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0. A brief remark about MZV's

w =27, d =9 finished by J. Vermaseren this morning.

Computational details:

e run for 85 days at an 8 core machine with 96 Gbyte memory
at DESY

e Data processed: ~ 2 peta bytes = 31 - 10'? terms

e J.V.: 'The answer isn’t quite what | expected (but is not 42)."

e IS everything like being expected ?
David, please stay calm, and wait for a few days. Jos is
having a look with his 8 Gbyte editor into the 3.6 Gbyte result.
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1. LCE and Operafor Expectation Values

Integral cross sections are: NO scale quantities

— Lectures by D. Broadhurst

Single differential distributions are: single scale quantities

e AnNomalous dimensions
e Coefficient functions

e Nucleon Structure Functions  F;(z), x € 10,1]

e Parton Distributions fi(x), x¢€]|0,1]
e Wilson Coefficients Ci(x), z € 0,1
e Splitting Functions P/(z), = €[0,1]

Fi(xaQ2) — ZCJC;(x7Q2/ILL2)®f’L(:C7M2)

J

2
A = Pl fy(o )
1 1
A(x) ® B(x) = / dxq / drod(x — r122)A(21)B(22)
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Mellin Convolution:

M|F(x)][(N) = /Od:r;xN_l F(x)
M[[A® B|(z)[(N) = M[A(z)](N)- M[B(z)|(N)

Work in Mellin space: much more simple structures are obtained.
2-point functions with local operator insertions:
— Splitting functions, massive operator matrix elements

— A
Ogrips sy = i 'S[Y Dysz -+ - Dy éw] — trace terms,
S N-1QrT
Of sy = iV 1Sy, Dy, - - - D,y 9] — trace terms
S N —2 a a,a
Oy = 200 7 °SSpP[FY oDy, - Dy Fi57] — trace terms
ij U 7? = (J10;77"7) = ij‘|’zas ij
i=1
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psi p:J )
SIRYL(A PN, N>

phi p27j

gt Ry SN p ) (A po)N IR N > 2

1 a
P P g AP T TR (AT (Ap) Y
[(E8)50(Apy + Apa)' 71+ (817 51 (Apy + Aps) 7]

N >3

D3, @ py,v,b

gPAFAY ARy Z;y:54 ﬁ}il i1 (Apa)? (Apy )N
[ (tatbtc)ji(A.}Ll —|— Apg, —|— A.pl)l7j71<A.p5 + A.p1>mil71
b3, [, a p477/7b ps, p, € +(tat0tb)ﬂ(Ap4+Ap5+Apl : jil(A'p4+A'p1 met
+(thtete i A.ps + Aps + A.py l=5-1 A.ps + Ap)™ =1

) )y

(t7¢¢)( )N )y
(1) i (Aps + Aps + Apr) T A ps + Apy )
(tet ) )Y )"
(tt7t)( )Y )"

+ (%) ji(Aps + Aps 4+ Aupr) T Apy + Apy )™ !
F(E ) ;i (Aps + Aups + Ap) I (Apy + Apy)™ 1]
N>4

v+ =1, ~_=r;. For transversity, one has to replace: Ayy — " A,.
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The usual Feynman rules are extended by those of the composite
operators.

Feynman Infegrals are thus of the form . F(N,¢)
NeN, e=D—4

Principle Mathematical Structure
J. BUmlein, Comput.Phys.Commun. 180 (2009) 2218, arXiv:0901.3106

e Feynman parameterization, performed repeatedly:

1 I'a+0) /1 dr z% 1 (1 —x)%7!
0

Ao BF ~ T(a)(B) J, [#A+ (1 — z)B]>+P

e Numerator: Local Operator Inserfion (all momentum intfegrals done):
(AK;)™
e Carry out frivial Feynman parameter integrals:

C(ny +7rie)...D(ng + rre)
L'(my + qie) ... T'(m; + qe)

nqi,my S Zarian c Q
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e Solve all other Feynman parameter integrals via Mellin-Barnes:

