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Chapter 1

(Quadrics, cubics, and elliptic curves

I.1 2013-09-04

I.1.1 Preliminaries

Course information:
e Course website: http://www.math.wisc.edu/ boston/844bis.html
e Office hours:

— W 1:30-3, 3619 Engineering Hall
— Th 9:30-11, 303 Van Vleck

e The grade is based on 10 homeworks.

Textbooks:

Rob Rhoades’ notes (questionable — contains numerous errors)

Silverman, The Arithmetic of Elliptic Curves I, II

Silverman—Tate, Rational Points on Elliptic Curves

e Knapp (modular curves)

Koblitz (special family of elliptic curves)

All derive from Tate, Inv. Math 23 (1974) and Cassels, J. London Math Soc. (1966).


http://www.math.wisc.edu/~boston/844bis.html
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1.1.2 Overview

A few examples:

Example 1.1.1. Consider the 3-4-5 triangle, which has area 6. We call an integer n congruent
if it is the area of a right triangle with rational sides.
Which integers are congruent?

e ) is congruent.
e 1 is not congruent (Fermat: 2% — y* = u?).

It turns out that

Proposition 1.1.2. An integer n is congruent <= the only rational solutions of y* = x*—n’x

are

(0,0), (n,0), (—n,0).
This is an elliptic curve: we have turned a question about a diophantine equation into a
question about points on an elliptic curve.

Remark 1.1.3. We will often work with a homogeneous version:

Yz = a® — n’x2?.

The points are in projective space P?| i.e., equivalence classes (z : y : 2), where (z,y,2) #
(0,0,0) and
(x,y,2) ~ (Ax, \y, Az)

for all A # 0.
Definition 1.1.4. Let K be a field. An elliptic curve over K is a nonsingular cubic curve
with coefficients in K which has a point.
Remark 1.1.5. By “nonsingular”, we mean nonsingular (smooth) over any extension field.
Ezxample 1.1.6. The curve

32° +4y* +52° =0
has no solutions over @, so it is not an elliptic curve over Q.

Example 1.1.7. The curves y? = 2 and y?> = 2® — 22 are singular cubics, and therefore are

not elliptic curves.

Remark 1.1.8 (Standard form). The standard form for elliptic curves in char K # 2 is

Y = f(x),

where f € K[x] is a cubic with distinct roots in K.
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[.1.3 Some examples by Elkies

Example 1.1.9 (Elkies, 1986). Euler (1769) incorrectly claimed that
oyttt =1t

has no nonzero integer solutions. This is the same as asking for rational points on
ot + y4 + 2t =1.

Elkies (1986) showed there are infinitely many counterexamples (dense). The method is to
show that this surface contains lots of elliptic curves with lots of rational points.

Example 1.1.10. (Trinks) The Galois group of 27 — 7z + 3 over Q is simple of order 168.
Elkies came up with several more equations with the same Galois group:

27 — 154z + 99
37227 — 282+ 9
499227 — 239562 + 3* - 113

Elkies conjectured that these are the only solutions.
Polynomials ax” + bz + ¢ having Galois group G1g¢s are parametrized by the curve

y* =z (81a° + 396z* + 738z” 4 6602 + 269z + 48) ,

which has genus 2. A conjecture of Mordell, proving by Faltings, is that there are only finitely
many rational points on such a curve. In fact, in this case, there are exactly 7 rational points.

Example 1.1.11 (Elkies). Over char K = 0, how often does ax® + bz? + ¢ have Galois group
G = C5 x C4 < S57 The solution is parametrized by points on

E: vy +ay+y=a"+2°+ 35— 28
(154A in Cremona’s database).

E(Q) has 8 points, of which 2 give solutions to the original question.

1.1.4 Moral

Many problems lead to us asking for the rational points on some variety.
Say this is a curve. There are basically three flavors, depending on the genus:

(1) Genus 0 is very easy (Diophantus’ method).
(2) Genus 1 is the intermediate case (elliptic curves).
(3) Genus > 1 is hard.

Some applications of elliptic curves:

(1) Fermat’s Last Theorem
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(2) Elliptic curve cryptography

These use an additional fact:

Fact 1.1.12. Suppose E is an elliptic curve over a field K. Given a field extension L O K,
let

E(L) = {points on E defined over L} .

This is an abelian group.

Remark 1.1.13. So, for instance, the question about congruent numbers becomes a question
of whether there is a point of infinite order on the corresponding elliptic curve. Similarly, in

Example [[.1.11} F(Q) is a cyclic group of order 8.

I.1.5 Order of specific topics

(1) Elliptic curves over R and C
(2) Elliptic curves over finite fields
e Hasse’s theorem
(3) Elliptic curves over Q and Z
e Mordell’s theorem

(4) L-functions
Qn,

n>1

(5) Modular forms
D and"
n>1

(6) Shimura—Taniyama

(7) Galois representations

(8) Tate—Shafarevich group

(9) Complex multiplication

(10) Birch-Swinnerton-Dyer conjecture
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I.2.1 Projective space

Let K be a field.
We define projective space

P (K) = (K™ — {0})/~,

where

(o, -y Tn) ~ (Yo, Yn) <= T; = AY;

for some A\ € K*. The equivalence class of (zg, ..., x,) is denoted (zq: ---: x,).

[.2.2 Nonsingular/smooth

Consider
flxo,...,x,) =0
with f € Kl[zo,...,z,] homogeneous, and let L C K be an algebraic extension. A point
P € P*(L) is a singularity of f = 0 provided that f(P) =0 and
of
=0 Vi.
(91:1- ‘

We say that {f = 0} is nonsingular <= it has no singularities in any such L.

Ezample 1.2.1 (elliptic curves). Let f € K|[x] be a cubic with distinct roots in K (char K # 2).
Then

y* = f(x)

is nonsingular, so defines an elliptic curve. (Indeed, it has a point at infinity, so it has at
least one point.)

Proof. Write
y' = (z —a)(z —b)(z —c)

with a,b, ¢ € K distinct. Then we have
y' = (@ —a)(z—b)(z—c) =0,
and homogenizing, we obtain
v’z — (v —az)(x — bz)(z — cz) = 0.

The points at infinity are where z = 0; hence there’s only the point (0: 1 :0).
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To show nonsingularity, simultaneously solve

F=y*2— (v —az)(z—bz)(x —cz) =0,

g—]; =—(r—bz)(x—cz) — (x —cz)(x —az) — (x —az)(x — bz) = 0,

OF

8_y = 2yz =0,

g—]; =y? +alr —b2)(x —cz) + blx — c2)(x — az) + c(x — az)(z — bz) = 0.

Since 2yz = 0 and char K # 2, we have y = 0 or z = 0. If 2 =0, then x = 0 and so y = 0,
which is impossible. But if y = 0, then

(x —az)(x —bz)(x —cz) =0.
Say (without loss of generality) x — az = 0. Then
(x —bz)(x —cz) =0.

Say (WLOG) = — bz = 0. But a # b, so this is a contradiction. Hence there are no
simultaneous solutions. O

I.2.3 Applications of elliptic curves
(1) h(Q(v—A)) as A — oo: effective bounds (Gross—Zagier, Goldfeld)

2) Factoring integers (Lenstra)

4

Inverse Galois problem

5

)
(2)
(3) Sphere-packings (Elkies)
(4)
(5) Taxicab problem:

1729 = 13 + 122 = 9% + 103,

1.2.4 Favorite curves over Q

Remark 1.2.2. Now we start the course proper.

Some favorite curves (with homogeneous f = 0 solution on the right, since we’ll often
look at that):

24yt =1 2?4yt -2 =0
V=1 —x y2z—(:1:3—:c22):0
v 4y=2"—1x vz y2t —ad — a2 =0

Note 1.2.3. The solutions of E: f =0 in K D Q are denoted

def

E(K) = {(a:b:c) | f(a,b,c) :0}.



L2, 2013-09-06 15
FExample 1.2.4. Consider
E:y*z -2 +22°=0.

Then you get a graph with two circles (one of which goes off to infinity). But if we look at
y? = f(x) where f has only 1 real root, then we get only one “circle” in the real plane.

[.2.5 Diophantus’ method

We want all the rational solutions to

The affine equation is
IZ 4 y2 — 17

the unit circle. Look at the line of slope ¢ through (—1,0). This intersects the unit circle at
a point
(=1 +a,at),

where a is given by
(=1+a)*+ (at)* = 1.
Solving for a, the line has exactly one other intersection point:

1—2a+a*>+d** =1
—2a+a* (1+1t*) =0,

whence 5
a=20 or a= e
So the point is
1—t* 2t
—1 t) = ——, ——

and the parametrization is

(iy:z)=(1—¢:2t:148%).

1.2.6 Example from Emissary, MSRI newsletter

The numbers 1,2, ...,8 have the property
1+24+3+4+5=T7T+8.

Say
14243444+ (k-1 =(k+1)+---+n
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Then

%k(k 1) = Snln+1) - %k(lz +1)

1
== én(n +1) = k%

We want to find lots of solutions to this equation. Say n = 2m (with m € Z). Then

m(2m + 1) = k?,
ged(m,2m +1) =1,

som = a2, 2m + 1 = y? yields
y: =227 + 1.

We now have Pell’s equation:
y? — 22 = 1.

We can solve this using some algebraic number theory: the units of Q(v/2) have the form
{#£1} x (u) for some fundamental unit u, and y + v/2x has norm 1.
For instance, (3,2) is a solution. More generally,

(3 n 2\/§)n = Yo + V22,

yields infinitely many integral solutions.
Suppose we want rational solutions of

y2 =222 + 1.

We use a method due to Diophantus (Awgavtoc). Consider lines of rational slope ¢ through
the point (0,1), with equation
y=1+1tx.

This gives

(1+tx)? =222 + 1
otz + t?2? = 222,

so x = 0 (the original point) or

2t:(2—t2)x,
2
2 — 2’
2+ t?
=l4+tr=——
Yy +tx 5 g2’

which is the desired rational parametrization.
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I.2.7 Diophantus’ method in greater generality

Challenge question: Can n be divided into 2 integers whose product is a cube minus a side?
This is given by the equation

z(n—x)=y>—y.

This is an elliptic curve. We will use the “tangent-chord method” to analyze this situation.

1.3 2013-09-09

I.3.1 The tangent-chord method

Last time, we looked at Diophantus’s (3rd century) method for solving plane quadratics.
What about plane cubics? E.g.,

R p—— ()
Consider the tangent at (0, —1). This is
dy _dy
6 — 21 =3y’ — — —=
SRR A P

which gives

dy 6—2x_6_3
dr  3y2—1 2

at (0,—1). Hence the tangent line is
y=—1+ 3.

To find the other point of intersection, we have

6r — a2 = (3 —1)> — (3x — 1)
6r — 22 =270 — 27> + 9 — 1 —3x + 1

262% = 272"
26
=0,0, —.
BT
In the last case, we have
% L 21T
Yo7 v 9 9
Take the line joining (0,0) to (%, 1797),
17 26
—x = —.
0"~ 27!

Plug in (x): get rational-coefficient cubic in x, solutions

26

—0 =
=Yo7

, some rational number.
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In fact, the solutions are
26 5382

) ﬁ7 _Ma

5382 621
4913° 289 /)"
Remark 1.3.1. This is known as the tangent-chord method for producing points with rational
coordinates (rational points).

so the other point of intersection is

[.3.2 Rational points on our favorite curves

Let us look at the rational points on some of our favorite elliptic curves.

Example 1.3.2. The curve

=2 —x

has rational points at oo, (—1,0), (0,0), and (1,0). In fact,

E(Q) = {00, (—1,0),(0,0),(1,0)}.
Ezample 1.3.3 (a curve with a cusp). The curve

y? = o

has a rational parametrization:
T = t2, Y= 3.

Exercise 1.3.4 (a curve with a node). Find a rational parametrization of the nodal curve
y* =2 (z +1).

Remark 1.3.5. In the singular case, a cubic curve’s genus degenerates down to zero, which
is why rational parametrizations can be found. (Genus zero curves are simpler than genus
one.)

Example 1.3.6. The curve

has points of inflection at (1,0) and (0, 1). In fact,
E(Q) = {00, (1,0), (0, 1)}

Remark 1.3.7 (inflection points). We will see later that points of inflection have order 3.

Example 1.3.8. It will turn out that
v +y=12"—x

has infinitely many rational points.
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I[.3.3 The group structure

Consider an elliptic curve

y* = f(2),
where f € Q[z] is cubic with distinct roots in Q. A line intersections the elliptic curve at
exactly 3 points P;, P, P3 (counting multiplicity). We will see that the rule

P1+P2+P3:O

defines a group law.

[.3.4 Complex curves

Fact 1.3.9. If X is a smooth curve defined over K C C, then X (C) is a compact, 1-dimensional
complex manifold (i.e., a compact Riemann surface).

Fact 1.3.10 (GriffithsHarris, chapter 2). If X is defined by f = 0 (smooth), where deg f = d,
then the genus is

(d—1)(d-2)

9<X) = f

Remark 1.3.11. From the above, if d = 3, then the genus is 1. In other words, the complex
points of an elliptic curve is homeomorphic to a torus S* x S!.
The product of two circles has a group structure:

S''x S'~R/Z x R/Z.
If K C C is a subfield, then X (K) C X(C) is a subgroup.

I.3.5 Genus trichotomy

Let X be a smooth curve defined over a number field K.

Genus 0 Genus 1 Genus > 2
Riemann surface | X (C) isomorphic to a | X(C) has universal
Analysis X(C) isomorphic to | complex torus (with | cover isomorphic to
the Riemann sphere group law) Poincaré disc
Differential X ((C) has Riemannian X(C) has flat metric X (C) has Riemannian
metric of constant | . metric of constant
geometry .. induced from C .
positive curvature negative curvature
If X has a rational
If X has a rational | point over K, then
Arithmetic | point over K, then | X(K) isasubgroup of | (Faltings) X (K) is fi-
geometry | X 2 P! over K (ratio- | X(C) (Mordell, 1922: | nite.
nal parametrization) | X(K) finitely gener-
ated)

Conjecture 1.3.12 (Poincaré, 1901). Given an elliptic curve E/Q, there exist finitely many
points such that the tangent-chord method yields all rational points. That is, E(Q) is a
finitely generated group.
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[.3.6 Next time
Hasse Principle failing for elliptic curves:
37 + 4y® + 52° = 0.

Why are they called elliptic curves?

I.4 2013-09-11

1.4.1 Hasse Principle

Theorem I.4.1 (Hasse Principle for genus 0 curves). Suppose f € Zlz,y, 2] is a homogeneous
polynomial defining a curve of genus 0. If

f(z,y,z) =0 (mod p™)

has a solution for all primes p and all m > 1, and has a real solution, then

fx,y,2) =0
has a solution in P?*(Q).

Remark 1.4.2. This is not true for general curves. Lind (1940) and Reichardt (1942) inde-
pendently came up with a counterexample:

ot — 17 = 22
Selmer (1951, 1954) came up with another counterexample:

32° 4 4y +52° = 0.

I1.4.2 Elliptic integrals
Consider an integral of the form

/R(x,y) dz,

where R is a rational function and x,y are related by a curve of genus 0.

Ezample 1.4.3. Setting y? = 1 — 22, we have

0o V1—a? o Y

This has a rational parametrization:

ot 1—¢t2
r=-——7 = :
1+ YT 1ye
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We have
dr  2(1+t*)—2t-2t  2—21?

- (1+2)2 1+

Hence we obtain

dx (14 t2)(2 — 2t?) 2
= dt = 2tan"Y(T) + C.
/ / (1—2)(1+ )2 /0 1+ an~(T) +

What about

/R(x,y) dz,

where z and y are related by a genus 1 curve?

Example 1.4.4. Consider an elliptic integral of the second kind (0 < k < 1):

_ /0 V=) (1 - k2% du.

The name comes from the fact that the arc length of the ellipse (0 < b < a)

T Yy
__|_b_2:1

4a-E( 1—(3)2).

Y = (1 — xz) (1 — /{:2:B2)

is

We can put

in the form

YVi=X(X-1)(X -\
for a suitable change of variables

B ar +b
cx+d’

_ €y

~ (cx+d)?’

where (CCL 2) is invertible and e # 0. Expanding this out, we get

(05?2)4 _ (Z:fj-z) ((a—cgiic(ib—d)) ((a—)\c)x+(b—)\d))

cr+d
— ¢%? = (cx +d)(ax +b) ((a —c)x+ (b— d)) ((a —Ae)x + (b— )\d)),

from which we can find the right values of a,b, ¢, d, e

21
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1.4.3 Branch cuts

Viewing this in terms of branch cuts: For

/ dx

NS

we have two branches and poles at x = 1, —1, so we can “slit” two copies of the Riemann
sphere from 1 to —1, then glue them together to get another sphere (a complex curve of

genus 0).
With

/ N —df)(x EVE

we instead slit from 1 to —1 and from A\ to oo on both spheres, whence gluing along both
slits yields a torus (a complex curve of genus 1).

Remark 1.4.5 (Periods). Let w = dz/y, and take

wlz/wa

e!

WQ:/M,
B

which are linearly independent over R. So
A= {mw1+nw2 | m,nEZ} ccC

is a lattice.

We can show
E(C)— C/A

pH/ (mod A)

is a well-defined complex analytic isomorphism (Abel-Jacobi).

I.4.4 Standard forms of elliptic curves

Question: How do we get a “nice” equation for an elliptic curve?
What is a nice form?
Weierstrass form:

y2 + a1y + asy = 2 + a2x2 + asx + ag.

If char K # 2, then we can complete the square on the LHS to obtain

ax +a 2
(y—i—%) = cubic in z,
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which becomes y? = f(z) after change of variables.
If char K # 3, then we can complete the cube on the right:
y? = 2° + ax + b.
Another nice form is Deuring form: if char K # 3, we can write
v+ ary +y = 2>

Remark 1.4.6 (Idea of going from general smooth cubic to the Weierstrass form). Take a flex
point (point of inflection), move it to (0 : 1:0), and make the tangent z = 0.

Example 1.4.7. The Fermat cubic (char K = 0)
$3 + y3 =1

has a flex point at P = (1:0:1). The change of coordinates

To =0T — %2
r1 =X
To=1Y

sends P to (0:1:0), and the tangent at the flex point is x = z, i.e., x5 = 0. The resulting
equation is
Ty = —3731y + 31105 — 73,

which in the affine plane x5 =1 is
zp = =327 + 3z — 1.

Now we get

2
3 9 1 1
$0:—3x1+3x1—1:—3(a:1——> 1

2
1N 1, 1
11—z | =—sxy— —=
o 370 12
1 1
y2=—§$g—ﬁ

I.5 2013-09-13

I.5.1 Converting to Weierstrass form
Take a general cubic and put it in Weierstrass form:

F(x,y,z) = o3y’ + c1o2Y” + en @y + c302” + coay’z

2 2 2 3
+ cr11xyz + ez + cor1yz” + crorz” + cpoz” = 0.
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Want:
yQZ + axyz + a3y22 =23 + angZ + a4a:22 + a623.

Impose conditions (remarks before proof):
(1) Make the curve pass through (0:1:0), i.e., co3 = 0.

(2) Make (0:1:0) a nonsingular point. Do this as always: Let

-

I
o= o
— o o

1
0
0
Then ¢ maps (0:1:0) to (0:0: 1), and

flz,y) = F(¢~(x,y,1)) = F(y,1,x) = (coaw + c129) + (conz® + crizy + ¢any®) +cubic terms

f o

J/

with f; # 0, so cgg, c12 are not both zero.

(3) Want the tangent line at (0:1:0) to be z = 0. So = 0 in the new affine coordinates,
hence ¢15 = 0 (and coe # 0).

(4) Make (0:1:0) a flex (point of inflection) <= f; divides fs.

9’°F  9’F
0x2  Oz0y

We have fi = coox, s0 f1 | fo <= c21 = 0.
Then
F(x,y,2) = e300 + coayz + cLizyz + oo’z + coryz® + cror2® + cooz” = 0.
Remark 1.5.1. There is an alternate approach of proving this using Riemann-Roch.

Theorem 1.5.2. If X : F(z,y,z) = 0 is a homogeneous smooth cubic over K such that X

has a K-rational flex, then there exists a projective transformation ® defined over K such
that F(®1(x,y, 2)) is in Weierstrass form.

Proof. Choose ¢ to map the flex point to (0:1:0). Use ¢ such that

pt =

o O

0 b
1 0}, ad — bc # 0
0 d

to make the tangent at (0:1:0) be z = 0.
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By conditions (1) to (4) above, we have a projective transformation 6 such that

) 3 2 2 2 2 3
Fo(x,y,2) = 302" + cooy”z + c112yz + 02”2 + co1y2” + c10v2” + coo2°.

Let
t 00
xt=|0 1t 0
0 0 1
Then
(Fe)x(m’ Yy, z) = Fe(tx,ty, z) = caot®z® + 002t2y22 + ...
Set t = 002/030_ D

Example 1.5.3. The point P = (0:1:1) is a flex point of 2% + y* = 23. Take

10 0
o=(00 1],
01 -1

so that

x a

Y = |0

z c
- 0),

Then & sends (0:1:1) and the tangent line at P is y = z, which is mapped

to ¢ = 0. Note that

1 00

dt=1[(0 11

010

Soifx =a, y=b+c, z=>0, then
Pyt =2 = ad+(b+e)P =0,
and we get
a® +3b%c+3bc? + 2 =0,
which is in Weierstrass form. In affine coordinates, ¢ = 1, so
A +3 +3b+1=0 = 3b* +3b=—a®— 1.

If we set b = —3Y and a = —3X, then

2yY% —9Y = 27X° — 1
1 1

Y2-oY =X~ —.
3 27

Taking Y = y/u® and X = x/u? (coefficients of y* and x* still match), for u = 3, we get

y? 1y_q:3 1

36 333 36 33
y? — 9y = 2® — 27,

and completing the square yields
y? = 2® — 432
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I.5.2 A classical example

Fermat showed by infinite descent that u* + v* = w? has no nontrivial (uvvw # 0) integer
solutions.

By change of variables

w
I /
Y=, X

SHES

we obtain
(Y2 = (X)* +1.
Writing X’ =z and Y/ = y + 22, we get
(3/+$2)2=9E4+1 — y? +22%y =1,
which is a smooth cubic. Projectivizing yields
Yz 4 20ty = 22,

an elliptic curve with a flex at (1 : 0 : 0). The tangent line at the flex is y = 0. The transform
010
1 00
001
sends (1:0:0) to (0:1:0) and y =0 to x = 0. Next apply
001
01 0],
1 00

which fixes (0:1:0) and sends z = 0 to z = 0. The composition of these is

0 0 1 010 0 01
d=10 1 0 1 00]=1(100
1 00 0 01 010
Setting
a T
bl =o(y],
c z
we have
T a 010 a
yl=o"'{o] =00 1|[b]=
z c 1 00 c
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1.6 2013-09-16

1.6.1 Correction
Consider
FOta, ty, 2) = caot®z® + coot’y’2 + . . ..

Set t = —% (coefficients equal but on opposite sides of the equation).

