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MODULAR FORMS IN CHARACTERISTIC ¢ AND
SPECIAL VALUES OF THEIR L-FUNCTIONS

AVNER ASH AND GLENN STEVENS

In this paper we specialize our results in [A-S] to G = GL, to obtain informa-
tion about congruences between classical holomorphic modular forms. In the
final section we indicate how the methods can be adapted to prove congruences
between special values of L-functions of modular forms of possibly different
weights.

We begin with a study of the g-expansions in characteristic £> 0 of Hecke
eigenforms of weight k > 2 and level N prime to 7. By a theorem of Eichler and
Shimura this is equivalent to a study of the systems of eigenvalues of Hecke
operators acting on the group cohomology of I';(N) (see §2). Using the func-
torial properties of cohomology, we show (Theorems 3.4 and 3.5) that the systems
of Hecke eigenvalues (mod ¢) occurring in the space, 4 . ,(I';(N)), of modular
forms of level N and all weights > 2 coincide, up to twist, with those occurring
in the space, # ,(T';(N?)), of weight two forms of level NZ. In particular, we see
that there are only finitely many systems of eigenvalues (mod ¢) occurring in the
infinite dimensional space ./ . ,(I'}(N)), a fact proved by Jochnowitz [J] for
prime N < 17.

Group cohomology has been used before in this theory. For example, a proof
of Theorem 3.4(a) was given by Hida [H1] who refers to much earlier but
unpublished work of Shimura [S1]. An account of Shimura’s work can also be
found in Ohta’s article [O]. Kuga, Parry, and Sah [K-P-S] have proved similar
statements and extended them to quaternionic groups. Haberland [Ha] has used
cohomological methods in his study of congruences of Cartan type. Apparently
new in our treatment is the use of the operator 4, a cohomological analog of
“twisting” of modular forms, and of the operator ¥ (see the proof of 3.3(b)).

By taking the point of view of group cohomology we lose some structure. For
example, we do not see the algebra structure of the space of modular forms. Nor
do we see the Hodge decomposition of the cohomology groups. Notice also that
we obtain no information about weight one forms. Nevertheless, the functoriality
of group cohomology provides a powerful tool for studying congruences between
eigenforms. Moreover, as many authors have noted [M, Mz, St], group cohomol-
ogy is well suited for the study of p-adic properties of special values of
L-functions.

In §4 we develop the theory of higher weight (k > 2) modular symbols, and
examine the special values of L-functions attached to them. In Theorem 4.5 and
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its corollary we show how the theory can be used to prove congruences modulo ¢
between special values of L-functions of higher weight cusp forms over SL(2,Z)
and those of weight two cusp forms over I';(¢).

§1. Modular forms in characteristic £ For purposes of comparison and to
introduce notation which will be used later, we review the literature on modular
forms in characteristic 7.

We assume throughout that £ is a prime > 3.

Let N > 0 and I = I';(N). The classical Hecke algebra s#= Z[T,, (a)], where
n runs through the positive integers and a through (Z/N Z)*, acts on the space
A (T') of weight k& holomorphic modular forms over I'. This action respects the
decomposition of # ,(I') into cusp forms, #,(I'), and FEisenstein series &,(T").

We will always assume k > 2. The £adic properties of the systems of eigenval-
ues of 5 occurring in %, (T') reflect the structure of the Zadic Galois representa-
tion attached to %, (I') by Deligne [D]. The case of weight 2 is of special interest
because in this case the Zadic representation is the Tate module of the £divisible
group of the Jacobian of the modular curve X;(N)/Q. Thus congruences modulo
¢ for systems of eigenvalues occurring in &,(I") are related to the structure of the
Galois module of #division points of the modular Jacobian. This point of view is
used by Doi and Ohta [D-O] to prove congruences between weight two cusp
forms.

An important principle, first observed by Shimura [S1] (see [O]), is that systems
of eigenvalues of 5# occurring in %, (I') are congruent modulo a prime A above ¢
to systems occurring in %, (I'}) for another congruence group I’ of level NZ. This
principle offers the possibility of proving congruences between cusp forms of
higher weight by first reducing to weight 2. This idea has been developed by Hida
[H1, H2, H3] in his work on congruence primes, and also by Ribet [R1]. We view
our Theorem 3.5 as a generalization of Shimura’s principle.

Since each form f € # ,(I') has a Fourier expansion we may view .#,(I') as a
subspace of C[[q]], ¢ = e*"“. For a Dirichlet character &: (Z/NZ)* — C* let
A (T, &) be the space of forms with character . Let (T, ¢; Z[¢]) = A (T, ¢)
N Z[¢][[q]] where Z[¢] is the ring generated over Z by the values of . For a
Z[e]-algebra R let A (T, & R) = M (T, &; Z[e]) ®,, R € R[[q]]. Similarly de-
fine % (T, & R) and &,(T, &; R). Using the description of the action of s# on
M (T, €) in terms of g-expansions [S2] we see that S# acts on the spaces
M (T, & R), Z(T, & R) and &, (T, &; R) for every Z[e]-algebra R.