S do A B~4—°
A+ By 2mi ) 0 T(q

1 1 [yt I'(—o)(q+0)
)

e Final result after application of the residue theorem,
Various infinite sums over:

F(CLlN —+ bl(O'a) -+ 7716) . F(akN —+ bk(O'a) -+ fkg)
L(eiN +di(oa) + q@1e) .. . U'(aN + di(oa) + QE) |, 4 ¢ 7,705 € Q

e Expand in e and carry out all sums.
e — nested but not necessarily harmonic sums in V.
e ['(N,¢e) obeys

F(N,e)= »  &"Fp(N), ngeN

k’:—’no

e FOr quantities without infrared problems: ny = # loops
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e The Functions Fj. (N + 1)

Ms

Cl Fk N—I—l) 0
[=0

are recurrent, where ¢;(N) are polynomials.

e [N practice, different, more economic ways are followed in the
calculation.

e infegration = antidifferentiation.

e [t is a bit like vacation planning: can be done at different levels.
Good to know, where to go; whether the area is crowded by
wild animals, certain safety measures needed, rifles, ...
extension of the desert o be crossed vs. water being carried
along, etc.

e [N short; one befter knows and explores the target space
before infegrating.
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2. From floating point numibers to rational numbers

J. Blimlein

Floating Point Numbers are easiest accessible in physics.
Also very many? Yes!
But at which precision??

Can one reconstruct functions, F(N), say anomalous dimensions,
just in this way ?

e 1-dim integrals —  (z-values

e reconstruction of rational numbers with large numerators and

denominators
o ~ #13.000/ ~ #13.000 ?

— Maple work sheet
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3. From Moments to Functions

e Assume a large number of moments is known for a physical
quantity of the above type.

e Assume we know that this function F(N) is recurrent.
e —> Algorithms exist fo determine F(N)

J. Blumlein, M. Kauers, S. Klein, C. Schneider, Comput.Phys.Commun. 180 (2009) 2143.

e —> ‘Guessing’ + Recurrency Check = minimal DEQ
Example:
4 (N2 4+ N —1)
S1(N) —
(N 4+ 1)(N +3)(N +4) (N+1)(N+2)

e Need: 24 moments — DEQ of order 2 and degree 3

F(N) =

N3 +7N? 4 15N + 9]F[N] + [2N3 4+ 21N? + 69N + 70| F[N + 1]
+[N® +14N? + 63N + 90]F[N +2] = 0

F(1) =1/12,F(2) = 13/270, F(3) = 11/360.
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Problem :

e 1- and some smaller 2-loop problems may be solved in this way.

e Known methods allow to compute up to ~ 50 moments,
MINCER, MATAD

S. Larin, F Tkachov, J. Vermaseren, The FORM version of MINCER, NIKHEF-H-91-18
M. Steinhauser, Comput.Phys.Commun. 134 (2001) 335.

e 3-loop corrections : maximally 16 moments that far.

J. Blumlein and J. Vermaseren, Phys.Lett. B606 (2005) 130.

e What would be the resources to determine the 3-loop
anomalous dimensions and Wilson coefficients this way?

e The corresponding DEQs would be the minimal ones.

J. Blumlein, M. Kauers, S. Klein, C. Schneider, Comput.Phys.Commun. 180 (2009) 2143.

e Can the corresponding DEQs be found practically?
e Can these recurrence be solved analytically ?

e Case study based on the known solution.

S. Moch, J. Vermaseren, A. Vogt, Nucl.Phys. B688 (2004) 101; B691 (2004) 129; B724 (2005) 3
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C2qq3CF~3
N=3:
#11 digits / #10 digits