1.6.2 Hessian and flex points
Consider a smooth cubic F(x,y,z) = 0. The Hessian is the cubic
PF  O’F  °F
0x? Ozdy Ox0z
H — . . :
P°F
022
The flex points are given by {F =0} N {H = 0}. (Bezout: <9 points.)
Try
F(z,y,2) = az® + by® + c2>.

Then
6ax 0 O
H=|0 6by 0 |=(216abc)ryz.
0 0 Gcz

Say char K = 0. Then
{flex points} = {az® + by® + ¢z* = 0} N {zyz = 0}.
Suppose —c = a + b, e.g.,
x® +2y° —32° = 0. (%)

This has a point. But, if ¢, %,g are not cubes in K, then there are no flex points defined

over K. For example, take K = Q in (x).

Proposition 1.6.1. Suppose C' is a smooth plane cubic curve over K, and 0 € C(K) is a
flex point. Then there is a unique group law on C(K) such that P + Q + R = 0 whenever
P,Q, R are collinear points lying in C(K), and 0 is the identity.

[.6.3 Example from last time, continued

Consider u* + v* = w?. By some changes of variables described in §1.5.2 the equation
becomes
ca + 2cb* = a®.

The affine points at ¢ = 1 are a + 2b% = a3, so

2% = a® — a,
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and taking b — 2y, a +— 2z yields

8y? = 8z — 2z
1
= — g
Now we apply (setting u = 2)
Y Yy
'_> —_— = =
YT TS
LT
T - =
uz 4’
so we get
y o2t
64 64 16

which finally gives us the integer Weierstrass form

y2 =23 — 4z.

[.6.4 Congruent integers

)+ (5)-(5)

so b is congruent! (Fibonacci, 1225)
Recall:

Observe:

Definition 1.6.2. A positive integer n is congruent if it is the area of a right triangle with
rational sides.

Ezrample 1.6.3. 5 and 6 are congruent.

Proposition 1.6.4. If n is a squarefree positive integer, then the following are equivalent:
(1) n is congruent.
(2) There are three rational squares in arithmetic progression with common difference n.

2

Proof. Suppose n is congruent. Let n = %ab with a® +b* = ¢ (a,b,¢c € Q). Let 2 = <.
Then

| a+b\?

4 2
_a2+b2 ab_ a—b\2
TThETY s 2 )

so x —n,x,x + n is the arithmetic progression.
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Conversely, given € QQ such that x, x + n are all squares, let

a:\/x+n+\/x—n,
b=+Vz+n—+Vzr—n.

Check: %ab =n, and
a’ +b* =4z,

which is a square. O

Proposition 1.6.5. A positive integer n is congruent <= there exists a Q-rational point
on the elliptic curve y*> = x3 — nx other than the trivial points oo, (0,0), (n,0), (—n,0).

Proof. Given three rational squares =,z + n,
z(z 4+ n)(x —n) = square.
This is the nontrivial point. (We will prove the converse later.) O

Remark 1.6.6. The fact that 2 is not congruent follows from Fermat’s proof that u*+v* = w?
has no nontrivial integer solutions.

I1.6.5 Elliptic curves over C

Genus zero case: X is topologically a circle 2% + y* = 1 (S'). Embed the circle as
St — P(C)
0 (F(6): £/(6) : 1),

where f must satisfy f(6)? + f'(6)?> = 1 and be periodic with period 27. (Example: f(6) =
sinf.) The image is the circle. Such functions are

C(cosf,sin ) = C(u)[v]/(u® +v* — 1) = C(t).

We want to copy this for genus 1. Let A be a lattice in C, i.e., a discrete subgroup of C
containing an R-basis. Write A = Zw, + Zws.
Aim: define a embedding

C/A — P*(C)
2= (f(2): f'(2) 1 1),

where f must be doubly periodic.
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Chapter 11

Elliptic Curves over the Complex
Numbers

1.1 2013-09-18

Remark 11.1.1. Al-Karaji, 953-1029, Persian mathematician, proved 5 congruent.

II.1.1 Lattices and elliptic functions

Definition I1.1.2. A [attice is a discrete subgroup of C containing an R-basis, i.e.,
A = Zwy ® Zws,

where wy, wy are R-linearly independent.

Goal: to define an embedding

C/A = P*(C)
(f(2): f(2):1) (¢ D),
ZH{(o;u)) (z € A).

with image an elliptic curve.

We'll need f, f' doubly periodic, i.e.,
flz+w) = f(z) Yw € A.

Definition I1.1.3. An elliptic function with respect to A is a meromorphic function such
that
flz+w) = f(z) Ywe A, zeC.

Remark 11.1.4. The set of elliptic functions forms a field C(A).
Definition I1.1.5. The Weierstrass p-function for A is

wEA
w#0

31
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The FEisenstein series of weight 2k for A is

Gor(A) =D w™
weA
w#0
Remark 11.1.6. This is our first example of a modular form.

Theorem I1.1.7. (a) G is absolutely convergent for k > 1.

(b) a is absolutely convergent and uniformly convergent on every compact subset of C — A.
It defines a meromorphic function on C with a double pole of residue 0 at each lattice
point, and no other poles.

(c) on is cven, ice., pa(—2) = pal2).
Proof. (a) Consider the set

S ={w € A | w € ball of radius R with center (0,0)} .

Let A be the area of a fundamental domain of A.

Ezercise 11.1.8. B2
45 ="" L O(R).
A
Thus,

#{weAN|N<|w|<N+1} <cN
for some constant c. So

_ 1 -
Z|w| * = w2 N2k ZN% 1

weA w€A| |
w#0 w#0

which converges when k > 1.

(b) Observe that

2

w? — (z —w)?

22w — 2% 2] |2w — 2|

w2z —w)? | |w|2 |z—w|2 B |w| |z—w|2'

We have
5
20— 2| < 2]+ ]3] < Sl

1
|z —w| > |w| — |2| > W

Thus, if |w| > 2 |z| (all but finitely many w), then

1 1

(z—w)? w?

2l Slwl _ 10z

_,kUF '(%w)2<_ |a43'
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By part (a),

1
2 : 3
wEA ’w’
w#0

converges. So pp converges absolutely for any z € C — A, and converges uniformly on
compact subsets.

We will show the statement about the poles later.
(c) Since —A = A, this is clear. O
Theorem I1.1.9. @, is an elliptic function with respect to A.

Proof. By uniform convergence, we can differentiate term by term:

o) =23 —s

wEA

o (z+w)=¢'(2) Yw € A. (A=A+w)

Integrating with respect to z,
p(z +w) =p(2) + C,

where C' is a constant depending only on w. Let 2 = —%. Then
w w
N2 C
v (2) v < 2) M
but p is even, so C' = 0 and therefore p is elliptic. m

I11.1.2 Embedding elliptic curves

Consider the well-defined map

C/A — P*(C)
2 (p(z) cp'(2) 1) (2 ¢ A)
2z (0:1:0) (z € A).

Theorem 11.1.10.
(¢'(2))" = 4p(2)* — 60G4(A)p(z) — 140G(A).

Lemma I1.1.11. The Laurent series for p(z) about z =0 is:

o

o(2) =272+ Z(Qk 4+ 1)Gar(A) 2.

k=1



34 CHAPTER II. ELLIPTIC CURVES OVER THE COMPLEX NUMBERS

Proof. Observe that

_ 2 oy (L Z) , (Z2)(=3) 122 _
v [1+( 2)< w>+ 1.2 ( w)+ L
52
= w_2 |:2— + 3—2 + :|
= (m+1)zm
- Z wm+2
m=1
Thus,
IR . 1
plz) =224+ (m+1)2"> s
m=1 weA
w#0
=274 (2k+1)2%Gappa(A). O
k=1

I1.2 2013-09-20

I1.2.1 The Weierstrass p-function, continued

Let us prove the theorem from last time. Recall:
Theorem ([1.1.10)).

(¢'(2))" = 49(2)* — 2(2) — gs.
where g = 60G4(A) and g5 = 140Gs(A).
Proof of Theorem [II.1.10. We have

0(2) = 272+ 3G422 +5Gez* + ...
(2 =2"%49G272 + ...
0 (2)* =427 —24G27% + ...
Set

f(2) = ¢/ (2)* — 4p(2)* + 60G4p(2) + 140G = 2* + . ..
This is the Laurent series about z = 0 for
()= (9'(2)" = 40(=)° + g29(2) + gs. (I12.1.1)

The expansion starts with 2% (no 2%, 272 274

at z =0, and f(0) = 0.

Since f is elliptic, f(z) = 0 for all z € A. Since p and ¢’ are holomorphic away from
points of A, so is f. Thus, f is everywhere holomorphic.

Let D be a fundamental parallelogram. On D, f is bounded. Since f is elliptic, it follows
that f is bounded everywhere. By Liouville’s theorem, f is constant. But f(0) =0, so f is
identically zero, and the result follows from (II.2.1.1]). m

,27% terms). In particular, f(z) is holomorphic
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11.2.2 Riemann surfaces

Let us make a brief aside on (connected) Riemann surfaces. A Riemann surface is a “union
of patches on C,” i.e., a surface X = |J, U,, where each U, is homeomorphic to an open
subset V,, of C.
We additionally assume that all our Riemann surfaces are connected and Hausdorft.
Denote the homeomorphisms by

Up =5 V.
We require that the transition functions ¢, o cpgl be analytic where defined.
Example 11.2.1. Our main examples of Riemann surfaces:

e The complex plane C
e The Riemann sphere C,
e An elliptic curve C/A

e The upper half plane 7

Morphisms between Riemann surfaces have corresponding maps between domains in C,
analytic where defined. These are called analytic maps.

Fact 11.2.2 (Open mapping theorem). Suppose f : R — S is a nonconstant analytic map
between connected Riemann surfaces. Then f is open.

Corollary 11.2.3. If R is compact, and f : R — S is a nonconstant analytic map, then
f(R) =S (and S is compact).

Proof. By the open mapping theorem, f(R) is open in S. Moreover, f(R) is compact and S
is Hausdorff, so f(R) is closed. Since S is connected, it follows that f(R) = S. O

Corollary I1.2.4 (Liouville’s theorem). There is no nonconstant analytic map f : Co, — C.

Theorem I1.2.5 (Degree of an analytic map). Suppose f : R — S is a nonconstant analytic
map and R is compact. Then there is an integer k > 1 such that for all w € S, there are
exactly k solutions to f(z) = w (counted with multiplicity), i.e., f is a k-to-1 map from
R — S. We write deg(f) := k.

Proof. Let
Sq = {w esS | f'(w) has q preimages counting multiplicity} .

(Note: |f~!(w)| < oo, since f~'(w) is discrete and R is compact.) Exercise: Show S, is
open.
Note that if p # ¢, then S, NS, = @. Since f is surjective,

S=51US;US3U...
is an open cover. By compactness of .S, there is a finite open subcover
S=5U---uUS,.

But S is connected, so S = S, for some k. O
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Example 11.2.6. Let us find the degree of the Weierstrass g-function
C/A £ Co.

We showed that @, has a double pole at any point in A, and no other poles. So @, is a
2-to-1 map.
Likewise, by looking at preimages at infinity, ), : C/A — C is a 3-to-1 map.

I1.2.3 Missing facts about our map

We're still missing some facts about the map
C/A — P(C)
2 (p(2): 0'(2) 1 1).
In particular:

(1) 423 — g — g3 has distinct roots.
(2) C/A — E(C) is surjective.
(3) C/A — E(C) is injective.
(4) C/A — E(C) is an analytic isomorphism.
Let’s show these.
(1) 423 — gow — g3 = 4(x — e1)(x — e2)(w — e3), i.e.,
¢'(2)" = 4(p(2) — e1) (9(2) — €2) (p(2) — e).
Claim 11.2.7. ¢; = p (%), where ws = w1 + wa.

Proof. Observe that

el (%) =—¢ (—%) since ¢ is odd
=—¢ (Wi - %) since ¢ is elliptic
o ﬂ)
v (2 '
Thus ¢’ (%) = 0. O

Are the w; distinct? The equation p(z) = u has two solutions (up to multiplicity). Let
Wi
)=o) =0 (F)

This has a double zero at %, and since f'(2) = g'(2),

r(3)-9 ()

Now if p (%’) =p (?) with j # i, then we get a contradiction, since % is another

zero of f. O
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(2) The point (0:1:0) is hit. Pick (a:b:1) on y* = 42® — gox — g3. We want z such that
p(z) =a,  ¢'(z) =0
Say ©(z0) = a. Then
0'(20)" = 4p(20)* — g20(20) — g3 = 4a’ — g2a — g5 = V7,
so ¢'(z0) = £b. If it is b, then we are done. If p/(z)) = —b, then
p(=20) =a,  ¢(-2) =",

proving surjectivity. ]

I1.3 2013-09-23

I1.3.1 Embedding elliptic curves, continued
Consider
¢ :C/A — P*C)

2 (p(2) 1 ¢'(2) 1 1).

Last time we showed that 42® — gox — g3 has distinct roots, and that ¢ is surjective.
(3) ¢ is injective: Suppose p(z1) = p(22) and @'(z1) = ©'(22). Then, up to A,
21 = +2o
since p is 2-to-1 and even. If z; = —z,, then
9'(21) = ¢'(—22) = —¢/ ().

So ¢'(z1) = 0, whence z; = ' (up to A, for some 7 € {1,2,3}). But then —z; = 2; (up
to A), so 21 = 2. O

(4) ¢ is an analytic isomorphism: In a neighborhood of a lattice point,

(p(2): p'(2): 1) = <g<(z)> 1 p’}Z)) —(0:1:0)

since p is a double pole and ¢’ is a triple pole at lattice points.

Conversely, starting with an elliptic curve
Yy =42 —gx — g5 (92,93 € C),
can we find a lattice A such that

g2 = 60G4(A),

Yes, but we need some modular function theory.
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I1.3.2 Examples

Let us first consider some examples.
Ezxample 11.3.1. Say A = Z[i]. Then g3(A) = 0 and g3(A) € R*.

Proof. We have

6
wEA w
w#0
Consider the automorphism ¢(w) = iw of A:
p(Ge) = G,

and

go(w6) =0 =~ = 0(Gg) = —Gg;,

whence Gg = 0, and so g3 = 0. Then gy # 0 (else we have a cusp). Hence
1
Gi(h) =) —
weA

w#0

and if o is complex conjugation (an automorphism of A), then
O'(G4) = G4,
so G4 € R, thus ¢go € R. O

Ezample 11.3.2. Say A = Z [1(—1 + v/=3)]. Play the same game: go(A) = 0 and g5(A) € R*.
Get
92 = 4a® — gs-

Example 11.3.3. If ¢ € C*, let cA = {cw | w € A}. Show that
g2(cA) = cga(A),
g3(cA) = ¢ %g3(A).

Then we can prove that every elliptic curve with go = 0 (resp. g3 = 0) is of the form C/A
with A = ¢Z [4(—1 + v/=3)] (resp. ¢Z]i]).

Proof. Suppose the curve is y? = 423 — ax with a # 0. Say

go(ZJi]) =t # 0.
Then
g2(cZi]) = .
Solve ¢t = a for c. (Note: g3(cZ[i]) = 0 as desired.) O

3

Remark 11.3.4. In particular, y*> = 2° — z and 23 +y® = 1 are produced (up to isomorphism )

by the above method.
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I1.3.3 The j-invariant

To an elliptic curve
y* =42’ — gox — gs,

associate the j-invariant
j= 172893
93 — 2795

(This is the discriminant of the cubic.)
We'll see that, if £, E' are isomorphic elliptic curves, then j(E) = j(E').

11.3.4 Aside: Uniformization of Riemann surfaces

Let R be a (Hausdorff, connected) Riemann surface. There exists a universal cover
R — R.

There are, up to isomorphism, only three universal covers: C, C,,, and the open unit disc

A.
(1) C - C/A covers tori.
(2) C has no proper quotient.
(3) A — lots. (A “generic” Riemann surface has universal cover A.)
The unit disc A is conformally equivalent to
%:{ZEC|Imz>0}.
Let A < SLy(R) be a subgroup. Consider the action
a b az+b
(C d) fTatd
of A on H. We can study H/A (Shimura, or modular curves). Consider the case of A =
SLy(Z).

I1.3.5 Some modular function theory

Theorem I1.3.5. Given a,b € C and an elliptic curve
E:y? =42® —azx — b,

there exists a lattice A such that g2(A) = a and gs(A) = b.
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Proof. Define

1728a3
(B = ——.
J(E) a3 — 27b2
If A is a lattice, define
o 1728g5(A)?
JA ]( A) QQ(A)3—27QS(A)2
We saw
92(CA) =cC 492(/\ )
g3(cA) = ¢ "gz(A),
SO ch - jA-

If z € 7, consider the lattice
A=(12)={m+nz|mneZ}.
Define j(z) := ja.

Note: if <a b
c

d> € SLy(Z), then A = (az + b,cz + d). Thus,

faz+b (2)
= j(2).
J cz+d J
So j is invariant under the action of SLy(Z) on the upper half plane 7.
We now have a map

H/SLy(Z) L C.

[Later: give H/SLy(Z) the structure of a Riemann surface such that j is an analytic map,
and such that H/SLy(Z) has a 1-point compactification and j extends to

HJSL,(2) 25 C,

an analytic map.|
The image of the extended j is C,. So there exists z € H such that

() = 172843
I =3 o

Let A = (1, z). Pick ¢ such that
a=c g (N).

Plugging in j(E) = ja, we get
B = g, (0)”

so b= 4cbg3(A). If b = ¢ Og3(A), we're done. If b = —c5g3(A), replace ¢ by ci; this does
not change a, but replaces b by —b. Then

a=cga(A) = ga(ch),
b= c_Ggg(A) =g
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I1.4 2013-09-25

Note 11.4.1. The galoisrepresentations blog has a link to a video game based on H/ SLy(Z)[f]
Last time:
H/SLy(Z)X—C
1M

HJSLy(Z) > C..

I11.4.1 Elliptic functions
Theorem I1.4.2. The field of elliptic functions with respect to A is given by

C(p, ') = C(p) [\/4@ — G2 — gs}

Let f be elliptic w.r.t. A. Then, splitting into even and odd components,

So it’s enough to prove that, if f is even and elliptic, then f € C(p).
Idea: Come up with

9(z) = [[(0(2) = p(w))™

w

having the same zeros and poles as f(z). Then % is elliptic, no zeros and poles, so bounded

in the fundamental parallelogram, so bounded everywhere. By Liouville, it’s constant, so
7(2) = kg(2) € Clp)

The equation p(z) — p(w) = 0 has two solutions (since p is 2-to-1), which we can write
w, —w (mod A) (also true if w = —w, since ¢’ (4) = 0).

If w# —w, set n,, = v(w), the order of vanishing of f at w. Note that vs(w) = vs(—w)
since f is even and elliptic (take product over half the w’s).

What about if w = —w? (w = %, ¢, %,0)

Claim IL.4.3. If 2w € A, then vg(w) is even (set n, = svs(w)).

Proof. To show this, differentiate f(z) = f(—z) repeatedly:
FOz) = (=1)'f9(=2).
FOw) = (1) fO(~w) = (1) f O (w).

If i is odd, then f@(w) = 0. Hence, v;(w) = smallest i such that f@(w) # 0. So vs(w) is
even. O

https://galoisrepresentations.wordpress.com/2013/09/24/1ife-on-the-modular-curve/
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Since C/A 25 Cy, is 2-to-1 and C/A LN C is 3-to-1,

[C(A) : Clp)] = 2,
[C(A) : C(p)] = 3.
Since (2,3) =1,
C(A) = C(p, ¢').
This completes the proof of Theorem [[1.4.2] O

I1.4.2 Aside: Big picture

Three perspectives:

(1) Analysis: compact Riemann surfaces, e.g., C/A.

(2) Algebra: algebraic function fields of 1 variable, e.g.,

C(p) [\/493 — gogp — gz] -

(3) Geometry: smooth irreducible projective curves, e.g.,

3/2 = 4z° — g2 — gs.

11.4.3 The addition law

We have a map
C/A -2 E,(C)
2 (p(z) 1 p'(2) 1 1).
Theorem I1.4.4. The following are equivalent:
(1) z1 4+ 22+ 23 =0 (mod A)
(2) &(z1), d(22), P(z3) are collinear.

Proof
Say
Py = (z1,41) = ¢(=21),
Py = (w2, 92) = ¢(22).
Suppose 1 # x3. Let y = mx + k be the line through P, and P,. Consider
f(z) = ¢'(2) —mp(z) — k.

This has zeros at z; and z3. Moreover, f(z) is an elliptic function with a triple pole at z =0
and no others.
Hence f is 3-to-1, so f has 3 zeros. Call the other zero zs.
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Claim 11.4.5. If f is elliptic w.r.t. A, with zeros at aq, ..., a, and poles at by, ..., b,, then

Zal Zb =0 (mod A).

j=1
Proof of claim. Consider the function
2f'(2)
fz)"
which has poles at both poles and zeros of f [e.g., if f(z) = (2 —a;1)...(2 — a,), then
fliz) _ 1
f(z)_z—a1+ +z—an’

which has the desired property|. The residue term of the Laurent expansion of this near

zZ=a1ls
avy(a)
z—a

Letting A be the fundamental domain with vertices o, a + wq, a + ws, @ + wy + wy, Cauchy’s

residue theorem yields

: Zal Zb

27TZ HA f

Computing this integral,

1 a+wi Zf/ a+w1+w2

% [/oc /+w2 Z:|
L /W e zm f’( (+a)f()

21 | Sy

_w2 a+twi f/( )

2 d =
-2, f(z) : w=f(z)
1 d
= —(y — e A dw = f'(z)dz
270 Jipop W
integer

So, performing a similar computation for the other edges,
1 !/
LA e
2mi Joa f(2)
Continuing with the proof of the theorem, recall that
f(z) = ¢'(2) —mp(2) — k,
f has zeros at 2, 29, z3, and f has poles at 0,0,0 (mod A). So
21+ 204+23—0—0—0=0 (mod A).

Conversely, suppose 21 + 22 + 23 = 0 (mod A), but ¢(z1), ¢(22), #(z4) are collinear. Then

21+ 224+ 2,=0 (mod A),
whence z3 = z4 (mod A), so ¢(z4) = ¢(23).

