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1 Affine schemes

1.1 Motivation and review of varieties
“Classical” setup: What is a variety? A variety X is a set, a topological space, and a ringed
space (X, Ox).

Locally: an affine variety. Every point p of a variety X an has open neighborhood U
which can be identified with an algebraic set.

What is a scheme? A scheme X is also a set, a topological space, and a ringed space
Local picture: affine scheme.
We will have a correspondence:

{affine varieties over k = k} +—— {f.g. reduced k-algebras}

|

{affine schemes} «+———— {commutative rings with 1}
Recall:

Definition 1.1. An affine algebraic set V = V(gi,...,g,) C k", where g; € k[zy,...,x,] and
k = k. The coordinate ring of V' is

Lo . k[.Tl,ZL‘n]

k[V] = {restrictions of polynomials on k" to V'} = 1)

Hilbert’s Nullstellensatz: There’s a category (anti-)equivalence:

{affine algebraic varieties} <— {f.g. k-algebras without nilpotents}
V = k[V]
klxy, ...,z
I
(v RN W> s (k:[W] iR k:[V])

mSpec R = {maximal ideals in R} - R =

1.2 First attempt at defining an affine scheme

Given a commutative ring R, associate
mSpec R = {m CR ‘ m is a maximal ideal of R} )

FExample 1.2. If R = Z, then

mSpecZ = {(2), (3),(5),(7),...}.



Fact 1.3 (Hilbert’s Nullstellensatz). Given a map of f.g. reduced k-algebras R 25 S, there is
an induced map of the corresponding algebraic sets

mSpec S EN mSpec R
m e o '(m).
In particular, ¢~!(m) is a maximal ideal of R.
Question: If R 2+ S is a map of rings (i.e., commutative rings with unit), is there an
induced map
mSpec S — mSpec R
m ¢ H(m).
Answer: No, not in general!

Ezxample 1.4. Consider the map 7Z & Q. We have mSpec Q = (0) and
v~'(0) = (0) C Z.

This is not maximal in Z. However, it is still prime.

1.3 Affine schemes

Lemma 1.5. If R 5 S is a ring map and p C S is a prime ideal, then o~ (p) C R is
prime.

Proof. We have a commutative diagram

R—* S

L]

R/¢™H (p)—5/p.
A subring of an integral domain is an integral domain, and the result follows. O

Definition 1.6. An affine scheme (as a set) is Spec R, where R is a ring and
Spec R = {p } p C R is prime in R} .

Ezxample 1.7. For SpecZ, we have the maximal ideals (2), (3), (5),(7),... and the ideal (0),
which we picture as geometrically “containing” all the other points in the spectrum.

Ezample 1.8. For Spec k[z], where k = k, there are two kinds of points: maximal ideals
(x — A) and the zero ideal (0). Maximal ideals correspond to a point on the affine line, and
the zero ideal is a “fuzzy” point covering the whole line.

Ezample 1.9. Consider k[z,y] with k& = k. The maximal ideals are those of the form (z —
a1,y — ag), corresponding to (o, ap) € A2,

There are also prime ideals of the type (f), where f € k[z,y| is irreducible. These are
irreducible plane curves, which we now think of as points in the spectrum. Finally, there is
the ideal (0), corresponding to the whole affine plane.



1.4 The Zariski topology
Definition 1.10. Fix a ring R. The Zariski topology on Spec R has closed sets

V(I)={peSpecR |pDI}.
Remark 1.11. This really forms a topology:
e o =V(R)
e Spec R =V(0)
e closed under arbitrary intersection:

M V(L) = V(Z IA>.

AEA AEA

e closed under finite unions:

V) U---UV(L) =V Nn---N1).

For any p € Spec R, what is the closure of p in the Zariski topology? We have

p="Vip),
so p € Spec R is closed <= p is a maximal ideal.
In other words, mSpec R is the subset of all closed points of Spec R.
FExample 1.12. The closed sets of SpecZ are of the form

V(n)=V(py -pyr) ={(P1), ), -, (pr)},

where pq,...,p, are prime and n = p{* ---p%. Note that any finite set not including (0) is
closed.
The zero ideal (0) is not closed; its closure is all of SpecZ, i.e., {(0)} is dense.

Example 1.13. If f € k[x,y| is irreducible, the closure of (f) in Spec k[x, y] consists of all the
points on the affine plane curve defined by f(z,y) = 0, plus the point (f) itself.

1.5 The ringed space structure

Caution 1.14. An affine scheme is a set with the structure of a topological space, plus a
ringed space structure!

Ezample 1.15. The affine schemes Spec R and Spec [F), are homeomorphic as topological spaces
(since they are both the 1-point space), but they are not the same scheme.

Another example: SpecR[t]/(t?) is also a 1-point scheme, but in some sense, it is even
more different than the other two.



Proposition 1.16. If R 25 S is a map of rings, then the induced map

Spec S EIN Spec R
p= e (p)

15 continuous in the Zariski topology.

Proof sketch. Need to show: If W C Spec R is closed, then f~'(W) is closed in Spec S, i.e.,
FHVI) =V(IS),
where IS = ideal in S generated by ¢(I). O

Ezxample 1.17. Consider the surjection R 5 R/I. We have

homeomorphism

f

Spec(R/I)

V(I) C SpecR

A surjective homomorphism of rings corresponds to a closed embedding of schemes.
Caution 1.18. There can be many different subscheme structures on a closed set of Spec R.

Example 1.19.
klz]  klx]
Spec k[z] — Spec —= — —=
(%) (z)
Ezample 1.20 (Localization). Let R be a ring and U C R a multiplicative system in R. We
have a natural map

R— RU™Y = {f

u

'rGR,uEU},

and hence an induced map
Spec R <+ Spec R[U '],

corresponding to the subset of primes in R disjoint from U.
Special case: U = (1, f, %, f3,...). Then

1
wi-of)
inducing
Spec R +—— Spec R [H
Ul
Spec R—=V(f) = D(f)

where D(f) is an open subset. Subsets of this form form a basis for the Zariski topology in

Spec R.



Definition 1.21. Let p € Spec R. The residue field of p, denoted k(p), is

Ry/pRy = (R/p)@) = Frac(R/p).

The map R — R,/pR, induces a map of schemes

R
Spec —— — Spec R,
PR,

and we have a commutative diagram

R——R/p

|

Ry — Ry /PR,
which induces a diagram of schemes

Spec R+——Spec(R/p)

Spec R, «—— Spec R, /pR,
We think of a “point in the scheme” as corresponding to its residue field

Spec(R/p)@) = Spec Ry /pRy = “p”.

The scheme Spec R, corresponds to the primes of R contained in p.

1.6 The ringed space structure, continued

Let R be a ring. We have the set

Spec R = {p prime ideal in R},
and the topological space with closed sets

V(I) = {p € Spec R | p QI}.
A map of rings R —» S induces a continuous map

SpecS — Spec R
Q= ¢ HQ).

Today’s goal: Explain how to get a ringed space structure on Spec R.

Proposition 1.22. The topological space Spec R has a basis of (open) sets of the form

D(f) = Spec(R) \ V().



Proof. Take U C Spec R. Then U = Spec(R) \ V(1) for some ideal I. Consider
U=JD).
fel

We will show that U = U.
IfpeU,thenpe D(f) <= fé¢p < peU=SpecR\V(I) [otherwise p D I, but

fel fépl B
Conversely: p € U means p 2 I, so 3f € I but not p. Sop € D(f), and hence p € U. [

Proposition 1.23. The localization map R — R[H , T T induces

SpecR[ }<—> Spec R

1
!

Goal 1.24. We will put a ringed space structure on Spec R = X for each U C X, yielding a
ring Ox (U) satisfying

Ox(X) = X,
Ox(D(f) = R[4],
and the “restriction” maps on the rings will be
D(f)c X
Ox (X) =555 Ox(D(f)
R localization R [ % ] '

2 Sheaves

2.1 Sheaves

Fix a topological space X and a category C' (rings, abelian groups, modules).

Definition 2.1. A presheaf on X with values in C' is a contravariant functor

{open sets of X with inclusions} Z .

That is, for each open U C X, we have a ring .% (U), and for each inclusion of open sets
U c U’, we have a ring homomorphism

Pu’,u

FU) —— Z(U)
s pury(s) = S‘U

respecting composition, i.e.,



e Uy C Uy C U;s induces F(Us) — F#(Us) — #(Uy), which is the same as the map
y(Ug) — JOZ(Ul) induced by U1 - U3.

e UCU = F(U)-2% Z(U).

e 7 (@) = the trivial ring.

Definition 2.2. A sheaf is a presheaf # with the following additional property (sheaf

axiom): If U C X is an open set with an open cover U = |J,.; U; and s; € .% (U;) such that

Silu,nu; = Sjluinu; Vi,jel,

then there exists a unique s € .# (U) such that s|y, = s; Vi.

FEzercise 2.3. Check that this is equivalent to the definition in Hartshorne (when C' is a
category where we have a zero).

Ezample 2.4 (A presheaf which is not a sheaf). Let X be a reducible topological space, and
let .# be the presheaf of constant R-valued functions:

Z (U) = {constant function U — {\} | A € R} .

Since X is reducible, there exist open sets U;,Us; C X such that U; N Uy = @; write U =
U N Us.

Take vy € Uy and uy € Uy to be constant functions with different values. Then this does
not agree with the restriction of any single constant function on U.

There is a natural way to fix, or “sheafify” .%: take locally constant functions on U.

2.2 Stalk of a (pre)sheaf

For .# a presheaf on X and a point p € X, the “stalk” of .# at p is a ring .%,,.

Example 2.5 (Main example). If p is a point on a variety X, then (Ox), = Ox, consists of
functions regular at p.

Recall: A directed set I is a partially ordered set such that Vi, j € I, there exists k € [
such that + < k, j < k.

FExample 2.6. If X is a topological space and I is the set of open sets of X, define U; < U,
ift U; C Us.

Say A; are objects in a category (e.g., rings) indexed by I, some directed set such that if
i < 7, then there is a map ¢;; : A; = A;, and these maps are functorial.

Definition 2.7. The direct limit of {A;},.; is

A=tim 4; = (TT 4:) /~.

el

where for all a; € A; and a; € A;, we have a; ~ a; <= 3k such that
wir(ai) = pjr(as).

10



This has a ring structure: if [al,[b] € lim _ A; with a represented by a; € A; and b
el v . . .
represented by b; € A;, map both a,b to A with 4, j <k, and define the ring operations in
Ezxample 2.8. Let the indexing set I be N with the order n < m <= n | m. Associate to
n € N the ring Z[1].
If m < n = mgq, then we have a map

zl5] = z[;]

a ag®  aq
met (mq)t ot
This system of maps is also clearly functorial, i.e., the composition Z[1] — Z[}] — Z[%] is

the same as the composition Z[%} — Z[%} — Z[%]
The direct limit is

limZ[1] = Q.
Definition 2.9. Let .# be a presheaf of rings on X, and let p € X be a point. The stalk of
F at pis

Fp = hﬂ F(U).
peUCX
The indexing set is
I:{UQX‘UisopenandpEU}

with the ordering U, C Uy <= U, > Uj.

Example 2.10. If % = Ox on a variety X, then this is the stalk of the structure sheaf at p.

An element [s] € %, is represented by some s € .# (U), where we think of U as “arbitrarily
small.”

Example 2.11. The stalk at 0 € C of the sheaf of analytic functions on C is the ring of
convergent power series at 0.

2.3 Direct and inverse limits

Say {A;},.; is a collection of objects in a category, indexed by a poset I, and whenever i < j
in /, there is a map A; — A; (respectively, A; < A;) such that the diagram commutes (for
alli < j <k):
Ai — Aj — Ak
~_ 7’

(Respectively, with the arrows in the opposite direction.)
Assuming [ is a directed poset:

Definition 2.12. The direct limit (also injective limit, inductive limit, colimit) of the direct
limit system {A;},.;, if it exists, is an object A, denoted lim A;, to which all A; map functo-
rially, which is universal with respect to this property: If there exists an object B to which
all A; map functorially, then there exists a unique map A — B which makes the diagram
commute.

11



Construction of hﬂ A; in abelian groups (or rings):

ligq A= H A/~
where 4; 3 a; ~ a; € A; <= 3k > i, such that ;(a;) = @jr(a;).
Remark 2.13. Important idea: Direct limits generalize union.
Exercise 2.14. If all A; are subobjects of some fixed A and all morphisms are inclusions, then
@Ai = Uier 4s-
Definition 2.15. If .% is a presheaf on X and p € X, then the stalk of .% at p is

Z, =i 7 (U).
peU

(Here, the limit system is given by restriction.)

Note 2.16. By definition, for all neighborhoods U of p, there exists a unique map

F(U) = #,

S = Sp.

Terminology: s, is the germ of s at p.
Each t € %, is an equivalence class of sections t; € .#(U;), where t; ~ t; means 3V C
Uy N U, such that ¢;|y = t;]y. So, we can represent ¢ by any t; € Z(U;).

Definition 2.17. The inverse limit (also projective limit, indirect limit, limit) of the inverse
limit system {A;},.,, if it exists, is an object A, denoted lgnAi, from which all A; map
functorially, A — A;, and A is universal with respect to this property: If there exists an
object B from which all A; map functorially, then there exists a unique map B — A which
makes the digram commute.

Equivalently, an inverse limit is a direct limit in the opposite category.

Construction of @Ai in abelian groups (or rings, etc.):
@Az‘ = {(a)ier | i<j = a;<ra;} C HAZ'-
iel
Ezercise 2.18. If A; are all subobjects of some fixed object and the maps A; < A; are
inclusions A; < A;, then l'&lAi = Nyer Ai-

Fxample 2.19. Consider the inverse system

k[z,y] E[z,y] k[z,y] E[z,y]
() (w,y)? (z,y)3 (w,y)*

The inverse limit is the ring of formal power series

o Kyl e
I&H(x’y)z _k[[ vy]]

12



2.4 Sheaves on a fixed space

The sheaves on a fixed space X with values in a category C' is a category.

Definition 2.20. A morphism of sheaves of abelian groups on X
F 59
is, for all open U C X, a morphism
F) 22 g

of abelian groups, compatible with restriction maps: for each inclusion V' C U of open sets,
the following diagram commutes:

7)) 2y )
7(v) 2 g (v)

Ezample 2.21. Let X = C\ {0}, and let o/ = sheaf of analytic functions on X. Consider the
map

o 20y o
f(z) = exp(f) = /).

This is a morphism of sheaves of abelian groups, one additive and one multiplicative.
Example 2.22. Let X = R. The map
a4
C 22, O
C*(U) — C™(U)
d
[ %f

is a morphism of sheaves of R-vector spaces.

Definition 2.23. Let X be a topological space, p € X, and k a fixed abelian group. The
skyscraper sheaf at p with values (sections) k is

0 ifpg¢U
KP(U) = {k ifpelU

with restriction maps k% (U) — k%) (V) given by the zero map if p ¢ V and the identity if
pelV.

13



Ezample 2.24 (A morphism of sheaves of R-algebras). Let p € X be a fixed point. We have
the morphism

C’g( eval at p K(p)
C%(U) = RP(U)
e fp).

Proposition 2.25. If # — ¢ is a morphism of (pre-)sheaves of abelian groups X, then for
all p € X, there is an induced map of stalks

ling F(U) = 7, — 4, = lim %(U).

pelU pelU

Proof. By abstract nonsense: For each open neighborhood U of p, we have an induced map

FU)—=9U) — @%(U} =7, %9,

peU

By the universal property of direct limits, we have a unique compatible map

Fy =1lim F(U) > %, O

peU

Concretely: Take a germ s, € #,. Represent it by some s; € % (U;) with p € U;. We

have a diagram

o el
F,--2-59,

Z(U) 2 g ()
|_)

sending s; — ¢(s;) — ¢(sp), and s, — ¢(s,) is the well-defined map.

Definition 2.26. A morphism of sheaves (not presheaves) .# -+ ¢ is injective (vesp. sur-

jective) if for all p € X, the induced map .%, — ¥, is injective (resp. surjective).

Note 2.27. Here, we do not define injectivity and surjectivity for presheaves.

Caution 2.28. The above is false for presheaves. If .# — ¥ is a map of presheaves, and
F, — 9, is injective (or surjective) for all p, then there is an induced map of associated
shaves which is injective (or surjective):

F—* @
| ]

Ft @t



2.5 Morphisms of sheaves, continued

Remark 2.29. Say .F <+ & is a morphism of sheaves.

(1) Is it true that ¢ is injective iff for all U C X, the map #(U) A0, 4 (U) is injective?

(2) Isit true that ¢ is surjective iff for all U C X, the map .#(U) RACHN

¢ (U) is surjective?
It turns out that the first is true, and the second is not.

Proposition 2.30. If % 25 & is an injective map of sheaves, then ¥ open U C X, the map
F(U) =9 (U) is injective.

Proof. Take U C X open. Consider
FU)—9(U)

|

Ty ——%

—

—®»

|

For all p € U, the image s, € %, is 0. Hence, there exists a neighborhood U}, C U of p such
that s[y; = 0.
Now {U}} cover U and slty = 0,80 s=0o0n U (by the sheaf axiom). O

| —

»

p

Caution 2.31. Proposition is false for surjectivity. There are surjective sheaf maps
F 5 & and open sets U C X for which F(U) RACHN ¢ (U) is not surjective.
Example 2.32. Let X = C\ {0}, and let &7 be the sheaf of analytic functions. We have a
map
o — A"
f = exp(f)

which is locally surjective but not globally.