-98268084191 / 1166400000

N=500:
#1262 digits / #1256 digits

1641840770424196780953020619176376506284303544481262083057197600746507008493793994
4224110323441591630311482222058287688942209570859151121677307585313995100978363179
2518952817622034037186132846974627021672678012913675099511203807811938593043910803
5044345920218696052588332036355325089998361354226882367322149037631053761764348772
5403810874264968729520075619227285471802419403727207822473765999900236383740315299
2050533601633484348249454757555344664210814111140065475391136798689167410065076749
3578709478683390573977410013520894494463909291327425815766566386397276158317387748
5945471392646089700875157445075073192328542890965462004805711998748144414379386093
9937361798029044425789956372613367519979052377042729850051006346406198584006629607 1
3372543015648919155964069606994597363886301185067827291937065300754786947063672848
9382081926871078600328628131936766057475970450896556667622163365895808773428119721
5352792131089063577045069693962213061198894057033606068695607123271969726981060056
0115846094360239986233917872260722277322690450132376836253549152130116645670565045
9666945920164586023958060271746606798898861360772333088030741775605546518788793327
2264368297071217405654474375844238250889238538974548421298170425909521742559494728
72017877003947396562261659860366839154407853462338171648227013134266795320251847

/
3057444614247225372882570514367358697278130741348282122206492932820352440850471902
7491046962105336645563654873675690796713906565688820365601907263710863954826386081
3227580037879361869941003802807590860358894142891046776447162895908787986423254678
5776778283337231702130612499429819559798501074020676282769289102955679421885795867
1982932998601320344971927374905889934059987271939760212836368619501189238215442366
3805773701929509268157747992859384837403751183019423692868569168206789710047557452
5131217382272060267681480496298975522467614707848639773185909858278799786637303834
1017166676276847525704755493166263297079720470719813623901545811953853986456533543
9994182050551827959988760121168490745476969259468454613431624179198860751513076481
0304734205926703138519418575731315944374873897873646706993620825697218523316375559
4068222004765962715924208526106008109740402380126260947524640509361283802755722132
4856690051525724685919792641506082307567956962328560073471086799287131287564668441
6256698083504233897436484702002471314330803421467773925541151273924985946178771189
23124371622134381377038960647349871570208014131535556435311326719739117599044341913
5922693587373856609594245948237469293148702516714038297077639382332251255360181047
49658623247509112659762997679737527882711111677459300352000000000000000000

N=5114:
#13388 digits / #13381 digits
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Table 1: Run parameters for the unfolding of the non-singlet anomalous dimensions

number of order of degree of | total time | length of number of solution
terms needed | recurrence | recurrence [sec] recurrence | harm. sums | time [sec]
[kbyte] a [b]

Pyso 14 2 3 0.05 0.087 111] 0.55
PJ;S.I,C% 142 5 31 3.32 4.666 6 [10] 7.45
Pysicace 109 4 24 1.91 2.834 6 [7] 6.28
Pysi.cong 24 2 7 0.13 0.271 2 [2] 0.92
PJJ\;S’LC}% 142 5 31 3.35 4.707 6 [10] 7.45
PI\J;S’LCACF 109 4 23 1.88 2.703 6 [7] 6.23
Pls1cong 24 2 7 0.09 0.271 2 2] 0.89
PI\_IS,Q,C; 1079 16 192 3152.19 529.802 25 [68] 1194.41
P&s,z,cgcg 48 3 11 0.49 0.643 1[1] 1.56
PJ;S.Q,CACIQ, 974 15 181 1736.08 450.919 25 [62] 1194.41
Psscacnes 48 3 11 0.53 0.643 11 1.53
PJGS,2,C§CF 749 12 147 1004.12 242.892 25 [62] 1100.88
P&S,Q,C%C}?Cg 48 3 11 0.56 0.643 1[1] 1.56
PJ\_IS,Q,CFNg 39 2 11 0.31 0.369 3 [3] 1.20
Py 2.C2Np 377 8 68 76.34 33.946 12 [24] 72.22
P]GS,ZVC%NFCS 14 2 3 0.12 0.101 1[1] 0.53
Pyso.cicrNg 356 7 62 65.25 23.830 12 [20] 52.67
Py §2.CaCe NaGs 14 2 3 0.12 0.101 1[1] 0.55
Pigycn 1079 16 192 | 471327 | 527.094 25[68] | 1165.22
Pgscne, 48 3 11 0.55 0.643 1[1] 1.562
P;S,Q,CACQF 974 15 178 1715.03 442.031 25[62] 889.047
Pgscacnes 48 3 11 0.61 0.643 1[1] 1.531
PJJ\;S,Q,CjCF 749 12 146 991.22 240.325 25[50] 516.812
Plgscone, 48 3 11 0.61 0.643 171] 1.593
P]\-'I—S,ZC?,NF 377 8 69 111.38 33.872 12[24] 71.235
AT — 14 2 3 0.15 0.101 171] 0.531
Py s5.c0CoN. 307 7 61 48.62 23.808 12[24] 71.235
P g 0. CaCr N aGs 14 2 3 0.15 0.101 1[1] 0.547
PJJ\;S,2,CFN; 39 2 11 0.40 0.369 3[3] 1.172
PN 5o Nedy, 39 2 11 0.55 0.369 3 3] 1.19
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Table 2: Run parameters for the unfolding of the unpolarized quarkonic Wilson Coefficients for the
structure function Fy(z, Q?).