We will finish with the case x1 = x5 next time.
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I1.5 2013-09-27

I1.5.1 Remarks
Note:
(1) v,(f) should should be used rather than vs(a) (it’s a valuation).

(2) In the proof that C(A) = C(gp, ¢’), note that the poles are handled the same as the
ZET0S.

As for the behavior at 0, multiply g(z) by the right power of p(z) to make v(g) = vo(f),
noting that vy(f) is even, as proven.

I11.5.2 Addition law, continued

C/A -2 B, (C)

2 (p(2) 1 0'(2) : 1) (z ¢ A)
z—(0:1:0) (z €N

Theorem I1.5.1. z; + 25+ 23 =0 (mod A) <= ¢(21), d(22), ¢(z3) collinear.
We already proved this for z; # x,. Take limits to get the general case. O]

I1.5.3 Explicit group law
Suppose char K # 2, and consider an elliptic curve
E:y? = f(z) =az® +bz® + cx +d.

Say (z1,y1) and (z3,y2) are points on F with coordinates in K. Say x1 # x2. Let (z3,y3)
be the third point of intersection of the line joining P;, P, and E. Call the line y = mx + k.
Then

(mz + k)* = az® + ba® + cx +d

has roots x1, xo, x3. This yields

az® +(b—m?)a*+ ... =0,
whence
m? —b
T1+ T+ T =
a
So )
b — 1
T3 =—%1 —Tyg— —+ (u) —.
a To — X1 a
Solve
Ys—Y1 _ Y2~ U
T3 — Iq To — X1
to get a.

If 1 = x4, there are two possibilities:
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(a) P = P5. Then if y*> = f(z), we have

dy
2 i

SO

/ / 2
L N Y ECY
21 a 21 a

(b) If 1 = x5 and y; = —¥s, then the third point of intersection is the point at oco.

Remark 11.5.2. Note that the group law gives (1, y1)® (22, y2) as an expression in 1, s, Y1, Yo
with coefficients a, b, c,d of E. We could check by brute force that this is a group.

Associativity follows from an identity involving x1, z2, Y1, y2, a, b, ¢, d with integer coeffi-
cients. Since we already know this is a group, we know this identity holds.

If K CC, then F(K) < E(C) (subgroup).

I1.5.4 Division points
Say K = C, E = E,, and m is a positive integer. For P € F(C), denote
mPEpPy+...+P.
—_—

m times

Let
E[m] = {P € E(C) | [m]P = point at oo} .

This is a subgroup of E(C).
What are the points of order m in C/A? In general,

C/A=S" x S,

S0
E[m| =2 Z/mZ x Z/mZ.
Moreover, E[m] C E(K) <= all roots of f lie in K.
Example 11.5.3 (m = 2). Abstractly, F[2] = Z/27 x 7/27. More concretely,

E[2) = {¢<O>,¢(%) 9(3) ,¢(°"1 ;“’)}
A 5) 95D 6 () (o(52) o (5))

:{oo}U{(a,O) ‘ f(a) 0}.

Ezample 11.5.4 (m = 3). E[3]| = Z/3Z x Z/3Z is the Hesse configuration of 9 flex points:
3P = o0 <= P, P, P are collinear <= P is a flex point.
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Ezxample 11.5.5. Let E : y* = 23 — 2. Then

E[Q] = {007 (_17 0)7 (07 O)a (L 0)}
B3] =7

Solve 2P = —P. If P = (x,y) and 2P = (x3,ys3), then

vy = —20+ (M) gy B2

4(x® — x)

So we want to solve

Clearing denominators,
3zt — 62> —1=0,

SO

2 6EV36+T2 1i2\f
= - =14+ 2Y

i\/l%—%%(@

Remark 11.5.6. The smallest extension field over which these roots are all defined is closely
related to the beginnings of non-abelian class field theory.

Example 11.5.7. If we do this for

and we get

v' = f(z) = 2° = ax + b,
we get that the z-coordinates of a 3-torsion point (other than oo) satisfy
g(x) = 32* + 6az® + 12bx — a* = 0.

Note that
g'(r) = 12f ().
WHY?

Theorem I1.5.8. Suppose E is defined over K. If P € E|m|, then the coordinates of P lie
in K.

1.6 2013-09-30

I1.6.1 Torsion points, continued

Let E be an elliptic curve over K, and let m be a positive integer. Recall that

def

Elm] = {P € E( )’mP:pointatoo}.
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Theorem I1.6.1. If P € E[m]|, then the coordinates of P are algebraic over K. In particular,

E[m] < E(R).

Moreover, let L/K be a field extension, and let 0 € Autg(L). If P € E(L) has order m,
then o(P) € E(L) and has order m, where if P = (x,y), we say o(P) = (o(x),0(y)).

Remark 11.6.2. We saw this for m = 2,3. The idea of the proof is this: Assume E : y?> =
23 + ax + b with char K = 0. If P = (z,y), then

mp = (2 ).

where

Y1 =1,

Ve = 2y,

Vg = 32t + 6az® + 12bx — a?,
¢4:4y(:)36+5a$4+...),

(the m-~division polynomials). Moreover,
mP =00 <= ¢,,(P)=0.

For m odd, 1, is a polynomial in x, so the x-coordinates are algebraic over K, whence the
y-coordinates are as well.

For m even, either y = 0 (so P € E[2]) or a polynomial in z is zero, so the z-coordinates
are again algebraic over K.

Proof of Theorem[IT.6.1. Apply o to y* = f(x):
o(y)* =o(f(x)) = f(o(x))
since f € K|z]. The addition law has coefficients in K, so
o(PL+ Py) =0(P)+o(P).

Thus o(mP) = mo(P). O

I1.6.2 Galois representations associated to elliptic curves

Say E is an elliptic curve over Q. Recall that
E[m]| 2 Z/mZ x Z/mZ.
We have a representation

pm - Gal(Q/Q) — Aut(E[m)]) = GLy(Z/mZ).
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Ezample 11.6.3. Say m = 2 and F is in the form y*> = f(z). Then

E[2] = {oo} U {(a, 0) ‘ fla) = O} .

The representation

acts by permuting the roots of f. (It follows that every mod 2 representation of Gal(Q/Q)
comes from an elliptic curve.)

Remark 11.6.4. The fixed field of ker p,,, is K,,, (the m-division field), where
K,, = extension of Q generated by the coordinates of E[m)].
Furthermore, the image of p,, is

pm(Gal(Q/Q)) = Gal(K,,/Q).

This is the starting point of nonabelian class field theory.

11.6.3 Modular forms and modular curves

Consider the upper half plane
A ={zeC|Im(z) > 0}.

The group SLy(R) acts by

az+b a b
FEord g ( d)e 2(R)
Indeed, this acts on 7
Im(z)
Im(gz) = ——%.
(92) ez + d|?

Earlier, we considered the case I' = SLy(Z) acting on 7. Set
[ :=PSLy(Z) =T/ {*I}.

We are interested in /T and functions satisfying

F(2) = (cz + d)kf(i‘jiz) v (‘CL Z) €T, 2 € . (11.6.3.1)

Example 11.6.5. For k = 0, the j-invariant is such a function.

Definition I1.6.6. If f is meromorphic on H and satisfies ([1.6.3.1)), then f is called weakly
modular of weight k on T'.
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Fact 11.6.7. The group I is isomorphic to a free product
[=(S,T|S*=(ST)*=1)=7Z/2%Z/3,

= (1), =0 1)
Thus, condition ([[1.6.3.1]) is equivalent to:
o =2,
z
flz+1) = f(2).

By the second condition, we can write

where

)= ) ang",  q=e""

n=—oo

Definition I1.6.8. If a,, = 0 for all n < 0, we call f a modular form (of weight k for I'). If
a, =0 for all n <0, we call f a cusp form (or cuspform).

I1.7 2013-10-02

I11.7.1 Modular forms, continued

Exercise 11.7.1. If f, g are modular forms of weight k, k', respectively, then fg is a modular
form of weight k + k'

Fxercise 11.7.2. If f, g are modular forms of weight k£, and ¢ € C is a constant, then f 4 ¢
and cf are modular forms of weight k. (In other words, the set of weight k£ modular forms
is a C-vector space.)

I1.7.2 Example: G(2)
For z € o, let A, = (1,2) = {m +nz | m,n € Z} (where z € ), and write

G(2) = Gi(A) = 3 !

.
a0 7 12)

We can check that Gi(z) is absolutely convergent, and uniformly convergent on compact
subsets. Thus, G(z) is holomorphic on H.
Moreover, GG, has the following properties:

Gul=+1) = Gi(2),
1 1 2F .
Gy (_Z) = Z = Z e —n)yF —° Gi(2),

k
(m,n)#(0,0) (m +n <_%)) (m,n)#(0,0)

where the last step is given by a permutation of A..
So Gi(z) is weakly modular of weight £ for T'.
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Claim I1.7.3. For k > 4 even,

2k
Gr(z) = 2¢(k) (1 - B Zak_l(n)q”> :
where ( is the Riemann zeta function, By is the k-th Bernoulli number, and
-y
din
The claim implies that Gy (2) is a modular form, and is not a cusp form.

Proof. Use the identity

 — 1 1
ﬂcot(wz):;—l—Z(erm—i-z_m),

m=1

2miz

which converges uniformly on compact subsets. Let ¢ = ¢*™* where Imz > 0, so |¢| < 1.

Then
meot(mz) = W.COS(WZ) = mis re -
sin(mz) einz — eminz
. (q+1 ‘ 2mi
=i | —— | =ir —
q—1 l—q
=m — 2mi Z q2.
d=0
So

" 1 1 >
- —ir—2m Y ¢
z+mzl<z—|—m+z—m) 2

Now differentiate (k — 1) times:

Thus,

Grl2) :Z_+Z Z nk—i—m

m##0 n;éO m=—00

+22 Z nz+m

n=1 m=—oo

=20 4230 Gy Onf DS

n=1

— 2¢(k) +—2(2W)k ST S g

n=1 d=1
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Now we need a formula for some special values of the ¢ function: setting k = 2n, we have

By, 22" ?n (27i)k

((2n) = (1) e R ES IS

Hence,

Gr(z) = 2¢(k) + 2(2<7T)—m iid’“ Lgnd

n=1 d=1
2k
= 20(k) ~ 2R - > (Do )"
n=1 d|n
= 2((k) 1—%ia (n) O
= By 2 k-1{1t)q
I1.7.3 The discriminant
Some special values of the ( function:
4
() = g5
6
C6) =z ﬂ5 7

Let

at (2m)d
Gu(z) = T3 (g+9°+...),
276 (2m)8
Ge(z) = — 33¢°+...).
Thus,
Az) = (2m)"? (¢ — 24¢° +252¢° + ... ) .
In fact,

=m0 -q¢)*

(We omit the proof, due to Jacobi.)
It follows that G4, G are weight 4,6 modular forms, respectively. Thus, g5 and g5 are
weight 12 modular forms. So A is a weight 12 modular form for T', actually a cusp formJ]

2In fact, there are no cusp forms of weight less than 12 for the whole modular group T.
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I1.7.4 The j-invariant

Recall that 17988 .

. 92

J(2) = =———7= = — + 744 + 196884q + . ..
) 9% =273 «q

The j-variant is weakly modular of weight 0.

Remark 11.7.4 (Monstrous moonshine). If G is the monster simple group, the smallest n
such that G — GL,(C) is n = 196833. (The monstrous moonshine conjecture was proved
by Borcherds, who made a breakthrough on a bus in Tibet.)

I1.8 2013-10-04

I1.8.1 Fundamental domains in the upper half plane

(Knapp, p. 230)
A fundamental domain D for I' in the upper half plane: see picture.

(a) Each point of H can be mapped into D by an element of T.

(b) The only points of D equivalent to each other under the action of I are z,z + 1 on
vertical sides and z — % on the circular arc.

(c) The only points fixed by v # 1 in T' = I'/{&]} are 2 = i (stabilizer is {I,S}) and
z = p, p* (stabilizers are {I, ST, (ST)?} and {I, TS, (TS)?}).

I1.8.2 Homothety

N— 7
w1 (09))
A= (wi,ws) —» — or —=
W2 w1

exactly one in .7

What if we pick another basis A = (w],w}), i.e.,

()= 2 () a=( ) o

If det A = —1, then Im(2!) and Im(z—:l) have different signs. If det A = 1, then Im(i—:l) =
Thus, we have a well-defined map

Lattices/Homothety — H/T".

This map is clearly surjective. It is also injective: A; and Ay have the same image <=
Ay = aly for some a € C*, ie., Ay and Ay are homothetic. |[In fact, C/A; and C/A, are
isomorphic elliptic curves <= A; and A, are homothetic.]

Thus, j : H/T' — C is the moduli space of elliptic curves.

H/T' <— {Lattices up to homothety} +— {Elliptic curves over C up to isomorphism}
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11.8.3 The modular curve

For N € Z., consider the finite-index subgroup

To(N) dzef{(i Z) er

A modular curve Yo(N) is given by

c=0 (mod N)} <T.

Yo(N) = H/To(N)+—{(E,C) | E elliptic curve over C, C subgroup of order N}

| l

H /T +———— {isomorphism classes of elliptic curves over C}

Let

Cusp.s
H*=HUQU {ico}.
Extend the action of T’ by identifying Q U {ico} with P*(Q), giving a transitive action

(CcL Z) (:y) = (az + by : cx + dy).

A base of open neighborhoods of 700 is given by
No = {zstlm(z) > C} U {ico}, C' — o0,
as shown by the map

2miz

z = e =q,
H — punctured unit open disk,

100 > origin
We likewise get a compact Riemann surface
Xo(N) = H*/To(N).

Note 11.8.1. With the given topology, H*/T" is compact. Look at j : H/T' — C holomorphic
(A = g5 —27g%2 #0). Extend j to a meromorphic function

j:H" )T — Cy,
j(ioo) = 0.

Note that j has a simple pole at oco. So j is injective. Also, j is surjective, completing the
outstanding proof that given a, b with a® — 27b% # 0, there exists A such that g»(A) = a and
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Elliptic Curves over Finite Fields

II1.1 2013-10-04

I11.1.1 Example over some finite fields
Consider the equation
E:a’+y* =2

This defines an elliptic curve over F iff 31 ¢. (In characteristic 3, z° + y*> = (z +y)?, so F
is a triple line.)
Note that E(F,) < E(Fz2), so |[E(F,)| | |[E(Fz2)|.

a [1EE) | q | 1EE) | ¢ | IEEF,)
2 3 3 4 5 6

2 9 9 10 25 36

8 9 27 28 25 36

16 9 81 82 125 126
64 81

128 129

II1.1.2 Magma code for size of elliptic curves

f := function(q)
K := GF(q)_1i
n:=0

for x in K do

for y in K do

for z in K do

if x°3 + y~"3 eq z"3 then
n:=n+1;

end if;

end for; end for; end for;
return (n - 1)/(q - 1);
end function;

95
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I11.2  2013-10-07

I11.2.1 Counting points on elliptic curves

Definition III.2.1. Let £ be an elliptic curve over [F,. We define

def
N, = ’E(]Fq’“)‘a

def > AGIW
zmzexp(z : )

r=1

where Z(T) is considered as a formal power series.

Lemma II1.2.2.

(1 —oT , ,
Z(TU :1%%j%rjfgyf% — Ah ::jéz/%'_'jg:(%7

where i, range over a finite set.

Proof. Observe that

(£22) - (557 )

r=1 r=1 i 7

- (1= aT)
- (1= BT)

Ezample 111.2.3. Let E : 23 +3® = 23 and ¢ = 2. Take 31 =1, By = 2, a1 = v/—2, and
oy = —y/—2. Then

B4 By — a1 —ag =3,
B+ 05 —al—a; =9,

and so on. 5o gy~ L=VERD (A +V=2T) 14217
(T) = 1-T)1-27)  (1-T7)1-2T)

II1.2.2 Hasse’s theorem
Theorem II1.2.4 (Hasse, 1930s). For all elliptic curve over F,

1—aT + qT?

20 =0 - gy

where a € Z, |a| < 2,/q.
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We will prove this theorem over the next couple of weeks.

Note 111.2.5. N1 = 1 + B2 — a1 — g = 1 + ¢ — a is the numerator evaluated at T = 1.
Proof. We have
(1 — OélT)(l — OéQT) . 1-— (Oél + OéQ)T + a1a2T2 B 1—al + (]T2

(1=5T)(1 - BT) (1 =511 = B.T) (1=T7)(1—qT)
80 a1 + g = a, {41, B} = {1,q}. u

Corollary II1.2.6. (a) Z(T) is determined by Ny (and hence Ny, N3, ... are determined by
Ny ).

(b) ¢+1-2yq < |E(F,)| <q¢+1+2yq.
We'll show |aq| = |as| = /7.

I11.2.3 Weil conjectures
The bigger picture:

Theorem II1.2.7 (Deligne, 1972). Let V' be a smooth projective variety over F, of dimension
m. Let N, = |V(Fy)|, and set

oo

Z(T) = exp (Z N;TT> :

r=1

Then
P(T)-...  Pop1(T)

T P(T) P(T) ... Pon(T)
where Py =1—="T, Py, (T) =1—-q"T,

Z(T)

J
with o] = q?,
deg P; = i-th Betti number of V,
and )
Z(—) = +q"EPTEZ(T),
qmT
where E is the Euler characteristic.

Remark T11.2.8. The part stating that |ay;| = ¢*/? is known as the Riemann hypothesis for
finite fields. Here’s why: The zeros of

(1 — OélT)(l — OéQT)
(1 =T)(1—qT)

occurs at T = o . If we set T = a; ' = ¢~*, then |o;| = \/§ <= Res=1.
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I11.2.4 Another example

Consider the elliptic curve
E:y+y=2"—2
in characteristic 2. We have
|E(F2)|=5=N1=1+q—a,

so a = —2. Thus
14 27T + 277

(1-T)(1—27)

Z(T) =

I11.2.5 Complex version of Hasse’s theorem

Theorem II1.2.9 (Hasse). Let X = C/A be an elliptic curve over C. Let m : X — X be
a morphism (i.e., an analytic map of Riemann surfaces and a group homomorphism) with
kernel of finite order ¢ > 1. Let

N, = #fized points of .

=N, T\ P(T)
b (Z r ) T 1-T)(1—qT)

r=1

Then N, < oo, and

where Pr(T) is a quadratic in Z[t], and its roots have absolute value q~'/2.

Remark 111.2.10. What’s the connection between the theorems? In the finite field case, think

of X = E(F,), and let
T: X —X
(z,y) = (29, y7)

be the Frobenius map. A point (z,y) is fixed under 7" <= the coordinates satisfy ¢ = x
and y¢' =y < x,y € Fy.
Remark 111.2.11. The idea of the proof is to study End(X).

IT1.3  2013-10-09

I11.3.1 Complex Hasse’s theorem

Theorem III1.3.1 (Hasse). Let X = C/A. Let m: X — X be a morphism (i.e., an analytic
map of Riemann surfaces and a group homomorphism), with kernel of finite order ¢ > 1.
Let N, be the number of fixed points of ©". Then N, < oo and

N TN P.(T)
eXp<Z : )‘(1—T><1—qT>’

r=1

where Py(T) is a quadratic in Z[T] with all roots of absolute value ¢~'/%.
Idea: Study End(X).
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II1.3.2 Preparatory material
Given a € C, define ¢,(z) = ax. If aA; C Ay, this defines a well-defined morphism

C/A; 25 C/As,
s0 ¢, € Hom(C/A1,C/As).
Lemma II1.3.2 (proved later). There is a bijection

Hom(C/Ay,C/As) +— {a € C | al; C Ay},
Gg  a.

So C/Ay 2 C/Ay <= Fa € C* such that al; = A,.
Hence we can assume without loss of generality that
A=(1,7)={m+n7|mmneZ}

for some 7 € .
Let X = C/A. Then we have a ring map

End(X) — C,
Ga > a

which is an injection by the lemma. Thus End(X) is a (commutative) integral domain.
If ¢, € End(X), then 1 € A = a € A, so End(X) < A as abelian groups. So the
additive group of End(X) is free abelian of rank 1 or 2.

Definition IT1.3.3. If End(X) has rank 2, we say that X has complex multiplication.

Ezample 111.3.4. Let A = Z[i]. Then End(X) = Z[i], and X has complex multiplication. We
can see this algebraically: g3(A) = 0, so we have

E:y? =423 — gou.
Consider

0: E(C)— E(C),

(z,y) = (=, iy).
Then #* = id and 0? # id.
Definition III.3.5. Let a € End(X), a # 0. The norm (degree) of a is
N(a) = [kera| = |[a "A/A| = [A : aA].

Set N(0) = 0.
Ezample 111.3.6. If a € Z, then N(a) = a?.
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I11.3.3 Proof of complex Hasse’s theorem

Suppose a = m + nt (m,n € Z) (since a € A). Then ar € A, say ar = m’ + n'7. Thus

(o )
a +— ’ ’
m' n
tells us the action of @ on A. This correspondence yields a ring homomorphism
End(X) — My (Z).
By Cayley-Hamilton, a must satisfy its characteristic polynomial. Thus, a is a root of
t2 — (m+n )t + (mn' —nm') = 0.

Call the other root @ = m +n’ — a. TherT]

N(a) = det (:Z, Z,) =mn’' —nm' = aa = aa € Z.

Hence the map a + a is an involution of End(X).

Therefore,

N, := #fixed points of 7" = |ker(1 — 7")|
=N1-7")=01-7")(1-7")
=1-7")(1-7")
=1—7a"=7" 4 (77)".

Since

|7r|2 =771 = N(7) = |ker 7| = g,

we have || = ,/g. Thus

(1—2T)(1 = 7T) Po(T)
Z(T) = — = )
(A—T) 1 —mxT)  (L=T)(1—qT)
where P; is a quadratic in Z[T] and the zeros of P, have absolute value ¢~*/2. O

I11.3.4 Proof of lemma
Lemma I11.3.7. The map

{a eC ‘ al, C AQ} — {(;5 :C/Ay — C/A, | ¢ analytic, p(0) = O},
a — Qg

15 a bijection.

IExercise: If A = (1,7), then the volume of the fundamental parallelogram of (m + nr,m’ + n'7) is

det (ﬂn;, ;Z,) - volume(fundamental parallelogram of A).



II1.4. 2013-10-11 61

Remark 111.3.8. In fact, we’ll see this implies that ¢ is a group homomorphism, so the above
map is actually a ring isomorphism.

Proof. Injectivity: Say ¢, = ¢». Then az = bz (mod Ay) for all z € C, and so z — (a — b)z
is a map C — A,. The image is discrete, so the map is constant, implying a = b.