The following theorem is due to Shimura (cf. [S2], Thm. 3.52).

THEOREM 1.1.

G A, (T, &C) =M., e¢).

(i) L (L, e C) = F (T e).

(iii) & (T, & C) = &(T, ¢). [ |

Now let O be the ring of all algebraic integers and A C @ be a prime ideal
dividing /. Fix an identification ¢/ = F,. For a system of eigenvalues
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®: #—> 0 let ®: #— F, be the reduction of ® modulo A. The following
corollary is an immediate consequence of the last theorem and Propositions 1.2.2
and 1.2.3 of [A-S].

COROLLARY 1.2. Let ¥: #— F, be a system of eigenvalues. Then ¥ occurs in
M (L, &;F,) if and only if there is a ®: 5’ O occurring in M (T, €) such that
¥ = Q. ]

The algebra A (SL,(Z);F,) =F,+ X, ,#,(SL,(Z);F,) C F,[[q]] has been
studied by Swinnerton-Dyer and Serre [Sel, Se2, Sw-D]. A useful tool in their
theory is the derivation (or “twist”) 6: #(SL,(Z);F,) —» #(SL,(Z);F,) de-
fined by 6(Xa,q") = Lna,q". The operator § maps #,(SL,(Z);F,) to
M i+ 211(SL,(Z); F,) and intertwines the action of 5 on these two spaces. For a
system of eigenvalues ®: s#— F, and a nonnegative integer » let ®*): #— F,
be the “v-fold twist” of @ defined by ®“)(T,) = n’®(7,) and ®®((a)) =
®((a)). If @ is the system of eigenvalues associated to a nonzero eigenform
f €M, (SLy(Z); F,) then ®Y is the system associated to 0f.

The following theorem is due to Serre and Tate. It has been strengthened to
congruence groups of prime level < 17 by N. Jochnowitz [J].

THEOREM 1.3. _

(a) There are only finitely many systems of eigenvalues ®: #— F, occurring in
the space #(SL,(Z);F,) ® F,.

(b) If ® occurs in this space then there is a system ¥ occurring in

@ "Ilk(SLZ(Z);F()

2<k<t+1

and an integer v > 0 such that ® = ¥, [ |

The first part of this theorem follows easily from Corollary 2.5. We will give a
cohomological proof of (b) for the groups I';(N) for arbitrary N > 1 in §3 (see
Corollary 3.6).

The next theorem was proved by Serre.

THEOREM 1.4.
(@) (Sel], Thm. 11). &,,,(SLy(Z); E,) = %,(To(£); F,).
(b) [Se2]). For 2 <k<¢-1

F(SL,(Z); F,) € #(Tu(¢), "% F,)

where w: (Z/¢Z)* — O* is the unique character satisfying w(n) = n (mod A) for
alln € (/¢ Z2)*. ]
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Serre gives two proofs of (b). One uses the geometry of the modular
curve X;(Z) in characteristic /. The other proof involves multiplication by an
Eisenstein series and is similar to the proof of (a). Our Theorem 3.4(a),(b)
provides a cohomological analog.

§2. Passing to cohomology. The goal of this section is Proposition 2.3 which
relates systems of Hecke eigenvalues occurring in spaces of modular forms
modulo A to systems occurring in certain cohomology groups.

We will use the terminology of Hecke pairs and associated Hecke algebras as
in [A-S]. Thus if T is a congruence subgroup of SL,(Z) and S is a subsemigroup
of GL,(Q) containing T, then (I, §) is a Hecke pair. The associated Hecke
algebra JZ(I', S) can be defined as a double coset algebra as in [A-S] or,
equivalently, as the convolution algebra of Z-valued I' bi-invariant functions on
S which vanish outside finitely many double cosets. This algebra acts on the right
on the cohomology groups H*(T, E) of any right S-module E.

We want to compare systems of Hecke eigenvalues occurring in .  (T',(N)) to
systems occurring in  ,(I';(N¢)). Thus we need to relate the Hecke algebra of
T';(N) to the Hecke algebra of I';(N¢). For this purpose the notion of compati-
bility of Hecke pairs was introduced in [An, A-S]. Unfortunately, if we wish to
use this notion in the present situation we must exclude the Hecke operators T,
for £| n. Preferring not to do this we make instead the following definition.

DEFINITION 2.1. A Hecke pair (L, Sy) is said to be weakly compatible to a
Hecke pair (T, S) if

@) (T, So) € (I, 8);

(b) the set S’ = S\ IS, satisfies SS’ C S’ and S'S, C S’;

©) TN S§yS;t =T,

Remark. 1f we replace (b) by the stronger condition S’ = & then we obtain
the notion of compatibility ([A-S] Definition 1.1.2). |

If (T, Sp) < (T, S) are weakly compatible then there is a canonical algebra
homomorphism ¢: (T, S) - H# (T, S;)- Viewing the Hecke algebras as con-
volution algebras this map is given by restriction of functions on S to functions
on S;.

