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                   Figure 1.  A point z in S(q,p) and S(r,q)
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(0,r−2)

(−1,r−3)

(1,r−1)(−2,−r)

(2,r)

(1,3−r)

(0,2−r)

(−1,1−r)

           Figure 2. Some sets K(q,p) for the Ford disc packing
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  Figure 3. Sections of flowboxes with z fixed, projected to hyperbolic space
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Figure 4. Markov boxes within a flowbox
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Figure 5. Interval maps for the modular group and Ford disc packing
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 Figure 6. Tiles and slices for the Hecke triangle groups with q=8 and q=5 

z

z

z

z

β α

α

β 

α

1

2

3

0

2

3

−

8

ê Ä�4 K 8 E 8 E�J @74N� ¤,S �T@ ��¶ ��@ S @B@�� ¤ 4]��@74N� ¤ 8 E ��@B>?6]4 G »�÷ Î-¢&«9² 0 Â ¼�²vÃ 1¾úR²�8 S 4�� ¤ 4]8 E�§ <µ8A> S � I � ¶
»ø÷ Î-¢N«9² � î Â ±lÎ-¢&«N´�¼�© ¯�±�úR² Ù ² � îiï ± Ù ´^²7ÉÇÉÇÉ;² � î Â ± Ù ´?´�8 M ú � Ã � ±�� ÷ «&´?¢&«9²�4 E :"� îiï ± Ù ´�© ÎNÉ�< I >
�Æ© «7/®ü,½Æ��@ J @B� »ø÷ Î-¢N«9²MKF¼�©ç¯�±�úR² Ù ²7Î�ü � îiï ± Ù ´d²7É;ÉÇÉÇ² �-´s� ¤ @y>T@ ��© Îiü � î - îiï ± Ù ´^É D � M�I&GAG;I � S

B �



M�I >�ú � Ã � /¬� ¤ 4%� »ø÷ Î-¢N«9² � î Â ±6K?´F¼�© ¯�±�úR² Ù ²�� î Â ±�«&´^²yÉ;ÉÇÉ;²�� î Â ± �-´T´^É ·�S û0±�ú�´P© Ù 8Ç� M�INGAGAI � S � ¤ 4%�
@B6N@y>l2�� ¤ 4N8 E ¯�±�úR² Ù ²E`�²7É;ÉÇÉ ´P8 S @y8Ç� ¤ @B> »ø÷ Î-¢N«9²�07Â$¼x²�ú � Ã � � ²R8 M `;Xªú I > » 07Ân²7Î-¢&«%¼�² ÷ � � Ã � úR²
8 M `=þªúRÉ ·��R��G 2n8 ERJ 8 E � G;Q�S 8 I&E
	 @dÄR� GAQ�S 8 I&E � I � ¤ @ S @Ú� ¤ 4N8 E�Sy¶ ��@ S @B@Ú� ¤ 4]��� ¤ @���8 G @ S 4N>?@�4 S�S �t4]�T@y:�4 E :
±�4&´�8 S+� > I 6N@ E�§