Surjectivity: C is simply connected, so we can lift any ¢ € Hom(C/A;,C/As) to a
commutative diagram

C/A, —2-C/ Ay,

where f is analytic and f(0) = 0. For any w € A; and z € C,

fz+w) = f(2) € Ay,

so f(z +w) — f(#) has to be constant. Thus f/'(z +w) = f'(z) for all z € C, w € A;. Hence
f" is elliptic with respect to Aj, whence f’ is constant. Therefore, f/(z) = a for some a € C.
So f(z) = az + b for some a,b € C, but b = 0 because f(0) = 0. O

I11.4 2013-10-11

I11.4.1 Isogenies

Definition I11.4.1. Suppose Ei, E5 are elliptic curves over K. Say that ¢ : E; — FEs is an
isogeny if ¢ is a rational map and ¢(0) = 0 (where “0” denotes the identity elements).

Example 111.4.2 (American Mathematical Monthly). Consider the elliptic curves

C:y*=2°+2,
J o w? = 22 — 1202 + 506.

The map

m:C — J,

24(x + 1) 24xy )

(z,9) = (“ @227 (wr2p

is an isogeny. Moreover, |ker | = 3, and if p > 3, then |C(F,)| = |J(F,)|.

Claim I11.4.3. Every analytic group homomorphism is an isogeny.

C/A, 24 C/A,

(mlzmltl)l l(mgzmztl)
E, L E,
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The map

(921 (2) = 9, (2) 1 1) = (9as(a2) = @), (a2) 2 1)
(0:1:0)—(0:1:0)

makes the above diagram commute.
We need to show that gy, (az), ¢, (az) are rational functions in pa, (2), @, (2), i.e., that
they are in

C(pAl (Z>’ @;n (z)) = C(A1)7

where C(A;) is the field of elliptic functions with respect to A;. So we just have to show
that pu,(az), @), (az) are elliptic with respect to A;.
Indeed, if w € Ay, then

P, (a(z +w)) = P, (az + aw) = gy, (az)
since aw € As. O

Definition ITI.4.4. Denote
End(E) o {isogenies £ — E defined over K} .
In case K = C and E = C/A,

End(E) = {analytic group homomorphisms C/A — C/A} «+— {a € C|aA C A}.

II1.4.2 Rosati involutions

Definition III1.4.5. A ring R is called a ring with Rosati involution provided that
(1) R is a (possibly noncommutative) ring with 1 with characteristic 0, and

(2) R is equipped with an involution

R — R,
ar—a
such that:
e a=a,
o @:_5,

for alln € Z, n =n,
e aa = aa € 7, and
e aa > 0if a #0.

Definition III.4.6. Define deg : R — Z by deg(a) = aa.
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Ezxample 111.4.7. Let E be an elliptic curve over C. Then End(F) is a ring with Rosati
involution.

Corollary I11.4.8. Let R be any ring with Rosati involution. Then:
(1) deg(0) =00 = 0.
(2) deg(a) > 0, with deg(a) > 0 if a # 0.
(3) deg(ab) = (ab)(ab) = abba = a(degb)a = aa(degb) = (dega)(degb).
(4) If n € Z, then deg(n) = nn = n?.
Proposition 111.4.9. R has no zero-divisors.

Proof. Suppose ab = 0. Then deg(a)deg(b) = deg(ab) = 0. So dega = 0 or degb = 0,
whence a =0 or b = 0. O

Definition I11.4.10. tr(a) = a +a.
Proposition II1.4.11. For all a € R, tr(a) € Z.

Proof. We have

deg(l+a)=(1+a)(1+a)=(1+a)(1+a)=1+a+a+ aa.
Since deg(1 + a), 1,aa € Z, it follows that a +a € Z. ]
Definition 111.4.12. For all ¢ € R, define

P,(T)=T? — (tra)T + (dega) € Z[T).

II1.4.3 Hasse’s theorem via involutions
Proposition IT1.4.13 (Hasse’s theorem). [tr(a)| < 2+/deg(a).
Proof. For all m,n € 7Z,
0 < deg(m + na)
= (m 4 na)(m + na)

= (m + na)(m + na)
= m? +mntr(a) + n? deg(a)

()
a n .
So P,(t) > 0 for all t € Q. Thus, the discriminant of P,(T) is negative or zero, i.e.,
(tra)® — 4deg(a) < 0.

So [tra| < 24/deg(a). O
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Theorem I11.4.14. Let m € R be such that deg(m) = q. Let N, = deg(1 — n"). Then

NI\ 11— (trm)T + qT?
eXp<Z r > (1—T)1—qT) "

r=1

Proof. We have

N,=(1-a)I-7)
— (-7 (1-7)

=1—7"—7 + (770)".

Thus, by Lemma, |[I1.2.2]

= N, T" (1—7aT)(1 —7T)
P (; r >:(1—T>(1—m)' -

II1.4.4 Dual isogenies
Tasks:

(1) An elliptic curve E over K yields End(F), a ring with Rosati involution.
(2) When K = F,, show that
deg(l —7") = |ker(1 — 7")|,

where 7 is the Frobenius map (z,y) +— (29, y?). (This amounts to showing separability
of 1 —7".)

Theorem I11.4.15. If R is a ring with Rosati involution, let K = R®z Q. Then K is one
of the following: Q, an imaginary quadratic field, or a quaternion algebra.

I11.5 2013-10-14

I11.5.1 Preliminaries

Last time: let R be a ring with Rosati involution, 7 € R, degm = ¢, and N, = deg(1 — 7").

Then
N, T" 1— (trm)T + ¢T?
ep(E: ) (r) q

r 1-T

r=1

and [tr7| < 2,/7.
This will be enough to prove Hasse’s theorem once we show the following:

(a) If £ is an elliptic curve over a field K, then End(E) is a ring with Rosati involution.
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(b) If K =T, and 7 is the Frobenius endomorphism (z,y) + (z9,y?), then

lker(1 — 7")| = deg(1 — 7).

Remark I11.5.1. The fixed points of 1 — 7" are E(F,r). In particular,

Ny = deg(1 — )
—(-m{=m)
—(—m)(1-7)
=1—(r+7)+77
=1—(trm)+q.

Since |tr 7| < 2,/g, it follows that

14+q—23< N <1+q+23.

IT1.5.2 Classification of rings with Rosati involution

Theorem I11.5.2. If R is a ring with Rosati involution, let K = R ®z Q. Then K is one
of the following:

(¢) Q
(b) an imaginary quadratic field
(c) a quaternion algebra over Q, i.e.,
K =Q+ Qo+ QB + Qap,
where o, 32 € Q, o2, 5% < 0, and Ba = —af.
Remark 111.5.3. We shall see (time permitting) that, if F is an elliptic curve over L, then:
(1) if char L = 0, then (c) does not arise (we saw this for L = C); moreover,

e case (a) occurs <= E does not have complex multiplication, and

e case (b) occurs <= F has complex multiplication.
(2) if L is a finite field, then (a) does not arise (since Frobenius ¢ Z). We say that

e case (b) < E is ordinary, and

e case (¢) < E is supersingular.

Proof of Theorem [III.5.3. Extend a — @ to K by

a®q=a®q (a€ R, ¢€Q),
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and define as usual

deg : K — Q, tr: K — Q,
deg(a) = aa, tr(a) = a +a.

Observe that K is a division algebra since, if a € K \ {0}, then

deg(a) = aa € Q-o,

a = —1 a
~ \dega/

0=(a—a)(a—a)=a*— (a+a)a+aa=a®— (tra)a+ (dega).

and deg(a) =0 <= a =0, whence

Note that

Hence, a is a root of T? — (tra)T + (dega) € Q[T]. So [Q(a) : Q] <2 for all a € K.
Let b = a— 3 tr(a). Then tr(b) = 0 and Q(b) = Q(a), and b* —0b+degb = 0, so b* € Q<.
Result on classification of division algebras: If K is finite-dimensional over its center F
and M is a maximal subfield, then [K : M| = [M : F).

Note 111.5.4 (Bergman). If a division algebra is infinite-dimensional over its center F', then
it contains an infinite-dimensional subfield.

In our case, since Q is perfect, every extension of Q is simple, so by the above, [M : Q] < 2.
So the possibilities are:

(1) If F =Q, then [K : Q] =1 or 4.

(2) If FF > Q, then F is quadratic, so M = F, whence n = 1 and K = F, and K is
therefore an imaginary quadratic field.

If K =Q, weare done. If [K : Q] = 4, pick b € K —Q such that tr(b) = 0. Pick c € K—Q(b).
Then

Let

We can check that
tr(b) = tr(d) = tr(bd) = 0.

So b= —b, d = —d, and bd = —(bd) = —db = —db. Moreover,
b* = —deg(b) € Q,
d2 = — deg(d) c @<0,
and b,d ¢ Q. Set « = b and § = d. Thus, K is a quaternion algebra over Q. n

Remark 111.5.5. The key fact driving this theorem is that [Q(a) : Q] < 2 for all @ € K. This
is analogous to the classification of real division algebras.
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I11.5.3 Dual isogeny

Look at K = C. Say a : C/A; — C/A; such that aA; C A, is an analytic group homomor-
phism. We have
N(a) = [Ag : aly] = |keral.

Hence, Ay/al; is a group of order N(a). So N(a)Ay C aAy, whence

N{(a)

a

Ay C Ay

N(a)

Set a = . Then aAs € Ay. So a defines an analytic group homomorphism
a : (C/AQ — C/Al

This is the dual isogeny to a.

I11.6 2013-10-16

References:
e Lorenzini, An Invitation to Arithmetic Geometry.
e Stichtenoth, Algebraic Function Fields and Codes.

Let E : y*> = f(x) be an elliptic curve over K. Then

K(E) = K(@)[y/f(2)].

II1.6.1 Function fields of projective curves

We can study smooth projective curves over a field K via function fields. There is a dictionary
between maps of curves

o, 2o,

and maps of the corresponding function fields
— o —

The map from curve maps to function field maps is easy. The map in the other direction
recovers the curve as the “places, valuations, or primes” of the function field.

Note 111.6.1. The map of curves is either constant or surjective. (This is an analogue of what
we saw for compact Riemann surfaces.)

We can decompose the map of function fields into

K(Cy) «— K(Cy)*P — K(Cy),
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where the first map is separable of degree [K(C1) : K(Cy)]sep and the second is purely
inseparable of degree [K(C1) : K(C2)]insep-
Hence, there is another curve C3 such that ¢ : C; — Cs factors as

Cs
SN
Cl—¢>02,

where 9 is a separable map, and x = (Frob)® is a purely inseparable map. (The terms for
field extensions are translated to the terms for curves.)

Remark 111.6.2 (Algebraic number theory). We have the usual relation

zT: eifi = n.

=1

Since K is algebraically closed, f; = 1. So

i=1
and ¢ is a (deg, ¢)-to-1 map.

I11.6.2 Examples of maps of curves

FEzample 111.6.3. Let K = IF,, and consider the map
P! 25 P!
t >t
Let ¢ € K. How many preimages are there? For some a € K,
t9—c=(t —a)’,
so |¢7(c)| = 1. Note that ¢ is a root of z¢ — ¢4 = (0. Thus,
K(t9) — K(t)

is purely inseparable of degree ¢ = deg ¢.
Ezample 111.6.4. Let E be an elliptic curve over K, and suppose char K = p > 0. For E®)
replace each coefficient a; by a?: for example,
E:y’=2>+ax+0,
E® 2 = o3 4 qPx 4 WP
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(If K =F,, then E® = E.) Consider the map

E -2 E®,
(x:y:1)— (2P 9P : 1),
(0:1:0)—(0:1:0).

Then |¢p~1(P)| = 1 for all P € E®).
Observe that
A(EP) = A(E)? # 0,

so E®) is an elliptic curve. Moreover,
R(EY = {f| f e K(E)} = K(E) & R(E).
In fact, if 42, y? € K(E)P(z), then y € K(E)P(x) (assuming p is odd). So

K(E) = K(B)" * (z),

whence deg ¢* = p.
Example 111.6.5. Let E : y*> = f(z) be an elliptic curve, and consider the map of curves

I11.6.3 Additivity of isogenies
Theorem II1.6.6. If ¢ : By — Es is an isogeny, then for all P,Q) € Ej,
(P + Q) = ¢(P) + d(Q).
Preliminaries:

Definition I11.6.7 (Divisors). The group of divisors on E is

Div(FE) = free abelian group on points of E = {Z npP

np = 0 for all but finitely many P } .
PEE

This contains the group of degree zero divisors,

DivO(E) = {D eDiv(E) | Y np = o} .
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This in turn contains the group of principal divisors
Div'(E) = “principal divisors” = {div(f) | f € K(E)*} {0},

where

div(f) =) ordp(f)P,

PeE

where ordp(f) is the order of vanishing of f at P.

We have an exact sequence
1+ K — K(E)* = Div’(E) — Div’(E)/Div}(E) — 1
f = div(f)
Remark I11.6.8. The group
Pic®(E) ¥ Div®(E)/ Div!(E)
is important!

Fact 111.6.9. By Riemann—Roch, the map

E — Pic’(E),

P+ (P)—(0) (mod Div'(E))
is bijective. We will see later that this induces the same group structure on E. In other
words, this is an isomorphism of groups.

Given a map ¢ : Ey — Fs, we get maps

¢« : Div(E}) — Div(E,), ¢* : Div(Es) — Div(E,),
P ¢(P), P > es(P)Q.
Qed~1(P)

One can check that ¢, and ¢* send degree zero divisors to degree zero divisors, and send
principal divisors to principal divisors.
Thus, we get an induced map

By =5 Pic®(By) 25 Pic(By) = E.

This is the dual isogeny. (We will fill in more details next time.)

IT1.7 2013-10-18

I11.7.1 Results still not proved
Monday (IOU’s):
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(1) Centrality of Z — End(FE)

(2) p is inseparable in characteristic p
(3) Z — End(E)

(4) E = Pic’(E)

(5) o+v=0+7

(6) ¢ : Cy; — Cy constant or surjective, and |¢~1(Q)| = deg, ¢

I11.7.2 Additivity of isogenies

We will prove the theorem from last time:

Theorem II1.7.1. If ¢ : E1 — Es5 is an isogeny, then for all P,Q) € Ey,

PP+ Q) = ¢(P) + 6(Q).

Proof. The following diagram commutes:

B, ——Pic’(E))

!

Ey —— Pic’(Ey),

where the map E; — Pic’(E) is given by
P (P)—(0),
and the map Pic’(E;) — Pic’(E,) is induced by

Div(E;) — Div(E,),
(P) = (6(P)).

Since the above map is a group homomorphism, so is ¢.

Corollary II1.7.2. If ¢ : E1 — E5 is a nonzero isogeny, then
ker ¢ = ¢71(0)

s a finite subgroup of Ej.

Proof. |ker ¢| < deg ¢, which is finite.

71
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II1.7.3 Degree and kernel of isogenies

Recall: to show Hasse’s theorem, we need End(E) to be a ring with Rosati involution, and
N, = |ker(1 —7")| = deg(1 — =),

where 7 is the Frobenius endomorphism.

Theorem II1.7.3. Let ¢ : £y — E5 be a nonzero isogeny.

(a) For every Q € By, |6(Q)] = deg,(¢).

(b) There is an isomorphism

ker ¢ — Gal(K(E,)/K(E,))
T — 77,

where Tr : By — Ey 1s translation by T

(c) Suppose ¢ is separable. Then for all Q) € Fs,

1071(Q)| = deg ¢,
so ¢ is “unramified”.

Proof. (a) We know this for all but finitely many @. Given @', pick R such that ¢(R) =
Q' — Q. For all P € ¢~ (P),

d(P+R)=¢(P)+d(R)=Q+Q -Q=0Q.

Hence, we have a bijection

¢H(Q) — o7 H(Q),
P— P+ R. O
(b) [Exercise.]
Remark 111.7.4. In particular, taking () = 0,

[ker ¢| = deg ¢.
The isogeny ¢ : Fy — FEs induces a homomorphism

K(E) & K(E).

We have o o - o
|Gal(K (En)/K (E2))| = |ker ¢| = deg ¢ = [K(En) : K(E»)],

so K(F,)/K(E,) is Galois.
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Theorem 111.7.5. Suppose ¢ : £y — FEy and ¢ : Fy — E3 are nonzero isogenies, ¢ 1is
separable, and ker ¢ C kertp. Then there is a unique isogeny X : Fy — Fs3 such that ¢ = \.

1
!

SN

Proof. Since ker ¢ C ker ¢, every element of Gal(K(E))/K(E,)) fixes ¢¥*(K(Fs3)). Thus, we
get an injection K (FE3) — K(Es,), which corresponds to an isogeny A : Ey — Fj. ]

Theorem II1.7.6. Let ¢ : By — E5 be a nonzero isogeny of degree m.
(a) There is a unique isogeny ¢ : By — By such that ¢¢ = m.
(b) ¢ is the composition
E, = Pic’(E,) — Pic®(E,) = E\,
(P) = (deg; ¢)(Q1 + -+ + @r),
where ¢~ (P) ={Q1,...,Q,}.

Proof. (a) Uniqueness: Say ©¢ = my¢. Then (—x)¢ = 0. But ¢ is surjective, so y—x = 0,
hence ¢ = x.

Existence: By the dictionary between isogenies and function field homomorphisms, ¢ =
1 Frob®, where ) is separable. Suppose we have proven existence for ¢ : £y — E, and
Y1 Ey — E3. So we have ¢ : Ey — F; such that ¢¢ = deg ¢, and ¢ : F5 — FE, such that
) = degp. Then

(¢9)pp = (deg1p)¢ = (deg @) (deg1p) = deg(¢n)),

whence ¢ = ¢). We are now reduced to showing the separable and the Frobenius
cases.

If ¢ is separable, we proceed a la C: m = deg¢ = |ker ¢|, so ker¢ C E[m] = kerm,
whence m = ¢¢ for some ¢.

For the Frobenius case, write ¢ = ¢°, where ¢ is the Frobenius. We have deg¢ = p =
(Vo 1)¢, s0 Pt = o

(b) Check the given composition gg satisfies q§¢ =m. O]

II1.7.4 Rosati involution of isogenies

We're getting a ring with Rosati involution. _
_ Take By = By = B3 = E. If ¢ = 0, set ¢ = 0. So far, we have ¢ € End(FE) with
o¢ = deg ¢. Also,
(99)¢ = ¢(deg ¢) = (deg9)¢ = (¢ — deg9)¢ = 0,

so since ¢ is surjective, P = deg ¢.

Likewise, ¢ = ¢, deg ¢ = deg ¢, and ¢t = 1.

The hard part is (5). Given (5), 1 = 1, so m = m for all m € Z. We will finish this on
Monday.
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IT1.8 2013-10-21

II1.8.1 Historical note
Let C be a smooth, projective curve over F,. Before Hasse, various results showed that
IC(Fy)| — (¢ +1)] < K¢,

where K is independent of o, and % <a<l.

In 1932, Hasse observed that Artin’s “Riemann hypothesis” for finite fields implies that
a= % should be possible.

In 1934, Hasse proved this for g = 1, using an analogue of complex multiplication theory
for elliptic functions. He and Deuring observed that g > 2 would require more algebraic
geometry.

I11.8.2 IOUs from previous classes

1) Centrality of Z — End(F)
2) p is inseparable in characteristic p

3) Z < End(E)

) ¢ +Y =0 +0
6) Nonconstant ¢ : C; — O, is surjective, and counting multiplicity, |¢~(Q)| = deg, ¢.

(1)
(2)
(3)
(4) B = Pic’(E)
(5)
(6)

Let’s start proving these:

(1) Since ¢ is a homomorphism, ¢(2P) = 2¢(P), so ¢(mP) = m¢(P) by induction. Hence,
the image of Z in End(F) is contained in the center. O

I11.8.3 The invariant differential

Let us make a brief aside about the invariant differential. Assume E has Weierstrass form.
Then the invariant differential of E' is

dx
YTyt artay

Define (¢*w)(P) = w(¢p(P)), so, for instance,

(TQu)(P) = w(Tq(P)) = w(P + Q).
Claim II1.8.1. If Q € E, then THw = w.

In other words,
dz(P + Q) dx(P)
2y(P+ Q)+ az(P+Q)+as  2y(P)+aax(P)+as

This can be checked by brute force. (Silverman proves this claim in detail.)
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II1.8.4 Inseparability in characteristic p
We now prove (2).
Claim II1.8.2. If ¢, : E — E are isogenies, then

(¢ +¥)'w=¢'w+ P w.

Proof outline. Set (z3,y3) = (x1,y1) + (z2,%2). A painful calculation (again, details in Sil-
verman) implies that

w(xs, ys) = w(@, 1) + w(2, y2).

Let (‘Tuy> € L. Set ('rlvyl) = (b(xvy)a (x27y2) = w(x7y)7 and (.Z'g,yg) = ((ﬁ—f—d})(l’,y)
Then it follows that

wo(p+y)=wodtwoy,
ie.,
(¢ + V) 'w=¢*w + Y. O
Corollary I11.8.3. Since 1*w = w, by the last claim, m*w = mw.
Corollary I11.8.4. [f char K = p > 0, then p*w = pw = 0.
Now we need a general result:

Proposition II1.8.5 ([Sil], p. 35). ¥ is separable <= Y*w # 0.

It follows that multiplication by p is inseparable in characteristic p > 0.

IT11.8.5 Injectivity of Z — End(F)

In this section, for clarity of notation, we denote the multiplication-by-m isogeny by [m].
Given an integer m # 0, there exists P € E such that [m|P # 0. We divide the proof
into cases:

(i) m = 2: Suppose 2P = 0. Then P satisfies
4$3 + b2$2 + 2b4l’ + b6 = O,

where by, by, bg are expressions in aq,as, as, aq,ag. If char K # 2, this has at most 3
roots. If char K = 2, then we’re fine unless by = 0 = bg, but this would imply A = 0.

(ii) m > 2: Factor m as m = 2"3™ - .... If the isogeny [m] is zero, then the isogeny [p]
is zero for some prime factor p of m. (Indeed, if [mn] = 0, then deg([m])deg([n]) =
deg([mn]) = 0, so one of the isogenies [m], [n] is zero.)

So we are reduced to the case where m is an odd prime. We divide this into subcases:

char K # 2 There exists () € E such that @ # 0 and 2Q = 0. So if [m] = 0, then
m@ = 0, implying ) = 0, a contradiction.

char K =2 We have [m]*w = mw # 0, so [m] # 0.

This proves that Z — End(F) is injective. O
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II1.8.6 Isomorphism with the Picard group

For each D € Div(FE), denote

L(D)={f e K(E)"

div(f) > ~D} U {0}

where div(f) = > pcpordp(f) - (P).
By the Riemann-Roch theorem, if deg(D) = 0, then dim(L(D + (0))) = 1.

