Mathematische
Math. Ann. 277, 25 51 0 987) Annalm

@© Springer-Veriag 1987
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This paper is devoted to the study of certain Poincaré series on GL(r), =2,
obtained by averaging Whittaker functions over discrete groups.

When r=2, these are the Poincaré series introduced by Petersson [10] and
later used by Selberg [12] and others in their work on the Ramanujan conjecture.
The case r=3 was initiated by Bump et al. [4]. They have extended most of
Selberg’s theory [12] to this case. In particular, they have calculated the Fourier
coefficients of the Poincaré series in terms of certain trigonometric sums which
they appropriately call Kloostermann sums and have indicated how good
estimates for these sums would give information toward the generalized Rama-
nujan conjecture for GL(3).

In the present work we take an adelic look at the general case r=>2. We
calculate the Fourier coefficients of the Poincaré series and begin an investigation
into the resulting Kloostermann sums with the eventual aim of giving good
estimates for them. The reader should compare our results with those of an
upcoming paper of Friedberg [6] who has also considered the general case but
from the classical point of view.

In the first section we define adelic Poincaré series with arbitrary K-type and
show (Theorem 1.13) that they are dual in an appropriate sense to certain zeta
functions associated to pairs of Whittaker functions. This extends the classical
view of Poincaré series as being dual to Fourier coefficients (see Example 1.14).

In Sect. 2 we give an adelic description of the Fourier coefficients of Poincaré
series (Theorem 2.7). The Kloostermann sums arise in this context from the
calculation of certain p-adic integrals over unipotent groups (Definition 2.10,
Theorem 2.12). In particular, the multiplicative property of the sums, proven in [4]
for r=3, is inherent to the adelic approach.

In the remainder of the paper we investigate the properties of the local
Kloostermann sums. Before outlining our results it may be useful to first describe
the long range goals of this theory.

The Kloostermann sums Ki(n, , y’) (Definition 2.10) are indexed by elements
n of the normalizer N, of the standard torus T, and pairs of characters y, ' of the
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26 G. Stevens

standard unipotent subgroup U, which are trivial on U. For fixed v, v’ we define
the Kloostermann zeta function

(01) Z(AHPJPI)= % Kl(n’Wawl)”n”g)
neNg

where the variable A ranges over the complexified root space .« of the standard
torus and || |4 is defined by (1.8). It is natural to decompose (0.1) into a sum of
Dirichlet series indexed by the Weyl group #":

Z(As P, U") = ZW Zw(A’ v, IP/) s

0.2)
Zw(Aa P, 1.0') = teZT Kl(tW, v, UJ') ' ” t”ﬁ) .

When y and ¢’ are the trivial characters, the Z,, are the Dirichlet series which
appear in the constant term of the Eisenstein series [7] induced from the trivial
representation of the Borel subgroup and having trivial K-type. These Dirichlet
series are known to converge for Re(A4)e2¢+% where ¢ is half the sum of the
positive roots and % is the fundamental Weyl chamber. Since the Kloostermann
sums associated to the trivial characters bound the general sums we obtain for
arbitrary p,y":

©0.3) Z(A,yp,y") converges absolutely for Re(A)e20+% .
The principal aim is to prove the following conjecture.

Conjecture 1. Suppose y and ' are regular (Definition 1.2). Then Z(A,y,vy)
extends to a holomorphic function in the region Re(A)eg+%.

When r=2 it is known that Conjecture 1 implies the generalized Ramanujan
conjecture [12]. We expect this to be true for general r (compare [4]).

Of course when 1,y are regular we expect that the trivial estimates for the
Kloostermann sums can be improved and that the region of absolute convergence
in (0.3) can be extended. In fact we conjecture the following.

Conjecture 2. Suppose y and y' areregular. Then Z(A, p, ') converges absolutely in
the region Re(A)e3 o+ %.

When r=2 this follows from Weil’s bound [15] for the classical Kloostermann
sums.

Note that Conjecture 2 is an assertion about the asymptotic distribution of
absolute values of Kloostermann sums while the strengthening of Conjecture 2 to
Conjecture 1 may be viewed as a statement about the distribution of arguments of
Kloostermann sums.

In Sect. 5 we will give a proof of Conjecture 2 for GL(3). This is accomplished
by applying the general technigues of Sects. 3 and 4 to estimate the sums attached

0 0 1t

to the long element {0 1 0| of the Weyl group (Theorem 5.1). The sums
1 00
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010 0 0 1
associated to {0 0 1|and|1 O O]have already been estimated by Larsen
100 010

[9] and the sums associated to the remaining elements of the Weyl group are either
trivial or are GL(2) sums.

Sections 3 and 4 are devoted to a study of the local Kloostermann sums
Kl,(n,9,y'), ne N(Q,). Our results can be roughly divided into three categories: (1)
identities among Kloostermann sums (Theorem 3.2); (2) factorization of Klooster-
mann sums for GL(r) into Kloostermann sums for GL(r,) and GL(r,) with
r=r{+r,(Theorem 3.7, Corollary 3.11); and (3) decompositions of Kloostermann
sums into sums of simpler trigonometric sums (Sect. 4).