FExample 2.33. Let X be a connected Hausdorff space with at least two distinct points p, q €
X. Let Ry be the sheaf of locally constant functions, and let ¢ be defined by

0 if p,g ¢ U,
GU)=sRaR ifpqgel,
R otherwise.
Define a map
Ry =9
Ry (U) 255 9(U)
0 if p,q ¢ U,
f=q fp) ifpel, q¢U,

(f(p), f(q)) ifp,qel.

This is a surjective map of sheaves, but if U is a connected open set such that p,q € U, then
©(U) is not surjective.
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2.6 Sheafification

Proposition—Definition 2.34. Given any presheaf .# on X, there is an associated sheaf
F T together with a presheaf map
F = FT

which is an isomorphism on stalks. Furthermore, .#* has the following universal property:
for all sheaves ¢ and morphisms .% — ¢, we have a diagram

F—— FT

|
13!
NB

9

Proof. To construct .#*, for all open U C X, define

4 )

e s(p) €.%,
FHU)=U H Z )— Vq € U, there exists a neighborhood V' C U of ¢ 3 |
peU and a section ¢t € .% (U) such that s(z) = t, for all
rxeV.

and the morphism

F(U)— Z7(U)

o U= 1ler F»
q > Sq

The verification of the rest is straightforward. O]

2.7 Kernel, image, and cokernel of sheaves

Definition 2.35. Let .Z 5 ¢ be a morphism of sheaves of abelian groups on X. There
are naturally arising presheaves:

e presheaf kernel U — ker(p(U))
e presheaf image U — im(p(U))
e presheaf cokernel U — coker(p(U))

By definition, the kernel ker ¢, the image im ¢, and cokernel coker ¢ of ¢ are the associated
sheaves.

Exercise 2.36. The presheaf kernel U — ker(¢(U)) is already a sheaf, so the presheaf kernel
of ¢ is naturally isomorphic to ker .
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2.8 Pushforward /pullback of sheaves

Say X L5 ¥ is a continuous map of topological spaces. If .Z is a sheaf on X, then there’s
an easy way to get a sheaf on Y

Definition 2.37. The direct image sheaf, denoted f,. 7, assigns to U C Y
LFU) = Z(f7H(U)).
This is a sheaf!

Say ¢ is a sheaf on Y. There is a natural sheaf on X defined as follows:

Definition 2.38. The inverse image sheaf, denoted =194 [not f*¥] is a sheaf on X defined
as follows: For open U C X,
f'9u) = hﬂ Gg(V).
V2F(U)

Note that f~'9(U) =9 (f(U)) if f(U) is open.

3 Ringed spaces and schemes

3.1 Morphisms of ringed spaces

Definition 3.1. A ringed space (X, Ox) is a pair consisting of a topological space X and a
sheaf of rings Ox on it.

Definition 3.2. A morphism of ringed spaces

x,00) L1, (v 0,)

is a continuous map X Loy together with a map of sheaves of rings
OY — f*O X -

Example 3.3. If X L yisa regular map of varieties, then there is a naturally induced
morphism of ringed spaces

(X,0x) L5 (v, 0y)
x Ly
f#
Oy — f.Ox

Oy (U) L5 ox (f71(1))
h— hof.

17



3.2 The ringed space structure of the spectrum

Let R be a ring. We have the affine scheme Spec R = X, and we want to define Ox (a sheaf
of rings) on X.
Approach: A sheaf is determined by its values on a basis.

Ezample 3.4. If X is an affine variety, k[X] its coordinate ring, and k(X) its function field,
recall:

Vpe U, 3 tati =L wh
OX(U)Z{QOEIC(X)‘ P arepresenalongo); ere }’

f, g € k[X] such that g(
i.e., the ¢ € k(X) such that ¢ € k[X] B] where p € D(g).
Lemma 3.5. If X is an affine variety and U C X is open, then

=[] Ox(D(9)) = lim Ox(D(G)).
D(g)CU D(g)cU
Proof. Let D(g) € U. Then Ox(U) € Ox(D(g)), so Ox(U) € p(ycv Ox(D(G)).
Conversely: Say ¢ € (pycp Ox(D(g)). Then ¢ € Ox(U) since Vp € U, there exists a
basic open neighborhood D(g) of p: p € D(g) C U. We have

# € Ox(D(g)) = kIX] |1],
i.e., p has a representatlon - for some ¢", f € k[X] and g™ (p) # 0. O

Remark 3.6. In general, given values of a sheaf .7 on a basis {Ux},., (together with the
restriction maps .% (Uy) — % (U,) whenever U, C U,), we can reconstruct the sheaf at any
open set U as follows: sheafify the presheaf

FWU) = lm F(Uy).

U\CU

3.3 Construction of the spectrum

FEzercise 3.7. If Z is a sheaf (of abelian groups) on X, and {Uy},., is a basis for the topology

on X, and we know .7 (Uy) and .Z(Uy) 2+ .Z (Uy) (for all Uy in basis), then .Z is uniquely
determined by
FW) = m F0)

U\CU
and all restriction maps .7 (U)|.%# (U’) are likewise uniquely determined.
Let X = Spec R. A basis for the topology is

D(g) =X —-V(g {PESpecR‘ggéP}
Assign Ox(D(g)) = R[%]. If D(g) C D(h), there’s a natural ring map (localization)

Ox(D(h)) = R H 2, RB] — 0 (D(9)).

This is because:

18



Lemma 3.8. If D(g) C D(h), then there ezists f € R and n € N such that g" = hf.
Proof. D(g) C D(h) <= V(g9) 2 V(h) = g € Rad(H) = 3Jn such that ¢" € (h). O

Now: Define .
1= i [l]
p(gcu LY

Easy to check:
Exercise 3.9. If V C U, then there exists a uniquely induced map

Harder to check (done in Shafarevich) that this satisfies the sheaf axioms.

Definition 3.10. The ringed spaced structure on Spec R is given by

Ox(U) = D%ICIURH |

Proposition 3.11. e Ox(D(g)) = R[é].
* Oxp=1lm, - p R[ﬂ =l p R[é] = Fip.
e Ox(X)=0x(D(1)) =R[;] =R.

Example 3.12. Special case: If R is a domain, then all Ox(D(g)) = R[%}] are all subrings of
the fraction field of R, and all restriction maps

ool

1
Ox(U) = m R{—}:{gaeFrac(R)‘ElPEUflg%P, fERsuchthatgazg}.

D(g)CU

are inclusions. So

Definition 3.13 (Alternate definition, Hartshorne). Let X = Spec R, U C X. Define

©(P) € Rp, and Vp € U, 3 neighborhood P € V C U
such that dr, g € R such that VQ) € V', we have

Ox()=U 5[] Re
i p(@)=1%,9¢0Q

pPcU

e Easy to see that this is a sheaf.
L Oxyp = Rp.

e Harder to see (Hartshorne?): Ox(X) = R and Ox(D(g)) = R[l}

g
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3.4 Locally ringed spaces

Definition 3.14. A ringed space (X, Ox) is a locally ringed space if for all P € X, the stalk
Ox p is a local ring.

Note 3.15. (Spec R, R) = (X, O) is locally ringed.
Recall: A map of ringed spaces

(X,0x) L (v, 0y)

is a continuous map X Ly together with a map of sheaves of rings
Oy — f.O0x

on Y. (For all U CY, we have Oy (U) — f.Ox(U) = Ox(f~Y(U)).)

Note 3.16. If (X, Ox) TN (Y, Oy) is a map of ringed spaces and P € X, then there is an
induced map on stalks
Oy}f(p) — OX’p.

Indeed: if we have Oy — f.Ox, then we have

Ovp) = (L Ox)ppy = lim Ox(f7'(U)) —» lim  Ox(V),

f(P)eUu VSP open

where the last map is uniquely given by the universal property of the direct limit over all
open V 3 P.

Definition 3.17. A morphism of locally ringed spaces
(X,0x) L (¥, 0y)
is a map of ringed spaces such that for all P € X, the induced map on stalks
Oy,sp) = Ox.p

is a local map of local rings. [A local map of local rings (R, m) <+ (S, n) is a ring map such
that p(m) C n.|

Proposition 3.18. If R 25 S is a map of rings, then there is an induced map

~ (s* ~
(Spec S, .5) ! (Spec R, R)

of locally ringed spaces.

Proof sketch. Let f be the map

Spec S LN Spec R
p o (p).
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And, let f# : R— £.S be defined on D(g) € Spec R by

R(D(g)) = RH ENp [@} — £.3(D()) = 3 (F(D(g))) = D(g))
gt

Exercise 3.19. Check this is a map of locally ringed spaces.

3.5 Schemes

Definition 3.20. An affine scheme is a locally ringed space (X, Ox) which is isomorphic to
(Spec R, E) as a locally ringed space, for some ring R.

A scheme is a locally ringed space (X,Ox) such that for all P € X, there exists a
neighborhood U C X of P such that (U, Ox|y) is an affine scheme.

FExercise 3.21. For any sheaf .# on a topological space X and any open set U C X, there is
a sheaf .7 |y defined by Z#|y(V) = F (V).

Example 3.22. X = Spec R, where R = k[V] for V' C A} an affine algebraic variety (e.g.,
V =V(y* - 2%) C AZ).
By the Nullstellensatz, there is a natural embedding
V — X =SpecR
(/\1,...,)\»“) :P+—>mp:(:1c—)\1,...,x—)\n)
onto the closed points in X. We have the sheaf of regular functions
1

Ov(D(e) = 5.

In category-theoretic language, there is a fully faithful embedding of the category of
varieties into the category of schemes.

Ezample 3.23. Let (V,m) be a discrete valuation ring. (Examples: % ,Cllt], k[x](z).) The
only primes are (0) C m = (t):
X = SpecV = {m,v} = {v}.

Open sets: &, {v,m}, {v} = (X —V(m)) = D(t). We have

Stalks:
V=V, V, = Frac(V).
This can be drawn as a single point, plus a “fuzzy” point, e.g., the scheme of the “marked

point” 0 € Al.
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3.6 Equivalence of affine schemes and commutative rings
There is a contravariant functor
CRing — {affine schemes} C {schemes} C {locally ringed spaces}

sending each ring map R - S to

Spec S =, Spec R

P (p).
We have a sheaf map on Spec R:
R 18
- 17 ¢ ~, ., . 1
RD() = R[5 | = 5 (7D) = 5 (D(ta) = 5| 75|

This functor defines an (anti)equivalence of categories of commutative rings CRing and
affine schemes Aff.

(£:1%)

Proposition 3.24. Say (Spec B,E) —_— (SpecA,g) is a morphism of locally ringed

spaces. Then (f, f#) is induced by the map of rings A — B.

Proof. The map A= f*é is a map of sheaves of rings on Spec A. Evaluate at Spec A:
A(Spec A) — f.B(Spec B) = (f '(Spec 4)) = B(Spec B) = B.

Need to show: The ring map A — B induces the map f : Spec B — Spec A. In other words,
for all P € Spec B, we need f(P) = ¢ }(P).
Note: We have a map of locally ringed spaces for all P € Spec B, the induced map on

stalks N N
Apipy — (fuB)s(p) Bp

is a local map of local rings. We have a diagram

A(Spec A) =—ox—=4—% T —— B(Spec B)
@D(Q)BPA<D( —Afp —>Bp

| A
3'| |

where the map from Afp) to A,-1(p) is by the universal property of the direct limit, and the
map in the opposite direction from the universal property of localization. These maps are
inverse, giving an isomorphism.[]

Now ¢~ 1(P) and f(P) are two prime ideals in A which have the same localization, hence
p'(P) = f(P). O

LAl of this is in Hartshorne.
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Remark 3.25. An affine scheme is “essentially the same as” a ring. A map of affine schemes
is essentially the same as a ring map. In other words, (X, Ox) is determined by Ox(X).

There is an especially nice category, “quasi-coherent sheaves” of Ox-modules, which are
determined by modules over Ox (X).

4 The Proj construction

The “Proj” construction is a way to construct a (usually non-affine) scheme from a graded
ring.

4.1 Graded rings

Definition 4.1. An N-graded ring S (or a G-graded ring, where G is any semigroup) is a
ring S together with a decomposition

S=P =505 D% ...

neN
such that SZ . Sj Q Si+j-

Ezxample 4.2 (Main example). S = k[x,y], where S,, = homogeneous polynomials of degree
n.

Definition 4.3. An ideal I C S is homogeneous if for all f = 3" f; € I (where each f; € S;),
each homogeneous component f; is in I.
Equivalently: I can be generated by homogeneously elements.

FExample 4.4. The ideal
S+:Sl@SQ@S3@...

is called the irrelevant ideal.

4.2 The set Proj
Fix an N-graded ring S. Define the set

Proj S = {p € Spec S | p homogeneous, p 2 S;} C Spec S\ V(S,).
Ezample 4.5. If S = k[z,y] with k = k, then
Proj S C Spec S\ V(z,y) = A%\ {0}.

Some ideals in ProjS: (z), the generic point (0), etc.

We have 0 # p € ProjS iff p C k[x,y] is homogeneous, height 1, generated by an
irreducible polynomial. These correspond to irreducible subvarieties of P!, which correspond
to “cone shaped” subvarieties of A?. In other words,

ProjS={p=(bx —ay) | [a:b] € P} U{(0)}.
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FExample 4.6. The scheme
Proj klz,y, z] C Spec S\ V(z,y, 2)
has three types of points, each corresponding to an irreducible subvariety of the classical P%:
(1) generic point (0)
(2) height 1 ideals, which correspond to p = (f) irreducible, homogeneous.
(3) height 2 ideals, corresponding to points [a : b : ¢] in P?, i.e., lines through (0,0, 0) in &3:

p = (cx —az,cy — bz, bx — ay).

4.3 The Zariski topology on Proj

As a topological space, Proj S has the subspace topology induced from Spec S.
In other words, the closed sets of Proj.S are

V(I):{pGPrOjS}pQ]}QPrOjS,

where [ is homogeneous.
The following open sets form a basis for the topology:

D.(f)={peProjS| f¢p} CProjs.
FExercise 4.7. The height 2 ideals in Example are closed in Proj S.

4.4 Proj as a ringed space

Fix an N-graded ring S. We now define the sheaf of rings Ox = Son X = Proj S.
On basic open sets D, (f), it is the ring

oo i) -

Ezxample 4.8. If X = Proj k[z,y|, we compute

degs:t-d}.

Ox(D, (z)) = {k{xyi“ = &[2].

0 T

Lemma 4.9. If D.(f) 2 Dy(h) with f,h homogeneous, then without loss of generality,
h=gf.

Now we can define the restriction maps to be the following localization:

o P B
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Note 4.10. If f is homogeneous of degree d, then

-y - FEEL -GS )

(The last equality is an exercise.)

For any open U C Proj S, define
: ) 1
OxW) = tm Ox(D.()= tm |s[7]] .
Dy (f)CU Dy (f)cU 0

Exercise 4.11. Check that this is a shealf.

4.5 Proj is locally ringed

We have now defined the ringed space (Proj S, S ). Is it locally ringed?
Compute Ox, for any p € Proj S:

Oxp= lim Ox(Dy(f)) = lim {SE”
pEDD) A °

5

- [SU?l}o’

s, f homogeneous of same degree, f ¢ p}

where U is the multiplicative system of homogeneous elements not in p.

Claim 4.12. [SU Y, is a local ring whose mazimal ideal is

[pSU_l]O = {? s, f homogeneous of same degree, f & p, s € p} .
To show that [pSU™"]; is maximal, let € [SU'|; \ [pSU'], be arbitrary. Then r ¢ p,
Le[suY,.
Ezxample 4.13. Consider p = (z,y) € Projk[x,y, 2] = X with the usual grading. Then, for
example,

Ox(D+(2)) = [k[r,y.2 4], = k[ 2. 2],

zZ z

Oxyp _lﬂ{ {1”0:45%} v :k[gg](e‘)

fép
Note that [k[z,y, 2]U ], without taking the degree 0 component, is not local.

SO
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4.6 Proj is a scheme
So far: (Proj S, S) is locally ringed.

Claim 4.14. (Proj S, §) is a scheme, meaning that it has a cover by open sets {U,} such
that

(Ux, Ox|u,) = (Spec Ay, Ay)
as locally ringed spaces.

Note 4.15. Since
PI'Oj S = U D+(f>7

f€Shomog.
it suffices to check that each D (f) is affine.

Proposition 4.16. For all homogeneous f € Sy, the basic open set U = D, (f) C Proj S is
an affine scheme. Namely, B
(U, OX|U) — (SpecA, A),

where
1

A:@ﬂm:{ﬂﬁ].
f1lg
Ezxample 4.17. 1If S = k[x,y, z], then

Proj S =Dy (x) UDi(y) U Dy (2),

so, as we will show,

To prove Proposition [4.16}
(1) Find ¢ homeomorphism
U=D,(f) = Spec A.