Claim II1.8.6. If D € Div’(E), then there is a unique point P € E such that D ~ (P)—(0).
Proof. Say f # 0 lies in L(D + (0)). This is equivalent to
div(f) > =D — (0).
But div(f) has degree 0, and —D — (0) has degree —1. Thus, there exists P € E such that
div(f) = =D = (0) + (P),
so D ~ (P) — (0). This proves existence.

To show uniqueness, suppose D ~ (P') — (0). Then (P’) ~ (P), so there exists f such
that

div(f) = (P) - (P).

Hence div(f) > —(P’), so f € L((P')), which has dimension 1 by Riemann-Roch.
But constant functions are in L((P’)), so L((P’)) consists only of constant functions.
Thus f is constant, which implies that
(P) = (P') = div(f) = 0.

Therefore, P = P'. m

Define a map

o:DiVY(E) = E
D +— unique P.

This is surjective, since (P) — (0) — P. We will finish the proof next time.

I1I1.9 2013-10-23

[Note: I missed class this day. These notes are from Vladimir Sotirov. —Daniel|
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I11.9.1 Isomorphism with the Picard group, continued

Let P,Q € E. If
T(P+Q)=X\N+)\—ay—x; — 2o,
where ) = 291 , then to obtain dz(P + @), we differentiate with respect to xy (hold @
Ty — T

fixed, vary P).
Last time: we showed that if D € Div’(E), then there exists a unique P € E such that

D ~ (P)—(0) mod Div'(E).

(This was done using the fact that if L(D) = {f e K(E)*|div(f) > —-D} U {0} and
deg(D) = 1, then dimgx L(D) = 1.)

We have o : Div’(E) — E sending D + P (where P is from the last claim). Suppose
o(Dy) = o(D3). Then

Dy ~ (a(Dy)) - (0) = (9(Ds)) - (0) ~ Ds.

So Dy ~ D5, and conversely. So we get a bijection Pic’(E) — E.

Why is this an isomorphism? Let f(X,Y,Z) = aX + Y +~vZ = 0 be the line in P?
through P and @, and let R be the third point of intersection. Let f'(X,Y,Z) = o/X +
B'Y ++'Z = 0 be the line in P? through R and 0. Then the third point of intersection is
equal to P 4+ (). Then

div(f/Z) = (P) + (@) + (R) — 3(0),
div(f'/Z) = (R) + (P + Q) + (0) — 3(0).

So we get
div(f'/f) = div(f'/Z) = div(f/Z) = (P + @) — (P) = (@) + (0).
So (P + Q) — (P) — (Q) + (0) € Div'(E), which implies that
(P +Q) = (0) ~ (P) = (0) +(Q) - (0).

Thus, we have an isomorphism. O]

I11.9.2 Last couple facts
We still have two more facts to show:
(5) ¢+ = ¢ + 1 for isogenies ¢, 1) : By — F,.
Proof. Let

D= ((¢+ )z, 1)) = (¢(z1, 1)) = (¥(x1,31)) + (0) € Div®(Ey).
Then o(D) = 0, so D is principal, so D = div(f), where f € K(x1,1y1)(E,). Hence,
f € K(z1,y1,22,92), where xq,y; are constants, but zs, yo are variables.

Now we switch perspective and consider 1, y; as variables and x5, 12 as constants, and
compute div(f) on Ej. O



78 CHAPTER I1I. ELLIPTIC CURVES OVER FINITE FIELDS
(6) ¢: Cy — Cy is surjective, and |¢~1(Q)| = deg, ¢.

Proof. [Shal, chapter I, §5, theorem 4. ]

I11.9.3 Proof of the Riemann hypothesis for elliptic curves over fi-
nite fields

It remains to prove that

N, = |E(F;)| = deg(1l — 7"),

where 7 is the Frobenius map (z,y) — (z9,y9). Let ¢ be the p-th Frobenius map (z,y) —
(xP,yP). If ¢ = p¥, then m = ¢*. We need to show that 1 — 7" is separable (then the degree
is equal to the size of the kernel).

Say 1 — ¢"* = 1)¢° (where 1 is separable). We want to show e = 0. If e > 1, then

(" + oo = 1.
|

0

But then 1 = deg(1) =
=(1—-7")(1—-n")=1—7"—7"+ (77)". Then

deg(0¢) = (deg0)(deg ¢) = (deg8) - p, which is a contradiction.
So, deg(1 — 7") ")

(1—aT)1-7T) 1— (trm)T + qT*
2(T) = QA-T)1-7m7T) (Q-T)(1—-qT)"

We showed [tr | < 2,/7.

I11.9.4 Torsion points and separability

Theorem II1.9.1. Suppose char K t m, and let E be an elliptic curve over K. Then
E[m|=Z/m x Z/m.

Proof. We write the isogeny [m] = 1¢°, where v is separable. Then

m? = degm = (deg)(deg ¢)° = (deg ¥))p”.

Since p 1 m, this implies e = 0, so m is separable and deg, m = degm = m?. For all d | m,
we have |E[d]| = d?, so E[m] = Z/m x Z/m (see homework). O

Suppose char K = p > 0 and K is perfect (so x — P is surjective). If E is an elliptic
curve over K, what is E[p]? Well, the isogeny [p] is inseparable, which implies [p] = ¥¢°.
Taking degrees, we get p> = (deg)p®, so e < 2.

The situation can be summed up as follows:

Theorem I11.9.2. The following are equivalent:
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e=2 e=1
the isogeny [p] is purely inseparable [p] is inseparable, not purely
o= —¢ ¢ is separable
¢ = —p ¢" ¢ 7 for anyn > 0
tro =0 tro #0
Elp] =0 Elp] = Z[p
End(E) ®z Q is a quaternion algebra | End(E) ®z Q is an imaginary quadratic field
FE is supersingular E is ordinary

Ezxample 111.9.3. Consider the elliptic curve 2® + y® = 23, It has an automorphism of order
3:
[:iy:z] = [wr:y: 2,

where w is a third root of unity. So F considered as an elliptic curve over Q has complex
multiplication (by Z[w]).

Now consider it as an elliptic curve over F, for p # 3. If p = 2 (mod 3), then z > 23
is a bijection, so counting solutions to z® + 3® = 23 is the same as counting solutions to
u+ v = w. Thus,

|E(F,) = p+1.

Since |E(F,)| = p+ 1 — tr ¢, it follows that £ is supersingular at every p =2 (mod 3).
If p=1 (mod 3), Gauss proved that

[E(F,)| =p+1-A4,

where A is the unique integer such that A = —1 (mod 3) and 4p = A% + 27B2%. Hence, E is
ordinary at p =1 (mod 3).

IT1.10 2013-10-25

I11.10.1 Supersingular curves

Theorem I11.10.1. Suppose K is a perfect field, char K = p > 0, and E is an elliptic curve
over K. The following are equivalent:

(1) Elp] = 0.

(2) [p] is a purely inseparable isogeny, and j(E) € F .
(3) ¢ is a purely inseparable isogeny.

(4) End(E) ®7 Q is a quaternion algebra.

(5) tr¢ =0 (mod p), where ¢ is given by

E -2 E®,
(z,y) — (2", 9").



80 CHAPTER I11. ELLIPTIC CURVES OVER FINITE FIELDS

In this case, we call E supersingular, else E is ordinary.

Proof. We know already that ¢ is a purely inseparable isogeny of degree p. Write [p] = o,
where ¢ : E?®) — E. Any isogeny can be factored as ¥¢°¢ (where 1) is separable).

(a) < (c) |E[p]| = |ker[p]| = deg, p = (deg, ¢)(deg, ¢) = deg, ¢ since ¢ is purely insep-
arable. Hence,
p = deg ¢ = (deg, ¢)(deg; §).

Two possibilities:

(i) deg;¢ = p, deg, ¢ =1 <= ¢ is purely inseparable.
(ii) deg;¢ =1, deg,é = p <= ¢ is separable.

In case (i), |Ep]| =1 <= E[p] =0. In case (i), |[E[p]| =p <= E[p] = Z/p.

(c) < (b) p = ¢, ¢ purely inseparable implies that p is purely inseparable <= ¢ is
purely inseparable. Consider the diagram

) ¢ E
X /w
E®)

In case (b), ¢ = ¥¢? for some d. Since ¢ is purely inseparable, d > 1. So

E®

p=degd = (degtp)(deg ¢)* = (degv)p’,

hence d = 1 and degvy = 1, so v is an isomorphism. Finally,

thus j(E) € F.

(c) —< (e) tro = ¢+ ¢, 50 ¢ = trop — ¢. Recall that ¢ is separable <= ¢*w # 0
(where w is the invariant differential). So ¢ is inseparable iff

0=¢ w=—¢'w+ (tro)w= (tr)*'w = (trp)w
iff tr¢ =0 (mod p). (Recall that [m]*w = mw for m € Z.)

The proof of equivalence of (d) is omitted. O
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I11.10.2 Examples of supersingular curves

Suppose E is an elliptic curve over F,, (p prime). We have
[E(F,)|=p+1—tro,

so E is supersingular <= |E(F,)| =1 (mod p).
By Hasse’s theorem, |tr¢| < 2,/p. Soif p > 5, then tr¢ =0 (mod p) <= tr¢0. Hence,
for p > 5, E is supersingular <= |E(F,) =p+1|.

Ezxample 111.10.2. Last time, we considered E : 23 4 y? = 23 for p # 3.
o If p=2 (mod 3), then |E(F,)| = p+ 1, so £ is supersingular over F,,.
o If p=1 (mod 3), then |E(F,)| # p+ 1, so E is ordinary over F,,.
Example 111.10.3. The curve E : y*> = 23 — x has CM by Zli], so

¢ :
(z,y) = (=)
has order 4. Also, E is an elliptic curve over [F,, so long as p # 2.
o If p=3 (mod 4), then |E(F,)| =p+ 1, so E is supersingular over F,.

e If p=1 (mod 4), then |E(F,)|=p+1—2ReJ(x,x*) # p+1, so E is ordinary over
F

P

Remark 111.10.4. In each of the preceding two examples, p is insert in the CM field in the
supersingular case, and split in the CM field in the ordinary case. These examples are shown
in detail in [IR].

What about y? +y = 2% — 2? We find it’s supersingular for
p=2,3,17,19,257,311,577, ...

Theorem II1.10.5 (Elkies, PhD thesis, 1987). Every elliptic curve over Q has infinitely
many supersingular primes.

Serre, earlier, had shown that the set of supersingular primes has density 0 if the curve
does not have CM.

Conjecture I11.10.6 (Lang—Trotter). Say E is an elliptic curve over Q without CM. Then

CE\/E

logz

HP <uw | E supersingular at p}‘ ~

Remark 111.10.7 (How to prove that y* +y = 2* — x has no CM). Idea: End(FE) acts as
endomorphisms of E[m|, and Gg = Gal(Q/Q) acts on E[m|. Let K be a CM field of E
(assuming it exists).

Claim. ¢o = o¢ for all ¢ € End(E) and o € Gal(Q/K).
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Ezample 111.10.8. Consider E : y* = 2° — z, and let ¢ € Gal(Q/K). Then

¢(xay) = (_Iﬂ.y)
op(x,y) = (—o(x),0(iy)) = (—o(z),io(y))
= ¢(ox,0y) = ¢o(z,y).

Key point: Isogenies are defined over the CM field. (|Shil, p. 114)

Strategy: let ¢ € End(E[3]) be induced by ¢, and 6 € GLy(Z/3) = Aut(E[3]) the image
of o. Then 6¢ = ¢é.

If we show the image in GLy(Z/3) of Gal(Q/K) is large, then ¢ is scalar, a contradiction.
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L-functions of Elliptic Curves over Q
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IV.1.1 Curves without CM

To show a curve E/Q does not have CM: ¢ € End(E) and 0 € Gg both act on E[m].
Suppose K is the CM field of E.

Claim IV.1.1. If 0 € Gal(Q/K), then ¢o = o¢ € End(E[m]).

Upshot: if the image of Gal(Q/K) in GLy(Z/m) is “large”, then the action of ¢ is scalar,
a contradiction.
We have representations associated to E (an elliptic curve over Q):

pm : Go — Aut(E[m]) = GLy(Z/m)

(since E[m] 2 Z/m x Z/m).

Fact IV.1.2. If E has CM by K, then the image of Gal(Q/K) = G is abelian (contained
in a Cartan subgroup).

Hence, the image of Gg has an abelian subgroup of index 1 or 2 (contained in the
normalizer of a Cartan subgroup).

Remark IV.1.3 (Cartan subgroups). There are two types of Cartan subgroups:

2]

F’% < GLy(F,)

(1) split Cartan, order (p — 1)*:

(2) nonsplit Cartan, order p* — 1:

Aside TV.1.4 (Kronecker’s Jugendtraum). What about other K? We want to describe finite
abelian extensions L/K. In the case K = Q, the Kronecker-Weber theorem yields L <
Q(¢m). CM elliptic curves do this for imaginary quadratic K.

83
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IV.1.2 Frequency of certain types of elliptic curves

A few remarks:

(1) If j(E) € Fj2 for E supersingular in characteristic p, then there are only 7 finitely many
supersingular elliptic curves in characteristic p up to isomorphism over K.

(2) CM curves over Q are rare, corresponding to only 13 j-invariants. If £/Q has CM,
then j(E) € Z.

(3) For a density 1 collection of A, B € Z, the curve E : y? = 2>+ Ax+ B has p,, surjective
for all m.

IV.1.3 Reduction of curves

Be careful about reduction!

Ezample TV.1.5. The curve y? = 2% + 16 has discriminant A = —2'2. 33, It does not define
an elliptic curve mod 2 and mod 3, but it does mod p for all p > 3.

But, let us make some substitutions: = = 42’ and y = 8y’ + 4. This gives us an elliptic

curve
E/ . (y/)Q + y/ — (ZL‘/>3,
which has discriminant A = —33. This does define an elliptic curve mod 2.

We say that F has good reduction at 2, since E = E’ over Q, and E’ has good reduction
at 2. (The model has bad reduction at 2, but the curve intrinsically has good reduction at
2.)

We should suspect this might happen by considering the change of variables x = u%a/
and y = vy’ + ¢, which changes the discriminant by u'2.

Definition IV.1.6. We say that £/Q has good reduction at a prime p if there exists £/ =2 E
over Q such that £’ (mod p) is an elliptic curve. Otherwise, we say E has bad reduction.

We will soon develop this theory more formally via minimal models.

IV.1.4 L-functions of elliptic curves over Q

Let E be an elliptic curve over Q, and let p be a prime of good reduction.
Look at E/F,. It has the zeta function

1— a,T + pT?

20 =)

where |E(F,)| =p+1 —ap, and |a,| < 2,/p.

Definition IV.1.7. Define the L-series of E by

1 1 Cn
LEs) =] q H( =il Bt

p good N app*S +pp72s) p bad 1= app s)
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where for p bad,

1 if E/F, has a node with tangent slopes € F,,,
a, = ¢ —1 if E/F, has a node with tangent slopes ¢ I,
0 if E/F, has a cusp.

Note TV.1.8. (1) The term coming from p of good reduction comes from 7' +— p~* in the
zeta function.

(2) For p prime, ¢, = a,. Moreover, ¢; = 1.

IV.1.5 Examples of L-series

Example TV.1.9. Consider F : y* = 23 — z = z(z + 1)(z — 1). This has good reduction at
every p > 2.

What if p = 27 We have a3 =0, a5 = =2, a; =0, a;; =0, a;3 =16, .... (We can see
that a, = 0 for p = 3 (mod 4) because F has CM by Q(i).) In projective coordinates, the
curve is

ylr = a — a2,

which has a singularity at (1 :0: 1) in characteristic 2.
Translate the singularity to (0:0:1). Set w =2 — 1. Then
v =(u+1)7° = (u+1)=u>+u’
To see whether this has a node or a cusp, look at the leading quadratic factors. It has a
node <= the quadratic has distinct factors. But, since we are in characteristic 2,

Y=’ = (y—u)(y+u) = (y+u)

So E/F5 has a cusp, and as = 0. Hence

1 1 1
L(E,s) = .
(E;s) (1—0-28) (1—0-3s+3-328) (1+2-5s+5-528>
2 3 6

Example 1V.1.10. Consider y? + y = 23 — 22. Then

L(E.) =3,

n=1

where
o o

n n n 2
>oed =a][ (1 =a") (1-g")".
n=1 n=1

This, as we will see later, is a modular form.

Remark TV.1.11. We will later show a deep result: Every elliptic curve has bad reduction at
some prime.
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IV.2 2013-10-30

Let E be an elliptic curve over Q.

IV.2.1 L-series

Last time, we defined an L-series

o0

1 1 Cn
L(E = — -n
( ’ S> H (1 _ app—s + p1—23) H ( ns’

1—a,ps
p good p bad rP ) n=1

where ¢, = a, for p prime, ¢; = 1, and

p+1-|E,), pegood,

1, node with tangent slopes in I,
a, =
b -1, node with tangent slopes not in F,,
0, cusp.

Moreover, if (m,n) = 1, then ¢, = ¢pncy.
Example IV.2.1. For E : y*> +y = 2° — 2%, we have

L(E,s) =
ns

n=1

Cn

Y

where
x

chqn _ qH (1— qn)2 (1 _ qnn)?'
=1 n=1

n

IV.2.2 The Taniyama—Shimura conjecture

If f is a cuspform, say f =~ c,q", set

Cn
L = —.
(f,s) ra ns

Conjecture IV.2.2 (Taniyama—Shimura). If E is an elliptic curve over Q, then there exists
a cuspform of weight 2 and level N such that L(f,s) = L(E,s). (Here, N is the conductor

of E.)

This is now a theorem by Breuil, Conrad, Diamond, Taylor, Wiles, et al.
So far, we’ve met level 1 cuspforms (on the whole of SLy(Z)). Level N cuspforms trans-
form nicely under

y € To(N) = {(‘i Z) € SL(2)

c=0 (modN)}.

For a summary of different forms of the Taniyama—Shimura conjecture, see [Maz].
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IV.2.3 Weak Birch—Swinnerton-Dyer conjecture

Set
A(E, s) = N*2(2m)~*T(s) L(E, s).

Theorem IV.2.3. A(E,s) has an analytic continuation to the whole s-plane such that
A(E,s) =wA(E,2 —s),
where w = £1 14s the root number.

This is now known by Taniyama-Shimura.

Conjecture IV.2.4 (Weak Birch-Swinnerton-Dyer). L(E,s) has a zero at s = 1 of order
r, where r = rank(E(Q)).

Remark 1V.2.5. By the Mordell theorem, which we shall see later in this course, E(Q) is
finitely generated.

Remark TV.2.6. The Birch-Swinnerton-Dyer conjecture is a sophisticated “local-to-global”
principle. (The strong form of the conjecture also gives information about the leading terms
of the Taylor expansion.)

IV.2.4 Minimal Weierstrass models

Let E be an elliptic curve over K.

Definition IV.2.7. An admissible change of variables in a Weierstrass equation is given by
= ux +r,
y = udy' + sux’ +t,

where u,r, s,t € K and u # 0.

One can check that A’ = u=12A.
Proposition IV.2.8. F =2 F' < j(F) = j(£').

If E = FE’, then we can show j(FE) = j(E’) by brute force calculation. The converse is
also a painful calculation, which we illustrate by example:

Example 1V.2.9. Consider two elliptic curves

E:y*=2°+ Az + B,
E oy =23+Az+B.
The j-invariant is of the form
, 4A3
IE) = o
for some constant ¢ (probably involving 1728). We need to find u such that A’ = Au* and
B’ = Bu®.
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Now we can define the minimal Weierstrass form. To avoid difficulties with fields of class
number > 1, let us work over Q. Assume the coefficients are integers. Then A € Z.

Definition IV.2.10. Call the equation minimal at prime p if the power of p dividing A
cannot be decreased by an admissible change of variables. (Hence, if the exponent of p in A
is < 12, then the equation is minimal at p.)

Call the Weierstrass equation (globally) minimal if it is minimal at all primes.

IV.2.5 Convergence of L(F,s)

Is the power series L(FE, s) convergent? By Hasse,
la,| < 2D = |ca| < O(n'/?F9).

Hence, L(E, s) converges for Re(s) > 2.

IV.2.6 Birch—Swinnerton-Dyer conjecture

Let L,(E, s) be the p-th factor of L(E,s). If p is good, then
1 p p
L,(E,1) = = = .
B = T T~ pri—a, B
If p is bad, then we study the group of nonsingular points E,s(F,), which has order p — a,:

cusp Ey(F,) = F,, which has order p.

node, split F,(F,) =, which has order p — 1.

node, nonsplit Ey(F,) = ker(N : F; — F)), which has order p + 1.

So
L p _p

L—ap™t  p—a, |Ew(F,)|
The Birch—Swinnerton-Dyer heuristic states, roughly, that

L,(E1)=

rank(E(Q)) >0 <= |E(F,)| large on average <=

p
small of average <= L(FE,1) = 0.
|E(Fy)|

IV.3 2013-11-01

IV.3.1 Convergence of L-series

Let E be an elliptic curve over Q. We can bound the terms of the L-series (recall that
|O‘p| = \/1_7)
(1 —ayp*® +p1*23)_1 = (1 — Ozpp"‘)’)_1 (1 - oTIDp’S)_1
(I+app*+aip™+..)(I+mp* +a,p > +...)
L+ (ap +@)p~" + (ap + a0, + a7 )p™™
ot (bt a, ) p T

N J/

-

C
pk
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So \C | k+1)(p)F = d(p*) /.

) =1, then Coan = CmCn. So for all n,

] < d(n)\/pF.

So |en| < O(n'/?#+¢), whence

& _
n_T; < O(n s+1/2+€>‘

If Re(s) > 2, choose & > 0 such that —s+ 1 +¢ < k < —1. Compare Y-, < with > n*.
So L(E, s) converges absolutely for Re(s) > 3.

Conjecture IV.3.1 (Hasse). L(E,s) has an analytic continuation to C.
Deuring (1941) proved this for elliptic curves with CM; the general case follows from

Taniyama—Shimura.

IV.3.2 Birch—Swinnerton-Dyer conjecture

Conjecture IV.3.2 (Weak BSD). L(FE,s) has a zero of order rg := rank(E(Q)) at s = 1.
Conjecture IV.3.3 (Strong BSD).

(s~ 1) "7 L(E ) = 1] e e TT e

p prime
where:

e III is the Tate-Shafarevich group (conjectured to be finite);

o (P, P;) is the “regulator”;

® C. is a small multiple of the period; and

e ¢, is the p-th Tanagawa number.

Progress:

Theorem IV.3.4 (Coates—Wiles, 1977). Suppose E has CM. Then rg > 1 implies analytic
rank r* > 1 (that is, L(E,1) =0).

