Global Analysis of Dynamical Systems Festschrift dedicated to Floris Takens for his 60th birthday

Edited by Henk W. Broer, Bernd Krauskopf and Gert Vegter

January 5, 2001

Chapter 1 Homoclinic Points in Complex Dynamical Systems

Robert L. Devaney Boston University

1.1 Introduction

In this paper we will investigate the dynamics of a polynomial map of the complex plane near a saddle-node fixed point, i.e., a fixed point with multiplier 1. We will give specific conditions under which these maps admit homoclinic points. In the associated parameter space, we show that the particular saddle-node parameter value is then the limit of infinitely many “baby” Mandelbrot sets. For parameter values that lie in these Mandelbrot sets, the corresponding maps admit invariant sets on which an iterate of the map is dynamically equivalent to a quadratic map of the form Q_c(z) = z^2 + c.

One of the most influential papers that I ever read in my mathematical career was Floris Takens’ paper entitled Homoclinic Points in Conservative Systems [T]. In a very real sense I have returned over and over again to the topic addressed by Floris in this paper: Under what generic conditions does a particular type of system admit homoclinic points? In several papers in 1

Baby Mandelbrot Sets 2 the 1980s, I considered the situation of homoclinic orbits to equilibrium points of Hamiltonian flows [D1, D2]. Later I worked on homoclinic points in the area-conserving Hénon map, a particular case of Takens’ result [D3]. Most recently, I have been looking at the existence and structure of homoclinic orbits in complex analytic dynamical systems. This is the topic of this paper. It is a pleasure to acknowledge in this paper the trememdous inspiration that Floris has provided for me over the years.

1.2 Baby Mandelbrot Sets

As is well known, the Mandelbrot set is the parameter space for the quadratic family Q_c(z) = z^2 + c. As is also well known, this set features infinitely many small copies of itself. Each of these “baby” Mandelbrot sets admits a main cardioid for which the corresponding quadratic polynomials have attracting cycles of some period n > 1. At the cusp of these cardioids, this periodic point is a neutral fixed point for Q^n_c which satisfies the hypotheses of the theorem below. Hence we expect to see infinitely many baby Mandelbrot sets accumulating on this cusp. This is indeed the case, as is shown in Figure 1.1.

We remark that the “cauliflower-like” structure that surrounds these copies of the Mandelbrot sets has been studied in [DBDS]. We also remark that this result is a special case of a theorem of McMullen that asserts that baby Mandelbrot sets are dense in the boundary of the full Mandelbrot set [M].

1.3 The Complex Saddle-Node

Our goal in this section is to investigate the dynamical behavior of complex analytic maps near a saddle-node bifurcation point. To be specific, we

Figure 1.1. Baby Mandelbrot sets accumulating on a cusp point in the Mandelbrot set.

consider a family of complex analytic maps given by P_c which depends analytically on the complex parameter c. We assume that the degree of P_c is three or more. When c = 0, we assume that this map has a fixed point at z_0 with multiplier 1. We will show below that, in many cases, there is a homoclinic orbit associated to z_0, i.e., an orbit that tends to z_0 under forward and backward iterations of P_0

We make two global assumptions about the dynamics of P_0. Our first assumption is that homoclinic orbit is non-degenerate (defined below). Our second assumption is that P_0 admits a unique critical point in the immediate basin of attraction of z_0, and that this critical point is of order two. Our main result is then:

Theorem 1.3.1. Under the above conditions, the parameter space for P_c

(the c-plane) admits infinitely many subsets M_j , j > J, each of which is homeomorphic to the standard Mandelbrot set M via a map ϕ_j : M_j → M. The M_j converge in parameter space to c = 0 as j → ∞. Moreover, for each c ∈ M_j , there is a subset Λ_c of the Julia set of P_c on which some iterate of P_c is topologically conjugate to the map z → z^2 + ϕ_j (c) on its Julia set.