(2) Check that A — ¢,(S)|y is an isomorphism of sheaves.
(3) Check that ¢ induces an isomorphism of locally ringed spaces.
To find ¢: We have
5 SH Sa=[s[),.
Observe that if p € Proj S with f ¢ p, then pS[f~!] is a prime ideal, so
pS[fT ] nA=[ps[F],

is prime in A. So define
Proj S D D, (f) =+ Spec A
P p(p) = [pS[F]],
D (f) V(1) «— V([IS[f]],) -

Exercise 4.18. Check that this is a homeomorphism which induces an isomorphism of locally
ringed spaces.
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4.7 Examples of Proj

Ezxample 4.19 (Projective n-space over A). Define projective n-space to be

PZ dZGf (X = PI'Oj A[:COJ s 7'rn]7OX>

with the standard grading. This has a cover by affine schemes {D, (z;)};_,, where
_ -1 _ Lo E T,
D, (x;) = Spec [A[xo, - [xl Ho = Spec A protRRE i R el

a polynomial ring in n variables.

Ezxample 4.20 (Weighted projective space over A). Let S = Alxo, ..., x,], and say the degree
of z; is d;. Denote the scheme

P (do, ..., dy,) & Proj Alxg, ...,z

For example, consider Proj k[x,y, z] with degz = 2 and degy = degz = 1:

k[S, T, V]

v yz 2 KIS, T, V]
’ (SV —T2)

= Speck{—,
x xx

D, (z) = Spec {kj {x,y, z, l” ] = Spec
x

0

By contrast, with Proj k[x, y, z] with the grading,

Di(x) = Speck[g, 3] .

r T

Remark 4.21. We have a natural map

Proj Alzg, ..., zn] 2 Dy(w) = SpecA[i—f,... f‘f—} A[‘”—‘? x—ﬁ}

Spec A Spec A A
which expresses Proj Axy, ..., z,] as a scheme of finite type over A.
FExample 4.22. Consider
klx,y, z]
@y -2

with the standard grading. We have

Proj S C SpecS\ V(z,y,2)

Speck

The closed points in Proj .S are in bijective correspondence with classical points on the pro-
jective variety V(z? 4+ y* — 2%) C P2,
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There is also a generic point (0). This is the only non-closed point; the dimension of
Proj S is 1.
On D, (z):

1 k£ 4
D, (z) = Spec [S {—” = Spec 5 E 2}2 :
2o (& +®»*-1)
We call this ring a conic, even if k is replaced with some arbitrary ring.

FExample 4.23. There is the conic

Proj (ﬂzfzg’j]ﬁ)’
called a “conic in PZ.” We then have
3. 2]
D, (z) = Spec : 5 (%)2 -

This has dimension 2.

4.8 Example from the homework

Let A be a k-algebra k — A; i.e., Spec A is a k-scheme Spec A — Spec k.

Say
k
Spec @ — Spec A
€
is a map of k-schemes. Then we have a commutative diagram of k-algebra maps

A"

x lkill e
k

Y

where the kernel of 1 is mp € Spec A. We then have:

Spec k

Spec %

l

Spec A

We get that a k-scheme map Spec % — Spec A is giving us a k-rational point mp € Spec A
together with a tangent vector to mp.
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4.9 Etale neighborhoods

What about the scheme Spec A/m%? This is essentially the point mp, together with its
cotangent space.
If A=Fk[z,y] and mp = (x,y), then we have

Spec k—— Spec ZEI;;)J; —— Spec k[z, y]
klz, y]
k < k|x,
e oy

sending f = Ao+ M2 + Aoy + ... to X\g + Mz + Aoy + m?, and then to \g + m.
Likewise, k[z, y]/(m?) preserves the degree < 2 terms of f, and similarly for higher degree.
Taking limits, we have

Kz, y] — Spec ke, 4] — Spec klz, y] — )
m m

2 m3

Speck[x,y]] = hgl (Spec k — Spec

T e o )

m m2 m3

Now consider V(y? — z? — ) C Speck[z,y] = A%. The polynomial y? — 2 — 23 does not
factor in k[xz, y]; however, pulling back to Spec k[z, v,

Y-’ — a2’ = (y—$\/1+—93> (y+a:\/1+—x>

in k[[z, y]], where /1 + z is given by its Taylor series expansion. (By Hensel’s lemma, 22+1+x
has a solution in k[Jx, y]].) This can be thought of as an “étale neighborhood” which is smaller
than the Zariski neighborhoods.

5 Constructions on schemes

5.1 Products in the category of S-schemes

Let S be any scheme. [Classical example: Spec k, where k = k.|
Given two S-schemes X — S, Y — S| is there a product? That is, a scheme “X xg Y”
together with “projections” (maps of S-schemes)

X xgYV 5 X
XXSYW—2>Y
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satisfying the universal property:

|
|
:
|
+
XXSY
T T2
X/ \Y

NS

S

If there exists an S-scheme W fitting in the above diagram, then there is a unique S-scheme
map W ---+X XgY making the diagram commute.

Theorem 5.1. Products exist in the category of S-schemes (unique up to unique isomor-
phism).

Proof sketch. Do the affine case, and glue together. Affine case: S = Spec A, and we have
maps A — R, A — T (i.e., S-schemes Spec R — Spec A, SpecT — Spec A).
We need an A-scheme Z together with
Z =L Spec R
Z 225 SpecT

making the product diagram commute.
Let Z = Spec(R®4 T). Then

T\ T
A
The details of the proof are all worked out in Hartshorne. O

5.2 Examples of products
FExample 5.2. Over S = Speck, let

X = Specklxy, 5] = AZ,
Y = Specklyr, ya] = A}.
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Then
X x Y = Spec (k[z1, 33] ® k[y1,ya]) = Spec k[z1, x2, y1, y2) = Ay

Fxample 5.3. Over S = SpecR, let X = SpecC. Then
A% xg C = Spec (R[z, y] @& C) = Spec C|z, y].

FExample 5.4. Over R, consider

Rlz, y]
Spec m — Spec R.
Base change: make it a scheme over C:
R[z,y] Clz, y]
Spec (m) XR Spec(C = Spec m

Not irreducible.
Caution 5.5. The product X xgY can be non-irreducible, non-reduced, etc., even if X, Y, S
are all irreducible.

5.3 Products of S-schemes, continued

Global picture:
X XS

N
N

Spec R®4 T

7N\

Spec R SpecT

NS

Spec A

Ezxample 5.6. Let X = Projklz,y, z] (with the standard grading), Y = Spec k[t]: both k-
schemes. We have

Local picture:

X=D (x)UD,(y)UD,(2) = Speck[%, 2] U Speck[g, ﬂ U Speck[g, Q] :

So
X XY = (Dy(x) xg Speckl[t]) U (D4 (y) xx Speckl[t]) U (D4 (z) x Speck[t])
sl ool o]

= Proj k[t][x,y, ].
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To summarize:

X %, Y = Projklt][z,y, 2] = Piy
Pz X Al == Pi[t} == ]P)il

We have the family

Piy — Speck[t] = Ay
P? x A' — Spec kl[t]
P2 x {A} > .

5.4 Base change

Given a family X — B of schemes (“given a B-scheme”) parametrized by B, we can “change
base” for any B’ — B by considering the new family

X xgB = B,

This is called “base change to B'.”

Ezample 5.7. Given P? — Speck, we get a new family
Pz[t] =P} x, Spec k[t] — Spec k[t].

Ezxample 5.8 (Main applications). Consider

. Zz,y, ]
Proj ——————— — SpecZ.
Tl (3 +y3 + 23) bee

The map Spec Q — SpecZ lets us change base:
. @[%?Jaz] . Z[xayWZ] ™ T2 ray
Proj——————— =Proj ———————— — S )
PV s 1 ) rq}@ﬁ—%y3+z3)XZ(2 pecQ

5.5 Fibers

First, we motivate the definition with an example.

Example 5.9. Consider the following product over Spec k[t]:

(Spec klt] > O (Speclg;[t][x,y]> Spec klt][z,y]

(t=A) l Ty —t) (Iyt)
Spec (tk_[t]/\) Spec k|t]
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We have

= fiber over A € Al.

In more detail, we have the map

_ k[t, =, y] _
X = Spec (ty — 22) — Speck[t] = S.

A point (t — \) = P € Spec k[t] corresponds to
k[t]

Y = Speck(P) = Ty — Spec klt].
We have
klz,y] K[tz y]
Spec (/\f ey Spec (T ey
Spec (tk_[t])\)( Spec k[t].

This is the (classical) fiber over A.

Definition 5.10. If X 5 B is a morphism of schemes and p € B, then the (scheme
theoretic) fiber is X x g Spec k(p). [Here, if p € U = Spec R C B, then k(p) = R,/pR, < R.|

FExample 5.11. Continuing from Example we compute the fiber over the origin in Spec k[t]:

klt
f~*(origin) = Spec k(origin) X spec k) Spec %
_ klt] klt, x, y] B K[z, y]
-svee (G oun 5,73 ~ S
Now, the fiber of the generic point:
k), g kt,x,
Spec (t(y)_[IQy)]( § Spec (tl[/—xg])
| |
Spec k(t)——— Spec k]
” k(t
f~*(generic point) = Spec %
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FExample 5.12. Given a morphism of affine schemes Spec S EIN Spec R and a point p € Spec R,
we have

f'(p) = Spec (% QR S) :

Exercise: Check that there is a homeomorphism
R, ~ p-1
Spec DR, ®rS )= f(p) C SpecS.

In other words, f~(p) is also the set-theoretic fiber.
Example 5.13. Consider the family

Zlz,y, 2]

f
m — Spec 7.

Proj

If p is prime, then
(Z/pZ)[x,y, ]
(23 + 93+ 23)’

[~ (p) = Proj

and
Qlz,y, 2]
(23 +y3 + 23)
This is reduction to characteristic p. So if a property holds for a typical Z/pZ, then it holds
for the generic fiber Q. In this case, p = 3 is the “non-typical” case.

f~*(generic point) = Proj

6 Quasi-coherent sheaves

Most important class: coherent sheaves (of modules) on schemes.

6.1 Sheaves of modules

Definition 6.1. Fix a ringed space (X, Ox). An Ox-module (or a sheaf of modules on X)
# is a sheaf of abelian groups on X such that for all open U C X, there is an action of
Ox(U) on . (U) making .# (U) into an Ox(U)-module, compatibly with restriction: for all
open U’ C U, and for all r € Ox(U) and m € Z(U),

(rm)|pr = (r|p)m|v € F ().

Note 6.2. For any P € X, the stalk .#p is an Ox p-module.

Ezample 6.3 (Trivial examples). A ringed space Oy is itself a Ox-module. Also, there is the
free Ox-module of rank n:
px d...PH O)g

v~
TN copies

34



Ezample 6.4 (Vector bundles). Let X be a smooth manifold. Then (X, C'¥) is a ringed space
given by
CT(U) = {U R | ¢ smooth} :

Say
VX
is a rank n vector bundle over X. Let V be the sheaf of smooth sections of V over X:
V() = {U = V| s smooth, 7os= idU}.
Observe that V is a sheaf of abelian groups:

(UV)+ (U -5V)=(U=>V, x5 s1(z) + s2(2)),

where s1(x) + s2(x) € V, = 77 (x) in V; this is an R-vector space.
Moreover, V is a C*°-module: for any open U C X, V(U) is a C*(U)-module, given for
all s € V(U) and f € C>*(U) by
fs:U—=V
x— f(z)s(x).
Ezxample 6.5 (The trivial vector bundle). Consider V x R™ O U x R™ as a vector bundle over

V D U. Then
[CRMNT" =V(U) =2 XU @ ... d CL(U).

Easy to check: V = CY".
The stalks of V are, for x € X,

V, = lim V(U) = (C3,)".

Usx

Given open U’ C X, we have

V O Y (U)—==U'xR"

L U//
We have
V]p = (C)™".

6.2 Quasi-coherent sheaves

Idea: “globalization” of the idea of an R-module. Rings are to schemes are modules are to
quasi-coherent sheaves.
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FExample 6.6. Fix a ring A and an A-module M. The sheaf associated to M on Spec A is
M(D(g)) =M[g™'] = M@aAlg™],

which is obviously an A[g~!] = Ox (D(g))-module.

—~

It is easy to check that M is a presheaf of modules on Spec A:
MU) = 1£1 M(D(g)) = l&n M[gfl} :
D(g)CU D(g)CU

Easy to see the stalks

M, = lim M(D(g)) = lim M[g™] = M, = M @4 A,
peD(9) gép

Proposition 6.7. In fact, M as we defined it is a sheaf. [so M(Spec A) = M]
Proof. The sheafification of M on U is

s(P) € Mp, and VP € U, 3 neighborhood D(g) and
m € M[g~"] such that VQ € D(g), s(Q) = germ of m
in MQ

MU)=3U— [[ M»

pPeU

See Hartshorne I1.5 for the details. O]

Definition 6.8. A quasi-coherent sheaf on a scheme (X, Ox) is a sheaf of Ox-modules M
such that X has an open cover by affines U; = Spec A; where M|y, = M; for some A;-module
M;.

If X is Noetherian, we say M is coherent if the M, can be taken to be finitely generated
A;-modules ]

Proposition 6.9. If .Z is a quasi-coherent sheaf on an affine scheme Spec A, then F = M
for some A-module M (i.e., M = % (Spec A) ).

Proof. Prove the following lemma: If % is a quasi-coherent sheaf on any scheme (X, Ox)

—_—

and Spec A = U C X is any open affine subset, then # |y = Z(U). (See Hartshorne.) [

Fact 6.10. If M — N is an A-module homomorphism, then there is a naturally induced
homomorphism of Ox-modules M — N on X = Spec A.
There is a functor

A-Mod — {sheaves of abelian groups}
which induces an equivalence of categories

A-Mod — {quasi-coherent sheaves on Spec A} .

2If we do not require X to be Noetherian, then the correct criterion is that the M; be coherent A;-modules.
A coherent module is a finitely generated module whose finitely generated submodules are finitely presented.
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6.3 Examples of quasi-coherent sheaves

Fix a scheme X. Some quasi-coherent sheaves on X:
e Oy is a quasi-coherent Ox-module.
e 0" is the free quasi-coherent Ox-module of rank n.

e If V 55 X is an algebraic vector space of varieties, then the sheaf of reqular sections
V is a quasi-coherent sheaf on X. The stalks are

VP — O??’r]e;nkV7
and the vector bundle is given by

UxAl+——r1(U)C V

| )J(

U

N

where for p € U,
p= (p’ Sl(p)a"-asn(p))
with s; € Ox(U>

e Say X = Spec A, and let M be any locally free (projective), rank 1 modul(ﬂ which is
not free. Then M is a quasi-coherent sheaf on X, not free, but the stalks are

MPZMPEAP.

FExample 6.11. Consider A = Z[\/—5] and [ = (2, 1+ \/—5) C A. Then I is height 1, and is
not free as an A-module. However, it is locally free: since A is a Dedekind domain, Ip C Ap
is principal, so we can write Ip = (f - Ap), and

Ap =5 f - Ap
1—f

is clearly an isomorphism.

Fxample 6.12. Let Y é X be a closed subscheme. Then we have the map of sheaves of rings
on X
OX - Z*Oy

So the kernel
I =y COx

31If M is an A-module, where A is a domain, then the rank of M is the dimension of M ® 4 K as a K-vector
space, where K = Frac(A) is the fraction field.
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is a sheaf of ideals in X (i.e., Ox-modules). It is quasi-coherent: For any affine U C X, we
have Y UU C X NU = U, and the exact sequence

On U, need

—_——

Iy =IU)=1.

If U =SpecA, Y NU = Spec(A/I) under the closed embedding Y N U < U induced by
A AL
We need to show that for any basic open Spec A[g™] = D(g) C U. Need: .#(D(g)) =

I[g7 Alg-1- The following are exact sequences:

0 I A AT 0

0——I[g7 "] —=Alg™ "] —(A/D]g7'] —0

Proposition 6.13. The category of quasi-coherent sheaves on a scheme X is closed under
taking direct sums, kernels, cokernels, direct limits, and inverse limits.

6.4 Equivalence of modules and q.c. sheaves

Fix a ring A, and let X = Spec A. There is an equivalence of categories

{A-modules} «+— {quasi-coherent sheaves on Spec A} C {sheaves of modules on Spec A}
M — M
A A= Ox
F(Spec A) = .F

Given an element f € M, the “value of f at p € Spec A” is the image of f in

A
A— 2 M
( 7 pAp) o
M. —
M — —2 = fiber of M over p.
pM,

Operations on A-modules (e.g., M ®4 N, where M, N are A-modules) induce operations

of sheaves of A-modules (e.g., M ®0, N = (M ®4 N)), which induce operations on quasi-
coherent sheaves on arbitrary schemes: if .#,% are quasi-coherent sheaves on X, define
F Roy ¢ by locally on affines U setting

(F Qo 9)(U) =FU) @oxw) 9(U).

FEzercise 6.14. If .7 ,9 are quasi-coherent, then . ®¢, ¢ is quasi-coherent.
Caution 6.15. It is not true for all open U that (Z @ 4)(U) = F(U) @9 (U).
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6.5 Key functors on quasi-coherent sheaves

Given A-modules M, N, the hom-set Hom4 (M, N) induces a sheaf

%omox(ﬁ, N) = Hom(M, N).
Say we have a map of schemes

x Ly Oy — f.0x.