number of order of degree of total time length of number of solution
terms needed | recurrence | recurrence [sec] recurrence | harm. sums time [sec]
[kbyte] a [b]

ol o, 35 3 7 0.26 0.429 2[3] 1.13
Oy s 689 11 137 1134.10 | 177.806 13[39] 258.24
O o 545 10 121 41333 | 127.893 12[35] 178.73
qu)}c% 15 2 3 0.27 0.100 101 0.54
Co,4,04Crcs 15 3 0.27 0.112 1[1] 0.55
Ca,qNwCr 71 16 2.68 1.655 4[10] 3.95
a5 s 5114 35 938 | 1.78886 x 106 | 30394.173 58(289] | 0.50924 x 109
O e, 284 8 64 31.02 32.363 7 (18] 27.60
Céi;,cgg 19 2 5 0.08 0.163 11 0.47
c;*;cF . 19 2 5 0.08 0.163 1[1] 0.47
O s 5059 35 930 | 1.69267 x 106 | 30122.380 60 [290] | 0.47780 x10°
5 2 e, 284 8 64 34.00 33.400 7 [18] 28.53
O3 ca ey 48 3 11 0.32 0.643 1[1] 1.01
O3 cacncs 19 2 5 0.08 0.167 1] 0.42

S e G2 4564 33 863 | 1.38918 x10° | 24567.518 60 [258] | 0.34941 x10°
5 crcne, 284 8 63 26.83 29.918 7 [17) 30.46
O erone, 48 3 11 0.32 0.643 1 1] 1.01
O3 crenc, 19 2 5 0.08 0.175 1[1] 0.42
C5 oy 1762 20 348 40237.45 | 2339.516 29 [107] 7548.56

e CRNCs 87 4 21 1.94 2.354 3 [5] 2.83
O s v 15 3 0.07 0.101 11 0.34
O o cane 1847 20 360 47661.64 | 2507.362 29 [111] 7525.89
C%Z%,CFCANF@ 89 4 24 2.47 2.935 3 18] 3.19

S o Ca NGy 15 3 0.06 0.101 1] 0.34

o o 131 5 30 58.00 5.347 7 [22] 8.97
O on, 15 2 3 0.06 0.101 11 0.38
O rabe 1199 14 242 6583.27 |  738.498 14 [62] 841.24
O tabecs 109 4 25 2.33 3.164 2[7] 2.40
OF) et 8 0.03 0.041 0[0] 0.10
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4. Summation

3-Loop calculations of OMEs:
— reduction to multiply nested sums possible.