The following lemma is the basic tool which allows us to relate systems of
Hecke eigenvalues occurring in the cohomology of T to those occurring in T,

LemMMA 2.2. Suppose (I, Sg) € (T, S) are weakly compatible Hecke pairs.
(a) Let E be a right S-module, F be a right Sy-module and ¢: E — F be an
So-morphism. If E|o C ker(¢) for every o € S\ I'S, then the composition

bx
H'(T,E) S H'(T,, E) 3 H'(T,, F)
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is Hecke equivariant; i.e. if ¢ € H'(T', E) and h € (T, S) then

(pxores)(€lh) = (dxores(£))]e(h).

(b) If F is a right Sy-module then the induced module Ind(T,, I'; F) inherits a
natural right S-action. The Shapiro isomorphism

&: H'(T,Ind(T,,T; F)) » H'(T,, F)

is Hecke equivariant.

Proof. The proof of (a) is a simple calculation with cocycles.
Now consider (b). The right semigroup action of S on Ind(T, I'; F) is defined
as follows: for o € S, f € Ind(I, I'; F), and x € T set

if xo7! & S5 IT,

(flo)(x) = f(y)l if xo~l=1"Yy withr € S, y € T.

The Shapiro isomorphism is the composition of restriction to I, with the map on
cohomology induced by the S;-morphism

Ind(T,,T; F) > F

f=1Q).
Clearly, if 6 € S\ I'S, then (f]o)(1) = 0. Thus the Hecke equivariance of % is a
consequence of (a). [ ]

For a nonnegative integer g let V, be the nght representation of GL, on
Sym#(A?). Thus for a commutative rmg R, V,(R) is the space of homogeneous
degree g polynomials in two variables over R. The action of an element
6 € GL,(R) on a polynomial P € V,(R) is given by

(Plo)(X,Y) =P((X,Y)o™}).

THEOREM 2.3 (Shimura, [S2] Chapter 8). Let I' be a congruence subgroup of
SL,(Z) which is preserved by the involution (“ 3) > ° 'Z), andlet g=k — 2
be nonnegative. Then there is an isomorphism of (T, GLZ(Q))-modules

HY(T; 7,(C)) = #(T) ® #2(T) @ &,(T)

where S2(T') is the space of antiholomorphic weight k cusp forms over T. |
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Now fix an integer N > 0 and a prime ¢ not dividing N. Let

I'=Ty(N),

s = {re oL@l = (2 4) € m@), = omoa ),

I = L(¢)n FI(N)9

-1
S = {(‘; cbi) €Slc=0,d#£0 (mod/)},

I, = I‘I(N{)’
b -1
sl={(‘; d) eS|c’=‘0,d51(modl)},

It is easy to see that the Hecke pairs (I, S;) € (I, Sp) € (T, S) are pairwise
weakly compatible, and that the natural map ¢: (T, S) —» H# (I}, S;) is an
isomorphism. These algebras are seen to be commutative as in [S2] Chapter 3.
The group I, normalizes these Hecke pairs and the actions of T, induced by
conjugation on the Hecke algebras are }rivial.

For each integer n let o, = (8 ‘1’) € S and for each r € (Z/NZ)* fix v,

= (‘: Z) € I'y(N) N T (¢) with d = r (mod N). Then with the standard action
of #(T, S) on M (T) ([S2], §8.3) we have for f € 4 ,(T)

AillTe,I'] = fIT,
AlTy,T] = fiKr).

The corresponding statement with (T, S) replaced by (I, S)) is also true. Hence
the classical Hecke algebra 5= Z|[T,, (r)] acts on .#(T';) via the maps

#— #(T,8) > #(T, S,)
T;t = [Fonr] i [rlonrll
<l’> e [I‘Yrr] i [I‘I'YrI‘I]'
If E is an arbitrary right S-module (respectively S;-module) we let £ act on
H*(T'; E) (respectively H*(I';; E)) via these maps. Moreover the group I',/T, =

(Z/¢Z)* acts on H*(T';; E) as a group of Nebentype operators which commute
with the action of 5.
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For an OTmodule H and an integer g let H“" = {h € H|h|y = w&(d)h
for all y = (3 f;)e T,).

DEFINITION 2.4.
(@) For M > 0 let

J’;k(rl(M)) - & ‘/Ilk(rl(M)’ 82?{)

where € runs over all characters ¢: (L/MZ)* — 0*.
(b) For k > 2, let Q,(T) (respectively Q,(T)) be the set of systems of eigenval-
ues ®: H#'— O (respectively ®: #— ¥,) occurring in M ,(T') (respectively # \(I)).
(c) For g > 0 let Q,(T}, w&) (respectively 92(F1, w?8)) be the set of systems of
eigenvalues ®: #’— O (respectively ®: H#— F,) occurring in M ,(T)©" (respec-
tively M ,(T;)“®).

