_k. Also let α_1 = 0_{μ+1}k^∗_1 . . . k^∗_{n−2} and α_2 = 0_μk̂_1 . . . k̂_{n−2} Then combining Lemmas 5.2 and 5.3 we can conclude that the following sequences are allowable i) α_1α_2 . ii) α_2α_1 iii) α_1β_1 iv) α_2β_2 v) β_1α_1 vi) β_2α_2

This allows us to construct infinitely many pair of sequences (α_1β_1α_1 · · · ∗ α_2β_2α_2 · · · ∗ α_1 · · ·) and (α_2β_2α_2 · · · ∗ α1β_1α_1 · · · ∗ α_2 · · ·)

where the space (∗) can be filled with an arbitrary even number of α. Note that both α_1 , α_2 and β_1, β_2 have the same deaugmentation. Hence we have constructed infinitely many pairs of augmented itineraries that have the same deaugmentation. These pairs correspond to the hairs that meet at the same point in Γ_N . This completes the proof.

References

[1] Aarts, J. and Oversteegen, L. The Geometry of Julia Sets, Trans. Amer. Math. Soc. 338 (1993) 897-918.

[2] Ahlfors, L. and Bers, L. The Riemann Mappings Theorem for Variable Metrics, Annals of Math., Vol. 72-2, 1960, 385-404.

[3] Baker, I. N. Wandering Domains in the Iteration of Entire Functions, Proc. London Math. Soc. 49 (1984), 563-576.

[4] Baker, I. N. Repulsive Fixpoints of Entire Functions, Math. Zeitschrift 104 (1968), 252-256.

[5] Blanchard, P. Complex Analytic Dynamics on the Riemann Sphere, B.A.M.S. Vol. II, No.1, 1984, 85-141.

[6] Baker, I. N. and Rippon, P. Iteration of Exponential Functions, Ann.

Acad. Sci. Fenn., Series 1A Math. Vol. 9, 1984, pp. 49-77.

[7] Bodelón, C., et.al. The Structure of Hairs and Rays for Exponential and Polynomial Families. To appear.

[8] Carleson, L. and Gamelin, T. Complex Dynamics. Springer-Verlag, New York, 1993.

[9] Douady, A. and Hubbard, J. Itération des Polynômes quadratiques complexes, C.R. Acad. Sci. Paris, t.29, Serie I-1982, pp. 123-126.

[10] Devaney, R. L. and Jarque, X. Misiurewicz Points for Complex Exponentials Int. J. Bifurcation and Chaos 7 (1997), 1599-1616.

[11] Devaney, R. L. and Krych, M. Dynamics of Exp(z), Ergodic Theory and Dynamical Systems 4 (1984), 35-52.

[12] Eremenko, A. and Lyubich, M. Yu. Iterates of Entire Functions. Dokl.

Akad. Nauk SSSR 279 (1984), 25-27. English translation in Soviet Math. Dokl. 30 (1984), 592-594.

[13] Eremenko, A. and Lyubich, M. Yu. Structural stability in some families of entire functions. Funk. Anal. i Prilo. 19 (1985), 86-87.

[14] Eremenko, A. and Lyubich, M. Yu. Dynamical Properties of Some Classes of Entire Functions. Ann. Inst. Fourier (Grenoble) 42 (1992), no. 4,989–1020.

[15] Fatou, P., Sur l’Itération des fonctions transcendentes Entières, Acta Math. 47 (1926), 337-370.

[16] Goldberg, L. R. and Keen, L. A Finiteness Theorem For A Dynamical Class of Entire Functions, Ergodic Theory and Dynamical Systems 6 (1986), 183-192.

[17] Julia, G. Iteration des Applications Fonctionelles, J. Math. Pures Appl.

(1918), 47-245.

[18] McMullen, C. Area and Hausdorff Dimension of Julia Sets of Entire Functions. Trans. A.M.S. 300 (1987), 329-342.

[19] Misiurewicz, M., On Iterates of e^z, Ergodic Theory and Dynam. Syst.

1 (1981), 103-106.

[20] Sullivan, D., Quasiconformal Maps and Dynamical Systems I, Solutions of the Fatou-Julia Problem on Wandering Domains. Ann. Math. 122 (1985), 401-418.