J. Blumlein, A. Hasselhuhn, S. Klein, C. Schneider in prep.

&
q 01 k
p— —p
q—p k=l k—p
l—p
—T(2 - 3¢/2) -

Ly = S?
! (N +1)(N +2)(N +3) mznjo{

N+2 3+ N\ (t—¢/2)m(24+N+¢/2)pim(B—t+N—¢/2),
( t ) (4+N_5)n—|—m

t,t—e/2,1+m+¢e/2,1+n+¢e/2,3—t+N,3—t+N —¢/2
44N -, 1+m1l+nl1l+t+m+e/2,4—t+n+ N +¢/2

_fgj’” . (s) (3+N> _1y = /(1 H 5+ €/2)pim(s — 7 —/2),

(1 + 5 — g)n—i-m

(]

t=1

x I

s=1 r=

xI'
Il+m,14+nl+r4+m+e/2,1+s—r+n+e/2,1+s—c¢

r—e/2,s—r,14+m+¢e/2,1+n+e/2,s—1r—¢/2 ]}
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Solution :

I 4<N+1)Sl+4§ N 25211 n 1
T NN +2) T (N+2)(N+3) T (N+1)(N+2)(N+3)

5% A(N 41)S; — 4N 5N +6
“2(3N +5)S51 — -+ VT Sat2|@N+3)S 4 | 8
944N _, TN +11 5N 5 2(3N + 5)5?
- 2 -
TR (N+1)(N+2)+N+151 251} S2+(N+1)(N+2)

N TN TRV 12 > NPV T2
+0(e) ,

e Representation in terms of nested harmonic sums. (up to w =4)

N o, A4@N+3S  @N+3)S, o 2N+3 }

e c — 0,noN-(3 term DEQ: 203 moments — order 8 and degree 26

Summation Methods :

e Telescoping

e Creafive Telescoping

e Various Refinements of Creative Telescoping

e C. Schneider’s packages Sigma, EvaluatelnfiniteSums
e Summation in Product- and Difference fields

C. Schneider, Habilitation Thesis, JKU Linz, 2008

e J. Ablinger’s package HarmonicSums
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General form of Sums

Nl(N) Nm(km_l,...,k‘l,N) 4
> R(k1, oos by N) ] [ S (s(ki, N))
ki1=1 km=1 =1
«T Sl(kz,N>Sp(]€Z,N>
Sl(kz,N)Sq(k'z,N) ’

with R a rafional function, s(k;, N) a linear combination of the
arguments with weight £1, a; anindex set, p,g € N, N; € NU ¢

Some Exercises :

— Mathematica work sheet 1
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An involved case:

N—-2 oo

3 (fl)ilB(n,N*Ji)(N]Z 2)% N

ji=1n=1

v 6-23N+ 9ON? 4 2N? 1 27(-1)N
(=1) 2(—1+ N2N2(1+N)(2+N)  |[N+2 (N—1)N(N+1)(N+2)
1 2
" N(N +2) }52
1 48(—1)N 252,
VT2 NSO NN D D | T N+ )

21

+{( )N7(12+6N— 3TN? + 6N3 + N*)

20(—1+ NEN2(1+ M2+ ) {(1)N5(—1 TMNI T N2+ N)

T |s
T )|t T TNV 12
3(—1)N 3
N_DN(N+)(N+2) N2

+ Sy

3
$1- N(N+2)}

3 18(—1)N 252,  (=1)N(BN -1)

+

7 }<2+{(1)N 6 — 23N 4+ 9N? + 2N?
Y2 2(—1+ N)2N2(1+ N)(2+ N)

S5 +

N+2 (N—1)N(N+1)(N+2) N+2 ' (N—1)3N3
12— 6N — 14N? + 7TN? + 12N* 4 N°)

(C1+ NPN*(1+ N)(2+ N)

2 ~3(
+2+7NS72S73 + {_(_1)

Mathematical Structures in higher ...

9537 ~ 3(6—23N +9N?+2N?)
Cievvaamesy YV Oy ye s

3(=1)N 1
(N—1)N(N+1)(N+2) N+2 52}5”
v 24

(C1+N)NA+ N)(2+N)

+(-)¥

+

v 2(12= 3TN + 9N 1 4N?)
R . O (G T F

+

S1| 531

2535 12(—1)¥ 3

N+2 | (N—IO)N(N+1)(N+2) N+2
25,59, N 45 5 e 2(6 — 23N + 9N? + 2N?)
2+N N+2 (~1+ N)?2N2(1+N)(2+ N)

25_ 51,2
N +2

+

+ San

12
(~1+ N)N(1L+ N)(2+ N)