Theorem IV.3.5 (Gross—Vagier, 1986). Suppose E is modular (i.e., L(E,s) = L(f,s) for
some f). Then r" =1 implies rg > 1.

Theorem 1V.3.6 (Rubin, 1987). Suppose E has CM. Then r* = 0 implies rg = 0, III is
finite, and BSD holds for E.

Theorem IV.3.7 (Kolyragin, 1988). Suppose E is modular (which, by the modularity the-
orem, is always true). Then r* = 0 implies rg = 0 and 111 is finite, and r® = 1 implies
re = 1 and 101 is finite.
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IV.3.3 The conductor and semistability
Definition IV.3.8. The conductor of E is the integer N = Hp p/r, where
if p is good,

0
=91 if p is bad, multiplicative (node) reduction,
> 2 if p is bad, additive (cusp) reduction.

(If p > 5, replace the last case with f, = 2.)
The conductor is the smallest N such that L(E,s) = L(f,s) for f a cuspform of weight
2, level N (transforms under T'g(N)).

Definition IV.3.9. If N is squarefree (f, = 1 for all bad p), then call £ semistable.

IV.3.4 The functional equation

Recall the completed L-series
A(E, s) = N*2(2p)*T(s) L(E, s).

-

Loo(E,s)

We have the functional equation
AE,2 —s) =wgA(E,s),

where w = #1 is the root number.

How does this follow from Taniyama-Shimura?

Let f(2) = >.27, anq™ (where ¢ = €*™) be a cuspform, weight k, for SLy(Z). In partic-
ular, f(—1) =2Ff(2). Set

This is the Mellin transform of f.
Claim IV.3.10. |a,| = O(n*/?) (proven neat).
Suppose Re s > % + 1. Set t = 2mnz, dt = 27ndz. Then

o= [ ()i
:ian/ooozs le=2mn2
= i (%n)sf( s) = (2m) T (s)L(f, s) = A(f, s),

where L(f,s) => 7 %,

n=1 ns
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Theorem IV.3.11. A(f, k —s) = (—=1)*2A(f, s).

Proof. We have f(—1) = 2¥f(2). Set z = iu: then

£(2) = o i

e [ G) ) () e

_/100 Lf(iz) z—i—/l ulerl(—l)kﬂukf(iu)du
= [ s+ )]

The above is invariant under replacing s with k£ — s if % is even, and swaps the sign if g is
odd. O

Proof of Claim|IV.53.10} (Hecke). As ¢ — 0,

=3 = 0(g) = O(e™*™).

n=1

Set ¢(z) = |f(2)|y*/2. This is invariant under SLy(Z) and continuous on the fundamental
domain. Also, ¢ — 0 as y — oo, hence ¢ is bounded on . Thus, |f(z)| < My */? for
some M. Fixing y and letting 0 < x < 1, ¢ follows a circle C' of radius e 2™. If we write
z = x + 1y, then

q= e271'iz — e27rim€727ry.

Applying Cauchy’s integral formula,

fnld
27m/f 1

/ f(2)g " 27igdz da
27rz

:/0 f(z)q

Hence |a,| < My */2e*™¥. Set y = L. Then

1\ H/2
|an| < M <—) e?™ = (const) - n¥/2. O
n
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IV.4 2013-11-04

IV.4.1 Modular functions of weight &

[Thanks to Vladimir Sotirov for the first half of today’s notes. —Daniel]
We had that if f(z) = >.°7, a,q™ is a cuspform for SLy(Z) (level 1) of weight &, and

n=1
A(f;8) = (2m) T (s)L(f, 5),
where L(f,s) = >~ %, then we have the following:

Theorem IV.4.1 (Hecke). A(f, k —s) = (—1)*2A(f,s).

We want to generalize this. Let
a b
[o(N) = {(c d) €SLy(Z) | ¢c=0 (mod N)} :
T (N) = {(‘C‘ Z) €SLy(Z) | ¢=0, d=1 (mod N)}.

Define
FI(z) = (ez +d)7* f(v2),

b
Where’yz:az+ ify= (a b).
cz

+d

Definition 1V.4.2. A modular function of weight k for I' is a meromorphic function satis-
fying f | [y]x = f for all v € T. We say “level N” if ' = Ty (N).

1
01
> anq™. This is a modular form if a, = 0 for all n < 0 (and all ), and is a cusp form if
a, =0 for all n <0 (and all v).

Let f(z) be such a cusp form, > >~ a,q", for Io(N). Let

Suppose 1) €T, so then f(z+ 1) = f(z). For each v € SLy(Z), expand f | [v]x as

[e.o]

L(fs) =) %

n=1
A(f,5) = N**(2m) T(s)L(f, 5).
Then (similarly to last time — Koblitz, p. 140)
A(f7k - S) = wa(f7 8)7

where wy = £1.
In particular, if F is an elliptic curve over Q that is modular, i.e., L(E,s) = L(f,s) for
some cuspform f of weight 2 and level N, then L(F,s) extends to an entire function, and

A(E,2 —s) =wgA(E,s),

where wg = £1.
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IV.4.2 Examples

(1) 3?> = 23 — 2 has bad reduction only at p = 2. The conduction is N = 2°.

(2) 23 + y3 = 23 has bad reduction only at p = 3. The conduction is N = 33.

(3) Consider F : y* +y = 2* — 2. The only prime of bad reduction is p = 37; the point
(—5,18) is singular (mod 37).

Let w = 2+ 5 and v = y — 18. Then the equation becomes v? = u® — 15u?. The leading
quadratic terms are

v+ 15u% = (v + \/—15u) (v - \/—15u) .
These are different, so the singularity is a node.

Is it split or nonsplit, i.e., is v/—15 € F3;? By quadratic reciprocity, no. So F has
nonsplit multiplicative reduction, and so ag; = —1; we get that N = 37. Compute
CLQZ—Q, (13:—37...

| 1 1
L(E,s) =
(E,3) (1+37—s> <1+2-2—8+21—2s) (1+3-3—s+31—2s)

2 3 2 2 6
_l’_

There is a cuspform of weight 2, level 37,
f=q—2¢* -3¢ +2¢" —2¢° +6¢° + ...
In fact, L(E,s) = L(f, s).

IV.4.3 A curve with CM by Z][i]

As we saw before, E : y> = 23 — x has CM by the Gaussian integers Z[i]. A prime p factors
in Z[i] as
pr ifp=2,
pZlil =< pp’  ifp=1 (mod 4),
pZli] ifp=3 (mod 4).
Define a map x : {nonzero ideals of Z[i]} — C as follows:
o If p| 2 (p lies over 2), set x(p) = 0.
e If p = pZ[i] is prime (i.e., p =3 (mod 4)), set x(p) = —p.
o If pZ[i] = pp’ (i.e., p=1 (mod 4)), then since Z[i] is a PID,
p = (a+bi), p' = (a—bi).
Pick a, b such that a+bi =1 (mod 2+ 2i). (We can do so for a unique a,b.) Then set

X(p) = a + bi,
xX(p) =a— bi.
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Extend to all nonzero ideals of Z[i] multiplicatively.
If p=3 (mod 4), then E is supersingular at p, and a, = 0. So

L—ayp*+p"  =1+pp > =1—x(p)(Np)~*,

where Np = |Z[i]/p|.
If p=1 (mod 4), then [IR] p is ordinary for E, and so a, = 2a = m + 7, where 77 = p.
So

L—ap™ +p% = (1 —mp™) (1 =7p°)
= (1= x()(Np)™*) (1= x(F)N () ™).
So

L(E) =T - xe)) ) = 3 A = L)

p#£0 I#0

where the product is over nonzero prime ideals of Z[i], and the sum is over nonzero ideals of
VAR
If E has CM, then L(E,s) = L(x, s) for some y. (Hecke)



Chapter V
The Mordell-Weil Theorem

V.1 2013-11-06

[I missed class this day; thanks again to Vladimir Sotirov for these notes. —Daniel|

V.1.1 Remarks

Last time we saw an example of the fact that if £ has CM, then there is a Hecke character
X so that

DE,) = L) = 3 e

where I ranges over the non-zero ideals of the CM ring.
Shimura published in Crelle (in the 1950s) a computation that for £ : y? +y = 23 — 22,

Z anqn =q H (1 . qn)2 (1 o qlln)2
n=1 n=1

up to a hundred or so terms.

Suppose for each prime p we have p, : Gg — GL2(Z/p) such that there is a finite set S for
which p, is unramified outside SU{p}. Suppose for ¢ ¢ SU{p}, p,(Frob,) has characteristic
polynomial independent of p (for an elliptic curve E: 1 — a, + ¢T?). This is a compatible
system of p-adic representations, to which we can associate an L-function

1
Hd (char. poly) - (¢)~* H o

£ goo les

V.1.2 The Mordell-Weil theorem

Theorem V.1.1 (Mordell-Weil). If K is a number field and E an elliptic curve over K,
then E(K) is a finitely generated abelian group.

The proof will last three weeks (for K = Q).

95
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Definition V.1.2. A height function h on an abelian group A is a function h : A — R
satisfying:

1) h(P) >0 for all P € A.

3) h(P+ Q) < h(P)+ h(Q) for all P,Q € A.

(1) h
(2) h(mP) = |m|h(P) for all m € Z.
(3) h
(4) For all r € R, {P: h(P) < r} is finite.
Corollary V.1.3.
(1) If h(0) = 0, set m =0 in (2).

(2) If P is torsion, then h(P) = 0. In particular, if A has a height function, then Tor(A)
s finite.

(8) If Ay, Ay have height functions, set
h(PhPQ) == h(P1> + h(PQ)
to get a function on Ay @ A,.

Theorem V.1.4. A is a finitely generated abelian group if and only if |A/mA| < oo for
some integer m > 1 and A has a finite function.

Proof. If A = (finite abelian group) @& Z", then A/mA = (finite abelian group) @ (Z/m)", so
A/mA is finite.

Now, Z has a height function, namely h(P). Finite groups have finite functions, namely
h(P) =0 for all P. So A has a height function.

In the reverse direction, let n = |A/mA|. Let Qq,...,Q, € A be a transversal. Let
C = maxj<i<, M(Q;) + 1. Welet X = {P € A: h(P) <c}. Then |X| < co. Let G be the
subgroup of A generated by X. We claim that G = A.

Indeed, we know the @; are in G (since ); € X). Suppose there was P € A\ G, of minimal
height (h(P) > ¢). Then P+mA € A/mA, so there exists an i so that Q; + mA = P+ mA.
That implies that P — Q; € mA, say P — Q; = mR (for m > 1) with R € A. Then

2h(R) < mh(R) = h(mR) = h(P — Q;) < h(P) + h(—Q;) < h(P) +c.

So 2h(R) < h(P)+c < 2h(P). Thus, h(R) < h(P), and so R € G. But then P = Q;+mR €
G, which is a contradiction. n

V.1.3 Height functions on elliptic curves

Goals: for E an elliptic curve over QQ, we want to show that:

(1) |E(Q)/2E(Q)] < .
(2) E(Q) has a height function.
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We will take care of (2) first; this will take a few days.

Definition V.1.5. Define i : P"(Q) — R as follows. If z = (x¢ : -+ : x,) € P*"(Q), write it
so that all x; € Z and ged(zy,...,z,) = 1 (i.e., multiply by the lem of the denominators).
Set
H(z) = max |z,
and set h(z) = log H(x).
Now, we have E(Q) - P'(Q) given by P+ (1: 2(P)) (and oo+ (0: 1)).

Definition V.1.6. We define H(P) = H(xz(P)) and h(P) = h(z(P)); this is the naive height
on k.

Idea: we want to define T : P?(Q) — P%(Q) so that the diagram

(P,Q)~(P+Q,P—Q)

Ax A Ax A
| |
PHQ) x P1(Q) PYQ) x PH(Q)
Fo
P2(Q) P*(Q)

commutes, where o : (a: b) X (¢:d) — (ac: bc+ ad : bd).
The canonical height (due to Tate) is

h(P) = lim h2"P)

n—o00 4n

V.2 2013-11-08
Aims: To show

(1) |E(Q)/2E(Q)] < oo.
(2) E(Q) has a height function.

V.2.1 Height function on £

We're starting with (2). Idea:

(a) Define h : E(Q) — R.

(b) Show A(P + Q) + h(P — Q) = 2h(P) + h(Q) + O(1).
(¢) Let h(P) = lim, 0 /(2" P). Show

WP + Q)+ h(P — Q) = 2h(P) + 2h(Q).
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(d) Show P — {/h(P) is a height function on E(Q).
We did (a) on Wednesday by defining

h(P) = log H(x(P)) = log(max {[a|, [b[})

for z(P) = (a : b) € P1(Q), where a,b € Z with ged(a,b) = 1.
Denote A = E(Q). To prove (b), we must find 7" such that the following diagram
commutes:

Ax A (P,Q)—(P+Q,P-Q) Ax A
PH(Q) I PH(Q) P'(Q) I P'(Q)
P2(Q) L P*(Q)

Recall that o is defined by

P'(Q) x PY(Q) = P*(Q),
((a:b),(c:d)) — (ac: ad+ bc: bd).

Write P = (xlayl)a Q = <$27y2>7 P+ Q = <$3ay3>7 P — Q = (x47y4>- ertlng E: y2 =
2% + ax + b, a computation shows that

2(z1 + x2)(a + x122) + 4b

Ty + T4 = )
—a)?—4b

gy = (2 = 07 W0+ 7a),
(71 — x2)

We need
T((l cx + 2y xlxg)) = (1: 23+ x4 2374).

Let s =21 4+ 25 and p = z129, i.e.,

ooy 2s(a+p)+4b (p—a)*dbs
T((l's‘m)_(l' s2—4p s —dp )’

T((t:s:p)) = (s*—4pt: 2s(at +p) +4bt* : (p — at)* — 4bst) .

We have
T(o(x(P),2(Q)) = o(z(P+ Q) z(P - Q)),
and T is a degree 2 map P?(Q) — P*(Q).

Lemma V.2.1.
(1) If T : P"(Q) — P*(Q) has degree d, then
h(T(a)) — dh(a) = O(1).
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(2) h(o(x(P),z(Q))) = h(P) + h(Q) + O(1).

This lemma implies (b):

2h(P) + 2h(Q) 4+ O(1) = 2h(o(z(P),z(Q))) + O(1) by (2
= h(T(o(x(P),z(Q)))) by (1
= h(o(z(P+Q),z(P - Q)))
=hP+Q)+h(P—-Q)+0(1) by (2).

V.2.2 Proof of Lemma [V.2.1]

Let a € P"(Q). We show
o H(a)? < H(T(a)) < coH(a)?.

Say T : o = (o @ -+ 1 ap) — (To(a) = -+ Ty(w)), where T; € Z[xo,...,x,|. Write
T, = > ; Bigm;j (where m; are monomials). Suppose the a; are integers with no common
divisor. Then

(@) < 318 (o (Zwm)maxmw (T H(a)",

where ¢(T;) is a constant depending on T;. So, setting ¢y = max; ¢(T5),

max; (| Ti(cv)|)

H(T(a)) = ocd(Ti(a)

< mzax(m(a)]) < coH ()% (V.2.2.1)

Now we need the projective Nullstellensatz. The T} have no common zero in Q. Hence,
there exist g;; € Q[xo, ..., z,] and m € Z* such that

m+d Z g”

Clear the denominators, and get some e € Zy, and h;; € Z[z, ..., x,] such that

m+d Z h” T

Evaluate at a:

‘6’ ‘Ozm—i_d‘ —

<Z!hm )T5(a)]

< Z c(hi) H ()™ max [Tj(ev)l

J

Jj=0

<(n+1) mjaxc(hij)H(a)m max |7} (a)] -

J
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Claim V.2.2. max; |Tj(a)| < |e| H(T(w)).

Proof. Suppose p" | Tj(c) for all j. Then p" | ea™ for all i. But ged(oy) =1, so ptaq; for
some i. Thus, p" | e, so ged(Tj(a)) | e. Use (V.2.2.1)). O

Thus, for all 7,
el [as| ™" < kH (o)™ [e| H(T(a)),

where k is a constant not depending on a. Take the maximum over ¢:
e H(a)™ ™ < kH(a)™ |e| H(T(a)),

whence H(T(a)) > ¢;H(a)?. This completes the proof of part (1) of Lemma [V.2.1] O
Now we prove part (2) of the lemma. Suppose z; = (a : b) and x5 = (¢ : d). Then

o(x1,29) = (ac: ad + be : bd).
We want to show
h((ac: ad+bc:bd)) = h((a: b))+ h((c:d)) +O(1).

Let M = max(|al|,|b|), M' = max(|c|, |d|), and M" = max(|ac|, |ad + bc|, |bd|). Show (case
by case) that %MM’ < M"<2MM’. So

log M +log M" —log2 < log M" < log M + log M’ + log 2,

whence
[log M" —log M — log M'| < log 2,

and we are done. O

V.3 2013-11-11

V.3.1 Heights, continued

Let E be an elliptic curve defined over Q.
Goals:

(a) Define h: E(Q) — R.
(b) Show h(P + Q)+ h(P — Q) = 2h(P) + 2h(Q) + O(1).
(c) Set

h(P) = lim h2"p)

n—o00 4n

Show h(P 4 Q) + h(P — Q) = 2h(P) + 2h(Q).

(d) Show that P +— y/h(P) is a height function on E(Q).
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V.3.2 A theorem of Tate
Theorem V.3.1 (Tate). Suppose S is a set, T : S — S, h: S — R, d > 1 is an integer,
and
WT (@) — dh(e) = O(1)
for all a € S. Then there is a unique h:S =R satisfying
(1) h(a) — h(e) = O(1) (h is boundedly different from h), and
(2) MT(a)) = dh(c) for all a € S.

Proof. Uniqueness Suppose ﬁl, hy both satisfy. Then for all a € S,

~

W(T(@)) = ha(T(e)) = d (@) = h(a))

~

Note that j(a) := hi(@) — hy(e) is bounded by a constant, call it C'. Thus

C > i(T(a)] =d|j(a)],
¢

so |j(a)| < %. Rinse and repeat, replacing C' by Since d > 1, it follows that

j(a) =0 for all a € S, whence hy(a) = hy(a).

Existence Let ]
h(a) = nh_)rglo d—nh(T Q).

Say |h(T(«)) — dh(a)] < C" for all . Use Cauchy’s criterion:

!

1 n+1 1 n 1 n n
ST a) = —h(T"a)| =~ [M(T(T"a) = dh(T" )| < -
Thus,
1 el 1 " c’ 1
gurh(T"10) = Gh(T"0)| < G (-

Hence the limit exists and satisfies h(a) — h(a) = O(1) (take n = 0 in the above
estimate). Furthermore,

h(T(a)) = lim ih(TﬂH(a)) = lim dnlﬂdh(T"“(a)) = dh(a). O

n—oo d™

V.3.3 Behavior of heights under doubling

Let us find T to make this diagram commute:

E(Q) — E(Q)

x x

PL(Q) ——P(Q)
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Suppose E : y* = 23 + ax + b. Recall the duplication formula:
t 44 a?
T(l:x)=1(1:
(1:2) ( 4(x3+aa:+b))
T((u:v)) = (4% + avu® + bu') : v* 4+ -+ + a®u?) .

In particular, T" has degree 4. Define
N h(2"P
h(P) = lim ( )
n—o00 4n

Remark V.3.2. So we have h(2P) = 4h(P). In fact, we'll later see that h(nP) = n?h(P) in
general.

V.3.4 The parallelogram law
We want to show that

WP + Q)+ h(P — Q) = 2h(P) + 2h(Q).
Indeed,

LHS — RHS = lim %fh(?"(P +Q)) +h(2"(P = Q)) = 21(2"P) = 2h(2"Q)) =

n—o0

~
by (b), |this| < C’ for all P,Q

This proves (c). O

V.3.5 The height function

For (d), define |P| = y/h(P). Well show this is a height function.
Recall the properties of a height function:

1) |P| >0 for all P.
2) |mP| = |m||P| for all m € Z and all P € E(Q).
3) [P+QI<|P[+1Q)
4) {P:|P| < r} is finite.
We prove these in order:
(1) For all P, h(P) > 0, so h(P) > 0, whence (1).

(
(
(
(

(2) Note that P and — P have the same x-coordinate. So h(—P) = h(P), hence (2) is true
for m = 0,1, —1, and it’s enough to show (2) for m > 1. We proceed by induction,
setting P = (m — 1)@ in (c). Then

h(fm —1]Q + Q) + h([m —1]@—@:2%([ 1]Q) + 2h(Q)
h(mQ) + (m — 2)°h(Q) = 2(m — 1)°h(Q) + 2h(Q)
h(mQ) = [2(m — 1)” = (m —2)” + 2] W(Q) = m*h(Q).
Thus, |mQ| = |m||Q|, proving (2).
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(3) Define the height pairing

h(P + Q) — h(P) — h(Q)
: .

(P,Q) =
So, for example, (P, P) = 3(h(2P) — 2h(P)) = h(P).
Claim. (P + R, Q) = (P,Q) + (R, Q).
Indeed,

2((P+R,Q)— (P.Q) — (R.Q)) =h(P+ R+ Q) — h(P+R) — h(Q)
— (P + Q)+ h(P) + h(Q)
—h(R+ Q)+ h(R) + h(Q).

We use the following four facts, which follow from (c):

(1) MP+R+Q)+h(P+R—Q)—2h(P+R)—2h(Q)=0
(1) (P — R+ Q)+ h(P —Q + R) — 2h(P) — 2h(R — Q)—O
(IIT) W(P =R+ Q)+ h(P+ R+ Q) —2h(P + Q) — 2h(R) =
(V) 2 (W(Q + )+ h(R — Q) — 2h(R) — 24(Q)) = 0

The claim then follows by looking at I — IT + III — IV:

A(LHS — RHS) =

We'll finish this next time.

V.4 2013-11-13

V.4.1 Height function, continued
From last time, h(nP) = n?h(P) and h(nP) ~ n2h(P). Recall the height pairing

WP+ Q) — h(P) ~ h(Q)

(P.Q) - X

We have |P| = y/h(P) = \/(P, P). Properties:

+ (R, Q) (just saw this)
+ (P, R) (by symmetry)
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For \,u € Z and P, Q,

0 < (AP = pQ, AP — pQ) = N (P, P) = 20u (P, Q) + 1*{Q, Q) -

This is true for all A, i1, so

(2(P,Q))* = 4(P,P)(Q,Q) <0
(P,Q)* < (P,P)(Q.Q)
(P,Q)| <|P||Q|.
Hence
P+QP =(P+Q,P+Q)
=(P,P)+2(P,Q) +(Q,Q)
<P +|QF +2|P||Q)|
= (|P| +1QI)*.
So we get (3): |P+ Q| < |P|+1Q|. O

To finish proving that P + |P| is a height function on F(Q), we now prove (4):
|P : |P| <r| is finite (for given r). Indeed, since bounding |P| bounds H(x(P)) with co-
ordinates of z(P) integers, this bounds coordinates of x(P). O

Aside V.4.1. (-,-) is positive semi-definite. In particular, (P, P) =0 <= P is torsion. (We
already proved <= . For the other direction, if P has infinite order, this contradicts (4).)