� @`1�@ J 8 E � ¤ @ � > I9INMPI]M ±�1�´ § < I > ��© Î&²7ÉÇÉÇÉ;² � 4 E :�0 � îiï þ 0Hþ 0 �&² � @ KLK 4 � § � S?¤�I � S � ¤ 4%�
� ¤ @ S?G 8;�y@
	�&±�úR² Ù ´Ú8 S 4 E 8 E �T@y>?6]4 G » � �&² � �y¼�É�ó98 E �B@ Ù 8 S 4 E 8 E ��@B>T8 I > ��I 8 E � INM � ¤ 8 S5STG 8;�y@���@ ¤ 4$6N@
� ��þ � �NÉ Û+¤�K=§ � § õ ST¤�I � S � ¤ 4]�Æ� ¤ @ S @ � Q @ E �y@ S � �L4 E : � ��4]>T@�8 E �B>T@y4 S 8 E�J�§ � @ KLK 4 	 § Ó ST¤�I � S
� ¤ 4]�s� ¤ @ S @ � Q @ E �B@ INM
S @B� S » � �&² � �B¼�8 SsS �T>T8;�B� G 2v:�@y�B>T@74 S 8 ERJvS?I � ¤ @ S @ � Q @ E �y@ � ��8 SµS ��>T8;�B� G 2|8 E �B>T@74 S 8 ERJ
4 E : � �5© � 8 S 8 E :R@ � @ E :�@ E � INM �&É �ÚS 8 E�J�S 2 KLK @^��>?2���8Ç� ¤ >T@ ST� @y�B��� I � ¤ @ I >T8 J 8 E�¶�Û+¤RKH§ � § õ J 8Ç6&@ S
ú�þ ÷ � ï � � ï ÉÛ+¤ @�>?@ S � INM ±�1�´ QRS @ S � ¤ 4]� 	*± Ù ´58 S ��8 G @B:¦8 E «���472 Sy¶ 1 I � ¤ 1�2,� ¤ @ S @^� S 	*± /�² Ù ´v© / ü	*±�ú9² Ù ´i4 E :`1�2Æ� ¤ @ S @B� S 	*± Ù ²�/=´�© /,ü 	*± Ù ²tú&´^²%4 S 8 E �P> I&��§ � § «Ú4 E :`<µ8 JNQ >T@�« ¶ � ¤ @y>?@���@ Q�S @
� ¤ 4]�5� ¤ @�� Q�ST�X�
I 8 E � S 4]:%ØT4N�y@ E �v� I=Ù 4]>T@ÚØ Q�S �v� ¤ @�8 E �T@ J @B> S /�É�ó98 E �y@
	*± Ù ²tú�´�©öû0± 	*±�úR² Ù ´T´^²
� ¤ 8 S`M�I >?�y@ S >?@ G 4]��8 I&E�S 1
@B�F��@y@ E � ¤ @�@ E : ��I 8 E � S � 4 E : � �&É DFE :�@B��4N8 G�¶ ��@ G @B�
	��®� I&E�S 8 S � INM � ¤ @
� E 8Ç��@ ��I 8 E � S ±g0R²�/n´D� 	*± Ù ´���8Ç� ¤ / X�0RÉ Û+¤ @ E 	 � 8 S 1 I&Q�E :�@y:�1
@ G;I �¨1!2�� ¤ @ J >T4 ��¤�I]M � ¤ @ S �T@ �
M�Q�E �^��8 I&E �P±6K?´0��8Ç� ¤ 6]4 GAQ @ S / ü � � I&E / ü � �Ú4 E : / ÷ � I&E / ÷ � � ¶�M�I > ��©¾ÎN²7É;ÉÇÉÇ² � 4 E :�8 E �T@ J @B>
/�É Û+¤ @ STQ 1 S @B� 	 ��INM 	*±�ú9² Ù ´���8Ç� ¤ 0 Xýú���>T4 E�SlM�I > KLS 1�2`ûL8 E � I 	 � 4 E :�� ¤ @�8 E ��@ J @y>0��>�4 E�STG 4]��@ S
/ëü û0± 	 � ´+�T8 G @ 	�� §ÚD � M�I&GAG;I � S � ¤ 4]��� ¤ @ ��I >l��8 I&EHI]M û0±�	 � ´���8;� ¤ û0±lÎ$¢&«&´ ÷ Î`þ 0�þ¨û0±lÎ-¢&«N´�8 S
1 I&Q�E :�@B:H1
@ G;I � 1�2�� ¤ @ J >�4 ��¤=INM �P±6K?´dÉ

<µ8ÇÄ�4 E¿I :�: �;1 �9É Û+¤ @ E û0±g0 c7´�© Ù ²�û0±g0 ï ´L©¬û �nû �h±g0 � îiï ´�© 0 � îiï
÷ «9²µ4 E :¿û0±g0 �%´�©

û �h±g0 � î × ´�©O0 � î × ÷ Î M�I >�« � � � � É ·ÚS » 0 � î × ÷ «9²�0 � îiï ÷ «%¼�© » û0±g0 ¡ ´ ÷ Î&²Tû0±�0 ï ´�¼�9ýû0± » 0 c]²�0 ï ¼ ´^²I&E @�� E : S � � îiï
÷ «Æ©®û0± � ï ´d² ¤ @ E �y@ � ï © �nû �h± � � îiï ´^É ·ÚS

» 0 � îiï
÷ «9²�0 c ÷ Îy¼�©®û0± » 0 ï ² 0 × ¼ ´^² I&E @� E : S � � ÷ «v© ÷ � ÷ Î�©¨û0± � × ´^É Û+¤!Q�S � × ©��nû �h± � � ´�4 E : � © � ± � � ´^Én<µ8 E 4 GAG 2 » 0 � îiï ÷ ÎN²�0 � ÷Îy¼�©ªû0± » 0 � � ï ²�0 � � × ¼ ´^² � 1 Î&² S?I � � ÷ ÎÚ©®û0± � � � × ´�4 E : � � � × © ��± � �7´^É Û+¤ 8 S�� > I 6N@ S � ¤ @ M�I > K`Q�G 4 SM�I >�� ¤ @ � �Æ8 E ±�1'´ §PÛ+¤ @ � > InINM�M�I > I � ¤ @y>A��8 S+S 8 K 8 G 4N> ¶ 1 Q � S 8 KL��G @B> ¶ 4 E :���@Æ��8 G;GhI&K 8;�+8Ç� §

