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The polylog as a Hodge structure

Iterated integrals: obvious Hopf algebra structure





1 0 0
−Li1(z) 2πi 0
−Li2(z) 2πi ln(z) (2πi)2



 = (C1,C2,C3) (1)

Var(ℑLi2(z)− ln |z | ℑLi1(z)) = 0 (2)

Hodge sructure from Hopf algebra structure: branch cut
ambiguities columnwise
Griffith transversality ⇔ differential equation
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j
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∆(Γ) = Γ⊗ 1 + 1⊗ Γ +

∆′(Γ)
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∑

γ=∪iγi ,ω4(γi )≥0

γ ⊗ Γ/γ (3)
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◮ The renormalized Feynman rules

ΦR = m(SΦ
R ⊗ Φ)∆ (7)
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An Example

◮ The co-product

∆′
(
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)

= 3 ⊗
+2 ⊗ + ⊗ .

◮ The counterterm

SΦ
R (

++ + + + + + ) = −Rm
[

SΦ
R ⊗ ΦP

]

×

×∆
(

++ + + + + +

)

= −R
{

Φ
(

++ + + + + +

)

+

+R [Φ (3 + 2 + )] Φ ( )}
◮ The renormalized result

ΦR = (id− R)m(SΦ
R ⊗ ΦP)∆

(
++ + + + + +

)

= (id− R)
{

Φ
(

++ + + + + +

)

+R [Φ (3 + 2 + )] Φ ( )}
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◮ bB
r ;j
+ = 0.

∆B
r ;j
+ (X ) = B

r ;j
+ (X )⊗ 1 + (id ⊗ B

r ;j
+ )∆(X ). (10)

Implies locality of counterterms upon application of Feynman rules
ΦB r ;j

+ (X ) =
∫
dµr ;jΦ(X ):

R̄(Γ) = m(SR
Φ ⊗ ΦP))∆B

r ;j
+ =

∫

dµr ;jΦ
R(X ). (11)
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◮ Ideals for Slavnov–Taylor ids generated by equality of
renormalized charges, also for the master equation in
Batalin-Vilkovisky (see Walter van Suijlekom’s lectures)

◮ Similar ideals for the core Hopf algebra are respected by the
BCFW recursion, and fit naturally with the structure of
perturbative quantum gravity
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◮ Exact co-cycles
[B r ,j

+ ] = B
r ;j
+ + bφr ;j (14)

with φr ;j : H → C

◮ Variation of momenta

GR({g}, ln s, {Θ}) = 1± ΦR
ln s,{Θ}(X

r ({g})) (15)

with X r = 1±
∑

j g
jB

r ;j
+ (X rQ j(g)), bB r ;j

+ = 0. Also,

G r =





∞∑

j=1

γj({g}, {Θ}) lnj s



+

abelian factor
︷︸︸︷

G r
0 (16)

Then, for MOM and similar schemes (not MS!):
{Θ} → {Θ′} ⇔ B

r ;j
+ → B

r ,j
+ + bφr ,j .

ΦR
L1+L2,{Θ} = ΦR

L1,{Θ} ⋆ Φ
R
L2,{Θ}.
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◮ The invariant charge Qv

For each vertex v , a charge Qv :

Qv(g) =
X v (g)
∏

e

√
X e

, (17)

e adjacent to v .

◮ 

∂L + β(g)∂g −
∑

e adj r

γe1



G r (g , L) = 0 (18)

rewrites in terms of the Dynkin operator
(γr1(g) = S ⋆ Y (X r (g))):

γrk(g) =
1

k



γr1(g)−
∑

j∈R

sjγ
j
1g∂g



 γrk−1(g) (19)
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◮ massless gauge theories
β(g) = gγ1(g)/2 for γ1 anomalous dim of gauge propagator

γ1(g) =

existence assumed
︷ ︸︸ ︷

P(g) −γ1(g)(1 − g∂g )γ1(g) (22)

(Ward Id QED, background field gauge (Abbott) QCD)
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◮ Hopf algebra from flags

f := γ1 ⊂ γ2 ⊂ . . . ⊂ Γ, ∆′(γi+1/γi ) = 0 (23)

The set of all such flags FΓ ∋ f determines Hopf algebra
structure, |FΓ| is the length of the flag.

◮ It also determines a column vector v = v(FΓ) and a nilpotent
matrix (N) = (N(|FΓ|)), (N)k+1 = 0, k = corad(Γ) such that

lim
t→0

(e− ln t(N))ΦR(v(FΓ)) = (cΓ1 (Θ) ln s, cΓ2 (Θ), cΓk (Θ) lnk s)T (24)

where k is determined from the co-radical filtration and t is a
regulator say for the lower boundary in the parametric
representation.



The Feynman graph as a Hodge structure

Hopf algebra structure as above



















1 0 0 0 0

0 0 0

0 0 0

0 0 0



















=(C1,C2,C3,C4,C5)

Var



ℑ −



ℜ · ℑ



+ · · ·



 = 0

Hodge sructure: cut-reconstructability: from Hopf algebra structure:
branch cut ambiguities columnwise

Griffith transversality ⇔ differential equation?
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◮ sub Hopf algebra for vacuum polarization suffices

◮ γ1(x) = P(x)− γ1(x)
2 + γ1(x)x∂xγ1(x) with P(x) > 0

P(x) twice
differentiable
γ1(x0) = γ0 > 0
different solutions
distinguished by e−

1
x

behaviour
dγ1
dx

= γ1 − γ21 − P ,
dx
dL

= xγ1

L =
∫ x(L)
x0

dz
zγ1(z)

−1

x

γ1(x)

◮ separatrix exists and might have no Landau pole:
D(P) =

∫∞
x0

P(z)dz
z3

< ∞,
∫∞
x0

2dz

z
√

1+4P(z)−1
< ∞
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QCD

◮ sub Hopf algebra for gluon polarization suffices in background
field gauge

◮ γ1(g) = P(g)− γ1(g)
2 + γ1(g)g∂gγ1(g) with P(g) < 0

P(g) twice differentiable
and concave near 0
unique solution which
flows into (0, 0) at large
Q2

L =
∫ g(L)

g0

dz
zγ1(z)

→
LΛ = −

∫∞

g(LΛ)
dz

zγ1(z)
,

LΛ = lnQ2/ΛQCD

fdisp(Q
2) =

∫∞

0
ℑ(f (σ))dσ
σ+Q2−iη

and ODE

−1

γ1(g)

g

◮ separatrix exists and gives asymptotic free solution, with finite mass

gap for inverse propagator iff γ1(x) < −1 for some x > 0.

|D(P)| < ∞ → γ1(x) ∼ sx , x → ∞. That allows for dispersive

methods as introduced by Shirkov et.al. in field theory.
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