If % is quasi- coherent on X, then f,.% is quasi-coherent on Y.

Local picture: A —> B is a ring map. If M is a B-module, then M is an A-module by
restriction of scalars, and the quasi-coherent sheaf M on Spec B is sent to f. M = AM a
quasi-coherent sheaf on Spec A.

In other words, f, is “restriction of scalars” to Y.

Caution 6.16. If .%# is coherent, then f,.# is quasi-coherent, but in general not coherent. For
example, consider

X = Speck[t] N Speck
M = k[t] = Ox = f.Ox = 4(k[t]),
but k[t] is not a finitely generated k-module.
Next, if .7 is a quasi-coherent sheaf on Y, then f~!(.%) is a sheaf of modules over f~'Ox:
for any open U C X,

[HUAU) =“Z(FU)" = Ly Oy (V),
V2 f(U)

so f1LZ(U) is a module over 1i_n>qv2f(U Oy (V) = 71Oy (U).

)

Definition 6.17. For .% any sheaf of Oy-modules on a ringed space (Y, Oy) and any mor-
f.r#
phism (X, Ox) —(——)—> (Y, Oy), define
f*ﬁ — OX ®f710Y f_lﬁ.

In practice, consider the local picture: given a morphism Spec B — Spec A, A — B and
an A-module M, we have

F*M = (B®4 M).

6.6 Example on Proj

Consider S = k[z,y| with the standard N-grading, and let M be the Z-graded S-module
given by M = S as an abelian group, and as an S-module with the grading shifted by d:

Mn = On+td-
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Notation: M = S(d). This is the same S-module structure as the trivial module S, but with
a different grading.
Define a sheaf on Proj .S as follows:

Do (f) = M(Di(f)) = [M[F 7],
This is a [S[f~!]],-module: if degs =t - deg f and degm = e - deg f, then

(i.m)_ﬂ
ft fe _ft+€’

Remark 6.18. For any Z-graded S-module M over any N-graded ring S,

M) = tm o [M,
Dy (f)CU

and all of the above are degree 0.

is a module over
Ox(W) = m [s17],.
D4 (f)CU
We denote this sheaf M.

FEzercise 6.19. This is a quasi-coherent sheaf on Proj.S. On an affine set D, (f),

—~ —_ ~—

M|p,(p = M[f~],,
where D (f) = Spec [S[f ],

Returning to our example with Proj, let us compute M= S(1) on Proj S = Proj k[z,y| =
P}

P} = D, (z) U D, (y) = Speck [%] U Speck [E]

0.0 = 2] = {2 e =50 5.}

t+1 ot t o trl

ety eyt YTl
xzt ot bt ot ],
Y

:xk‘b] =1z Ox(D4(2)),

which is a free Ox (D, (z))-module of rank 1.
On D, (y):

w000 oxoi0)-v 5] een] - ],

So this is a locally free Ox-module of rank 1.
Exercise 6.20. If M = S(d), then

- [o-EL BEL

so S(d) is locally free of rank 1 for all d € Z.
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6.7 Twists of the structure sheaf on Proj

Definition 6.21. If S is an N-graded ring, the quasi-coherent sheaves S(d) are called “twists”
of the structure sheaf.

Proposition 6.22. If S is a domain, finitely generated over Sy by elements of degree 1, then
S(d) is locally free of rank 1.

Proof. We have
Proj S =D, (zo) U---U Dy(2n),

where xg, ..., x, are degree 1 generators for S as an Sy-algebra. Then

S(@)]py wy = - Ox (D (). =

—_—  —~—

Claim 6.23. S(d) 2 S(d') is general.

For example, consider S = k[z, y] with the standard grading, Proj S = P}. Let us compute
p € S(d)(Ph):

elpw =" F(2) € S@(Ds(2) =2 k| 2]

x x
and
x
el =y 9(5) ,
S0
(L) =2
-l
Clearly, -
S, = {homogeneous polynomials of degree d in x,y} C S(d)(P").
Indeed,

d—a .a a,d—a
a. d— Yy T Ty
:Bydl:wd'( ! ):yd'( v )

It’s not too hard to show that the above is actually equality:

—

S(d)(PY) = S,.

So the Sy are vector spaces of different dimension, and hence are not isomorphic.
Inp=1[0:1] € P!, we have ., C Op:

Io|D.(x) = O,
Ao () <4l2]
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If f €S, is a homogeneous polynomial of degree d, then

M=f-SCS§,
[M], = [f - S], = So.

We have an isomorphism of graded S-modules

S(—d)i>f-5
1= f,

where 1 € S(—d) is a generator for the S-module S(—d). So

—~—

S(=d) = (f-9)

is the ideal sheaf of the closed subscheme of Proj S defined by

S = 5/(f)
Proj S <= Proj S/(f).

7 Separated and proper morphisms

Guest lectures by David Speyer.

7.1 Notation and motivation

e If X is a scheme over Spec k (denoted X /k), then “X is [adjective]” means “X — Speck
is [adjective]”.

e Separated “means” Hausdorff.

e Proper “means” compact.

Motivation: For X/C of finite type, there is a topological space X®". The point set of
X is
X(C) = Hom(SpecC, X) = {z € X | k(z) = C}.

Then X is separated <= X*®" is Hausdorff, and X is proper <= X?" is compact.

7.2 Separated morphisms

Motivation: Let X be a topological space. Let A be the diagonal in X x X. Then the
following are equivalent:

e X is Hausdorfl.

e For all z,y € X with x # y, there exist open U,V C X with x € U, y € V and
unv =g.
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e For all (z,y) € X x X with (z,y) ¢ A, there exists an open W with (z,y) € W and
WNA=g.

e (X x X)\Aisopenin X x X.
e A isclosed in X x X.

Definition 7.1. A scheme X over S is separated if A is closed in X xg¢ X, or equivalently,
if A — X xg X is a closed embedding.

Note 7.2. If we have morphisms X — B — C, then using the universal property, we have
A= XxgX—XxcX.

Check in Hartshorne if this is true: separated over C' implies separated over B.

Ezample 7.3 (The line with two origins). Here is the standard example of a nonseparated
scheme: Take two copies of A!. Inside each, we have A\ {0}. Glue these open subsets by
identity, but don’t glue the origins 0,0". Call this space X.

Now consider the product X x X. This consists of the affine plane, but with two copies
of each axis and four copies of the origin. The diagonal contains two of the four origin
points, namely (0,0) and (0,0"), but (0,0") and (0’,0) are also in the closure of the diagonal.
Therefore, X is not separated.

Ezample 7.4 (An orbit space). The punctured plane A? \ {(0,0)} has an action of
G, = Specklt, t™]

by
t:(z,y) = (ot ly).

Write the coordinates on A? by (z,y). Consider affine open subsets

Ul = {iL‘ 7é O} - SpeC k[l}mil?y])
Uz = {y # 0} = Specklz,y.y™'].
Then

U,/G,, = Spec k[zy] = A,
Us/G,, = Spec k[zy] = A’

The projection map Uy — Uy /G,, is
(z,y) — zy.
So (A%\ {(0,0)}) /G,, is Al glued to A! along
(U NUy)/G,, = A\ {(0,0)}.

Remark 7.5. Gluing can created nonseparatedness!
However, open and closed subschemes of separated schemes are separated. Since A" and
P are separated, anything affine, projective, or quasiprojective is separated.
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7.3 Properties of separated schemes

Theorem 7.6. If X is separated, Z is reduced, f,q: Z — X are two morphisms, and U C Z
is a dense open subset such that f|y = gluy, then f =g on Z.

Proof. Consider the map

h:7Z—XxX
h(z) = (f(2), 9(2))-
This is the map given by the diagram

A

g ! f
I'h
<4

X+—XxX——X

Since X is separated, A C X x X is closed, so h™}(A) is closed in Z. Since h™(A) contains
U, the closed subscheme h™1(A) is supported on all of Z. But Z is reduced, so h™}(A) = Z,
and so f = g. m

Caution 7.7. Here is why we assumed Z is reduced. Consider
klz, y]
(v2, 2y)

Note that Z™ = Spec k[x]. We will find two morphisms that agree on Z™4, but not on Z.
Consider the maps

Z = Spec

f:Z— A?

and

Inside Z, we have

klz,y, 7" klz,y, z7"]
(zy,9?) (y)

This sort of situation can occur anywhere on the nonreduced locus of the scheme Z.

U = Spec = Spec = Spec k[z, x7!].
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Fact 7.8 (Key fact). If Z is reduced, and W is a closed subscheme supported on Z, then
Z = W. For any scheme Z, the subscheme Z™¢ is supported on all of Z.

Example 7.9. Consider the maps
A — A%\ {0}
u (u, 1)
and
g: A' = A%\ {0}
u— (1,u).
Sending these to the quotient space
AY L A2\ {0} — (A*\ {0}) /G,
A5 AP\ {0} — (A%\ {0}) /G,

we see that (1,u) and (u,1) are in the same orbit when u # 0, but in different orbits (the
y-axis and the z-axis) when u = 0.

Theorem 7.10. If X is a separated scheme, and U and V' are open affine subsets in X, then
UNYV is affine.

Proof. See Hartshorne. O
Example 7.11 (Nonseparated counterexample). Glue together two copies of A? except at the

origin. Then the intersection of the two affine planes is A%\ {0}.

7.4 Proper morphisms

Definition 7.12. A map f : X — Y is closed if, for any closed K C X, the set f(K) is
closed in Y.

Ezample 7.13. The inclusion map A' \ {0} < A is not closed.
Example 7.14. The map

Spec k[x, 2~ '] L Spec k — Spec k|7]

given by “filling in” the discrete point into the hole is not closed.

FExample 7.15. The map

A% — Al
(z,y) =~

is not closed. Indeed, the hyperbola xy = 1 is closed in A2, but its image is A\ {0}.
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Definition 7.16. A scheme X over S is called proper if X — S is separated, of finite type,
and universally closed: for every B — S, the projection X x B — B is closed.

So the previous example shows that Al is not proper.

Remark 7.17. Using the same definition, a topological space X is proper <= compactf_f]
Let’s see that proper = sequentially compact.
Let x1,29,... be a sequence in X. Let B = {1, %, %, }1, e ,O} C R. Set
S=1{(x,))} C X x B.
11
- )99 30"
Thus, a point of S\ S must be the form (z,0), where z is an accumulation point of {z;}.

Then the projection of S to B, namely {1 . } is not closed, so S must not be closed.

Proper says: For any B/k, U dense in B, V in X x B projecting onto U, and any u € U,
there is some v € V' over .

7.5 Proper morphisms, continued

A morphism X — Y is proper if it is of finite type, separated, and for all B — Y, the map
X Xy B — B is closed.

This means that: “If you have a ‘path’ in Y which approaches a limit v in B, and you lift
that to a ‘path’ in X Xy B, then that path upstairs accumulates at some v above u.”

Example 7.18. The map
Al — Al
s t?

is proper, even though A! itself is not proper.

Returning to the general case, let us formulate this property of proper maps more pre-
cisely: For any g: B — Y, U dense in B, V in X Xy B projecting onto U, if u € m cY,
then there is a point v € V above u.

A map f: X — Y of topological spaces obeys this condition (for all B — Y, the map

X Xy B — B is closed) <= for any K CY with K compact, f~!(K) is also compact.

7.6 Facts about proper morphisms

Proposition 7.19. The projective space P} is proper, i.e., for any K C P" x B with K
closed, the projection of K onto B is closed.

If fi(z,y) and g;(z,y) are some homogeneous polynomials in z,y, then letting ¢ vary in
A', the equations

ft(x7y) = gt<x>y) =0
define a closed subscheme of P! x A'. The set of ¢ for which there is a common root of f;(x,y)

and g;(x,y) is closed.
Similarly, over any base scheme S

4A full proof can be found at http://ncatlab.org/toddtrimble/published/Characterizations+of+
compactness.
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Proposition 7.20. Pg — S is proper.

Proposition 7.21. If X/k is proper, so is any closed subscheme of X, and so is any surjective
image of X.

Fact 7.22. Proper maps have the following useful properties:

e Proper maps are closed.

If X is proper and f: X — Y is a morphism, then f(X) is closed in Y.

If X Y and Y — Z are proper, then the composition X — Z is proper.

e X — Y is proper and afﬁneE] <— X — Y is finite.

7.7 Valuation rings

Definition 7.23. Let R be a domain, and let K = Frac R. We say R is a valuation ring if,
for all u € K*, either u or u~! is in R. That is, for any a,b € R with a,b # 0, either a | b or
b| a.

Example 7.24. The ring R = k[[t] is a valuation ring: If

a = aitz —+ ai+1tl+1 —+ ... s

b=bit! +...,
then 2 € k[[t] if ¢ < j, and & € k[t] if i > j.
FExample 7.25. Here are a few more valuation rings:
o = {£| 1wl e1000]
Z, = @Z/p”Z
Z(zﬂ:{%e@\p’rb}-

Example 7.26. Valuation rings are not necessarily discrete. Here is a non-discrete valuation
ring:

OLIGIE
n=1
Given a valuation ring, we can define a valuation. Let
A=K"/R",
Ay = (R\{0})/R* C A.

For example, if R = k[[t], then A =Z and A, = Zso; and if R = J;=, k[[t"/"]], then A =Q
and A+ = on.
Then A is an ordered abelian group. Moreover,

5A morphism f : X — Y is affine provided that for any affine open subset V C Y, the preimage f~(V)
is also affine.
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e Every a € A is either in A, orin —A,.

e A, N—-A, ={0}.

e A, is closed under addition.
Define the map

v:K*— A=K*/R*.

Then

o v(zy) = v(z) +0(y),

e v(z+y) > min(v(z),v(y)),

e R=v1(Ay).

We can carry out this process in reverse:
Definition 7.27. Let k be a field. A valuation is a map

vk —= A

for an ordered abelian group A, such that

o v(zy) = v(z) +v(y),

e v(z+y) > min(v(z),v(y)).
The corresponding valuation ring is v=!(A, ).
Example 7.28. Take the map

vik(z,y) - Q+QV2CR

defined by v(z) = 1, v(y) = v/2, and v(k*) = 0.

7.8 Spectra of valuation rings

Let v be a valuation. Then R = v™'(As) is a ring, and m = v~!(A.,) is a maximal ideal.
Indeed:

Proposition 7.29. R/m is a field.
Proof. It u € (R/m) — {0}, lift to u € R —m. Then v(u) = 0. So u™! € R, and the class of

! in R/m is an inverse to . O
So m is a closed point of Spec R, and (0) is another point of Spec R.
Example 7.30. Let A = Z? with the lexicographic ordering. We have the valuation
v:k(z,y)* — Z*
x+— (1,0)
y—(0,1)
k> — (0,0).

Then the prime ideals of the associated valuation ring are (0), v~ (A(=04), and v~ (A (00
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7.9 The valuative criterion

Theorem 7.31. A scheme X/k is separated (resp. proper) iff the following criterion holds:
For every valuation ring (R,v) which is a k-algebra, we have v(k) = 0; and for every map

f :SpecFrac R — X,

there is at most (resp. at leasﬂ) one way to extend f to a map Spec R — X.
Proof. See Hartshorne §2.4. O

7.10 Projective space is proper

We now use the valuative criterion to prove that P is proper. To check this, let R be a
valuation ring with fraction field K and valuation v : K* — A.

Let f : Spec K — P™ be a morphism, and let (zo: 2y : -+ : x,) € K™\ {0} be arbitrary.
Let v; = v(z;) or oo if ; = 0. Without loss of generality, vg < vq,vg,...,0,. So
P = (1£@ﬂ)
o Xo o

represents the same map Spec K — P". But v(x;/x¢) > 0, so 2t € R. Thus P gives a map
Spec R — P".
Ezample 7.32. Consider two copies of A%, with A x (Al — {0}) glued to A! x (A! — {0}) by
gluing (x,y) to (x +y~ 1, y).

To have a map Spec Frac R — X, we must have (z,y) € R? with v(y) > 0 and z+y~' € R.
If v(u) < v(w), then v(u 4+ w) = v(u); also, if v(z) > 0 and v(y) >0 = v(y~') < 0, then
v(z +y~ ') < 0. So no such (z,y) € R? exists, hence this scheme is separated.

8 Quasi-coherent sheaves, continued

9 Divisors on schemes

9.1 Assumptions on schemes

Fix a scheme X.
Assumption (*): X Noetherian, separated, integral, regular in codimension 1.

Definition 9.1. A scheme is regular in codimension 1 if for all codimension 1 integral
subscheme Y C X the stalk Ox, (local ring, dimension 1) of the generic point y of Y is
regular.

6 And therefore exactly one, since proper morphisms are defined to be separated.
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Remark 9.2. Look at the subset
W = {P eX ‘ Ox p is regular} C X.

Non-obvious fact: W is open][]
A scheme is regular in codimension 1 <= the closed set X — W has codimension > 2.

Remark 9.3. If X = Spec A, then “regular in codimension 1” means that A, is regular for all
height 1 prime ideals p in A.

We will introduce two types of divisors under assumption (*):

Cartier divisors or “locally principal” divisors C Weil divisors.