Û+¤ @v8 E ��@ J @y>��T>�4 E�S?G 4]�T@ S+INM � ¤ @Æ>?@ J 8 I&E û0±�	 � ´�� I 6N@y>�� ¤ @Æ>?@ J 8 I&E 	��PÉ�ó98 E �y@
û0± 	��±�úR² Ù ´?´�© 	�� �  � ± Ù ²tú�´�© » û0± � ï ´d²Tû0± � ´�¼�²�ú�þ�0Lþ50 ï ²

��@ ¤ 4$6N@Xû0± � ´X© Î`ü û0± � ï ´dÉ Û+¤nQRS � ï © �!û0± � ´^É �ÚI � M�I >(� I :�:ª��@ ¤ 4$6N@ � © � ± � � ´,©
� � � � î $ ��� ×]± � ï ´H© � � � � îiï ��� ×dû0± � ´[4 E : � � � � îiï ��� ×tû © � î � � îiï ��� × � û © � � � îiï ��� × � S 8 E �y@ � �ò©
� � îiï ² � � © Î&²h4 E : � � ûX© �`ÉiÀ Q � � � � îiï ��� × � » úR² Ù ¼µ© � � � îiï ��� × » Ù ²tú]¼�9 » ú9² Ù ´^É ·�S � � � îiï ��� × �
>T@^6&@B> S @ S�I >T8;@ E �t4]�T8 I&Eh¶ 8Ç� M�INGAGAI � S � ¤ 4%�+8;� ¤ 4 S 4 ��I&S 8;�T8;6&@ S 8 E Ñ[4 E :�4 E @ J 4]�T8;6N@ STI&Q >T�y@�4 E : E�I�I � ¤ @B>
�RÄ9@y: ��I 8 E � Sy§ Ê E � ¤ @ I � ¤ @B> ¤ 4 E : ¶ 8 M ��8 S @^6&@ E � ¤ @ E �nû0± � ´�© � ï ©��nû �h± � � ´�© �!û � � ± � ´^² S?I �
8 S �RÄ9@y:�1�2 � � © å É Û+¤ @`�RÄ9@B: ��I 8 E � S�I]M�å 4N>?@ � �%É Û+¤!Q�S � ¤ @`�RÄ9@y: �
I 8 E �Ú� ¤ 4N>T4N�B�T@y>T8 Ë 4]�T8 I&EHINM
� 8 S+� > I 6N@ E 8 E 1 I � ¤ �74 S @ Sy§

Û0I�ST¤�I � � ¤ 4%� ÷ � R© � ï ²
>T@y�y4 GAG � ¤ 4]� � ¤ 4 S�E�I �RÄ9@y: �
I 8 E � I&E ��  × É �¨¤ @ E ��8 S @B6N@ E�¶ � ï ©�!û0± � ´ R©ëû0± � ´Æ© ��± � ´^É �¨¤ @ E ��8 SÆI :�: ¶ � � � � îiï ��� ×N± � ï ´v© ���
� � � ï ��� ×tû0± � ´Æ©ëû � � � îiï ��� × ��± � ´5©

û0± � ´ R©�!û0± � ´�© � ï É ·�S � �
� � îiï ��� ×Ú�RÄ9@ S ��± � ´�1 Q � E�I � � ï ²R��@5� E : ��± � ´ R© � ï É Û+¤!Q�S ÷ � R© � ï ²� ¤ 8;� ¤ � E 8 ST¤ @ S � ¤ @ � > I9INM�INM ±�1'´ §