The elliptic requlator |det (P;, P;)| appeared in the strong Birch-Swinnerton-Dyer con-
jecture. Here {P;} is a basis of E(Q) mod torsion.

V.4.2 Remarks on torsion

Suppose we've shown F(Q) = Z™= @ (Tors). In practice, rg is the hard one to find, and
Tors(E(Q)) is easy to find.
Facts:

(1) Tors(E(Q)) — E(F,) for all odd primes p of good reduction. (If p = 2 has good
reduction, then |kernel| < 2.)

(2) (Lutz-Nagell) If y*> = f(x), f € Z[z], then (u,v) torsion = wu,v € Z and v = 0 or
v? | Disc(f).

(3) (Mazur, 1977) |Tors| < 16.

(4) (Doud) The torsion subgroup can be computed by analytic methods.
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V.4.3 Finiteness of 2-torsion

Aim: Show |E(Q)/2E(Q)| is finite.

Remark V.4.2 (Strategy/idea). Suppose E : y* = f(z), where f(z) € Z[z] is completely
factorizable:

flz)=(r—a)(r —ag)(x — a3) (v €Z).
We can define a map
E(Q)/2E(Q) » Q*/Q*" x Q*/Q**
P (IE - (modX QXQ),Jj — ay (modX Qx2)> ,

where z = z(P). Can do this and get an injective homomorphism. All we have to do is to
characterize the image.

Note V.4.3. Q% /Q** is an abelian group of exponent 2 (basis —1,2,3,5,7,11,...).
Suppose E has a point of order 2, say (0,0). Say F = El[a,b] : y* = 2* = ax?+ bx. Define

E(Q) % E(Q),

'—>< 27Z/<1——>>,(0,0) — point at oo,

where E' = E[—2a,a® — 4b].
We'll define o : E'(Q) — Q*/Q** such that
E(lQ) - E'(Q - @/Q*

is exact, i.e., F'(Q)/Im(¢) = E'(Q)/ ker(a) = Im(«).

Why? If we show Im(«) is finite, then E'(Q)/¢E(Q) is finite. Show likewise that
E(Q)/¢E'(Q) is finite. But 2 = ¢¢ since ¢ has degree 2, so E(Q)/2E(Q) is finite.

Define « as follows:

Elc,d] %5 Q% /Q**

point at co — 1
(x,y) = x (modX QXZ)
(0,0) — d.

Need to check:
e « is a homomorphism;
e ker(a) = Im(a);

e Im(a) C {=]]p}"

pld, e, =0or 1}. (This implies Im(«) is finite.)
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V.5 2013-11-15

V.5.1 Finiteness of 2-torsion, continued

Let « be as defined last time.

Lemma V.5.1. For (z,y) € E(Q), where E is defined by

Y* + arxy + azy = 2° + asx® + asx + ag,
there exist m,n,e € Z with (m,e) = (n,e) = 1 such that x = % and y = %.

Proof. Say x = ™, y = % with (m,r) = 1 = (n,s). For p a prime, set a = ord,(r),
b = ord,(s). Then a > 0 if and only if b > 0. The exact power of p in the denominator of
the right-hand side of the defining equation is p3®, whereas on the left-hand side it is < p?®
if a > b, and for b > a it is p?*. So 2b = 3a, so set a = 2d, and b = 3d,, and e = prdp. n
Recall that Ela,b] : y* = 23 + ax? + bz has a point of order 2, namely (0, 0).
Definition V.5.2. We define a map
Ele,d] % Q*/Q*,
o0 — 1,
(z,y) — = (mod* @X2) if z #0,
(0,0) — d.
We want to check « is a group homomorphism, kera = Im ¢, and Im « is finite. We

will prove the first in greater generality in a moment. We easily have the second since
ker & = Im ¢, so the composite

B(Q) % E'(Q) % E(Q)
is multiplication by 2. We prove the third.
Claim V.5.3. Im(a) C {+[[p% | pi | d, e; =0 or 1} Q*/Q*>.

[We will see later that if rg = rank(E(Q)), then 27 = 1 |[Im ap| [Im ap ||
We prove the claim. Let (z,y) € Elc,d|(Q). Then z = %, y = %, where (m,e) =1 =
(n,e), whence

y: =23 4 ca® + dx

n®>  m? m?

+c a2
- = c— J—
e e et e2

n? =m? + em?e® + dme* =m (m2 + cme® + de4) .

Case 1 Factors on RHS are relatively prime. Then m = + square, which implies x = +
square, SO

a((z,y)) =2 =1 (mod” QXQ).

Case 2 gcd(m, m? + cme? + de') = g # 1. Then g | de?, so (m,e) = 1 implies g | d. But
m = *(square)g, so a((z,y)) = £g.
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V.5.2 General case

Let F:y? = (2 — ay)(x — ag)(z — a3) with ay, a2, a3 € R, where R is a UFD with fraction
field K. Let

P(E) = {irreducibles (up to associates) p | p | a; — a; for some i # j} |
A(E) = {a € K*/K** | ord,(a) even Vp ¢ P(E)} .

Note that P(FE) is a finite set.
Define

0;: E(K) — K*/K**
point at oo — 1
(z,y) — « — a; (mod* Kx2) (if # # ;)
(0,0) = (0 — ;) (o — ) where {i,7,k} ={1,2,3}.

Claim V.5.4.

(1) Im@; C A(E).

(2) 0; is a group homomorphism.

(3) iy ker(6) € 2B(K).

(4) A(E) is finite if R*/R** is finite (where R* = U(R) is the unit group of R).
Corollary V.5.5. Let § = (01,05,03) : E(K) — A(E)3. Then E(K)/ker - E(K)/2E(K)
is a surjection by (3), and E(K)/ker = Im6 C A(E)? is finite, so E(K)/2FE(K) is finite.

V.5.3 Proof of claims

(1) We need to show that if (x,y) € E(K), then ord,(x — «;) is even for all p ¢ P(E).
Recall that
ord,(a + b) > min(ord,(a), ord, (b))

with equality if ord,(a) # ord,(b).

Case (i): Suppose ord,(z — a;) < 0 for at least one i. Then ord,(a;) > 0 for a; € R,
and ord,(oy; — a;) =0 for p ¢ P(E), so

ord,(x — o) = ord,(z) = ord,(«;).
Since y? = (v — a1)(x — ap)(z — ag),
3
2ord,(y) = Z ord,(x — ;) = 3ord,(z).
i=1

So for all 4, if ord,(x) is even, then ord,(x — ;) is even.
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Case (ii): Say ord,(z —«;), ord,(x —c;) > 0. This can’t happen since ord,(o; —a;) =
0.

Case (iii): Suppose exactly one x — «; has ord,(x — ;) > 0, say ¢ = 1. Then the rest
have ord, = 0, so

3
2ord,(y) = Z ord,(z — o) = ord,(z — ay),

i=1
hence ord,(z — ;) is even. O

(2) Suppose Pj, P, Py are collinear in E(K). We need to show 6;(P;)0;(P»)0;(Ps) = 1.
We will finish this next time.

V.6 2013-11-18

V.6.1 Finiteness of 2-torsion, continued

Recall our setup: R is a UFD with fraction field K, and E : y* = (z — ay)(z — ag) (7 — 3)
an elliptic curve. We defined

P(E) = {irreducibles (up to associates) p | oy — c; for some i # j},
A(E) = {a e K*/K** | ord,(a) even Vp ¢ P(E)} .

Define
0; : B(K) — K*/K**,
point at co — 1
(.T,y)HJI—OéZ’ ('1‘17&051)
(i, 0) = (o — ;) (g — ;).
Claims:

(1) Tm(6;) C A(E).
(2) 6; is a group homomorphism.

(3) N, ker(6)) € 2B(K).

(4) A(E) is finite if U(R)/U(R)? is finite.

Together, these imply that E/2E(K) is finite.
Last time, we showed claim (1), and we were in the process of showing (2).
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V.6.2 Proof of claim (2)
Suppose Py, Py, Py are collinear in E(K). We need to show that 6;(P;)6;(P,)0;(Ps) € K**.

Case (i):

Case (ii):

Case (iii):

Case (iv):

Suppose Pl = 00, P2 = (:E,y), P3 = ("L‘a_y) Then QZ(PI) = 17 QZ(PZ) =T — Qy,
and 0;(Ps) = © — oy, S0

0;(P)0;(P)0:i(Ps) = (z — oy)? € K™,

Suppose P; = (a;,0). Then 6,(P)) = (ag — o) (a3 — aq), 61(FP2) = ag — g, and
01(P3) = a3z — aq, so the product is a square.

Suppose no P, is of the form (a;,0). Let P, = (z;,v;). Then 6;(P;) = z; — a;.
Let y = Ax + p be the line joining them. Then z1, x5, 3 are the roots of

(z —ar)(z — ag)(z — az) = Az + p).

Then =1 — o, 190 — o, T3 — «; are the roots of

(z4+a;—al)(z+o—w)(z+a—a3) — (AMz+ ;) + ,u)2 =0. (V.6.2.1)
Expand this out:

23+ ax? 4+ br — N2 — 20y + p)r — Aoy + p)* = 0. (V.6.2.2)
The constant term is
—(Aa + p)? = = (21 — o) (22 — i) (w3 — ;) = —0:;(P1)8;(Py)0i(P3),

s0 0;(P))0;(Py)0;(P3) € K**.

Suppose exactly one point is on the z-axis; say P, = (ay,0). For i = 2,3, as in
the previous case, 0;(Py)0;(P2)0;(P3) = (1 — a;)(xe — ;) (z3 — o) € K*2,

What about ¢ = 17 Plug z = a7 in (V.6.2.1) to get Aay + p = 0. So (V.6.2.2)
gives
LHS = 2° + (a — A\*)2® + bx.

This has roots 0, 2% — ay,z3 — ay. We get b= (22 — a1)(23 — y). But also
z(x+ o — )z + o1 — a3) = 2° + ax® + ba.
So b= (a1 — as)(a; — ag). Thus,

01(P)0,(P)0,(Ps) = b° € K*°.

This completes the proof of claim (2). O
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V.6.3 Proof of claim (3)

Lemma V.6.1. Let (2/,y') € E(K). Then (2',y') € 2E(K) iff 2’ — «; is a square in K for
all 4.

This lemma implies claim (3). Indeed, suppose (2/,4') € (._, ker(6;). Say 2’ # «; for
any ¢. Then 2’ — «; is a square for all 4, so by the lemma, (2/,y') € 2FE(K). On the other
hand, if ' = «aq, then 2’ — a; = 0 is a square, and since we are in the kernel of each 6;,
' — ay and 2/ — ag are also squares, whence by the lemma, (2/,y) € 2E(K). O

Now we prove the lemma. Suppose P = (2/,y') € 2E(K). Then @ has coordinates in K.
Let @ = (u,v) and y = Az + p be tangent at Q). Then

(z —a1)(z — o) (7 — a3) — (A\x + p)? = (z — u)*(z — ).

Set x = ;. Then —(Aay + p)? = (g — u)?*(y — 2’). So 2/ — «; is a square, and likewise for
i=2,3.

Conversely, we get @ and need to show u,v € K. Suppose 2’ — a; = 32, where 3; € K.
Then u satisfies

(a1 + p)? = (a1 —u)’BF,
where A, 1 depend on u, v, e.g., A is the tangent slope at (u,v). Observe that

= H(I - ai)7

i=1
dy
2y = D (r—ai)(x — o),

JF

50 20\ = n, where n =, (u — a;)(u — ;).
Hence, v = Au + p since @ is on its tangent, so u = v — Au, whence

n n
iﬂl(al_u> :)\Oél—’—u: %al_'_ (U_%U>,

+208; (a; — u) = n(a; — u) + 20%,
which is a cubic in v that vanishes at v = a;. Divide by a3 — w:
200 =n—2(u— o) (u — a3),
which is quadratic in u. Likewise,
1206y =n —2(u — aq)(u — ag).

Eliminate v to get a quadratic in u. Solve for u by the quadratic formula. The discriminant
turns out to be 4(ay—a;)?S2, which is a square. Hence v € K,sov € K and P € 2E(K). O
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V.7 2013-11-20

V.7.1 Proof of claim (4)

Continuing from before, it remains to prove:
(4) A(E) is finite if U(R)/U(R)? is finite.

[Here E : y* = (z — ay)(z — az)(z — a3), o; € R UFD, field of fractions K]
Once (4) is done, assuming U(R)/U(R)? is finite, we have E(K)/2F(K) is finite.

Proof of (4). Let a € K* with image a € A(E). Since R is a UFD, a = u][][;_, pl for some
unit u € R*, k; even if p; ¢ P(F). So

a= ﬂprz (mod* KXQ),
i=1

where k; € {0,1} = k; (mod 2). Since P(E) and U(R)/U(R)? are finite, there are finitely
many possibilities and we can omit any primes not in P(E). O

V.7.2 Finiteness of 2-torsion

We assume FE is an elliptic curve over Q, defined by
v' = (v — 1)z — an)(x — az),

where o; € Q. Let K = Q(avy, oo, a3). This is a Galois extension of Q.
Let O be the ring of integers of K. The ring O might not be a UFD. So, for any finite
set S of prime ideals of O, let Og = ﬂp¢ 5 Op, where O, is the localization at p.

Fact V.7.1 (Tate, “Stark’s Conjecture”, p. 22). There exists S such that Og is a PID, hence
a UFD. (This follows from the finiteness of the ideal class group of O.)

Fact V.7.2. The group of units U(QOg) is finitely generated (Dirichlet’s unit theorem), so
U(Os)/U(Og)? is finite.

Taking R = Og, we can now conclude that E(K)/2FE(K) is finite.

V.7.3 Mordell’s theorem

Theorem V.7.3. If L/K is a finite Galois extension such that E(L)/mE(L) is finite, then
E(K)/mE(K) is finite.

Corollary V.7.4. E(Q)/2E(Q) is finite for any elliptic curve E over Q.

Corollary V.7.5 (Mordell). E(Q) is a finitely generated abelian group for any elliptic curve
E over Q.
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Proof of Theorem [V.7.5 Let K < L be a finite Galois extension. Let

E(K)NmB(L)
mE(K)

® = ker(E(K)/mE(K) — E(L)/mE(L)) =

Let P € E(K)NmE(L), and let Qp € E(L) such that P = m@Qp. Define a map
Ap: Gal(L/K) — E[m]
o o(Qp) — Qp.
(This is a 1-cocycle.) This is indeed well-defined: since P € E(K),
m(o(Qp) — Qp) =o(P)— P =0.
Suppose A\p = Ap/. Then, for all o,

U(QP) —Qp = U(QP/) - Qp,
U(QP - QP') =Qp—Qp,

s0 Qp — Qp € E(K). Thus P — P' = mQp — mQp € mE(K), so

& — Homse (Gal(L/K), E[m])
Pl—>)\p

is injective. Since Gal(L/K') and E[m] are finite, so is ®. Hence, we have an exact sequence
0—®— F(K)/mE(K) — E(L)/mE(L),

and since E(L)/mE(L) is finite by assumption, it follows that E(K)/mE(K) is finite. [

So E(Q) = Z™ @ Tors(E(Q)), where rg is finite and Tors(F(Q)) is a finite abelian group.

V.7.4 Descent by 2-isogeny

Recall the isogeny

E = Ela,b] % E[-2a,a> — 4b) = E,
(z,y) — (gﬂ M) ‘

22 22
We also have a map
ap : E(Q) —» Q*/Q*,
(z,y) — x (mod*™ QXQ).

Earlier, we saw that Im ¢ = ker ag, and

Imag C {:I: pr’

p;i factor of b, ¢; € {0, 1}} .
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How to find Im avg? Go back to the method:

m
Tr = — y:_
627 )

where (m,e) = (n,e) = 1. Plug into the equation for E:

2

n :m(m2

ame? + be4) )

Let d = ged(m, m*+ame®+bet). Thend | bet, sod | b. Write m = M?d and m*+ame®+be! =
N?2d for some M, N. So,

M

T =

Rl ag(z,y) = d (mod* QXQ).

Which divisors d of b actually arise? Say b = dd’, and ask if d € Im ag. We want to solve

m = M?3d,
m? + ame? + be* = N2d.

Plug the first into the second:

M*d? + aM?de® + be* = N%d
N*d + aM?e? + d'e* = N2,

Question: Does this have rational points (M, N) on it? (Check for each dd' = b.)

In fact, this is a genus 1 curve which is isomorphic over Q to the original curve E. This
is called a homogeneous space for E.
Example V.7.6. Take y* = 23 +4x (a = 0, b = 4). Then Cy is given by M*d + d'e* = N2.
Possible d: 41, +2.
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Chapter VI

Computing Rank and Torsion

VI.1 2013-11-22

Continuing from last time, we have ag : F(Q) — @X/sz, where £ = Ela,b] : y*> =
2% + ax? + bx. Recall that

Imagp C {j: pr’

Which factors of b arise? Say d | b, and write b = dd’. We reduced the question to: Does

p; prime factors of b, ¢; € {0, 1}} .

Cy: M*d+ aM?e* + d'e* = N?

have rational points?

VI.1.1 Homogeneous spaces example

Consider y? = 23 + 42, b = 4. Consider d = £1, £2:

d Cy points? (M, N, e)
1 | M*+4e*=N? (0,2,1)
2 | 2M* +2e* = N? (1,2,1)

—1| —M*—4e* = N? | No (no solutions over R)
—2 | —2M* — 2¢* = N? | No (no solutions over R)

So |Imag| = 2. In particular, Imag = {1, 2}.
Let B/ = E[—2a,a* — 4b], so E' : y* = 2® — 16z. What about ap? Possible d:
+1,4+2,+4,£8, +16, but we can rule out +4, +8, £16.

d Cd (M, N, 6)7

1 | M*—16¢ = N? (2,0,1)

2 | 2M*—8e* = N? | No solutions (argue mod 2¥)
—1 | —M*+ 16e* = N? (2,0,1)

—2 | =2M* + 8e* = N? | No solutions (argue mod 2*)

115
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(If n is even, then 4 | N> = 2| M = 32|2M* = 8| N? = 16| N2> = 2|e¢, a
contradiction by reason of infinite descent.) So |Im apg/| = 2.
Coming soon:

1
2"E = Z |III10[E’ |ImOéE/| s
so for this F, 2"F = }12 -2=1,s0rg=0.

Remark VI.1.1. This proves Fermat’s Last Theorem for n = 4: If 4> = 23 + 4x, set x =
2wt -y = —4(?1), sou? =1—v* IF a* + b* = ¢*, then

(@) - ()

VI1.1.2 Tate-Shafarevich group
Each elliptic curve over Q has a Tate-Shafarevich group I1I:

MU(E) “ ker (H' (Go, B@) = [] #'(Ge, B@,))).

p<oo

Theorem VI.1.2 (Rubin, 1987). For y? = 2% + 4z, Il = {1}.
Conjecture VI.1.3. I is always finite.

[Several cases proven by Rubin, Kolyvagin.|

Example VI.1.4. Consider

By =a2% + 17z,
E':y* = 2% — 682,

Cy for E' (d = 2) is: 2M* — 34e* = N?. This has local solutions in every completion of Q,
but no global solutions.

Set u =2 v =215 Then 2u'e* — 32¢* = 4e*v?, so u* — 17 = 2v? (Lind 1940, Reichardt
1942).

Example VI.1.5 (Selmer). 323 + 4y® = 523 has no global, but everywhere local solutions.
[This is a homogeneous space for z° + 3 = 60.]

VI.1.3 Systematic computation of ap

Consider E : y* = 23+ Dz, where D is a prime. The image Im oy contains possibly £1, £D.

d Cd (]\/[,N,e)?
1 M* + De* = N? (1,1,0)
D DM* + e* = N? (0,1,1)
—1 | =M* — De* = N? | None over R
—D | —DM* — e* = N? | None over R
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So [Imag| = 2.
What about E : y*> = #3—4Dx? Suppose D =5 (mod 8). We can rule out 2,2D, —2, —2D
by 2-adic or D-adic arguments.

d Cd (M, N, 6)?
1

D
-1
-D

So [Im | < 4. If it is equal to 4, then 272 = 1 |[Imap| [Imap| =2, so rp = 1.
So, in general, 7 = 0 or 1, but 7g = 0 should never happen here. In fact, for D = 5
(mod 8), L(E, s) has odd analytic rank since A(F,s) = —A(E,2 — s).

Ezample VI.1.6 (Cassels—Bremner). For D = 877, Cp is given by

e = 4612160965,
M = 8547136197,
N = 61277608318794736811.

VI.2 2013-11-25

VI.2.1 Rank and torsion, continued

If D is a positive prime = 5 (mod 8), then E : y*> = 23 + Dx has rg = 0 or 1, by looking at
homogeneous spaces Cjy.

Fact V1.2.1. A(E,2 —s) = —A(FE, s), so the analytic rank is odd.

Then by the weak BSD conjecture, rg = 1 for the above curve E.

Greenberg showed that E has CM and L(F,s) has a zero of odd order at s = 1. Thus,
rg > 1 or III is monstrous. So whenever Rubin shows III is finite, then rp = 1. (Conse-
quently, E(Q) & Z/2 ® Z, and n? = DM? — 4¢* has an integer solution with e # 0.) (cf.
Pell’s equation 2% + Dy? = 1)

Theorem VI.2.2. If E = Ela,b] and E' = E[—2a,a* — 4b], then 2" = ; |[Im ag||Im ag|.

1
1
Proof. Calculate [E(Q) : 2E(Q)] in two ways:

(1) E(Q) = Tors®Z™®, so E(Q)/2E(Q) = Tors /2 Tors ®(Z/2)"2, and so

|E(Q)/2B(Q)| =2"17e.

Indeed, consider points in E if order 2: We have at least one point, (0,0). Writing
y* = x(2® + ax +b), we have more points of order 2 if 2+ az + b factors over Q, which
happens <= a? — 4b is a square. Thus,

2 ifa®—4b#£0 (t=0),

2'*! = 4 {points in E(Q) of order 1 or 2} = {4 ifa2—d4b=0 (t=1).
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(2) We have a filtration F(Q) D ¢E'(Q) 2 ¢¢E(Q) = 2E(Q), and exact sequences
2(Q % B(Q 5 Q/Q*,
5 Q/Q.