—(—1)N 51] So11 —

1
(=1+ N)N(1+ N)(2+N)
30 1\ =
CI+ NN+ N2+ N (5) $1(2)
30 = (1 & (—1)NoN+2

" (-1+ N)N1+N)(2+ N)S]Sl (5) 55(2) + {(—1 + N)3N
6—12N+7{V2fN3) Y 657

(=14 N)3N3 (=1+N)N(1+ N)(2+N)
2(6 — 23N + 9N? 4 2N) } 52

|:425272’1 - 245371,1 + 54S2.1’1,1:|

7(71)N2(

D T e s e S

~ 2(6—23N +9N? +2N?)
(- (=1+ N)2N2(1+ N)(2 + N)

(C1+N)N(1+ N)(2+ N)

; 6 . - (1
=0 (~1+ N)N(1+ N)(2+ N) 53(2)}51’1 (5’ 1)

+{ 2(6 — 23N + 9N? + 2N?)
v 2(6— 23N +9N? 4 2N9)

—(=1) (—=1+N)2N2(1+ N)(2+ N)

2
1y 1252

. 12 L (1 .

—(=1) (—1+N)N(1+z\f)(2+1v)51]51'1 (5’1)}5“(2’1)

6 — 12N + 7TN? + N*%)
(71+N)3N3

_(_1)N2( )N 6S12

+ ClFMNI+ M2+ )

+(-1
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(=-1+N)N(1+N)(2+N) +(= )N(1+N)2N2(1+N)(2+N)Sl} S, (

-p.18



J. Blimlein

) O e M Y

+(=1)¥

2(6 — 23N + 9N? + 2N?)

S

30 ~ 1
6 /1 _

(—1+ N)N(1+ N)(2+N) 11 (5’ 1) 512(2,1)

2(6 — 23N + 9N? + 2N?) 12

N

* {_(_1)N(—1 FNRENZ I+ )2+ N)

~ 1 ~ 1 ~ 1
X |:S1‘1,2 (57 1, 2) - 51,1‘2 (27 5-, 1) - 25’1‘1,2 (27 1, 2>]

- (D" 665115 (£.1,2) 136500 (1,21
(—-1+ N)NA+N)2+N) | W2 2 AR

+ (=N

Ciraeveaimesm O

).
e N)]\(f(_lli-NN)(Q - {3051 (%) S13(2,1) + 36814 <%2)
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Generalized Harmonic Sums :

e quasi-shuffle algebra

e differential relations
e duplication relations

e associated generalized HPL
e analyfic confinuationto N € C

J. Ablinger, J. Blumlein, C. Schneider, 2010
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o. Difference Equations from Feynman Infegrals

For the type of Feynman infegrals being considered only their
dependence on N and ¢ is of relevance.

1 1 J
F(N,s):/o dxl.../o d:r;kZ(Pz-(:cl,...,xk,s))Nfi(:vl,...,xk,s)@(:vl,...,xk)
i=1

e How can one find the associated minimal DEQ?
e One can find a DEQ, =— Almquvist, Zeilberger 1990.

e Implementations: C. Koutschan: HolomonicFunctions. J. Ablinger

An Example :

/ dz/ dwz5/%w /271 [1 — — (1 —w)N“}

X (1 —2)5%(w+ 2z — wz)°~
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— Mathematica work sheet 2

(=3+e—n)(—24+e—n)d+e+2n)(6+e+2n)|Fn+ 3
—[(—2+e—n)(4+e+2n)(—34+5e+e* —28n + 2en — 6n2)|F[n + 2]
+[(2 4+ n)(72 — 28e — 6e* + € + 116n
—30en — 3e*n + 64n* — 8en® + 12n%)]F[n + 1]

+2[(=2 4 e — 2n)(1 4+ n)(2 + n)?|F[n] =0

— Mathematica work sheet 3
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6. From Sums to Complex Functions

The basic functions need o be represented for V e C.

General behaviour for complex N:

Meromorphic functions: with poles af the non-negative integers.