In the case of a real polynomial, our assumptions are equivalent to the assumption that the graph of P_0 and one nearby P_c are as depicted in Figure 1.2.

Figure 1.2. The graphs of P0 and Pc.

In Figure 1.2 we see that P_0 admits a point whose orbit is both forward and backward asymptotic to the indifferent fixed point. This is the homoclinic orbit. For P_c, the indifferent fixed point has disappeared, as has its basin of attraction. This allows orbits which previously tended to the fixed point to escape but then return over and over to a neighborhood of the fixed point. The resulting cyclic motion of orbits has been termed intermittency by Pomeau and Manneville [PM]. In this regard, our results can be interpreted as a description of the dynamical motions possible near intermittency.

Homoclinic points play a central role in smooth (non-analytic) dynamics. As is well known, the existence of a transverse homoclinic point for a map implies the existence of complicated orbit structure nearby (a Smale horseshoe–see [S]). An important question in dynamics is how this complicated behavior arises as a parameter is varied and a homoclinic point is “born.” The results in this section give a partial answer to this question in the special case of a complex analytic map where the homoclinic point is associated to a neutral fixed point.

1.4 Dynamics of P_0

We may assume that the family of maps assumes the form

P_c(z) = z + c + z^2 . . . .

Thus P_0(0) = 0, P^′_0(0) = 1, and P^{′′}_0 (0) ≠ 0. The local dynamical behavior of P_0 near 0 is well understood. Since P^′_0(0) = 1, there is a neighborhood O of 0 in which the local inverse P^{−1}_0 is well-defined. Since P^{′′}_0 (0) ≠ 0, there exist open disks D_− and D_+ in O which contain 0 in their boundary and satisfy

i. P_0(D_−) ⊂ D_− ii. P^{−1}_0 (D_+) ⊂ D_+ Moreover, each point in D_− has forward orbit which is asymptotic to 0, while each point in D_+ has forward orbit under P^{−1}_0 which is asymptotic to 0.

The disks D_− and D_+ may be chosen small enough so that D_− − P_0(D_−) and D_+ − P^{−1}_0 (D_+) are fundamental domains for the dynamics of P_0 near 0. Using the map P_0, we may glue together the edges of D_− − {P_0(D_−) ∪ {0}} to form a cylinder which we denote by C^−_0 . Using P^{−1}_0 , we may similarly construct C^+_0 . C^−_0 and C^+_0 are called Ecalle cylinders [DH1], [Sh]. See Figure 1.3.

Figure 1.3. Ecalle cylinders for P0.

Let B_0 denote the immediate basin of attraction of 0 for P_0. It is known that B_0 is an open disk containing 0 in its boundary. It is also known that the boundary of B_0, ∂B_0, lies in the Julia set of P_0 and that ∂B_0 is invariant under P_0. B_0 must contain at least one of the critical points of P_0. We will make the following simplifying assumption throughout:

Hypothesis A. B_0 contains no asymptotic values of P_0 and exactly one critical point z_0 of P_0 which satisfies P^{′′}_0 (z_0) ≠ 0. Moreover, all other critical or asymptotic values of P_0 are attracted to an attracting or a parabolic cycle.

The second part of Hypothesis A is included mainly for convenience and can be weakened significantly. From hypothesis A, it follows that P_0|B_0 is two-to-one, except at the critical value P_0(z_0), which has only one preimage. Moreover, both z_0 and P_0(z_0) lie in B_0, not on ∂B_0.

As a consequence of hypothesis A, it also follows that P_0|∂B_0 is expanding. This follows in the polynomial case from [DH1, Part 2, X Proposition 3.] In the case of an entire map of finite type, this follows from results in [M1]. Hence we may choose an open set B which contains B_0 in its interior and which satisfies P_0(B) ⊃ B. B is called an overflowing neighborhood of the immediate basin B_0.