So |E(Q)/¢E'(Q)| = |E(Q)/ker ag| = [Ima|. We have

E(Q) == 3E(Q) — 3E(Q)/6E(Q),
and P is in the kernel <= P € ¢E(Q) + ker ¢. So

Q) : ¢E(@Q)] if (0,0) € ¢E(Q),

T el - _ [
PEQ): $E (Q)/445(Q) {%[ Q) : Q)] if (0,0) ¢ 6E(Q).
But (0,0) € Im¢ <= (0,0) € kerap < a*—4b=ap((0,0)) =0 < t=1,s0

[E(Q): 2E(Q)] = [Imag| -2 [Imaw|.
Equating the two expressions for [E(Q) : 2E(Q)] and dividing by 2! yields the result. [

VI.2.2 Complete 2-descent

Consider E : y* = (z —e1)(z — e3)(x — e3) with ¢; € R, where R is a UFD with fraction field
K. Recall the maps
0;: B(K) — K* /K<
(Ty)—zr—e (z#e)

As before,

Im(6;) C A(E) = {a € K*/K*? | ord,(a) even Vp € P(E)}

P(E) = {primes (up to associates) dividing e; — e; for some 7 # j}.

We used the map (61,6,05) : E(K) — A(E)® and the fact that (z,y) € 2E(K) =
ﬂ?=1 ker 0; = ker 6; N ker 0, if and only if z — ¢; is a square for all 7.
In fact, we only need 64,6, since if x — ey, x — e5 are squares, then so is x — e3. Let

0 = (01,0y) : E(K)/2E(K) — A(E)>.

When is (a,b) € Im0? (Suppose for now that (a,b) # image of oo, (e1,0), (eg,0).)
Suppose (a,b) € Im@. Then there exists (z,y) € F(K) satisfying

T — e = au’, T — ey = bv, T — e3 = abw?.
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Hence, the equations
au? —bv? = ey — e,

au?® — abw?® = e5 — e,

(VI.2.2.1)
have solutions (u,v,w) € K* x K* x K*. Conversely, if such a solution exists, then
T = au® + e, = abuvw

is a point on F(K) mapping to (a,b).
In fact, the equations (VI.2.2.1)) define a homogeneous space for E, which is an elliptic

curve if it has a point. Let

Sy = {(a, b) € A(E)? | (V1.2.2.1)) has a solution (u, v, w) locally everywhere}.

We “hope” that for any (a,b) € Ss, a global solution exists. We have a commutative diagram
with exact rows

1—— E(K)/2E(K) " S, 111[2] 1

T Tﬂm [2m71}

1—— B(K)/2"B(K) —— Som —— II[27] — 1

This yields an exact sequence

E(K) — Im 3, — 2™ 'I[2™] — 1.

VI.3 2013-11-27

VI1.3.1 2-descent, continued

As before, consider E : y? = (x — e1)(z — e3)(z — e3) with ey, 9,3 € K. We have a map
0=(0,,0,): E(K)/2E(K) — A(E)?

and the group

au? —bv? =ey — e

au® — abw? = e5 — e,

Sy = {(a, b) € A(E)?

has a solution locally everywhere} .

Find Im @ = {...has a solution globally everywhere} C 5.
Example V1.3.1 ([Sil]). Let K = Q and F : y* = x(x — 2)(z — 10), so that ¢; = 0, ey =
2, e3 = 10. Then P(F) = {2,5} and

Q*/Q** > A(E) = {#1,+2, 45, +10} = (—1,2,5).
The equations under consideration are:
au® — bv? =2, au? — abw?® = 10.

If a <0and b >0 (resp., b < 0), then the first equation (resp., the second equation) has no
solutions in R, so none in Q. A computation yields the following table:
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1125 ]10
1 |V |V XX
2 X | X |V |V
5 | X | X | X|X
10 [ X|X|X][X
1V |V XX
X X[V [V
5 X [ XXX
10 [ X | X | X[ X
f(c0) = (1,1)
0((0,0)) = (20,~2) = (5,~2)
0((2,0)) = (2,—16) = (2, —1)
6((10,0)) = (10,8) = (10,2)

Let (a,b) = (1,—1). The equations u? +v? = 2, u? +w?* = 10 have a solution (1,1, 3), giving
a point (au? = ey, abuvw) = (1,-3). So (1,—1) € Im 6, whence (5,2),(2,1), (10, —2) € Im 6.

e Case: 5{a, 5|b Letu= %, v = %, w = %, where U, V, W, e are integers. The
equations become:

aU? —bV? = 262,
aU? — abW? = 10¢°.

So 5| aU? hence 5| U, so 5 | 2¢2, 50 5 | e. Set U = 5U" and e = 5¢’. Then
25a(U")? — bV? = 50(¢')?,
whence 5 | V. Likewise, 5 | W. But by infinite descent, this is a contradiction.
e Next case: Multiply by (5,2).
e Case: (a,b) = (1,2). Equations:
u? — 2% =2, u? — 2w? = 10.

Note that 2 is not a square mod 5, so u* = 2w? (mod 5), so u? — 2w? = 0 (mod 25).
But 10 # 0 (mod 25). Exclude it 5-adically.

Conclusion: |E(Q)/2E(Q)| = 8. Moreover, |Sa| = 8, so |[III[2]|] = 1 (no local-to-global
problems).
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VI1.3.2 Computation of E(Q)

What is £(Q)? Need to know Tors(E(Q)) — E(F,), where p is an odd prime of good
reduction. Here, p = 3 works. We have

E(F3) = {00, (0,0), (2,0), (1,0)} = Z/2 & Z/2.

But Tors(F(Q)) has order at least 4, because oo, (0,0),(2,0),(10,0) € Tors(E(Q)). Hence
Tors(E(Q)) = Z/2 ® Z/2. But

E(Q)/2E(Q) = Tors /(2 Tors) & (Z/2)"",

so rg = 1. Thus,
EQ) =Z/26Z/28 7.

We’d also like to know the generators of the above decomposition. We know the genera-
tors of each Z/2, and can find a generator of the Z-component using height estimations.

VI.3.3 Rank and congruence
Theorem VI.3.2. Let p be an odd prime. Let E : y* = 23 — p*x = x(x — p)(x + p). Then:

(1) re =0 if p=3 (mod 8),
(2) re <1ifp=5or7 (mod8),
(8) re <2ifp=1 (mod 8).

Remark VI.3.3. Recall that p is congruent <= rg = 1. So the above theorem implies there
are infinitely many non-congruent primes.

V1.4 2013-12-02

VI.4.1 Rank and congruence

We now prove the theorem from last time:
Theorem VI.4.1. Let p be an odd prime. Let E : y* = 2 — p*x = x(x — p)(x + p). Then:
(1) re =0 ifp=3 (mod 8),
(2) re <1ifp=5or7 (mod8),
(3) rg <2ifp=1 (mod 8).
Observe that P(F) = {2,p} and
A(E) = {#1,42,4p, +2p} = (~1,2,p) < Q*/Q**,

an [Fo-vector space written multiplicatively.
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Remark V1.4.2. Recall that if r = rank(E(Q)), then
E(Q)/2E(Q) = (Z/2)" & (Tors /2 Tors) .
—_———
order 4

We can write F : y* = (z — p)x(x + p), so e; = —p, es = 0, and e3 = p. We have
corresponding maps 61, 02, 03 (in general, 0;(z,y) = = — ;).

Map ‘ Image of ( — ‘ 2 ‘ D ‘
7 2p2 0 [1]0
0, —p 1101
0 —9p 111
Map | Image of (0,0) | =1 |2 | p
0, _p? 1100
0 —p 1101
Map | Image of (p,0) | =1 |2 | p
o W 0 |11
0, P 001
‘93 2p2 0 110
Map ‘ Image of (x,y) (y # 0) ‘ -1 2 ‘ P
01 T+p 0,0]0,1]0,0,1,1
0 T 0,110,0|0,1,0,1
03 rT—0p 0,110,1]0,1,1,0

(In the last column of the last table above, all three nontrivial possibilities arise in the last
columns of (e;,0).)
To find the image of 0, by adding a 2-torsion point to P, we can assume that 0(P) has
last column 0, 0,0 (for generic P). So there are now 4 possibilities for §(P), whence rg < 2.
Let us consider which of these cases can actually arise:

e The trivial possibility can always arise.

—-112]|p
0 0|0 _
* 1 1o0lo — rv+p=U z=-U —p=-0,sop=0+01. Hence,p=1
1 100
(mod 4)
—112]|p
0 |11]0 _
* ololo — z+p=20 =0 z—p=20,s0p=20-0,s0 2 =0 (mod p).
0 [1]0

By quadratic reciprocity, p = +1 (mod 8).
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—-112]|p
0 |1]0
* 1 lo0lo — x+p=20, x=-0, x—p= -2, s0op=20+0and p =200-011.
1 1110
Hence, 2, —2 are both squares mod p, so by quadratic reciprocity, p =1 (mod 8).
The theorem follows. O

VI.4.2 Root numbers and congruence

If p=>5or7 (mod 8), then the root number of L(E,s) is —1, i.e.,
A(E,2—3s)=—A(E,s).

Hence, the order of vanishing of L(F,s) at s = 1 is odd. The weak BSD conjecture then
implies r = 1 (so p is congruent).

If p=1or3 (mod 8), then the root number of L(E,s) is +1. In this case, weak BSD
implies r is even. For p =1 (mod 8), there are examples with » = 0 and r = 2.

Remark V1.4.3. Say p = 5 (mod 8). Then weak BSD implies 7y = 1. Our analysis says
rg = 1 if and only if

:v+p:a2,
r = —b,
x—p:—02

for some a,b,c € Q. Thus, a? = ¢ — 2b%. Diophantus’s method finds all rational points on
1 = u? — 202, yielding

(a,b,c) = ((25° — )X, 2rsA, (25% + 1%)N)

for some A € Q. In fact, we can take A = % for some n.

VI1.4.3 Remarks on 3-descent

Suppose we want to study rational points on E : z® + 3 = dz® (Mazur-Rubin). The
associated homogeneous spaces are of the form

az® + by = c2* (VI.4.3.1)

with abc = d. A rational solution of (VI.4.3.1)) leads to a rational solution of X3 +Y?3 = dZ3
with Z # 0 (but not converselyll). Euler found
X +Y = —9abex3y323,
X-Y= (aa;?’ — by3) (by3 — cz3) (023 — ax3) ,
Z =3 (ab:zrgy3 + bey 23 + ca23$3) TYZ.

!Consider, for example, Selmer’s example 323 + 43 = 523 of a curve with solutions everywhere locally
but not globally (III[3] # 0 for X3 + Y3 = 6023).
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VI.6 2013-12-06 |missing]

VI.7 2013-12-09

VI.7.1 Integer points on a curve

Consider E : y?> +y = 23 — z. Observe:

1 5
P = P=|-,—=
(0,0) 5P =1 8)
2P = (1,0) 6P = (6,14)
5 8
3P = (—1,—-1 TP=|-—=, —
(~1,-1) (9,27)
21 69
4P = (2, — pP=[2= _
(2,-3) s <25’ 125)

Claim VI.7.1.
(1) E(Z) = {£P,£2P,+3P, +4P, +6P}.

(2) EQ@Q) = (P).

We will return to this example later and prove the claim.

VI1.7.2 Torsion over Q
Proposition VI.7.2 (LutzNagell). Let £ : y*> = 2° + Az + B with A, B € Z. Then:

(1) Suppose P = (x,y) and 2P have integer coordinates. Then eithery = 0 ory?* | Disc(E).
(2) If P is torsion, then P has integer coordinates.
If 2P = oo, then y = 0. So assume 2P # oo. Let

p(X) = X* —24X?* - 8BX + A?,
Y(X) =X+ AX + B.
Recall the duplication formula:
P(z(P))
2P
RS
But f(z)¢(x)—g(z)y(x) = 4A3+27B?% where f(z) = 322 +4A and g(z) = 32 —5Az —27B.
Since = x(P) and y(P)? = ¢(z(P)), we have

fa(P)z(2P)dy(P)* — g(x(P))y(P)* = 4A% + 275,
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we obtain y(P)? | 44% + 27B?%. This completes the proof of (1). O
Now we prove (2). Suppose (z,y) € E(Q), and p is a prime dividing the denominator of
r (ie., ordy(z) <0). Recall z = % and y = % (lowest terms), so

3
ord,(x) = 2 ord,(y).

Define a filtration E(Q) 2 E1(Q) D E»(Q) D ... by

E(Q) = {0} U{(z.y) € E(Q) | ordy(z) < —2k, ord,(y) < —3k}
for £ > 1. This is a subgroup: Let t = % and s = i (soy = % and z = %). In the (¢, s)-plane,
we get all points except where y = 0. The point at co corresponds to (0, 0) in the (¢, s)-plane.
Let

R =17 ={0}U{z € Q* | ordy(z) >0}.

This is a DVR with unique nonzero prime ideal pR. One can check that (z,y) € Ex(Q) if
and only if t € p*R and s € p3*R. (Assume a; = 0.) Furthermore, if P, P, € E(Q), then
t(P))+t(Py) —t(Py+ Py) € p**, so Ei(Q) is indeed a subgroup. We also get a homomorphism

Ei(Q) = p*R/p™R
with kernel F3;(Q), giving an injective homomorphism
Ey(Q)/Es(Q) = p"R/p™ R = Z/p*L.
So E(Q)/FE3,(Q) is cyclic of order p™, where 0 < m < 2k.

Lemma VI1.7.3. E;(Q) contains no points of finite order (other than the point at o).

Proof. Say the order of P € E1(Q) is m # 1. Then P € Ey(Q) and P ¢ Ey1(Q) for some
k> 1.

Case 1: If p f m, then t(mP) = mt(P) (mod p**R), so mP = oo, whence mt(P) = 0, and
so t(P) =0 (mod p*R). But then P € F3;(Q), a contradiction since 3k > k + 1.

Case 2: If p | m, write m = pn and P’ = nP. Then P’ has order p, and P € E;(Q), so
P’ € E(Q). Say P’ € Ex(Q) \ Ext1(Q). Then

0=pt(P) (mod p**R),
whence t(P') € p** *R. But 3k — 1 > k + 1, contradiction. O

Now we finish the proof of (2). If P € Tors(E(Q)), then P ¢ E;(Q) for any prime p.
Thus, the denominators of  and y are not divisible by any prime p, whence x,y € Z. O

Ezxample V1.7.4. The curve E : y?> = 23 + 3 has discriminant —3°. By Lutz-Nagell, look at
y € {0,£1, 43, £9}; none work. Thus |E(F5)| = 6 and |E(F7)| = 13, so Tors(E(Q)) = {o0}.
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VI.8 2013-12-11

VI.8.1 Integer points on a curve, continued

3

Let us return to the example E : y* + y = 2® — x from the beginning of last class. Recall:

1
P = (0,0) 5P = <Z’_§>
2P = (1,0) 6P = (6,14)
5 8
3P — (=1, —1) 7P — (‘5’5)
21 69
4P = (2,-3) 8P = <%_E5>
Moreover,
|E(F2)| =5, |E(Fs)| =7, |E(F5)| = 8.

Theorem VI1.8.1.

(1) The only integer-valued points on E are £P, £2P,+3P, +4P, £6P.

(2) EQ@Q) = (P).

Remark V1.8.2. E°(R), the connected component of identity, is a subgroup of E(R) of index
2.

Proof of theorem. If p is odd and of good reduction, then we have an injection Tors(E(Q)) —
E(F,). Thus, |Tors(E(Q))| = 1.

Suppose for now that rank(F(Q)) = 1. (We’ll prove this in a moment.) Then F(Q) = Z;
let @ be a generator. Then @ is on the “egg” (the connected component of E(R) not con-
taining the identity) (else E(Q) < E°(R)). If @ has p in the denominator of its coordinates,
then so does any multiple of Q, so every point in £(Q) would. So @ has integer coordinates.

The egg is bounded, so by compactness, there are only finitely many points on the egg
with integer coordinates. Check them: £P,+3P. So ) = £Q, whence F(Q) = (P).

Next, suppose mP has integer coordinates (where m > 1 is an integer). Say m = my2"
(with mg odd). Then mgP is on the egg, so mg € {1, 3}.

Claim. r < 2.
Indeed, look at 8P. The image in E(IF5) is the point at co. If 8 | m, then the same is

true for mP, which has 5 in the denominator. Thus 8P has non-5-integer coordinates, so
m | 12. O
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VI1I.8.2 Rank of the curve

Now we show that rank(E£(Q)) = 1.
It’s enough to prove |E(Q)/2E(Q)| = 2, hence enough to show E°(R) N E(Q) C 2E(Q)
since [E(Q) : E°(R) N E(Q)] = 2. Let a be a root of 23 — 4z + 2. Then 2 is a root of

2
3
1\? 1 a
<y+§) :$3—$+Z:NK/Q<J}—§>,

T’ —x+ }l, SO
where K = Q(«). (Note that K/Q is a cubic extension.) We have the homomorphism

B(Q) L KX /K2,

(0%
=T — —.
<x7 y) z 2

Claim. ker§ = 2E(Q).

Indeed, x — § is a square in Q(a) <= =z — @ is a square in Q(o(«)), where o is a

permutation of {«, 3,7}, where «, 3,7 are the roots of 2 — 4z + 2, proving the claim.
So E(Q)/2E(Q) <& K*/K*2.
Claim. Im6 C B/sz, where B is the subgroup of K* of elements with norm in Q%
Say (z,y) € E(Q). Then (z,y) € E°(R) <= z— %,z — g,x — 3 are all positive
< z — g is totally posz’tiveﬂ

It’s enough to prove that, if z € Q has Ng/q (:v — %) € Q*®and z — 5 is totally positive,
then z — $ is a square in K.

Claim. (i) K has class number 1, so Ox = Z[a] is a PID.
(ii) The totally positive units of K are all squares.

Proof. (i) If @ € Ok, then Z[a] C Ok. Let f(x) = 2® — 4z + 2 (Eisenstein at 2). Then
Disc(f) = 148 = 22 - 37, and Disc(Ok) | Disc(Z[a]) with quotient a square. Thus
Disc(Ok) = 37 or 148. But if Disc(Og) = 37, then 2 is unramified, which contradicts
f Eisenstein because (2) = (a)3. So Ok = Z[a].

By the Minkowski bound, every ideal class contains an integral ideal with norm <

3:1/148 < 3. Since (2) = (a)® is principal, it follows that O is a PID.

(ii) Note that f(—2) =2, f(1) = —1,and f(2) =2. Soa < -2<f<1<~vy<2 By
Dirichlet’s unit theorem,
O =Ux 27*® {+1}.

What are the fundamental units? Set € = 222 and n = 1 — a. Note that N(2 + o) =

N(2—a)=2and N(1 —«) =1, so € and 1 are units. We have

UK = <€>77> D {il} )

2This means that every embedding in the reals is positive.
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so all units are of the form +e'r/. Let U} denote the set of totally positive units. Then
Uy C Ui C Uk,

and the index [Ug : U%] is 8. Since all sign possibilities are, the index [Ug : U] is also
8. Hence, Uz = Ujt. O

Now we return to prove that, if x € Q has Ng/q (x — %) e Q** and z — 5 is totally

positive, then x — 5 € K*? ie., that ord, (x — %) is even Vp.

VI.9 2013-12-13

VI1.9.1 Rank of the curve, continued

Recall: K = Q(«), where « is a root of z° — 4x + 2 = 0. It’s enough to prove: If z € Q has
Nk /g (m — %) € Q*? and z — 5 is totally positive, then x —  is a square in K.

We showed that Uz = U, Since K is a PID, it remains to show ord, (x — %) is even
Vp. Let p € Spec Ok be a prime over p.

Suppose p 1 2,37 (the bad primes). The minimal polynomial of § is

1 a3 a2 o} o
o) =o' —aty=(e-5) +B(e-5) +C(r=5) =Nua(v-3),

where B,C are p-integral for p { 2. Set ord,(B) = b > 0, ord,(C) = ¢ > 0, and
ord, (z — %) = m. (We're trying to show m is even.) We know ord, (Ng/q (z — %)) is

2
a square, and

ord, (NK/@ (x — %)) > min(3m, 3m + b, m + c).

If m = 0, then m is even. If m < 0, then the above is equal to 3m, so m is even. If m > 0
and ¢ = 0, then the above is equal to m + ¢ = m, so m is even.

The only remaining case is m > 0 and ¢ > 0. Let C' = ¢ (%) be the different. If p | C,
then p | N(C) = Discg(x), so p =2 or 37.

With a little more number theory (748 Fall), we can do cases p = 2, 37. ]

V1.9.2 The curve from homework 9

The problem is to find the integer solutions of
u v w

—+—+—=n.
voow o u
Make a substitution u = —x, v = —y/x, w = 1:
2 oy 1
— = — —=n

y T x
2 —y’ —y=nwy
E,: " +nazy+y=2a> (%)
To study 2-torsion and rank, put this in the form y? = f(z), so that 2y + a1z + a3z = 0.
Our case: 2y + nz + a3 = 0 (plug back in (x)).
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Ezxample V1.9.1. If n = 6, then y = —3x — %, so we get 2% + 922 + 3z + i = 0, which has §
as a root. The x-coordinates of 2-torsion points are roots of this polynomial. Search n = 6:
u=2, v=12, w =29, corresponding to the rational point (—%, 2%)

Let a be a root of f(x) = 2® + 182% + 12z + 2. This is irreducible, Eisenstein at 2, has
all real roots, etc. So, let K = Q(«). In fact, O = Z|a] is a PID, U = Z* ® {£+1} and

Ut = UZ has index 8 in Ug. The map

BQ) L k¥ /K%

«
=T — —
(.flj, y) z 2

has kernel 2E(Q), and E(Q)/2E(Q) <y K*/K** Moreover, Im(B) C B/K**, where B is
the set of totally positive elements of K* with square norm.
By the methods of last time, rank £(Q) = 1. In particular,

EQ) =Z/301Z,
where Z is generated by P = (=2, 2).

Extra credit: We want u,v > 0, i.e., z < 0 and y > 0. If you graph Eg(R), it looks like it
has a node; however, zooming in shows that there’s actually a small gap between the “egg”
and the other component. Since there are two components, P must lie on the egg. So the
points with z < 0 and y > 0 are exactly the points on the egg, i.e., nP for n odd.

The next solution is (u,v, w) = (17415354473, 90655886250, 19286662788).

How can we compute things like this in general? Recall that |h(P) — h(P)]| is bounded;
find an explicit bound. Say P = m(@ for m > 1. Since

Q) = —h(P) < Ti(P),

1
m2 — 4

we get a bound on h(Q) = log(max coordinate).
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