By [A-S] Propositions 1.2.2 and 1.2.3 we have surjective reduction maps
2,(T) - 0,(T)
Q,(Ty, wf) - 0,(Ty, wf)
o~ O,
The map T — F2?\ {0} given by y~— (0,1)y gives a bijection I}\T —
F?\ {0} which commutes with the right action of T'. Thus we may identify the

right S-module Ind(T} 1 T'; F,) with the module I of F,-valued functions on F}?
which vanish at the origin. The action of S on I is given by

(flo)(a, b) = f((a,b)07?)

forese S, fe I, (a,b) € F2.

For each integer g let I, be the S-submodule of I consisting of homogeneous
functions of degree g. Then I, depends only on g modulo £/— 1 and we have a
decomposition

PROPOSITION 2.5. Let g>0 and k = g + 2. Let ®: s#— F, be a system of
eigenvalues. _ .

(@) @ occurs in H(T; V, 2(F) iff either (i) ® € QL (T) or (i) g >0 and ®
occurs in H'(T; V, (F) _ .

(b) ® occurs in H Y(T; I, ® F)) iff ® € (T}, 0¥).

Proof of 2.5(a). Let K be a number field large enough to contain all
eigenvalues of J# acting on #,(T'). Let R C K be the discrete valuation ring
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associated to the place below A and let A € R be a generator of the maximal
ideal. We may assume R/A C F, contains the image of ®.
In the diagram

HY(T; V,(R/N))

I

0 - HYT; ¥,(R)),. » HT;V,(R)) > HY(T;V,(C))

the vertical arrow is surjective (because ¢> 3, cf. proof of Theorem 1.3.5 of
[A-S]) and the horizontal sequence is exact. Since the image of i spans
H\(T; V,(C)) we see that ® occurs in H'(T; V,(R/\)) iff there is a ¥: #— R
occurring in HY(T; Ve(R)) o ® HY(T; (C)) such that ¥ = ®. By 2.3 and 1.2
we see that there is a ¥: #— R occurring in HY(T; V,(C)) with V= iff
® € Q,(T). On the other hand such a ¥ occurs in HY(T; V 2 (R)) o Il @ occurs
in the kernel HY(T; V¢(R)), of multiplication by A. To complete the proof of (a)
we will show

0 ifg=0
H'(T; V,(R)), = {HO(I‘ V,(R/N)) ifg>0.

A
The short exact sequence 0 — V,(R) = V,(R) = V,(R/A) — 0 gives rise to
an exact sequence in cohomology

H°(T; V,(R)) » H°(T; V,(R/A)) - HY(T; V,(R)), > 0

If g >0, V,(C) is a nontrivial irreducible I'-module and hence has no nonzero
T-invariants. Thus H%(T; V,(R)) = 0 and H(T; V(R/\)) = H'(T; V,(R)), as
desired. The case g = 0 is trivial. u

LEMMA 2.6. There is an isomorphism of #modules
HY(T; 1,) = H(T}; F,)“".

Proof. Let (F,) . be the rank one F,module on which T, acts via w8 Then
the induced module Ind(T,, I’; (F,),;s) is isomorphic as an S-module to I,. By
Lemma 2.2 the Shapiro 1somorph1sm H 1(1‘ I)=H Y(Ty; (F,)s) commutes w1th
. This latter group is isomorphic to H'(T}, F,)“" by [A-S] Lemma 1.1.5. [ |
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Proof of 2.5(b). As in 2.5(a) we know ® € Q,(T,, w®) iff ® occurs in
HY(T};F,)©“". By the lemma this is equivalent to the occurrence of @ in
H\(T; 1, ® F,). [

COROLLARY 2.7. The set U, , ,Q,(T) is finite.
Proof. This is an immediate consequence of 2.5(a) and [A-S] Theorem 2.2 ®
This result generalizes the first part of the theorem of Serre and Tate (1.3(a)).

§3. Systems of Hecke eigenvalues. To simplify the notation we will write 17;
for V,(F,).

LemMA 3.1. For 0 < g < ¢ there are I'-invariant perfect pairings.
Q) V,xV,—>F,
2 I,xI_,—F,

Proof. We leave it to the reader to verify that the following pairings are
nondegenerate and I'-invariant.

(1) For P(X,Y) = T&_,a,X¢~"Y”, and Q(X,Y) = X2_,b, X5~"Y"
g g -1 )
P,y = L (5) (-1)a,b,
r=0

This pairing is determined by the formula

{(aX + cY)%, (bX + dY)5) = (dct( Z))g.
(2 Forfiel, f,el_,

<f1,f2>1= Y A(x)fa(x). n

xeF}?