9.2 Weil divisors

Definition 9.4 (Weil divisors). e Assume (*) is satisfied for X. A prime divisor is an
integral codimension 1 closed subscheme of X.

o A (Weil) divisor is a formal Z-linear combination of prime divisors

t
D = Z ai}/;a
i=1
where Y; C X are prime divisors and a; € Z.
e Div(X) = free abelian group generated by prime divisors.

e If all a; > 0, then say D is effective.

FExample 9.5. The subscheme

Spec C Spec k[z, y|

corresponds to the divisor
klz, y]
(x)

2 - Spec

9.3 Aside: Normal rings

Let A be a Noetherian domain, let K = Frac(A) be its fraction field, and let p C A be a
height 1 prime. Then
ACA, CK,

and .
A— m A, B ormalization of A.
pht 1

If A is normal, then A, is normal for all p height 1, so A, is regular.

"This was an open question in general for a number of years. It was proven by Serre.
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9.4 The valuation associated to a prime divisor

Under assumption (*), if Y C X is a prime divisor, let £ € X and y € Y denote the generic
points. Then Oy, is a DVR, so we get a valuation of K = “function field of X", the stalk of
Ox at the generic point of X.

We have an inclusion Ox, C K. Indeed, restricting to an affine patch

@ #YNU — U = Spec A,
then Y N U corresponds to a height 1 prime p in A. Then

OX7yC—> OXé

Ap(—> A(O) =K.
This gives the “valuation of Y, denoted vy:

Vy K= Z
f = vy(f) ="order of f in Ox,”

Example 9.6. Here’s an example that isn’t from 631:

Y = SpecZ/(7) C SpecZ.

Let 17
= — = K.
/ 49 €Q
Then
17
Vy (E) = Uy(17) — ’Uy(49) =0—-2=-2.

Note 9.7. Because X is separated, the valuation vy uniquely determines Y. That is, use the
valuative criterion for separatedness:

Spec K ——— X

| ]

Spec Ox,, — Spec Z,

where the map Spec Ox, — X sends the closed point of Spec Ox , to the generic point of
Y C X. By the valuative criterion, this is the unique such map.

Lemma 9.8. For all f € K*, there are at most finitely many prime divisors Y such that

vy (f) # 0.
Proof. Choose affine U C X. Write f = %. Then

vy (f) = vy (h) —vy(g).
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Without loss of generality, we can assume f € A such that U = Spec A C X is an affine
chart.
Which Y C Spec A can be such that vy (f) # 07 Observe that

vy(f) #0 <= f € py =ideal of Y.

By the following commutative algebra fact, we are done. m
Fact 9.9 (Commutative algebra). If A is a Noetherian domain and f # 0, then there are

finitely many primes of height 1 (“minimal primes”) containing f.

9.5 The divisor class group

Proposition—Definition 9.10. Fix X satisfying (*). Let K = function field of X (stalk at
the generic point of X'). There is a group homomorphism

K* — Div(X)
FrodivfE S w(f)Y.

YCX

prime
Its image P(X) is the subgroup of principal divisors. The quotient group
Cl(X) = Div(X)/P(X)
is called the divisor class group.

Ezxample 9.11. Cl(Specklz,y]) = 0 because every height 1 prime p is principal, so if p =
(f) C k[x,y] is prime, height 1, then

div f = p € Div(Speck[z,y]).
Indeed, v,(f) =1, and vy(f) = 0 for all g # p.
Theorem 9.12 (see Hartshorne). Spec A has trivial class group <= A is a UFD.

Proposition 9.13. There is a natural map

Div (Proj k[zo, . . ., 2,]) = Div(P?) —£; 7
t t
i=1 i=1

where Y; corresponds to p; = (F;) with F; homogeneous of degree d;. The kernel of this map
is P(PY), so
Cl(P") = Z.

Proof. See Hartshorne. m
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9.6 Cartier divisors

If we assume (*), then we can think of Cartier divisors as special kinds of Weil divisors.
However, Cartier divisors can be defined on arbitrary schemes.

Here, we will only define Cartier divisors on integral schemes; Hartshorne defines them
in full generality using the total quotient ring.

Definition 9.14. Fix an integral scheme X. Let K = function field of X, and let .# be the
constant sheaf on X of K. A Cartier divisor is a global section ¢ of the sheaf J#™*/O%.

More concretely: ¢ is data {Uy, fo}, where (J,c, Ux = X is an open cover of X, and
fr e Z*(Uy) = K*, such that each fy and f, agree on UyNU,, ie.,

e Ox(UANTU,).

[If we do not assume X integral, instead of K, use the sheaf of “total quotient rings” ¢, the
sheaf associated to the presheaf which assigns to U C X the ring

H(U)=0x(U) [{non—zerodivisors}_l] :
which agrees with this definition when X is integral.]
Remark 9.15. Since J£*/O% is a sheaf of abelian groups, Cartier divisors form a group.

Proposition 9.16. Assume X satisfies (*). There is a natural map of groups

{Cartier divisors on X} — Div(X)
@ ={(Ux, A)}iep = “dive?,

where div ¢ is the unique divisor D on X such that

Dly, =dive, (f) = Y ov(h)-Y.
YCX prime
YNUy\#2

9.7 Summary of Weil divisors

Recall assumption (*): X is a Noetherian integral separated scheme, regular in codimension
1 |always holds when X is normal|.

Ezxample 9.17. Here is a scheme which satisfies (*), but is not normal:
X = Speck[s?, 5%, t3s, t*].
Indeed,

242 _ (53t)2
=

S

is in the normalization, but not in the ring.
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Let us now briefly review Weil divisors. Let K = function field of X. Consider a Weil
divisor D = > n;Y;, where n; € Z and each Y; C X is a prime divisor (i.e., a codimension 1,
integral, closed subscheme).

In an affine patch U = Spec A C X,

Dly =Y ni(Y;nU).

Each nonempty Y; N U C U corresponds to a prime p; C A of height 1, the “generic point of
Y;”. This induces a DVR
Oxy, = Ay,

which induces a valuation vy, on K.
Each f € K* = K — {0} determines a principal divisor, the “divisor of zeros and poles”:

divy f = Y vy(f)-Y € P(X) C Div(X).

YCX
prime

There is a group homomorphism

K* % Div(X)

f—divy f.
The cokernel is called the divisor class group C1(X).
For any f € Ox(U),
divy f =) wy(f)-Y >0.

YCX
prime

Indeed, if f € Ox(U), then f € Oxy, so vy(f) > 0.

Caution 9.18. The converse is false; contrary to our initial intuition, there are effective
principal divisors divy f such that f ¢ Ox(U). For example, if X is the scheme from
Example [9.17, then divy(s?t?) > 0, but s*t* ¢ Ox(X).

Proposition 9.19. If X is normal, then for all f € K* and for all open U C X,
divp f >0 <= f € Ox(U).

Proof. Reduce to the case where U = Spec A is affine. If divy f > 0, then ... [

9.8 An explicit example

Consider

X =P} = Proj k[wo, 21,22, 23] 2 Uy = SPGCIC{E, 2 ﬁ} )

Zo $o’$0
1 X9 T3
K:k R
To To Lo

2 3 2 3
posn—d (0 (o
x3 Zo x0)



Note: Most prime divisors in P? have generic point in Uy. In fact, only Hy = V(zy) C P?
does not.
Let’s compute the associated principal divisor:

divps(f) = Z vy (f)-Y

Y CP3
prime

2 3
= Y w(C%)—(%ﬁ)-pziyﬂﬁ—ém:szvﬁ—éw;%.
pgk[ﬂ z2 Ls] p

zg 'z’ T
ht 1 prime

To see what happens at Hy, we need to choose an affine chart containing the generic point

of Hoi

U; = Speck [ﬁ, ﬂ, ﬁ] = Spec k[xo/1, T2/1, T3/1),
1 1 I

(22wg — a8) /28 Top — 35,

(wo/21)? B 373/1

f=

We just need to look at the valuation vy, of the valuation ring

Ox.n, = k‘[l’o/hﬂh/l, 953/1](%/1)-

This is given by
Vi (f) = vy (Toy1 — 373/1) - UHo(ng/l) = —3.
Thus,
dives(f) = > vy (f)-Y = V(wea] — 23) — 3H,.

9.9 Summary of Cartier divisors

Recall, on a scheme satisfying (*):

Definition 9.20. A Cartier divisor is a Weil divisor which is locally principal, i.e., writing

D= ) nYeDivX,

Y; prime

there exists an open cover {U,} of X and f, € K* such that D|y, = divy, (f).
Equivalently: A Cartier divisor is a global section of K*/O%. [Advantage: This makes
sense even if X does not satisfy (*).]

Example 9.21. On P3, let

D =S+ 5Hy = V(xizg —a3) +5-V(xy).
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Take the standard cover Uy, Uy, Us, Us. Then

Dn U(] = diVUO (‘T%/O — xg/()) =1- S,
Dn U1 = ChVU1 ((170/1 — x;/l) : $g/1) s

2 .3\ (.5
DU, = divy, ((xoxl 72) (o) ) ,

)
Lo

etc. So D is locally principal!

The above situation occurs in more generality:

Definition 9.22. We say that X is locally factorial provided that Ox p is a UFD for all
PeX.

Theorem 9.23. If X is locally factorial, then every Weil divisor is Cartier.

9.10 Sheaf associated to a divisor

Assume X is normal, not just (*). Let K be the function field of X. For D € Div X, we
define a coherent sheaf of Ox-modules Ox (D) which is a subsheaf of K:

Ox(D)(U) ={f € K* |divy f+ D|y >0} U{0} C K.
If U C U’ is an open inclusion, then restriction is given by

Ox(D)(U') = Ox(D)(U)
f=f

Hence, Ox(D) is a presheaf.
Easy to check:

e Ox(D) is a sheaf.

e Ox(D) is an Ox-module: for any f,g € Ox(D)(U), we have f + g € Ox(D)(U).
Ezercise 9.24. vy (f + g) > min{vy (f) + vy(9)}.

Also, we define
div(rf) = divr + div f,

which is still effective.
Also easy to check:
o If D =0, then Ox(D) = Ox (uses normality) ]
o If U =X —Supp D, then Ox(D)|y = Ox|y. This is a “rank 1 subsheaf of K.”

Proposition 9.25. If D is Cartier, then Ox (D) is locally free of rank 1 (i.e., invertible ).

8Hartshorne uses the notation .Z(D); this is somewhat outdated.
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Proof. If D is Cartier, then there is an open cover {U,, fi} such that D|y, = divy, fi. For
all A\

Ox(D)(Uy) = {g € K* | divy, g+ D|uy, > 0} U {0}
— {g e K~ ‘ divy, g + divy, fr > 0} u{0}.

We have divy, g + divy, fo = divy, (gf) >0 <= gfr € Ox(Uy) <= g€ Ox(Uy) - ;' C
K.
Thus, Ox(D) is free on Uy, generated by f; . O

Proposition 9.26. Let X be a normal scheme satisfying (*). (Actually, arbitrary X is fine,
too.)

(1) There is a one-to-one correspondence
. . . X integral . .
CDiv(X) <— {invertible subsheaves of K} =~ <=3 {invertible sheaves on X}
(2) Given two Cartier divisors Dy, Do,

Ox(D1 — Do) = Ox(D1) ®o, [Ox(D2)] "

(3) D1 NDQ < OX<D1) g(9_)((1)2)

Proof sketch. (1) Fix an invertible subsheaf .# of K ﬂ Take an open cover {U,} such that
Zlu, C K is free of rank 1 on Uy, generated by f, ' via the map

Ox|v, = Z|v,
1 fih

Let D = {U,, fo}. It is easy to check that Ox(D) = Z.

(2) A commutative algebra fact: O(—D) = [Ox(D)]"". The local picture to show this:
Let A be a domain with fraction field K. Let M = Af be a rank 1 free A-submodule
of K. Then

M* = Homu (M, A) = Homy(A- f,A) = =< - A.

|

(3) It is equivalent to show D =div f <= Ox(D) = Ox.
Say we have

Ox — Ox(D)C K
1 fh

9Tf X is integral with generic point 7, then we have

OX(—>OX7,7:K
L=0xY% > YLK =K,

so any invertible sheaf is a subsheaf of K.
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Check that D = div f.
Conversely, if D = div f, then check that there is a map

Ox — Ox(D)C K
1— !

which is an isomorphism. O

Remark 9.27. From what we have just shown, Pic X := CDiv(X)/P(X) is isomorphic to the
group of isomorphism classes of invertible sheaves (under ®).

9.11 Summary of the correspondence

Let X be a Noetherian integral separated scheme, and let K be its function field.
Last time, we defined a map

WDiv X — {coherent Ox-modules} C K

which restricts to an isomorphism
CDiv(X) — {invertible sheaves} C K
Dy = divy f = O(D)(U) = [~ Ox(U)
given on principal divisors by
P(X) = {invertible sheaves = Ox}
D:dinH%OXQOX.

These are homomorphisms with respect to addition of divisors and the tensor operation on
coherent Ox-modules.

Aside 9.28 (not in Hartshorne). The image of WDiv X under the above map is the set of
reflexive subsheaves of K. For any Ox-module .%, there is a natural map .% — Z#**. We
say that .Z is reflexive if this is an isomorphism.

Corollary 9.29. By the above correspondence,
Pic X % ({invertible sheaves} /=) = (CDiv(X)/=) .
Proof. The natural group homomorphism

CDiv(X) — Pic X
D~ [Ox(D)]

is surjective, and its kernel is P(X). (Recall: On an integral scheme, every invertible sheaf
is isomorphic to a subsheaf of K.) O
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9.12 Examples of sheaves associated to divisors

First, an important general example:

FExample 9.30. Say Y C X is a prime divisor on X. Then % C Oy, and we have a sheaf
Ox(—Y) which is given on U by

Ox(-Y)(U) = {f € K’

divy f— Y]y > 0}.
Fact 9.31. OX(—Y) == fy Q X.
More generally: If D = Y"'_, a;Y; is an effective divisor (i.e., each a; > 0), then
Ox(—D) C Ox

is an ideal sheaf defining a closed subscheme of X [I¥]
Let us compute a more explicit example.
FExample 9.32. Consider
S
—
X = P? = Proj k[zg, 71, 9]
D= C+3Hy = V(xgx? — 3) + 3 - V()

F = (zox] — 23) (27) -

Then (F') C S, inducing an inclusion

Ao -[s[2]] - (B[22

F
6

where
= (zop —w3p) wop = (s = 1) &°.

We have F'S — S(—6), the free S-module generated 1, which has degree 6. Then

Op:(—=D) = I = (F5) = 5(~6) = Ox(-0).
Recall: Pic(P?) = Z. So since D is degree 6 in P2,

Ox(D) = Op2(6).

10As a set, this subscheme corresponds to the union of the components of D, i.e.,

SuppD =Y, U---UY;.
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Example 9.33. Continuing from the previous example:
P? = Proj k[xo, 21, 2] 2 Uy = Spec k[zo1, T2/1],

O (6)(1) = 5T0)1) = 506) H] _ [S[iﬂ — - s H] — oSk{zoss, 221

T T T
On Uj, it is generated by x¢ - Ox(U;). The transition functions are:

Op: (6)(Ui)

vinv, — Op2(6)(U1)

U;NU;

6
T
28+ 28, “multiplication by (—1) € Ox(U;NnU,)”

)

If we do the same thing with the sheaf Op2(D) (from Example 9.32]), then we get the

same transition functions. As a Cartier divisor, D is given locally on U; by

F
D U, = diVUZ- (—6) .
L
So
28
Ox(D)) = (% ) - Ox(ti
On UiﬂUl,
R B
F F 28 7

meaning that we have the same transition functions.

10 Maps to projective space
We are interested in maps from A-schemes to

P, = Proj Alzo, ..., x,] = ProjS.

10.1 Initial remarks

Recall: P’} has an invertible sheaf

which is globally generated by sections xg, ..., x,.
Given any morphism X 5 P of A-schemes, the sheaf £ = ¢*O(1) is an invertible sheaf
on X, globally generated by s; = ¢*(z;).
Here is the picture on an affine chart:
X 5Py
¢ 1 (Uy) — Spec A [ﬂ, e ﬁ} = Uy

Zo Zo
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(Note that O(1) is generated by zg.)

Ox(gD (Uo)) < A|::CO,..., x0:| .

This is free, rank 1, generated by sqg = xg ® 1:

O (o) ® 121 Ox (™' (Uh))-

o
10.2 Invertible sheaves and P"
Theorem 10.1. Let X be a scheme over A.

(1) If ¢ : X — P is a morphism of A-schemes, then £ = ©*O(1) is an invertible sheaf
on X which is globally generated by

o) =1®@x; € p"O(1).

(2) Conversely, if £ is an invertible sheaf on X, and sy, ..., s, are a set of global generators
for £, then there is a unique morphism of A-schemes ¢ : X — P such that p*O(1) =
L and ¢*(x1) = ;.

Remark 10.2. The map in (2) can be intuitively thought of as

X =P

2z [so(@) 1+ ¢ 8(2)] z—J e Ox(U;).