1.5 Homoclinic Points

In this section we make a second assumption, more global in nature about the dynamics of P_0. A point w ∈ D_+ − B_0 is called a homoclinic point if there exists N > 0 such that P^N_0 (w) ∈ B_0. The orbit of w is therefore both forward and backward asymptotic to 0, with the backward orbit constructed using P^{−1}_0 .

Proposition 1.5.1. There exist homoclinic points for P_0.

Proof: Recall that P^{′′}_0 (0) ≠ 0. Since P_0 has degree 3 or higher, it follows that there is a nonzero preimage of 0, say z_0. By Hypothesis A, z_0 /∈ ∂B_0. Since 0 belongs to the Julia set of P_0, it follows that z_0 also belongs to the Julia set. Therefore, given any neighborhood W of 0, we may find an iterate n for which z_0 ∈ P^n_0 (W ). Now let V be a small neighborhood of z_0 such that V ⊂ P^n_0 (W ). We therefore have that P^{−n}_0 (V ) lies in D^+ − B_0 provided W is chosen small enough. On the other hand, P_0(V ) meets B_0 since P_0(z_0) = 0. It follows that there are points in P^{−n}_0 (V ) that are homoclinic points. □ Remark. The assumption that P_0 has degree 3 is important here, since the quadratic map Q(z) = z^2 + 1/4 has a saddle-node fixed point at z_0 = 1/2, but this fixed point admits no homoclinic orbits. Similarly, there are other “homoclinic-less” neutral fixed points for higher degree polynomials, but these all violate Hypothesis A.

Let us assume that the homoclinic point w ∈ D_+ satisfies P^i(w) ∉ B_0 ∪ D_+ for 1 ≤ i < N, but P^N (w) ∈ B_0. Then there is an open connected set U containing w and having the property that P^N_0 (U) = B, where B is the overflowing neighborhood of B_0 constructed above. We say that w is a non-degenerate homoclinic point if P^N_0 : U → B is an isomorphism. See Figure 1.4.

We remark that it is entirely possible for some of the P^i_0(U), 1 ≤ i < N to contain critical points of P_0, in which case P^N_0 |U would not be one-to-one. In many cases, however, this assumption may be readily verified.

Our second main assumption about P_0 is:

Hypothesis B. P_0 admits a non-degenerate homoclinic point.

Figure 1.4. Homoclinic orbits for P0.

By adjusting D_+, we may assume that U ⊂ D_+ − P^{−1}_0 (D_+). Hence it follows that U_{−k} = P^{−k}_0 (U) are disjoint open sets in D_+ − B_0 which tend to 0 as k → ∞.

1.6 Ecalle cylinders for P_c

We may also erect Ecalle cylinders for P_c. By the results of [DH2], there is a wedge-shaped region R in the c-plane such that, if c ∈ R, then P_c has a pair of repelling fixed points which we denote by p_−(c) and p_+(c). Moreover, we may choose Ecalle cylinders C^−_c and C^+_c for each c ∈ R with vertices at p_−(c) and p_+(c). The C^±_c may be chosen so that their boundaries depend continuously on c and tend to the boundaries of C^±_0 as c → 0 in R. See Figure 1.5.

Figure 1.5. Ecalle cylinders for Pc.

Let z_c denote the critical point of P_c in B. Without loss of generality, we may assume that the critical value P_c(z_c) ⊂ C^−_c .

As above, we may use the maps P_c and P^{−1}_c to glue together the boundaries of C^−_c and C^+_c . We choose the critical value as basepoint in C^−_c and any point in C^+_c as basepoint. Then there are isomorphisms π^−_c : C^−_c → C /Z π^+_c : C^+_c → C /Z which take basepoints to 0.

Unlike the case when c = 0, there is a well defined transit map

ϕ_c: C^−_c → C^+_c

defined by ϕ_c(z) = P^k_c (z) where k is the smallest positive integer for which P^k_c (z) ∈ C^+_c . Note that ϕ_c may be discontinuous. However, the projection of this map to C /Z given by Φ_c, where Φ_c ∘ π^−_c (z) = π^+_c ∘ ϕ_c(z) is an isomorphism.