� @ E�I � S?¤�I � ±��$´ § þ � XÚ© £ � c � 
 � 4 E :�� ¤ 8 S|J > INQ���INM�I >?:�@y>�«H4N�B� S`M >T@B@ G 2 I&E ��±�ú9² Ù ´^É
D � M�I&G;GAI � S � ¤ 4]��£ò4N�B� S`M >T@B@ G 2 I&E � 4 E : STI Ô I > § Î&Î § Ó J 8;6N@ S 4 Å 4]>TÑ I 6 � 4N>?�T8;��8 I&E 8 E :�@dÄR@B:*1!2
��¢N£"© ��±�úR² Ù ´?¢Lþ � X¾É Û+¤ @`Ò I ��1 I Ä9@ S�M�I >�� ¤ 8 SÚ� 4N>?�T8;��8 I&E 4N>T@Æ� ¤ @`8 K 4 J @ S 8 E ¯� �×B¢N£ INM � ¤ @
Ò I ��1 I Ä9@ S �ö± ä �%´ M�I > ��© Î&²7ÉÇÉ;ÉÇ² � � ¤ @B>T@ 	*± ä �-´�© 	 �&É Û+¤ 8 SP� > I 6N@ S ±��$´s4 E : ¤ @ E �B@�� ¤ @+� ¤ @ I >T@ KH§

B �



Û+¤�K=§ Î � § Î=8 KL��G 8;@ S � ¤ 4]�L@y4N� ¤ @ E : �
I 8 E � INM @y4N� ¤ S?G 8;�y@�8 S � ¤ @ QRE�S ��4N1 G @��RÄ9@B: �
I 8 E � INM 4 E
@ G @ K @ E � INM � ¤ @���>?8 4 E�JNG @ J > I&QR��§ ó98 E �B@�@74N� ¤ � ��8 S 8 E � ¤ @ I >T1�8Ç� INM � ²�8Ç��8 S @ E�INQ�J&¤ � I �T>T@74%�
� § < I >;� I :�: ¶ � 8 S � ¤ @ Q�E�S �t4N1 G @"�RÄ9@B: ��I 8 E � INM � � � � ï ��� × �|É�< I > � @^6&@ Eh¶ � © � ± � � ´¿©
� � � îiï ± � ï ´5© � � � û �h± � � ´5© � � � û � � ± � ´^É�À Q � � � � û � � © � î � � û å ©�� î � îiï û¿© � ��� ×^û
4 E :"� ��� ×dû » úR² Ù ¼
©� �� × » Ù ²�ú]¼,9 ±�ú9² Ù ´^É�ó I � 8 S � ¤ @ Q�E�S ��4N1 G @Æ�9ÄR@B: �
I 8 E � I]M � ��� ×^û ¶ 4 S :R@ S 8;>T@B: §

< I >µ@y4N� ¤�¤ 2 � @y>?1 ING 8A����>?8 4 E�JNG @�>T@BÒ�@y�B�T8 I&E�J > I&Q�� ± `i² �n² Ù ´^² » <�«%¼ J 8;6N@ S 4 Å 4N>TÑ I 6 � 4N>l��8;�T8 I&E ��8;� ¤
`*� ÷ ` ÷ � Å 4N>TÑ I 6�1 I Ä9@ S � ¤ 4]�Æ8 S�E�I �v4 K[I&ERJ � ¤�INS @ � > I : Q �y@y:,1�2�� ¤ @ K @B� ¤RI : S5I]M � ¤ 8 S�� 4 � @y> §
< I >�`�©ç«|4 E :i�Æ©ç½R² M�I >�8 E�S �t4 E �y@ ¶ 1 I � ¤[¤ 476&@54 S 8 ERJ&G @ Å 4N>?Ñ I 6�1 I ÄL1 Q � I&E @�8 S 1�4 S @B: I&E�S 8 KL��G @
� INE �T8 E!Q @B: M >T4N�B�T8 I&E�S 4 E :=� ¤ @ I � ¤ @y> I&E�G @y4 S �l¥F>T@ K 4]8 E :�@B>�� INE �T8 E!Q @B: M >T4N�B�T8 I&E�SB§

�ÚI �¨� INE�S 8;:�@y>�� ¤ @ J > INQ�� £ INM ± � § 	�´P:R@ � @ E :�8 E�J`INE 4 � 4N>�4 K @B�T@y> �H��8Ç� ¤ ú�þ � � ½RÉ9ó Q��R��I&S @
��© ½9É Û+¤ @ E £"8 S 8 S?I&KLI > ��¤ 8A��� I � ¤ @|Ñ]@y> E @ G�INM � ¤ @ ¤�I&KLI&K[I > ��¤ 8 STK aQ>h±�«9²��R² Ù ´ : j ��Îhk`��8;� ¤
a�± ��´`© Î�© a�± � ´^².a�± å ´|© ÷ Î&É0ÏÚ@B>T@ � © ± � ÷ «&´?¢&«¸© « STI � ¤ @ J @ I :R@ S 8;�LÒ I � I 6&@B>� �×B¢N£
4N: K 8;� S 4 Å 4N>TÑ I 6 � 4N>?�T8;�T8 I&E ��8Ç� ¤ Ó Å 4N>?Ñ I 6�1 I Ä9@ SB§