Let a,: V — I, be the I'-morphism which sends a polynomial to its associated
function on F, Forg<¢let B I, — V,,_ _g be the dual morphism to a,_,_
Then B, is given explicitly by

B(f)= X f(r,s)(sXx~ rY)<lE,

(r,s) EF,Z

Remark. 'The maps a, and B, are special cases of maps occurring in the main
diagrams of [A-S]. For example, if we let ¢: V, — F, be defined by ¢(P) = P(0, 1),
then a, is the map a(¢) of [A-S] (1.3.2). If ¢: (F,) s = V,_1_,, is given by
Y(r) = rX?"178 then B, is the map B(y) of [A-S] (1.3.3). n
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For an integer v > 0 we define the “»-fold twist” of an F,S-module (M, ,,) to
be the module (M(»), 7,,) whose underlying space is M(v) = M and whose
S-action is given by

Ty (0)m = det(o™ 1) m,(0)m
foro€ S and m € M.
Let 8 € V,,, be the polynomial

/—1
0(X,Y)=XY—-XY’=XY[](X-aY).
a=1

For ¢ € S a simple calculation shows ¢ = det(o~')6. Hence multiplication by 6
induces an S-morphism

— 0 —
Vg(l) = Veren

for every g > 0.

LEMMA 3.2.
(a) If 0 < g < ¢ the sequence

— dx Bg —
0>V, = 1,5V, ,(g) >0

is an exact sequence of S-modules.
(b) The map

V51,

is an isomorphism of S-modules.
(c) For g > ¢ the sequence

— 0 — 2
0V, ,(1)>V,>1,->0

is an exact sequence of S-modules.

Proof. For arbitrary g > 0 it is easy to verify that a,, B, are S-morphisms.
Moreover, a polynomial P € V, (g > 0) is in the kernel of «, iff P vanishes at
every point of PI(F,) iff P is divisible by 6. Thus in each of the three cases
(@), (b), (©) ker(a,) is as claimed.

Suppose 0 < g < £. The last paragraph shows a,_;_, is injective, and there-
fore its dual B, is surjective.
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Now let Q € 17;. We will show B, ° a,(Q) = 0. For P € 17,_1_8 we have

(P, Bo0y(0)), = (as1 o(P),a,(0)),= L P(x)Q(x) =0

xeF?

since YR(x) = 0 for any homogeneous polynomial R of degree £/— 1. Thus
Image(a,) C ker(B,). Counting dimensions shows that this inclusion is in fact an
equality, proving (a).

Next suppose g > ¢. To show a, is surjective it suffices to show that for each
[a, b] in P!(F,) there is a P € V, such that

(i) P(a,b) #0

(i) P([r, s]) = O for [a, b] # [r, s].
Since T acts transitively on P1(F,) we may take [a, b] = [1,0]. In this case we let
P(X,Y) = X8 11 (X — aY). This completes the proof of the lemma. M

For each integer » > 0 and F,S-module E we have an isomorphism of abelian
groups H*(T'; E) = H*(T; E(v)). The action of 5# on these groups is related by
the formula

t" = n't,
where ¢, (respectively ¢{") is the endomorphism of H*(T; E) (respectively
H*(T'; E(v))) induced by the Hecke operator T,,.

We define an action of J# on the »-fold twist F,(») of the trivial S-module F,
by

HAX Fy(v) - Fy(v)
(T,,r) = n’deg(T,)r

where
deg(T,) = X

d|n
(N, d)=1

al s

is the number of right I'-cosets in the double coset I's,I. Then we have an
isomorphism of s#Zmodules H(T; F,(»)) = F,(»).
LeMMA 3.3.  We have the following isomorphisms of s€modules.
(@) HOT; 1) = F,(¢—1) ifg=0(mod/-1)
otherwise.

(b) H(T; I7g) = @ ,F,(v) where v ranges over all nonnegative integers such that
() (/+ Dr< g, and
(i) (£+ v =g (mod £2 — ¢).
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Proof. (a) Since T acts transitively on F?\ {0} the T-invariants in I are the
functions which are constant on F?\ {0}. Thus HT; I,) = F, as abelian
groups. The action of 5# is easily verified to be as claimed.

(b) L. E. Dickson [Di] has shown that the ring of T'-invariants in Sym*(V) is
generated by

0= XY - XY°*
and
2 2 4
¥=(XY-XxY")/0=Y (x-'y)“!
i=0

We have already observed o8 = det(¢)8 for ¢ € S~L. One also easily verifies
oV = ¥, Thus

HO(F; 173) = @ F{e,‘\I’”‘ = @ F/(V)
v, v

where the first sum is over », p satisfying »(£+ 1) + p(¢? — ¢) = g and the last
sum is over » satisfying (1), (ii) of the lemma. |

The long exact cohomology sequences obtained from Lemma 3.2 together with
the last lemma and Lemma 2.6 yield the following theorem.