For c ∈ R, there is also defined a map Φ: R → C /Z given by Φ(c) = Φ_c(π^−_c (P_c(z_c))) = Φ_c(0) The map Φ determines the image of the critical value in C^+_c after it makes its transit between C^−_c and C^+_c . Φ(0) is not defined. However, according to [DH2], Theorem 16.11, Φ is given asymptotically by

Φ(c) = ω_0 + −2π √ c + o(1)

Polynomial like maps 11 for some constant ω_0. Note that Φ therefore wraps the wedge R infinitely often around C /Z as c → 0 in R. In particular, if U is an open disk with compact closure in C /Z, then Φ^{−1}(Ũ) consists of infinitely many disjoint components V_j converging to 0 in R and on which Φ induces an isomorphism V_j → Ũ.

1.7 Polynomial like maps

In this section we recall some of the main results of [DH2]. Let D denote the closed disk. Suppose, for each λ ∈ D, there exists

i. open disks U_λ, U^′_λ depending continuously on λ and satisfying U_λ ⊂ U^′_λ.

ii. an analytic family of maps F_λ: U_λ → U^′_λ depending analytically on λ with the property that F_λ: U_λ → U^′_λ is of degree two. Any map with this property is said to be polynomial-like of degree 2.

iii. for each F_λ, there is a unique critical point z_λ ∈ U_λ. For λ ∈ ∂D, we assume that the map λ → F_λ(z_λ) describes a curve in U^′_λ − U_λ which has winding number one with respect to each z ∈ U_λ. A family of maps with this property is said to have parametric degree one.

Any family of maps satisfying 1-3 is called a family of polynomial-like maps of degree two with parametric degree one.

A major result in [DH2, Theorem 4] asserts that such a family admits a subset M ⊂ D which is homeomorphic to the standard Mandelbrot set via a map c = c(λ). Moreover, for each λ ∈ M, F_λ|U_λ is topologically conjugate to z → z^2 + c(λ) on the filled Julia sets of each. That is, the dynamics of F_λ are equivalent to those of one of the quadratic maps z → z^2 + c on U_λ. Furthermore, this result asserts that all possible quadratic dynamical behavior occurs in the family F_λ.

1.8 Proof of the Theorem

Our goal in this section is to combine the results about Ecalle cylinders and parametrized families of analytic maps to prove that the maps P_c admit infinitely many copies of the Mandelbrot set M_j , j > J, in the region R in the c-plane.

Recall that there is an open set U ⊂ D_+ −P^{−1}_0 (D_+) with the property that P^N_0 : U → B is an isomorphism where B is an overflowing neighborhood of the immediate basin B_0 of 0. This follows from Hypothesis B. In particular, P_0(B) ⊃ B_0. For c small enough, it follows that P^N_c : U → C is also an isomorphism. Moreover, if U_c is an open set sufficiently close to U, then P^N_c |U_c is also an isomorphism, provided c is close enough to 0.

For each j ∈ Z^+ sufficiently large, we will determine a subset V_j of R such that the family of maps P^{j+N+1}_c for c ∈ V_j is a family of polynomial like maps of degree two with parametric degree one. Each of the V_j will be disjoint, and the V_j → 0 as j → ∞.

To construct V_j , recall that U ⊂ C^+_0 − B_0 is an open disk on which P^N_0 is an isomorphism carrying U onto B. Let Ũ = π^+_0 (U). Ũ is a disk in C /Z. By our remarks at the end of the previous section, Φ^{−1}(Ũ) consists of infinitely many components. These are the V_j . We may assume that the index j is chosen so that c ∈ V_j implies that P^{j+1}_c (z_c) ∈ C^+_c , i.e., that j gives the “time” of transit of the critical point from C^−_c to C^+_c .