Ê E � ¤ @ I � ¤ @y> ¤ 4 E : ¶�S?Q����
I&S @H«*þ � þ¬½RÉ � @�>T@ M @y>�� I <08 J&Q >?@ � ¶ � ¤ 8A� ¤*Q�S @ S � ¤ @ QR��� @B>
¤ 4 GÇM���G 4 E @+� InI >T:R8 E 4]�T@ SPINM ô��RÉ ·�S £ 
 8 SPJ @ E @y>T4]��@B:�1�2�� ¤ @Ú>?@BÒ'@B�B��8 I&E�S È�±6K?´P© ÷ ½ ÷ K�© � �'±�K?´�4 E :� ±6K?´�© � ÷ KÚ© �?± � �&± �?±�K?´T´T´d²h��@ K 472H8A:�@ E �T8 M 2 ��¢N£¿© í ¢N£ 
 ��8Ç� ¤ � ¤ @�8 E ��@B>?6]4 G »�÷ ½�¢&«9² ��¢&«%¼0©
¯�± ÷ Î&² Ù ´ 3 ¯�±�úR² Ù ´^É Û+¤ @L@^Ä � 4 E :�8 E�JHK 4 �"ñ¬M > I&K � ¤ @L>T@B: Q �y@B:*4N8 K @y:,� I >T>?@ ST�
I&E :R@ E �B@ �L¢N£
¤ 4 S �F� I�STKLInI � ¤ 1R>�4 E � ¤ @ Sy¶iE 4 K @ G 2 �?±�K?´Ú© ÷ ��¢IK I&E ¯�±�úR² Ù ´�© »ø÷ ��¢N«9²���¢&«-¼µ4 E :���±�K?´Ú© ÷ « ÷
Î-¢�±�K�üòÎ-´+© � ��± � �&±6K?´T´ I&E ¯�± ÷ Î&² Ù ´�© »ø÷ ½�¢N«9² ÷ ��¢&«%¼�É D � M�I&GAG;I � S � ¤ 4]� M�I >��y@B>?��4N8 E 6N4 GAQ @ S�INM � ¶
£ª8 S � ¤ 4N8 E ¥�� E 8;��@ § ón8 E �B@ �?± ��¢&«&´|© È�± ÷ Î-´d² �?± ÷ Î-´`© � ±�ú�´^²
�?±�ú&´�© Ù ²04 E :��h± ÷ ½�¢&«&´|© ú9²���@
E @B@y: I&E�G 2�@dÄ�4 K 8 E @�� ¤ @ I >T1�8Ç� S�I]M ÷ ��¢N« Q�E :�@B> ñ É ·ÚS �?± ÷ ��¢&«&´P© � ± � ÷ «&´^²|ÿ � ÷ «
ÿ!þ �i¢&«9²�4 E :
�?± � ÷ «&´�© È���± ÷ ��¢N«&´^²�£�8 S � ¤ 4N8 E ¥x� E 8Ç��@Æ8 M 4 E : I&E�G 2�8 M � ¤ @ I >T1R8;� INM �h± ÷ ��¢&«N´ QRE :�@y> ñ 8 S � E 8Ç��@ §
DFE,J @ INK @^��>T8;�`��@B> KLS � ¤ 8 S5K @y4 E�S � ¤ 4]�5� ¤ @ J @ I :�@ S 8A� I&E  �×B¢N£ � I >?>T@ S?��INE :�8 ERJ � I � ¤ @�: I � E ��4N>T:
>�472=� ¤ > I&Q�J&¤ � ] @y8Ç� ¤ @B>�:�8;6N@y> J @ S � I=Ù I >�8 S 4 S 2 KL� � I ��8;�|� I 4�� GAINS @y: J @ I :�@ S 8A� §5Û+¤ 8 S 4 �R� @y4N> S � I
¤�I&G : M�I >�4�� I&Q�E ��4N1 G @Æ:�@ E�S @ S @^� INM � ¹ÐSB§

−3/2

L

−µ/2

R

w
’

w’

x

−1

ξx(    )

µ

..

ξ

.
ξ

’

   Figure 7. Shadows and tiles for 2<    <3
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Figure 8. Tiles for the Appolonian gasket limit set
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