Representation: trough factorial series, ¢(*)-functions and
polynomials out of both.

= kla
Az) =) 2(z+1). .If(:c—k k)

k=0
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J. Blimlein

The basic functions need to be represented for NV ¢ C.

Three possibilities:

() highly accurate semi-analyfic representations through
M NI MAX polynomials in z
J. Blumlein, Comput.Phys.Commun. 133 (2000) 76.

J. Blumlein and S. Moch, Phys.Lett. B614 (2005) 53.

Example :

.2 9 11 (2)
LIZ(_:C) B CZ /4] (N) bk

1 — _ZN+k+1

|
k=0

Inversion for z € [107°,0.98] more accurate than 5- 108,

B2 = —0.67645202109345520-0 b{?) =  —0.6764520137562308D—0
B = 0.3235476094265664D-0 b{P) =  —0.1764446743143206D—0
b = 0.10819406722469930-0 Y =  —0.7181309059958118D-1
b2 = 0.4940999469881481D-1 bl =  —0.3200941711692155D-1
b = 0.1916664887064280D-1 b =  —0.8589741767655388D-2
B2 = 0.2508898780543465D-2 b{2) =  —0.3476710199486832D-3
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(i) Known functional forms :
Analyfic continuation of single harmonic sums :

1k
Sk(N)Z%ZD(k)(NJrl)JFCk; c1 =YE,Ck = Ck, k > 2
(_1)(k+N) . o

S_k(N) = T BN +1)+d; di=—In(2);dp = —(1—1/28 1), k> 2

oo =51+ (557) - (3))

Recursion relation :

1
YN +1) =y(N) +
Asympftotic representation ;
1 1 1 1 1 1
YIN) =In(N) = 0% — 5Nz * Toont ~ 256n6 T 2a0ns T © (W)

analytic representations :

J. Blumlein, Comput.Phys.Commun. 180 (2009) 2218; Clay Inst. Proc: arXiv:0901.0837
J. Ablinger, J. Blumlein, C. Schneider, 2010

J. Blimlein Mathematical Structures in higher ... The Structure of Local Quantum Fields, Les Houches, June 2010 —p.26



J. Blimlein

(ii) New functions :
Example :

51,2(58)

1l —=x

F5(N) := M ( )J . Sia(z)  Liz(1 - 2)

Recursion relation :

(3 ST(NA+1)+Sa(N +1)
N +1 2(N +1)2

Asymptotic representation :

F5(N +1) = —F5(N) +

Lig(l—x)] 11 11 1 1243 49 ( 1 )
M N) = — — — — O —
{ 1=z | W)= NTSN2 2168 288N sa000N®  7200n6 TO \ N
Apply :

Liz(1 — 2 1
Fs(N) = -M { 31(_ ; )} (N) + %2 (ST + S2] — 2¢351 + ggg +3 [S183 — S7.92]

+S4 — 51521 — 2531, Sky....kp = Sky.... k, (V).
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Mellin inversion:

Im N
2_.
1_.
- 0
N N ReN
o —e—ye—e—Yo-F—H—r— |
2 1O 1/ ¢c 2 3
0
17 0 y,,10 Gev?
0 vy, 10° Gev?
-2+ x P
e (,ginput
1 [® o .
flx) = — dzIm {emx “M[fI(N=C)|, C=c+ze?.
T Jo
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/. Summary

e The single scale Feynman parameter integrals F(/V, ) are recurrent
guantities.

e Starting from the Feynman rules - including those for the local
operators - one may easily perform all momenftum infegrails.

e The integration of the Feynman parameter integrals is understood
in case of simple topologies in the general N case.

e Most likely all the Feynman parameter integrals imply hypergeometric
stfructures in general.

e Current research targets at finding the associate low(est) order
difference equation for the respective integral.

e The efficient computation of the initial values is an issue in its own right.

e Generdlizations of harmonic sums do definitely appear in
infermediary resulfs.

e Analyfic continuation to complex values of N is a solved issue.

e May one compute all Feynman intfegrals just referring tfo the functions
appearing in the result ?
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