THEOREM 3.4.
(a) If 0 < g < ¢ there is an exact sequence of H#modules

0- Hl(r; 17;) - Hl(rﬁF/)(wg) - Hl(r§ I7/—1—3(8)) - 0.
(b) There is an isomorphism of Emodules
HY(T;V,) = H'(T; F,).
(c) For g > ¢ there is an exact sequence of SEmodules
HO(T; 1) » H\(T; 7,_,,(1)) 5 H(T; 7)) > H{(T:;E)“” > 0. =
It is now an easy matter using 2.6 to derive conclusions about systems of
Hecke eigenvalues occurring in the spaces . (') and A ,(T,)©“". If @ is a set
of systems of eigenvalues ®: 5#— F, and » > 0 let
0 = (8®: @ 1),

THEOREM 3.5. Letg > 0 and k = g + 2. Recall that Q,(T, &)@ stands for the
set of systems of Hecke eigenvalues occurring in the space of modular forms in
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characteristic ¢ for the group T' with weight k, character w and twisted by the ath
power of the determinant. If w (resp. a) is omitted from the notation, the trivial
character (resp. zeroth power) is implied. (Cf. Definition 2.4).

(@) For2 <k <¢+2, G,y(T;, 08) = Q(T) U Q,, ,_(T)®.

() Q2(F1,¢‘7) Q,+2(I‘)

©) Ifk>¢+2, and ® € Q,(T,, w?), then either ® € Q,(T') or ® occurs in
HOT; V., (F,)) (see 3.3).

@ For k > 2, 8 c U0<v<g/({’+l) 2Ty, 0372,

Proof. Statements (a), (b), and (c) follow from Theorem 3.4(a), (b), and (c)
using Proposition 2.5. Now consider (d). By Proposition 2.5(a) it suffices to show
that if ® occurs in HY(T; V,(F,)) then @ is a member of the right hand side of
(d). We will prove this by induction on g. If g < Z it follows from (a) and (b).
We therefore suppose g > ¢ and that the statement holds for all g’ < g. By
Theorem 3.4(c) ® occurs either in H'(T; V,_,_(F,)) or in H(T}; F,)“?. In the
first case the induction hypothesis gives the desired result. In the second case
Lemma 2.6 together with Proposition 2.5 completes the proof. ]

In particular this shows that, up to twisting, the set of weight 2 systems for T’
is the same as the set of weight > 2 systems for I'. Moreover from (a) and (d) we
obtain the following strengthening of Jochnowitz’s theorem (Theorem 1.3) to
arbitrary level.

COROLLARY 3.6. For every k > £+ 2

6,0cU U 8 .

v=02<r<é+1

§4. Special values of L-functions. In this section we examine the basic
properties of special values of L-functions, A(§, x), attached to compactly
supported cohomology classes £ € H(T; E) and primitive Dirichlet characters
x. We show how this theory can be used to prove congruences modulo A between
the algebraic parts of special values of L-functions of higher weight cusp forms
over SL(2,Z) and those of weight two cusp forms over I';(¢).

Let 2 = div(P!(Q)) be the group of divisors supported on the rational cusps,
P1(Q) = Q U {iioo}, of the upper half plane, and let 2, C 2 be the subgroup of
divisors of degree zero. The natural action of GL(2,Q) on P!(Q) induces an
action on 2 which preserves 9.

Let E be a ZI'-module where I = I';(N).

DEFINITION 4.1. We will refer to Homp(9,; E) as the group of E-valued
modular symbols over T.

For the remainder of this section R will denote a commutative ring with
identity in which the order of every torsion element of I is invertible. If E is an
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RT'-module then the next proposition shows
Homp(92,; E) = H(T; E).

More precisely the next proposition compares two long exact cohomology
sequences. One of these is the cohomology sequence of the short exact sequence
of RT-modules

0 > E » Hom,(2; E) > Hom,(2,; E) — 0.

The other is the long exact cohomology sequence of the pair (I'\ H; 9(I'\ H))
where H is the Borel-Serre completion of the upper half plane, H.

PROPOSITION 4.2. Let E be an RI-module and E be the associated local
coefficients system on I'\ H. For each integer i > 0 we have the following com-
mutative diagram:

—>H'"'(T;Hom(2y; E)) » H(T; E) -H(T;Hom(Z;E)) -

l | l

>  H(T\KE) -HT\KE)-> H(3(T\A)E) -

where the vertical arrows are isomorphisms. If, moreover, E is an S-module then all
maps in this diagram are S#morphisms (S and S as in section 2).