Proof of part (2). Given .Z and sy, ..., s, € Z(X), let
X; = {x e X ‘ s; generates .Z at x} ,
(i.e., the image of s; in .Z, generates %, as an Ox ,-module)
= {;E e X ‘ s; ¢ m;.Z,, where m, C Oy, is the maximal ideal}

by Nakayama’s lemma. Easy to check: X; C X is open (Hartshorne, II, Lemma 5.14).
Claim 10.3 (Main point of proof). On X;, we can think of s;/s; as an element of Ox(X;).

Here is why: on Xj;,
ZL(Xi) = Ox(Xi) - si,

and we can restrict the global generator s; € Z(X) to £ (Xj;), so that

84
s, =1-8 —= S—jZTEOX(Xi).
i

Plan: Trying to define a map
X Zpn.
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We'll give maps
X, 2L U, = SpecA{@,... @}

Z; ’ ZT;

which agrees on X; N X,. Giving ¢; is equivalent to giving an A-algebra map

X T
X, S
= — el - O)((Xz)
T Si

To check that these morphisms glue up to a morphism X — P}, observe that

T xj/x; N si/si Sj

T xp/x sk/si Sk

]

Remark 10.4 (Important point). The sections s; cannot be “evaluated at P” so that s,(P) € k.
But their ratios s;/s; are regular functions on X;.

10.3 Some examples

Consider P}, = Proj A[z, y], and let £ = Op1, (d) for some d > 0. Consider the global sections
s; = 2%yt for i = 0,...,d. We get an A-morphism
|y ]
“lr sy [md sy gy yd] K

X; = {P eX | s; generates .Z at P} — SpecA{@,,,,yﬂ} = U,

X X

; d—j, i
(y)ﬂ_x Tyt sy x;
Z — yi = <L 2
T T S; ZTo

This is the d-th Veronese map.

What if we use a different set of global generators of the same size that differ linearly
from the s;7 Then we get the same map, up to a linear change of coordinates.

The global sections 2%, y? also globally generate O(d). This gives a map

P, — P,

“le iyl — [xd : yd] 7

which is given by the d-th Veronese map vy, followed by a projection to P.

10.4 Automorphisms of projective space

Theorem 10.5. Let k be any field. The automorphism group of P} (as a k-scheme) is
PGL(n, k) = GL(n + 1, k) /k*.
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Proof. We have a natural homomorphism
GL(n+ 1,k) — Aut P},
g9

whose kernel consists of all “scalar multiplication” linear transformations, i.e., k*. Thus, we
have an injection

PGL(n, k) — Aut(Py}).

Say we have a k-automorphism

Py £ P,
90*0(1) = Z’
@ (1) = si.

Recall that Pic(P}) = Z via the isomorphism O(d) <— d.
Because ¢ is an automorphism, the induced map

Pic P} — Pic Py,
L o" L
is an automorphism of groups. Since O(—1) has no global sections,
©*O(1) =0().

Given an automorphism ¢ : P} — P} corresponding to .2 = O(1) = ¢*O(1) and s; =
©*(x;) € I'(PE,O(1)). So we can write s; = aoz; + - - - + @iy, Whence

[So: i8] =A-[xg: 1y,

where A is a matrix, and we are done. O

10.5 Connection with linear systems

Fix X, an invertible sheaf .Z, and a nonzero global section s € .Z(X). There is a corre-
sponding Cartier divisor, called “the divisor of zeros of s”.

Definition 10.6. The divisor of zeros (s)o is the Cartier divisor defined as follows. Fix a
trivialization of £

gx - OX‘UA :g‘UA % OXlU/\

gy — 1
s pa(s) =T

So S|y, = gr-ra € ZL(Uy), where ry € Ox(U,). Define (s)o on Uy as div(ry).
This is a well-defined divisor on X since on Uy N Uy,

Ty = STy € O}(U)\ N U)\/).
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Ezample 10.7. On P}, let £ = O(d) and s = xy?~1. Write

Hy =V(x) C Py,
Hy, =V(y) 2 Pk

The corresponding divisor is
(S)o = HO + (d — 1)H1

On Uy = Spec k[y/x],

O, ="+ k| 2]

s0 (8)o|v, = divy, 7o-
Ezample 10.8. Let £ = O(d) on P}. Then

[k[zo, ..., z,]]; = {global sections of O(d)} divisor of seros” {effective divisors}
This gives the complete linear system of all effective divisors in P" of degree d.

Proposition 10.9. If s € Z(X) is a nonzero global section of an invertible sheaf £ of X,
let D be its divisor of zeros. Then there is an isomorphism

“multiplication by s”
y L.

Ox(D)

Proof. Take U such that

g'OX}UZX‘UiO)dU
§S=7T- 7.

We have D|y = divy r. Then

Ox(D)U) = {f € K* | divy f + D > 0} = %-OX]U.

Consider the map

Ox(D) = &
Ox(D)|U — g}U
1 “mult. by s”
;'OX‘U Ly g(?X(U)
5
r r
This glues on the different patches to give the desired isomorphism. O]
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Ezample 10.10. Again, consider £ = Opi (d). Then zoxd™t = Fy € T(P?, O(d)) corresponds
to

D = Hy+ (d— 1)H, = V(o) + (d — 1)V(a) = V(Ey).
By Proposition [10.9, .2 = O(D). Note that D is an effective divisor.

Ezample 10.11 (The hyperplane bundle). On P", consider a global section L =) ,_, a;z; of
Ogpr (1) corresponding to a divisor H.

The full vector space of global sections of O(1) is in bijection with the full set of hyper-
planes in P} (so O(1) is the “hyperplane bundle”).

Remark 10.12. A bad abuse of notation that you might see sometimes: “O(1) = O(H) =
O(C — Hy)”. Don’t do this; it’s confusing!

Remark 10.13 (Connection to 631). Fix a divisor D. Then

|D|={D'e€DivX | D'>0, D'=D+divf} ={fe K*|divf+D >0} =0x(D).

10.6 Example: An elliptic curve
Let k£ be any field. Consider an elliptic curve

23

2, _ 3 _ 3
E:V(yZ S Z)gA2=Speck[fﬁ}gProjk[x,y,z].
Zz Z

Taking the projective closure, this looks like

klx,y, 2]

E = Proj — P2,

(y?z — 23 — 2z — 23)
Observe that y, z globally generate . = ¢*O(1) on E. The associated map is

E — P!

[x:y:z]—[y: 2]
[z:yzl]H[gzl}.

z Z z

10.7 Divisors and projective morphisms
10.7.1 Summary of invertible sheaves and projective morphisms

Fix an A-scheme X. Then

invertible sheaves on X, plus a set of
{A-morphisms X — P} <— ¢ n + 1 global sections which generate the

sheaf
(X = P = L =" Opn (1), 8i = ¢" (), i=0,...,n
[z [so(x) -+ sa(2)]] <+ [ S0,...,50, € L(X)].

If A=k, & =0Ox(D) C K, and X integral, then each s; € K. Then s;(x) makes sense as
an element of k for each k-point x € X.
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10.7.2 Alternate, classical perspective

Let us now translate this into the language of linear systems of divisors. Let A = k, and
assume X is normal.

Recall that each s € Z(X) has an associated effective divisor D, the “divisor of zeros of
s”, denoted

D=(s)y={s=0} CX.

We have Ox (D) = Z. [Ift £ =Ox(D'), thens € L(X)={fe K*|divf+ D >0}

Given two different global sections s; and sy of Z(X), the corresponding divisors of zeros
D, and D are linearly equivalent.

Observe that s € Z(X) generates £ and P € X <= s generates £p <= s ¢
mp.%p <= s does not vanish at P <= P ¢ Supp D. We have

X, = {P eX ‘ s generates f} = X — Supp D.

Global sections sg,...,s, € Z(X) fail to generate at P <= P € (._,Supp D;, where
D; = (s;)o- S0 S, ..., S, generate . <= (), Supp D; = @.
Here is how complete linear systems fit into the picture:

{k-vector space £ (X)} +— {complete linear system |D| = {D' = (s) | s € L(X)}}.

For any representative D in the complete linear system, ¥ = Ox(D). Linear systems
correspond to vector subspaces:

{subvector space V C Z(X)} «— {linear system ® = {D = (s)o | s € V\ {0} }}.

There is also a correspondence between base loci:

the elements of V/ ot
PeX ‘ fail to generated . p <— Bs(D) = ﬂ Supp D C X.
at P DeD

Definition 10.14. The base locus of V is the set of points P € X such that the elements of
V fail to generate £ at P.
The base locus of a linear system D is

Bs(D) oo ﬂ Supp D C X.
DeD
Fix a basis sg,...,s, € V C Z(X). These generate .Z on the open set X — Bs(D). The
linear system ® igves a map
X —Bs(D) — P
x> [so(z) - sp()],
which extends to a rational map X — .

Remark 10.15. The sheaf . is globally generated <= |D| is a base-point-free linear system.
Also, % is very ample <= Tsy,..., s, € L (X) globally generate and define an immer-

sion in [P"}.

Remark 10.16. e £ is very ample over k <= |D| defines an embedding.

e 7 is ample over A <= Z" is very ample for some n > 0.
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10.8 Example: A blowup of projective space
Ezample 10.17. Let X be the blowup of P? = Proj k[z,y, 2] at [0:0: 1]. Then

[x:y:2] [s:t]
X={pt)|pet}= {[m:y:z],[s:t] | rank (ﬁ g) = 1} =V(zt —sy) C P* x P,
where P! = lines in P? through [0 : 0 : 1]. We have
PicP? = 7. H,
Pic X = Z (r*H) & ZE,
where E is the exceptional divisor 77*([0 : 0 : 1]). The blowup map X — P? is given by
£ = 71*Op2(1) and 7z, 7y, 7*2. Since 7 is well-defined but not an embedding, .Z is globally
generated by m*z, m*y, 7"z, but not very ample.

Write Ly := V(z) = (z)o, L2 := V(y) = (¥)o, Loo := V(z) = (2) for the divisors of zeros
in P2. Then in X,

(W*I>0 = Zl + E,
(W*y)o = Zg + E,
(7'('*2)0 = Loo
The corresponding linear system on X is |7*H| = divisors on X satisfying either

e birational transforms of lines in P? not through [0: 0 : 1],

e E + L, where L is the birational transform of a line through [0: 0 : 1].
FExample 10.18. Let’s look at the other projection now:
P? x P! D V(at — ys) = X = Py = Proj k[s, t].

This collapses to the central line E. So this is essentially the tautological bundle. It is given
by
% = I/*O]pl (].)

and s,t. The corresponding vector space is
V={bs+at|abek}C.#X).
The corresponding system of divisors are
{bs+at =0} ={[a:b],[a:b: 2]},
which is the line in X corresponding to the line through [0 : 0 : 1] in P? determining the
point [a : b] € PL.
For each of the divisors D above, D ~ —F.
FExample 10.19. Consider
X P? x P12 P5,
©

Write ¢*O(1) = 4. The global sections sz, sy, sz, tz,ty,tz generate the linear system
|Lo — E|. Note that the image actually lands in P* = V(sy — tz).
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11 Cohomology of sheaves

11.1 Big picture

We now turn to the cohomology of sheaves of abelian groups on schemes.
Fix a scheme X. We're interested in the functor

{sheaves of abelian groups on X'} AN {abelian groups}
F — I'(X, F) = global sections of .Z.

This is covariant and left exact, i.e., given an exact sequence of sheaves
0> >PB—% — 0,
we have an exact sequence
00X, o) > T(X,B) = T(X,%).

The propose of sheaf cohomology is to construct a collection of (additive) functors: for
each1=0,1,2,...,

{sheaves of abelian groups on X} AN {abelian groups}

such that
(1) BY(Z) ¥ H (X, ) = T(X, F);

(2) f0 - o - B — € — 0 is a short exact sequence of sheaves, then we get a long
exact sequence of cohomology

0— Ho/) = H'(B) — H*(¢) - H' (o) — H(B) - H(¢) — H* () — ....

Remark 11.1 (Right derived functors). In general, given any left exact covariant functor from
one abelian category to another, we can always construct “right derived functors” (provided
the source category “has enough injectives”, which is always true for sheaves). [An injective
object in a category is an object I such that Hom(—, I) is exact.|

If the original functor is &7 N A, we'll get Vi € Z>( a functor
o 2
such that
o ROF = F;

e For any short exact sequence 0 — M; — My — M3 — 0 in &7, we get a long exact
sequence

0 — RFM, - R°FM, — R°FM; — R'FM, — R'"FM, — ...;
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e If I is injective, then R‘IT = 0 for all i > 0.
Example 11.2 (Ext). Fix a commutative ring R and an R-module M. Then we have a functor
R-Mod —"™=); k- Mod
A+ Hom(M, A).
This is covariant and left exact. Given
0—>A—B—C—0,
we obtain the Ext long exact sequence
0 — Hom(M, A) — Hom(M, B) — Hom(M, C) — Ext'(M, A) — Ext'(M,B) — ....
The right derived functors are called Ext’(M, —).
Ezample 11.3 (Tor). We also have a functor
R-Mod —** R-Mod
A— A X R M

which is covariant and right-exact. Since we have enough projectives, there are left derived
functors Tor" such that, given a short exact sequence

0 >A—B—C—0,

there is the Tor long exact sequence

... = Tor*(M, B) — Tor*(M, C) — Tor'(M, A) — Tor' (M, B)
— Tor'(M,C) > M®A—-M®B— M®C —0.

11.2 Motivation: global generation

Let X be a projective scheme over k, and let . be an invertible sheaf. Consider
X P(I(X.2))
x> [so() -t sp(x)].

In order to use this, we need to know what is dimy, (I'( X, Z)). In other words, given P € X,
when is .Z globally generatgd at P?

Fix P € X. Suppose P < Xisa k-point. Then we have an exact sequence of O x-modules
Ox

0.
mpOX -

0—=mp— Ox = 1.0p =

Tensor with .Z. Locally free = flat, so we get an exact sequence

“eval at P” . Z
mp$
s s (mod mpZ)

0= mp®o, £ —ZL —0
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Now, .Z is globally generated at P <= the sequence

0T Xmp %) —-1(X,2Z) > T(X,Z/mpZ)—0
s+ s(P)

is still exact.
In general, cohomology gives us a long exact sequence:

0=->TXmpe %) ->1X,%) - 1(X,Z/npZL)
> H'(XmpR ) - H (X, %)~ ....

Often, we prove that .# is globally generated at P by showing H'(X, mp @ .£) = 0.

11.3 Motivation: invariants of schemes

We can use cohomology to define new invariants of schemes.

Ezxample 11.4. If X is a smooth projective curve over k, then its (arithmetic) genus is
dlmk H1<X, Ox)

Let C é P? be a smooth curve. How can we compute the genus of C? By definition,
g = dimy, H'(C, O¢).
There is an exact sequence of Op2-modules
0— Op2(—C) = I = Op2 — i,.0c — 0.
We can also write this has
0— O(—d) — Opz2 = O¢ — 0.
This is because

L(P?,i,0¢) = T'(C, Oc),
i,O0c(P?) = Oc(C).

There’s a corresponding long exact sequence:

0 — I'(P*,0(—d)) — I'(P?, Op2) = I'(C, Oc)
— H'(P*,0(—d)) — H'(P*, Op2) = H'(C,O¢)
— H*(P*,0(—d)) — H*(P*, Op2) — ......

Theoretically, if we know all H'(P", O(d)) for all i,n,d, then we could compute H'(C, O¢).
In fact, in this case:

HY(P?, Op) = H*(P?, Op2) = 0,

" H'(C,0¢) = H*(P*,0(—d)).
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Also, by Serre duality (or using some commutative algebra), H?(P?, O(—d)) is dual to

[k[z,y, 2],
Thus, the genus of C' is
g = dim, H'(C, O¢) = dim; H*(P?, O(—d)) = dimy [k[x,y, 2] ,_,

_ (d—2+2) _ (d—1)2(d—2)

11.4 Abelian categories and injective objects

An abelian category is a category where “exact sequences make sense”: kernels exist, cokernels
exist, can add objects and morphisms, etc.

Example 11.5. Here are some abelian categories:

e Abelian groups

e Vector spaces over a fixed field k.

e Modules over a fixed ring R.

e Sheaves of abelian groups on a fixed topological space X.
e Sheaves of modules on a fixed ringed space (X, Ox).

e (Quasi-coherent sheaves on a fixed scheme X.

e Coherent sheaves on a fixed scheme X.

e Finitely-generated modules over a ring R.

e Finitely-generated abelian groups.

Some things that aren’t abelian categories:

Topological spaces

Manifolds

Complex manifolds

Varieties

Rings (assuming you’re sensible and require rings to have a multiplicative identity)

Schemes

Definition 11.6. A object (in an abelian category) I is injective provided that Hom(—, I)
Is exact.
Equivalently, given A < B and A — I, we have a lifting

A—— B

N

I.
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Ezample 11.7. In the category of abelian groups, Q, Q/Z, and Z[p~']/Z are injective objects.
Lemma 11.8. If I — M, where I is injective, then this splits, so M = I & N for some N.

Definition 11.9. An abelian category has enough injectives if every object embeds into an
object object.

FExample 11.10. Of the abelian categories we listed in Example the following have enough
injectives:

e Abelian groups

Vector spaces over a fixed field k.

Modules over a fixed ring R.

Sheaves of abelian groups on a fixed topological space X.