Let U_c = (π^+_c )^{−1}(Ũ). For each c sufficiently small, P^N_c is an isomorphism which maps U_c onto an overflowing neighborhood of B.

Let W_c = P^{−j}_c (U_c). Since c ∈ V_j , it follows that W_c contains the critical value of P_c. Now P^j_c : W_c → U_c is an isomorphism. Let W̃_c denote the preimage of W_c containing z_c. P_c|W̃_c is a degree two map onto W_c by hypothesis A. Note that, if c is sufficiently small, W̃_c ⊂ B. Therefore we have the fact that P^{j+1+N} c : W̃_c → B is a polynomial like map of degree two, if c ∈ V_j .

It remains to show that this family has parametric degree one. For this we first observe that Φ: V_j → Ũ is an isomorphism. So Φ maps ∂V_j to ∂Ũ with winding number one relative to the interior of Ũ. If we lift this curve via (π^+_c )^{−1}, the result is still a degree one curve c → (π^+_c )^{−1} ∘ Φ(c) which is close to the boundary of U. Since P^N_c is C^0-close to P^N_0 , it follows that, for c ∈ ∂V_j , P^{j+1+N}_c (z_c) is a curve which wraps once around B_0. This completes the proof.

Remark. Much more can be said about the small copies of M: Each are “encaged” in “cauliflowers.” These are collections of Cantor-like sets that nest down to M. For more details, we refer to [DBDS].

Proof of the Theorem 14

[Bl] Blanchard, P. Complex Analytic Dynamics on the Riemann Sphere, B.A.M.S. 2 (1984), 85-141.

[D1] Devaney, R. L. Homoclinic Orbits in Hamiltonian Systems. J. Diff. Eq. 21 (1976), 431-438.

[D2] Devaney, R. L. Transversal Homoclinic Orbits in an Integrable System. Amer. J. Math. 100 (1978), 631-642.

[D3] Devaney, R. L. Homoclinic Bifurcations and the Area-conserving Hénon Map. J. Diff. Eq. 51 (1984), 254-266.

[DBDS] Douady,A. Buff, X. Devaney, R. L. and Sentenac, P. Baby Mandelbrot Sets are Born in Cauliflowers. In The Mandelbrot Set: Theme and Variations, London Mathematical Society Lecture Notes, Cambridge University Press, ed. Tan Lei. 274 (2000), 19-36.

[DH] Douady, A. and Hubbard, J. Étude Dynamique des Polynôme Complexes, Publications Mathematiques d’Orsay.

[DH1] Douady, A. and Hubbard, J. Itération des Polynômes quadratiques complexes, C.R. Acad. Sci. Paris, t.29, Serie I-1982, 123-126.

[DH2] Douady, A. and Hubbard, J. On the Dynamics of Polynomial-like Mappings, Ann. Scient., Éc. Norm. Sup. 4^e séries, t.18, (1985), 287.

[M] McMullen, C. The Mandelbrot Set Is Universal. In The Mandelbrot Set: Theme and Variations, London Mathematical Society Lecture Notes, Cambridge University Press, ed. Tan Lei. 274 (2000), 1-18.

[M1] McMullen, C. Area and Hausdorff Dimension of Julia Sets of Entire Functions. Trans. A.M.S. 300 (1987), 329-342.

[PM] Pomeau, Y. and Manneville, P. Intermittent Transition to Turbulence in Dissipative Dynamical Systems. Commun. Math. Phys. 74, (1980), 189-197.

[S] Smale, S. Diffeomorphisms with Many Periodic Points. Differential and Combinatorial Topology. Princeton University Press, (1964), 63-80.

[Sh] Shishikura, M. Bifurcation of Parabolic Fixed Points. In The Mandelbrot Set: Theme and Variations, London Mathematical Society Lecture Notes, Cambridge University Press, ed. Tan Lei. 274 (2000), 325-364.

[T] Takens, F. Homoclinic Points in Conservative Systems. Inv. Math. 18, (1972), 267-292.