Proof. Since the boundary components of H are in one-one correspondence
with the points of P}(Q) we have H,(d(H); Z) = 2. This isomorphism respects
the GL(2, Q)-action. The boundary map H,(H, d(H);Z) - H,(3(H);Z) = 9
gives rise to a GL(2, Q)-isomorphism H,(H, 3(H); Z) = 9,. We therefore have
the following commutative RI'-diagram:

0 >HH; E) >H%4(A); E) >H'A, 3(H); E) > 0
00— E - Hom(2; E) » Hom(%, E) -0

The diagram of the proposition follows by passing to the long exact cohomology
sequences of the above short exact sequences and using the isomorphisms

H(T; H/(A; E)) = H*(T\ H; E)
HY(T; H/(9(A); E)) = H(3(T\ A); E)

H(T; H/(H, 9(A); E)) = HY(T\H; E).
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If E is also an S-module then all maps of the above diagram are S-morphisms,
and thus the diagram of the proposition is s£equivariant. |

Let U C GL(2) be the standard unipotent subgroup, {((‘) I)} Let x be a
primitive Dirichlet character of conductor m, and let R be a Z[x]-algebra.

DErFINITION 4.3. Let E be an RTU(Z[1/m})-module and ¢ € Hom(2,; E)
be an E-valued modular symbol over I'. The special value of the L-function of &
twisted by x is

A¢,x) = mg i(r)((l) —rl/m)i({%} - {ioo}) €E.
(r,m)=1

If 8: E —» E’ is a morphism of RI'U(Z[1/m])-modules then we clearly have

B(A(% x)) = A(Bst, x)-
Now let k =g+ 2 > 2 and f € % (T') be a weight k cusp form over I'. Let

o(f)=rf(z)(zXx + Y)%d-.

This is a V,(C)-valued holomorphic differential 1-form on the upper half plane.
For y= (¢ 3)e GL(2,Q) with det(y) >0 we let (f]y)(z) = det(y)(cz +

d) *f(yz) and write y* for pullback of differential forms under the map
v: H = H. Then a straightforward calculation shows

Y*o(f) =vow(fly)-

Integration of w(f) gives rise to a compactly supported cohomology class on
I'\ H whose associated modular symbol §; € Hom(Z,; V,(C)), is given by

(({x) - () = fyxw(f) e ¥,(0),

where the integral is over the geodesic in H joining y to x.
Suppose the Fourier expansion of f is given by

1(2) = T aetm.

n>1

The L-function of f twisted by a primitive Dirichlet character x is defined by the
Dirichlet series

L(f,x,8) = X ax(n)n~

n>1
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for Re(s) > (k + 1)/2 and extends to an entire function on the complex plane.
For an integer »(0 < » < g) let

T(X)L(f, x,» +1)
(zm.)yﬂ ’

A(f,x,v+1)=(=-1)"»!
where

m—1 )
(@)= L x()erm
r=0

(r,m)=1

is the Gauss sum of X. The following proposition is well known (cf. [Ra)).

PROPOSITION 4.4. If x is a primitive Dirichlet character then

g
A(g,,x) =y (f)A(f, X, v+ 1)X'ys ™, [ |

v=0

We now specialize to the case N = 1, so that I' = SL(2,Z). Let /> 3 be a
prime and I'; = I';(¢). Let f € &,(T') be a nonzero weight k (necessarily > 12)
cusp form over I' and suppose f is a Hecke eigenform. Let K, be the field
generated by the Hecke eigenvalues. Let R C K, be the discrete valuation ring
determined by a place above Z and let A € R be a generator of the maximal
ideal. As in section 1 let A C @ be a prime ideal above A in the ring @ of all
algebraic integers and fix an identification 0/A = F,. In particular this fixes an
inclusion R/A - F,.

THEOREM 4.5. Let k < £+ 2 and let f be a weight k eigencuspform for SL(2,Z)
whose eigenvalues are not congruent modulo A\ to those of the weight k Eisenstein
series. Then_there are complex numbers Qf,Q; € C* and an Heigenvector
¢ € HY(T}; F,) such that

(a) The Heigenvalues of & are congruent modulo \ to those of f;

(®) A(f, x, 1)/QE® € Rix], and A(f, x, 1)/9F" X = A(£, x) (mod )) for
every primitive Dirichlet character x whose conductor is prime to ¢; and

(¢) for each choice of sgn = +1, A(£, x) is not identically zero as a function of
x with x(—1) = sgn.

Proof. Let §, € Homp(9y; V,(C)) be the modular symbol associated to f. By
a theorem of Manin [M1], there are complex numbers in € C* and modular
symbols £# € Homp(9,; V,(R)) such that

6= 0/E + 08
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Moreover {7 satisfy the symmetry relations:

§({-x} - {—»h)=24{x} - (¥}
for x, y € PY(Q), where the + signs agree on both sides of this equation. Since
Hom(Z,; V,(R)) is torsion free we may assume that after reducing £/ modulo
A we obtain nonzero symbols gfi € Homp (2, V, (F[))

Let ¢: V, (F,) — F, be defined by ¢(P) = ¢(0 1). Then ¢ is an S;-morphism
and therefore induces an J#Zmorphism