Sheaves of modules on a fixed ringed space (X, Ox).
e (Quasi-coherent sheaves on a fixed scheme X.
However, these do not have enough injectives:
e Coherent sheaves on a fixed scheme X.
e Finitely-generated modules over a ring R.
e Finitely-generated abelian groups.

Note 11.11. If we have enough injectives, then every object has an injective resolution.

We can construct an injective resolution
0= =>1'=sT" 51— ..,

which is exact by diagram chasing.

Aside 11.12 (The language of derived categories). The derived category is formed from chain
complexes with a notion of isomorphism. We can embed an object .% in the derived category
via

0= —-0—=>0—...,

and think of .# as “(quasi-)isomorphic in the derived category” to
I e A e

because it has isomorphic cohomology.
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11.5 Grothendieck’s derived functors

(1) Start with a functor [left exact, covariant| I' from one abelian category [with enough
injectives| to another.

{Sheaves of abelian groups on X} RGN {Abelian groups}
F - 1(X,7)=F(X).
2) Fix .Z in the source category.
( gory

(3) To compute the derived functor R'T' of .Z, take an injective resolution of .Z#:
(IS Ly N e

also denoted
0— .7 = I°.
n practice, this is the impossible part.
| tice, this is the i ibl t

(4) Apply the functor I' to I® to get a sequence of objects in the target:

0—T(% =T - T?) —....

(5) Define
ker (D(I%) — T(I1))

R = ran > 1)

Definition 11.13 (sheaf cohomology). The cohomology of a sheaf .Z is

H(X, 7)Y RT(X, 7).

Proposition 11.14 (easy to check). (0) This is independent of the choice of injective res-
olution.

(1) RT(Z) =T(ZF).

(2) Given a short exact sequence 0 - A — B — C' — 0, there is a long exact sequence
0 — RT(A) — R'T(B) — RT(C) — R'T(A) — R'T'(B) — ....

(3) If I is injective, then R'T(I) =0 for alli > 0.

(Use diagram chasing, the snake lemma, and Lemma [11.8])
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11.6 Acyclic sheaves
Definition 11.15. A sheaf .7 is “acyclic for I if R'T'(F) = 0 for all i > 0.

Ezample 11.16 (Main example of acyclic sheaves for I'). A sheaf .# is flasque if, for all
nonempty open inclusions U C V, the restriction map .# (V) £+ .7

sheaves are acyclic for T'.

(U) is surjective. Flasque

Fxample 11.17. If X is an integral scheme, then the constant sheaves K and K* are acyclic
for T'.

Ezxample 11.18 (Another important example). Let X be a smooth manifold. Any sheaf “with
partitions of unity” is acyclic for FE-] For instance, C¥ is acyclic for I'.

Proposition 11.19 (Hartshorne I11.1.2A). In computing H'(X,.F) = R'T (%), instead of
resolving .Z by injectives, we can resolve F by acyclic (for T') sheaves.

Ezxample 11.20 (de Rham cohomology). Let X be a smooth (compact) manifold. We have
the de Rham complex

d d d
0-R—-C¥ =0 = 0% ...,

which is exact (as sheaves, not globally) by the Poincaré lemma. Note that Q% is locally free
of rank = dim X over C¥. Moreover, C¥ and Q% are acyclic sheaves (for T').
Thus, we can compute H'(X,R) using the de Rham resolution

0 OF(X) Ll (X)L o2(X) Lo ..,

which is usually called the “de Rham complex” for X. By definition, the de Rham cohomology
of X is 4 :
H{r(X) = i-th cohomology of the de Rham complex = H'(X,R).

Remark 11.21. There is a complex analogue of de Rham cohomology, known as Dolbeault
cohomology.

Ezxample 11.22 (Another cool application). Let X be an integral scheme, K its function field.
We have a short exact sequence of sheaves

0— 0% = K"— K*/O% — 0,
which induces a long exact sequence of cohomology
0— (X, 0%) = [(X,K*) L T(X, K*/0%) = H'(X,0%) = H'(X,K*) = 0.
= div(f)
The cokernel of d is

CDiv(X)

coker(d) = P

= Pic(X).

Thus, Pic(X) =2 H'(X, O%).

" This is known as a fine sheaf.
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11.7 Cohomology between categories

Let X be a scheme, and let .%# be a quasi-coherent sheaf on X. We can think of .% in three
different categories:

uasi- O x-modules )
q X sheaves of abelian
coherent “forget” on a rlnged “forget”
— —_— groups on a
sheaves on a Space topological space X
scheme X (X, Ox)
Ab

However, these categories do not have the same injectives! For example, consider Spec R,
where (R, m) is a local ring: this is not an injective Z-module.

Theorem 11.23. Injective objects in the category of quasi-coherent sheaves are flasque
(hence acyclic) in the category of sheaves of abelian groups.

11.8 Vanishing in some special cases

Theorem 11.24 (Grothendieck’s vanishing theorem). Let X be a Noetherian topological
space, and let F be a sheaf of abelian groups on X. Then

HY(X,#)=0  Vp>dimX.

Theorem 11.25. If X is an affine scheme and F is quasi-coherent, then H'(X,.7) = 0 for
all i > 0.

Proof. Let X = Spec A. Then .% = M for some A-module M. Consider a resolution of M
by injective A-modules
0—-M—=I1°=T"=>1*— . ...

By the equivalence of categories, this yields an exact sequence of quasi-coherent sheaves
0—>J\7—>I~0—>I~1—>[~2—>...,

and since Hom (—, I) = Hom(—, I), this is an injective resolution. Taking global sections
yields again
0—-M—=1"=1">1%— ...,

which is exact. Thus, the p-th cohomology is zero for p > 0. O

Theorem 11.26 (Serre). Let X be a Noetherian separated scheme. The following are equiv-
alent:

(1) X 1is affine.
(2) HP(X, %) =0 for all p > 0 and all quasi-coherent sheaves F .

(3) HY(X,.#) =0 for all quasi-coherent ideal sheaves % C Ox.
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12 Cech cohomology

12.1 Serre’s approach to cohomology

Let X be a topological space, and let .%# be a sheaf of abelian groups on X. Fix an open
cover U = {U;},c;-

Definition 12.1. The Cech cohomology HP(U,.F) of F with respect to U is the p-th coho-
mology of the Cech complex for .# w.r.t. U:

0—C'U, F)—— CY U, F) cC*U,F)——— ...
0—J[#W)—][ZWinU)— [] #W:nU;nU,) —
el i<j i<j<k

The maps are given by (for instance)

[[7w) - ][]#w.nuy

i€l 1<J

(8i)ier — ( j ]-)Kj-

NU; — Si

We have HO(U, F) = F(X) by the map s — (s|v,)icr-

Theorem 12.2 (Serre). If X is a Noetherian separated scheme, and % is a quasi-coherent
sheaf, then if U is an affine cover, then HP(U, F) is the same for all U, and isomorphic to
H?(X,.7).

Idea: For any cover U, there’s always a map
HU, F) — H (X, F).
It is an isomorphism if X is a Noetherian separated scheme, U is affine, and % is quasi-

coherent.

12.2 Twisting on the projective line

As an example of how to compute Cech cohomology, consider

X = P} = Proj Alz, y],
F = Ox(d),
U=0U0,uUU,

Uy = SpecA[%} =D, (z),

U = SpecA[ﬂ =D, (y).
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Compute H*(U, Ox(d)):

This is the d-graded piece of

0 [z, ylle '] @ [Alz,5,57"]] 2 A [az " a 0
<i g)H g [ _a9-yf

dyt) Tyt (ay)
So

H'(U,O(d)) = cokernel of 9 in degree d

where Vt, h € [Alz,y]] /(im 0).

2t+d

- Lx];)t

If d > —1, then for any h = 37, -aya'y’ € [Alz,y]],,, ,, We cannot have a monomial in the
sum with ¢ <t —1and j <t —1,s0 h € (2%,9"), and so we can write

h=—gz'+ fy'

for some g, f. Hence,

is a nonzero cohomology class.

12.3 The Cech complex

Definition 12.3. Let X be a topological space, .# a sheaf of abelian groups on X, and
U = {U;},.; an open cover of X.
The Cech complex of ¥ w.r.t. U is

0—CWU,F)—=C'U,F)—C*U,ZF)— ...,

where
cou,.z) = [[ ZW,n---n0,) % F(U,N---NU;,.,,) = CP U, F)
10< - <ip Jo<-<jp+1
pt1
(SiounipVio<cip = D (=1 (Sjordirdyis Vo<
k=0

Exercise 12.4 (Easy exercise). This is really a complex, i.e., 9P o 9P = 0.
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Definition 12.5. The Cech cohomology of F w.r.t. U, denoted H?(U,.F), is the p-th coho-
mology of H*(U, .F).

Remark 12.6 (Easy). For any cover U,
H(U, F) = F(X).
However, the Cech cohomology H?(U,.%) ¥p > 1 definitely depends on the cover I{ in general.
Theorem 12.7. There is a natural map
H" (U, F) — H'(X,F) Vp

which is an isomorphism when X is a Noetherian separated scheme, U is an affine cover,
and F is quasi-coherent.

Proof sketch. Consider a sheafified version of the Cech complex

0—>H§|Ui—>H?

icl 1<j

U,L.OU]._>....

This is a resolution of .% by sheaves of abelian groups. Embed this into injectives to get a
map of complexes

0—F — L7 Ui—>Hi<jﬁ

l |

0 F I I

UiNU; —_— ...

When U is affine and .% is quasi-coherent, then the sheaf Cech cohomology is a resolution of
F by acyclic objects, so we can use it to compute cohomology. n

Aside 12.8. We say that a cover U’ is a refinement of a cover U if for all U" € U’, there exists
U € U such that U’ C U. 5
In this situation, there is an induced map of corresponding Cech complexes

C'U,F)— CU,F),

which induces a map 3 5
H (U, F) — H' (U, F).

This forms a direct limit system, and we get the limit

lim  H*U,7)=H"(X,F) = H'(X, 7).

U open cover
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12.4 Cohomology of projective space
Let A be a Noetherian ring. We will compute

H'(PLO(D)) = (1. O()
using the cover

U=UUV,
U:D+<y>zspecA[§],

V=D(x)= SpecA[g} ,

T

1
UNV = D, (zy) = Spec [A {Ly, @H = SpecAE, %} .
0

The Cech complex is
0— O(d) (D+(y)) x O(d) (D+(x)) - O0d)(UNV)—0,
which is the d-th graded piece of

0— Alz,y] B} xA[:v,y]{l] %A[z,y,xiy} — 0.

x
The middle map is defined by
(0, 2°5%) = 2%y,
(xiyj,O) = —x'y
The cokernel H' (P!, O(d)) is the free A-module spanned by {z'y’} fori+j =d, i <0, j < 0.
Thus:
o H'(P',O(d)) =0 for all d > —1.

o H'(P',O(~2)) = H A A,
e There is a perfect pairing[r_zl
[Alz,y)]_,_, x H'(P',0(d)) = H'(P',0(-2)) = A
G [ ) o o] = { (3] 1= tandi= ot
0 otherwise.

In other words,

H'(P',0(d)) = [(Alz, y])-a-2]" -

2Recall: If V,W are free A-modules and (:) V x W — A is a bilinear map, then we say (-,-) is a perfect
pairing if the maps

V = WY = Homa (W, A) W vV
v (w e (v, w)) w = (v (v,w))

are isomorphisms of A-modules. That is, if V' x W — A is a perfect pairing, then V¥V =2 W and WV =2 V.
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Theorem 12.9. H'(P',O(—m)) is dual to [Alz,y]]
free A-module of rank m — 1.

Therefore, H'(P*,O(—m)) is a

m—2"

Remark 12.10. This is a case of Serre duality.

Here is the generalization to higher-dimensional projective space:
Theorem 12.11. For all integers n > 1, the cohomology of O(d) on P7 is as follows:
o H'(P",0(d)) =0 for 0 <i<n ori>n and Vd.
e There is the natural map [A[a:o, . ,xnﬂd — HY (IP’", O(d)).
o H'(P",0(—n—1)) = A.
o There is a perfect pairing
[Alzo, - .. ,and x H"(P",0(-=d —n—1)) = H"(P",0(-n — 1)) = A.

Proof sketch. Look at C*(U, O(m)), where U = D, (20)U---U D, (z,) is the standard cover.
Then we have

n

1
..%HA[IO,...,xn]{A—]i)A[xo,...,xn]{ }—)O.
i:O xo--.xi---xn :EO..-:L'”
A basis is (z) - ... - xf{i)zik:m. The image of 0 is the free A-module spanned by - .. .-z,
where at least one i, > 0. Thus, the cokernel is the free A-module spanned by a:é“ T
where all iy, <0 and ), i, = m.
Note that the critical value is m = —n — 1, where
1
H"(P",O(—n—1))=A . ]
(F",0(=n - 1)) |:{L'0....Tn:|

12.5 Serre duality

Over a field £, consider the sheaf {dpn/, on P. This is a locally free sheaf of rank n; on
U; = Speck[zg;, . .., Ty, it is the free Op,-module spanned by dxg/;, . . ., dy, /i-
Define the canonical sheaf

wpz = /\Q]}Dn/k.
This is locally free of rank 1 (invertible) on P".

Ezercise 12.12. wpn = Opr(—n — 1).

Theorem 12.13 (Serre duality). Let X be a smooth projective variety over k of dimension
n, let £ be an invertible sheaf, and define

wx = /\QX/k-
Then H"(X,wx) = k, and for all i, there is a perfect pairing

H(X,Z)x H" (X, 2" @uwyx) = H"(X,wx) 2 k.
So H(X, %) is dual to H" (X, X' @ wx) over k.
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Remark 12.14 (Special case). Let X be a smooth projective curve over k. By Serre duality
and the definition of genus,

genus X = dimy, H'(X, Ox) = dimy H°(X,wx).

Remark 12.15 (Local cohomology). Let S = k[zo,...,z,]/I, let X = Proj S, let d = dim X,

-----

12.6 Cohomology of projective schemes

Theorem 12.16. Let X be a projective scheme over a Noetherian ring A. For any coherent
sheaf F on X, F(X) is a finitely-generated A-module.

Note 12.17. This is wildly false without the projective assumption: if X = Speck[z] = AL,
then Ox(X) = k[z] is not a finitely-generated k-module.

More generally:

Theorem 12.18. Let X be projective over a Noetherian ring A, let F be coherent, and let
L be a very ample line bundle on X. Then

(1) For alli, H(X,.Z) is finitely-generated over A.
(2) There exists Ny such that for alln > Ny and all i > 0,
H(X,Z 2" =0.
Note 12.19 (Some current research). In (2), the Ny that “works” depends on .# and X. There
are two different research directions:

(1) Fix X, and try to find Ny that works for all % in some sense “positive” (for all ample

invertible sheaves .7 ):
H'(X,.2")=0 VYn> N,

This uses “characteristic p techniques”.

(2) Fix a distinguished .# (usually .# = wx, and assume X is smooth). Try to find N
that works for all .Z very ample:

H'(X,wx ® L") = 0.

Theorem 12.20 (Smith). If X is smooth and £ is very ample, then H'(X, " Qwx) = 0 for
all n > dim X.
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Proof of Theorem part (1). First, we reduce to the case X = P%. Consider X < P,
£ = i"Opn (1). We claim that

HY(X,F)=H'(P},i,.7).
Indeed, let U = {U;} be the standard affine cover of P*. Then Y N X = {U; N X'} is an affine

cover of X, and

H'(X,.Z) = cohomology of C(UN X,.F 0—>H F(U,NX)

H(P%,i,.%) = cohomology of C(U,i,.F) : 0 Hz*ﬁ(UZ) — .

and these are exactly the same complex. .

So, without loss of generality, X = P%, and .# = M for some finitely-generated graded
S = Alzg, ..., x,]-module M.

Say M is generated over S by myq,...,m;, where degm; = d;. We map onto M by the
degree-preserving map of graded S-modules

0> N—=S(-d)®...®S(—d)) » M —0
ei:(O,...,l,...,O)r—)mi.

This induces by the ~ functor

We get a long exact sequence of cohomology

Hi(IP’",,%/)—>H1<IP”@(’) >—>H’(IP’ F) = HYYPY, ) — ...

=1

The cohomology module
Ik (]P”, é O(—di)> - é H (", O(—d;))
i=1 i=1
is finitely-generated over A by explicit computation. For ¢ = n, this becomes
éH"(P’},,O(—di)) —- H"(P",.%) — 0.

The homomorphic image of a finitely-generated A-module is also finitely-generated, hence
H™(P", %) is finitely-generated over A.

Now use reverse induction on i: Assume that for all .# coherent on P’}, the cohomology
module H(P7%, %) is finitely-generated over A. Then we have

t
P H (P 0(-d)) L H(®",F7) L B (P, 7).
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The modules on the left and the right are finitely-generated. Breaking this up into a short
exact sequence, we obtain

0 —imd — H'(P",%) — imd — 0.
Since A is Noetherian, imd and im d’ are finitely-generated, hence H*(P",.7) is as well. [
Proof of Theorem[12.18, part (2). Again, take X < P and .2 = i*Opn (1). Then
H(X,Z @ 2") = H (P i.(F © 2L")).
By the projection formula,
i(F 0L =i(F e (01)") =i(F ®i'0n)) =i.F @ O(n).

So
H'(X,Z @ L") =H (P",i.(F @ £L") = H(P", (i.F) ® Op(n)).

Since Opn(n) is locally free and hence flat, we have a short exact sequence
t
0— #(n) = P O+ (—d; +n) — F(n) = 0.
i=1

We proceed similarly to the proof of part (1); the details are left as an exercise. O

13 Curves

13.1 Main setting

Definition 13.1. By a curve, we mean a projective, integral, smooth scheme X of dimension
1 over a field k. (If k = C, these are (compact) Riemann surfaces.)

Questions:

e Classify curves up to isomorphism.

e Study maps between them.

e Study covers of P! by curves: X — P

To answer these, we need to understand invertible sheaves . on X and H°(X,.%).
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13.2 The Riemann—Roch theorem

Fix a basis sq, ..., s, for H°(X,.#). This defines a map
X >PHX,Z))=P"
x> [so(@) oot sa(@)].

Recall: . = Ox (D) for some divisor D =Y, n;P; (where P; are points) on X.

Remark 13.2. In general, it can be hard to compute h°(X,.%?) := dim H°(X,.%). But it is
easier to compute

(X, 2)=hr(X,Z)-h(X, L)+ hX, L)X, L)+ = Xm: (—1)'dim H(X,.2).

1=0

Formulas for x(£) can be given in terms of invariants of X and .Z (called Riemann—Roch
formulas).

Remark 13.3. For an invertible sheaf . on a curve, the degree of £ is defined as >, n;,
where D = ). n,;P; such that £ = O(D).

Theorem 13.4 (Riemann—Roch for curves). Let X be a curve of genus g, and let £ be a
“line bundle” (invertible sheaf) on X. Then

X(X, %) =deg(&L)+1—g.
Note 13.5. Using Serre duality,
(X, L) ER(X, L) - WX, L) = X, &) — hO(X,wx @ L.
So, in dimension 1, we can rewrite the Riemann—Roch theorem as
(X, L) =deg L +1—g+h (X, wy@ZL1).
Proof of Riemann—Roch. We can view the term 1 — ¢ in terms of the trivial line bundle:
x(Ox) = hO(Xa Ox) — hl(X7 Ox)=1-g.

So the theorem just states that (&) = x(Ox) + deg Z.
We will use induction on deg.Z. In the case of the inductive step where £ has degree
d > 0, write .Z = O(D), where D = Y"'_ n;P,. Take one point P in the support. Then

0— Ox(—P) = Ox = k(P)— 0.
Tensor with .Z to get
0—=O0x(D—P)— Ox(D) = £Lk(P)=Fk/P)=k—0,
which induces a cohomology exact sequence

0— H°(X,0x(D - P)) = H*(X,0x(D)) = k
— H'(X,0x(D - P)) = H'(X,0x(D)) =0
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Hence, the alternating sum of the dimensions is zero:
x(Ox(D)) = h’(X,0(D)) — h'(X,0(D))
=h(X,0(D - P))-h(X,0(D—-P))+1
= X(OX(D — Pl)) +1
= X(Ox) +deg(D — P1)+ 1= x(Ox) +deg D.

Aside 13.6 (General fact). If 0 - &/ — B — € — 0 is a short exact sequence of coherent
sheaves on a projective variety Z, then

X(Z,B) = x(Z, )+ Xx(Z,F).
Returning to the proof, for any D and any P,

X(Ox(D)) = x(Ox(D = P)) + 1,
X(Ox(D)) = x(Ox(D + P)) — 1.

To prove Riemann-Roch, now write

D:ZTLZPZ—ZTN,ZQ“ ni,mi>0, PZ,QleX

Hence t
x(Ox(D)) = x(Ox) + an - Zmi = x(Ox) +deg D.
i=1 i=1

Recall that
x(Ox) = dim H(X, Ox) — dim H'(X,0x) =1 —g.

So
X(D) =x(Ox)+degD =1— g+ degD. O

13.3 Remark on arbitrary fields

Let us make sense of the Riemann—Roch theorem over fields that are not necessarily alge-
braically closed.
The only place the assumption k = k is used is to say k = k(P). If k # k, we still have a
finite extension
ko k(p) = HXN0)
mp

Hence
deg k(P) = dimy, k(P),

and the same argument goes through, except that

So the statement of Riemann—Roch is the same over arbitrary fields, once we use the following
revised definition:
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Definition 13.7. For a divisor D = 22:1 n; P;, let
t
deg(D) = " n; degy, k(P).
i=1

An alternative approach is to “base change” to k:
X = X x4 k——Speck
| |
X — Speck.
A divisor D = ), n; P, with P, C X induces an inclusion
P xp k C X x; k.
Hence, from the exact sequence

Ox

0= Ox(—P) <5 Oy = —% _
x(=F) = Ox Ox(=P)

— 0,

we can tensor with & to obtain an exact sequence
0— Ox(—P) — Ox — X

Ezample 13.8. If X = P3 = ProjR|x,y], then
X = X xp C = ProjClz,y] = P¢.
Consider the divisor
D=P=(+1) CPy.
We have k(P) = C, so degg k(P) = 2. Viewed in P{,
D xpr C= P + Py,
where P, = [i: 1] and P, = [—i : 1].

Returning to the general case,

X(Ox(D)) =1— g+ deg(D xy k).
Writing

D=3 P,
D XkE = ZnizmijQija
( J

we have B
deg D =deg D xy k = Zdegk k(P;).

n—1I

Letting v be the projection X x; k — X, for any coherent sheaf .# on X, the cohomology is
HP(X, )@k = HV (X, v*"F) = H (X x k,.F @i k).
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13.4 Divisors of degree zero

Assume k = k. What can we say about divisors of degree 0 on a curve X?
Proposition 13.9. If f € k(X), then deg(div f) = 0.
Proof. Consider the rational map

X-->k=ALCP}
x> f(2),
which extends to a map
X 5Pl
x e [f(z): 1]
Recall: If X — Y is a finite map of projective varieties, then fibers of all points have the

same cardinality (counting multiplicities).
Hence the divisor of zeros and poles of f is given by

div f = “zeros of f7 —“poles of f” = 1([0:1]) —¢ }([1:0]) = ZniPi — ZmiQi,
and so deg(div f) = 0. O

13.5 Degree zero divisors

Let Div’(X) be the subgroup of degree zero divisors on X. Then we have a short exact

sequence
deg

0 — Div'(X) — Div(X) —> Z — 0.
As we just showed, the group P(X) of principal divisors is contained in Div’(X), so this
induces

Div’(X)  Div(X)
PX)  PX)

0— 8.7 0,

denoted |
0 — Pic’(X) — Pic(X) =25 Z — 0.

The subgroup Pic’(X) turns out to have the structure of a variety over k. This is a
smooth projective (abelian) variety, called the Jacobian variety of X. Its dimension is g(X).
In the case of an elliptic curve (i.e., g(z) = 1),

Pic’(X) = X.

This is the usual group structure on an elliptic curve.
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Remark 13.10 (Higher dimension). Let X be a smooth projective variety over a field k = k.
In higher dimension, “degree” makes no sense. However, we still have a subgroup

_ Div(X)

Pic’(X) C Pic(X) P

— NS(X) 2 Z" — 0,

the group of numerically trivial divisors. It turns out that Pic®(X) is again an abelian variety,
called the Picard variety of X.

The cokernel NS(X) is a finitely-generated, torsion-free abelian group, the Néron—Severi
group of X.

Returning to divisors of degree zero on a curve:
Lemma 13.11. (a) If h°(X, D) # 0, then deg D > 0.
(b) If i°(X, D) # 0 and deg D = 0, then D ~ div(f) ~ 0 is principal.
(c) If £ is a non-trivial invertible sheaf of degree 0, then H°(X, %) = 0.
Proof. (a) Observe that
h’(X, D) = dimy H(X, O(D)) = dimy, { f € k(X)*
If f € H°(X, D) is nonzero, then div f + D > 0, so

div f+D >0} U{0}.

deg D = deg(div f + D) > 0.

Alternatively, write .2 = Ox(D). Then for all s € HY(X,.#), we can look at (s)g, the
divisor of zeros, which is automatically effective.

(b) If deg D =0 and f € k(X)*, then div f + D > 0 is degree zero, so div f + D = 0. Hence

D = —div(f) = div(1/f).
so D is principal. O

13.6 Divisors of positive degree

Divisors of negative degree have no global sections! So, to understand maps from a curve
to P" (“to do geometry for curves’), we should focus on divisors of positive degree. [In
higher dimension, we also want to understand “positive” divisors. A major question is what
“positive” should mean in the higher-dimensional context.]

Fxample 13.12. Consider a smooth, degree-d plane curve

klz,y, 2]
(Fa)

Write . = *O(1), and let s = ax + by + cz € HY(X,.¥), where a,b,c € k. If H =
V(ax + by + cz), then

X = Proj S = Proj = V(F;) C P} = Proj k[z, y, 2].

d
(s)o = “divisor of zeros of ax + by +c2” = HNX =V(s, F) = Z P,

i=1
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where the P; are points (not necessarily distinct) on X.
We have
2" = Ox(n- (HN X)),

SO
deg(Z") =n-d.

By Riemann—Roch for Z" on X,
X(£") =1—g+deg.2",

SO

dim H°(X, £™) =1 — g+ nd + dim H' (X, £").
By Serre vanishing, dim H'(X,.£") = 0 for sufficiently large n. We have

I(X,.2)=PH XL~ PS. =5

neN neEL

with equality in large degree, and we have
dim(S,)=d-n+1—g.

Note that dim(.S,,) is the Hilbert function of n evaluated at n, and d-n+1— g is a polynomial
of degree 1 in n. Thus this is the Hilbert polynomial for S.

13.7 Base-point-free and very ample linear systems

Question: Given a curve X and a divisor D, how can we tell if
|D|={D'| D' >0, D'~ D}

is base-point-free or very ample?
The following are equivalent:

| D| is base-point-free.

For all P € X, there exists D’ € |D| such that P ¢ D'.

For all P € X, Ox(D) has a global section s € I'(X, Ox (D)) such that s(P) # 0.
e Ox(D) is globally generated.

For very ample, look at a basis sg,...,s, € H(X,Ox(D)). The map

X =P
x = [so(x) i su(2)]

is a closed embedding. (In this case, members of |D| are hyperplane sections of X C P™.)
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Ezample 13.13. Consider X = P! = Proj k[z,y| and

2 = span {x4,x3y,x2y2,xy3} - HO(X, (9(4)).

The associated map is
X-=p

[z y] e [2h 2ty 2Py ay?]

defined everywhere expect at [0 : 1], which is a base point of 2. This map extends to the
Veronese embedding

X 2, p3

[z:y] — [x3:x2y:xy2:y3],
which corresponds to |O(3)|:

L =1v;0(1) = 0(3),
which is globally generated by the pullbacks 3, 2%y, zy?, y® of xg, x1, 2, 3.
Remark 13.14. When | D] is base-point-free,

X =P = ]P’(HO(X, (’)X(D)))
x = [so(x) -1 su(2)],
and the members of |D| are the pullbacks of hyperplane sections.

Proposition 13.15. Let |D| be a linear system of divisors.
e |D| is base-point-free <= for all P € X,
dim|D — P| = |D| — 1.
e |D| is very ample <= for all P,Q € X (including P = Q),
dim|D — P — Q| = dim |D| — 2.
Remark 13.16. We have a bijection
P(H’(X,0x(D))) — |D|

f +— divisor of zeros of (div f + D),
so we can think of |D| as a projective space.

Proof of Proposition|[13.15. Take any P € X. We have an exact sequence

0 —s OX(_P) s OX eval at P
= f(P).

k(P)=k—0
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Tensoring with Ox (D), we obtain an exact sequence
0— Ox(D—P)— Ox(D) — k(P) — 0,
which yields a long exact sequence of cohomology
0= H'(D—P)—= H' (D)= k—...
So

dim H° (X, Ox(D — P)) + 1 iff “eval at P” is surjective,

dim H(X, Ox (D)) =
1m ( y X( )) {dlmH()(X,OX(D_P)) iff “eval at P” is 0.

Note that f — f(P) is zero <= Ox(D) is not globally generated at P <= P is a
zero of every section of Ox (D) <= P is a base point of |D|. This proves the first part of

Proposition [13.15]
For the “very ample” part, first observe that if |D| is very ample, then |D| is base-point-

free, so for all P € X,
dim |D — P| = dim |D| — 1.

Hence, for all Q) € X,

_ dim|D — P| —1=dim|D| — 2 iff @ is not a base point of |D — P|,
dim|D-P—-Q| =4 . e .
dim |D — P| iff @ is a base point of |D — P|.
Observe that
HY(X,0(D - Q — P)) C H(X,0(D — P)) S H'(X,0x(D)).

If there exists Q # P such that dim|D — P — Q| = dim |D — P|, i.e., @ is a base point of
|D — P|, ie., forall s =3 ja;s; € H'(X, D — P), we have s(Q) = 0.

(2

Find a hyperplane H = ). a,x; C P™ which passes through P and not Q). Then
@*H = divisor on X of zeros of ¢* (Z aixi) .
But we have
o <Z aixi> = Zaigo*xi = Zaisi =s€ HO(X, OX(D)),
so s(P)=0 = s € H°(D — P). But s(Q) #0.

To summarize: we have P, € X CP". Find H such that P€ H and Q ¢ H. ...
Now for the case P = (). We have

|D—-2P|C|D—-P|S|D],

viewed as hyperplane sections, and we want to show that the first inclusion is proper. If
|D — 2P| = |D — P|, then every ¢ = ). a;z; vanishing at P € X vanishes to order 2.
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Choose an affine chart so that P is the origin in X N A™ C A™ C P". Then we have

Kt .t

it H ot
(tla"'atn) :E_»E
(tlv"'7tn)2 m% m%

Find a section of O(1) on P™ whose local defining equation in a neighborhood of P is a
generator of mp (meaning that the equation is not in m%). In other words, s € H°(X, D—P),
but s ¢ H'(X, D — 2P).

(See Hartshorne for the other direction of the proof.) O

Corollary 13.17. e Ifdeg D > 2g, then |D| is base-point-free.
o [fdegD > 2g+ 1, then |D| is very ample.

Remark 13.18 (Some classical language). If there exists D' € |D| such that P € Supp D’
but @ ¢ Supp D', then we say |D| “separates points P and @)”. We say that . = Ox (D)
“separates” P and @ provided that there exists s € HY(X,.%) such that s(P) = 0 but
s(Q) # 0. In either case, the map
X L
is such that ¢(P) # ¢(Q). This is the case if and only if
dim|D — P — Q| =dim|D| — 2

for all P # Q.
We also say that |D| “separates tangent vectors at P” provided that

|D—-2P| S |D - P,
or equivalently, X - P" induces an injective map of vector spaces
TpX 225 TpP",

i.e., p is an embedding at P. If |D| separates all points, then ¢p| is injective.
Recall from last time: if D has degree > 2g — 1, then

h'(D) = h°(Kx — D) = 0.

Proof of Corollary[13.17. Suppose deg D > 2g. To show |D| is base-point-free, we need to
show that for all P € X,
dim |D — P| = dim |D| — 1.

Compute using Riemann—-Roch:
(D — P)=1— g +deg(D — P) + h*(D — P).
Since deg(D — P) = deg D — 1 > 2g — 1, we have h!(D — P) =0, so
R (D—P)=1—g+deg(D—P)=1—g+degD —1=degD — g.

The proof of the very ample part is similar. ]
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13.8 Classification of curves
Let us classify curves by genus:
o g(X)=0 < X =P
e g(X)=1 < X = V(F;) < P? via the linear system ¢j3p,. We have

¢‘3P0|

Xe——— 5 p? [x:y:1]
Pl2Py| :
2:1 <+
P! [z : 1]

The equation Fj is given by
Fy(a,y,2) = Fy (5. 51) = flay) =y — oo = D(x = ).
By the Hurwitz formula, there are 4 ramification points 0, 1, oo, A.
For g(X) > 2, consider the canonical divisor Kx. We have
deg Kx =29 — 2.
Claim 13.19. |Kx| has no base points when g > 2.

(We will not prove this claim here; it does not follow from Corollary [13.17])
Note that

dim(Ky) = dim H*(X;,wx) — 1 =dim H°(X,Ox(Kx)) —1=g — 1.

We get a map
x el pot
In the case g = 2, we get a finite cover of P!; the degree of the cover is
deg Kx =29 —2=2

because members of |Kx| are ¢*(P). Thus, every genus 2 curve is a 2-to-1 cover of P!,
ramified at 6 points 0, 1,00, a, b, ¢ by the Hurwitz formula. So we can parametrize genus 2

curves by a family
P! x P! x P!

-
My C S

So, to summarize:
2:1
e g(X)=2: X - P! ramified at 6 points (3 degrees of freedom).

e g(X) > 3: |Kx| is either very ample (yielding ¢r | : X < P9"!) or it gives a map
X - PL

As a special case, consider X of genus 3, not hyperelliptic. Then |Kx| is very ample, so
we have an embedding
X =V(F,) — P~

Members of |K x| are hyperplane sections, and

deg Ky =29 —2=6—2=4.
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