¢x: Homp(9,; I/;,(l_i‘,)) - Homy,(2,; F,).
Let £¢* = ¢u(£/) € Homp,(2y; F,) and set £ = £* + ¢, Then
A(f, %, 1)/98% = [A (&, x)(0,1)] /2
by 4.4. But this last expression is A(£80), x)(0,1) = A(£8°X, x) = A(¢, x)

(modulo A) proving (a) and (b).
To prove (c) consider the diagram

0 — Hom(2; V,(F,)) > Hom(9,; V;(F{)) - HY(T; V,(F,))
| |
Homrl(go; F() - Hl(rﬁ Ff)

where the rightmost vertical map is induced by the inclusion of Theorem 3.4(a).
Fix a choice of sign, sgn = +1. It suffices to show that there is a character x
such that A(§%8", x) # 0. By Theorem 2.1 of [St1] this will follow if we can show
that the image of £%" in H (1‘1, F,) is nonzero. Thus the proof of (c) will be
complete if we show that £3° is not in the image of Hom (2; (F{))
Let I, = U(Z) C T be the unipotent subgroup of I" which ﬁxes the oo-cusp.
Since £> g the I -invariants in V, (F,) are given by

V,(F,)™ =F,x.
Moreover, because T acts transitively on P1(Q), the map
— — I‘oo
Homr(.@; V}(F/)) - V,(F,)

n = n({icc})

is an isomorphism. Thus Hom(2; Vg(i})) is one-dimensional and is spanned by
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the unique element 7 satisfying n({ico}) = X8 A straightforward calculation
shows that for each prime p,

7T, = (p**! + 1)n.

But p&*! + 1 is the eigenvalue of T, acting on the weight k Eisenstein series. By
hypothesis this is different (modulo )\) from the eigenvalue of 7, acting on f for
at least one prime p. Hence £%" is not a multiple of the image of 7 in
Hom (Z; V,(F,)). This completes the proof of (c). |

Remark. The condition that f not satisfy an Fisenstein congruence modulo A
is known to be fulfilled for fixed f and ¢ sufficiently large. In fact Ribet, [R2]
Lemma 4.6, shows that f is not congruent even to a twist of an Fisenstein series
if /> k + 1 and ¢ does not divide the numerator of the kth Bernoulli number. B

COROLLARY 4.6. Let k< ¢+ 2. Let f € L (SLy(Z)) be an eigenform with
system of eigenvalues ®: 5~ 0, and assume ®(T,) # ( P14+ 1) (mod A) for at
least one prime p. Suppose there is only one normalized eigenform f; € &,(I'1(¢))
whose system of eigenvalues ®,: - O satisfies the congruence ® = ®, (modulo
A). (The existence of at least one such f, is guaranteed by Theorem 3.5(a).) Then
there exist periods QF € C* such that

A(f’ X>1) _ A(fb X,l)

sgn(x) = sgn(x)
Qf Qf 1

(mod A)

for every primitive Dirichlet character x of conductor prime to £. As in (c) of the
theorem we may assume this congruence is nontrivial as a function of x of either
sign.

Proof. Let f € C* and ¢;* € Homy (9,; 0) be chosen so that
§f1=91+£f + Q7§

We will find a* € 0, such that a*£;* = £* (mod A) where £ € Homp,(2,; F,)
is the modular symbol provided by the theorem. We then obtain the corollary by
setting @ = (a®)7' - Q.

Let £ E Homr (2, 0,\) be any lifting of £ Then for either choice of sign +
we can write £* in the form

~

£t = ai-fli + ni

where a* € Q and n* € Homp,(2,; Q) is a sum of Jeigensymbols other than
&

The uniqueness of f; assures the existence of an h € #'® 0, such that
®,(h)=1 and ¥(h) =0 (modA) for any system of eigenvalues ¥ €
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Q,(T,, w*~2) different from ®,. For n sufficiently large we then have 4" - n*
Homp, (2,; 0,) and h"n*=0_(mod}). Thus a* hngE = hEE — h"ni e
Homr (2, 0,\) and at¢E = h"€ = £* (mod A), which was to be proved. ]

For example let f= A be the unique normalized weight 12 cusp form over
SL(2,Z). Let f, = qI1,,,(1 — ¢")>(1 — ¢*'")* be the unique normalized weight
two newform over I'j(11). Then f=f; (mod1l) and there is a congruence
between the special values of L-functions of these forms modulo any prime A
dividing 11. If instead we take f; to be the unique normalized weight two
newform over I';(13) with Nebentypus character '* then f = f; (modulo A) for
a prime A above 13 and again we have a congruence between the special values
of their L-functions.

Doi and Ohta [D-O] have calculated “congruence primes” for the space of
weight two cusp forms over I'y(¢), £< 223. Their tables reveal that for £< 233
the “congruence primes” are all less than ¢; in fact the product of the “con-
gruence primes” is less than £. This suggests that the uniqueness of the form f;
in the corollary may be a common phenomenon, if not a general one.
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