Itis interesting to note that the orbit decomposition of the Kloostermann sums
described in Sect. 4 leads to trigonometric sums S,(8; #) [Definition 4.9 (c)] which
are easily described without mentioning the group GL{(r), but which do not seem to
have appeared in the literature before. Examples 4.12 and 4.13 show that these
sums generalize sums considered elsewhere (e.g. [3, 5, 8]). It seems likely that the
techniques of [3, 5, 8] can be applied to obtain good estimates for S,(0;7) at least
when £ =1.

It is perhaps significant that the local Kloostermann sums K/, (n, v, ') can be
given an algebraic geometric interpretation. Though we do not explicitly use this
fact in this paper, it has motivated the decompositions described in Sects. 4 and 5.
We therefore outline, at the beginning of Sect. 4, the description of Ki(n, p,y")asa
sum of character values over the rational points of an algebraic variety defined
over F . Examples show that the associated variety is in general not smooth. We
wonder if one can construct intrinsically a smooth stratification of this variety. We
refer the reader to the remarks following the proof of Theorem 5.1 for an example.

1. Poincaré Series

In this section we describe the formal construction of Poincaré series for the group
G=GL(r),r 21 [see Definition 1.5 and (1.11)]. We will write Q,, for the completion
of Q at a place v and write A for the adeles of Q.

Let
1 * *
01 *
U= .
00 .. 1

be the standard unipotent subgroup of G and let

w:UAYUQ)—C*
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be a character of U(A) which is trivial on U(Q). Every such character has the form
p=y, for some ye Q"~* where v, is given by

1 %, * ... * =
0 1 x, ... x =
1y wpl: =Cvyxy +VoXy o Vo X y)
0 0 0 ... 1 x_,
0 0 0 .. 0 1

and &: A—C* is the standard additive character.

(1.2) Definition. We will say that the character =1y, is regularif viv,...v,_; %0.
Let K, =80(r), K,=G(Z,), and K=K, x [] K, be the standard maximal

14
compact subgroups respectively of the real group G(R), the p-adic group G(Q,),
and the adelic group G(A). For each place v of Q we fix a finite dimensional
complex Hermitian space V, with inner product (, >, and leto,,: K,—Aut(V,) be an
irreducible unitary representation of K,. We assume that (c,, V,) is the trivial
representation with a canonical unit vector [i.e. (1, C)] for all but finitely many v.
We can then form the tensor product representation

(1.3) (0,V)=®(0,, V)
of K, which is finite dimensional and unitary with respect to the inner product {, >

=[1<. e
Let Z be the center of G, and fix a character

(1.4) x=I11.: 2(A)/Z(Q)—~C*

extending the central character of (o, V).
Let yp=[]w, be the factorization of y into local characters y,: U(Q,)—=C*.

(1.5) Definition. (a) A y,-Whittaker function is a function W,:G(Q,)-V,
satisfying
Wu,z,8.k0)=w,(u,) x,(z,) 0, (k) Wi(g.)

for all u,e U(Q,), z,€ Z(Q,), 2,€G(Q,), and k, €K,
(b) A yp-Whittaker function is a function W: G(A)—V satisfying

W(uzgk) =y(u) x(z) ok~ ") W(g)
for all ue U(A), ze Z(A), ge G(A), and ke K.

(1.6) Definition. Let W be a yp-Whittaker function. The Poincaré series associated
to W is defined formally to be the function Py, : G(A)—V given by the series

Py(e}= ¥  Wig).

reZqUq\Gq
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Of course this last definition can only be understood formally unless wither the
series is absolutely convergent or we have some other method of regularizing the
sum.

In the applications we follow Selberg’s example [ 12] and use the “Hecke trick”
to regularize the sum. In particular, we introduce a complex analytic family of
yp-Whittaker functions containing the given one, W. The definition of P, is then
obtained by analytic continuation from a region where the series converges.

To describe the analytic family it is convenient to introduce some notation. Let
9 be the real Lie algebra of G, and let o7 be the standard Cartan subalgebra of %
associated to the standard torus

0 ... 0
0 = 0

T= . cG
00 ... =

For each place v of Q we have the Iwasawa decomposition

GQ,)=UQ,) T(Q,)K,.
The Harish-Chandra function H,: G(Q,)— + is given by

loglt), O .. 0
0 log|t 0
(1.7) Huk=Ho=| - OBk .
0 0 ... logltl,
forueU(Q,), t= e T(Q,) and keK,,.
0 t

The Killing form, (A4, B)=Tr(AB), restricts to a positive definite form on &
which we extend by bilinearity to a positive definite Hermitian form on the
complexification &/ of /. For A€o/ and g,e G(Q,) we then set

(1.8) lg.lly % exp((4, H,(g.)) e C*.
Globally, we define for ge G(A)
1.9 HgHﬁ=I;[Hgva-

Now for a given y~Whittaker function W we obtain a complex analytic family
of y-Whittaker functions W,, 4 € o/ defined by

(1.10) W(g)=W(g)- ligla.
We will write Py(g, A) for Py (g).
Thus
(1.11) P,lg A)= Y W(ye)- lvgls-

eZ(QU(QNG(Q)
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We denote by I2(G(Q)\G(A); g, ) the space of square integrable V-valued
automorphic forms ¢ which satisfy ¢(gzk)=x(z) ok ™) $(g) for ge G(A), ze Z(A),
and ke K. The inner product on this space is given by

(1.12) (Pr,¢20,= | (Plg) P2(g) dg.
ZaGQ\Ga

(1.13) Theorem. Let W =[] W, be a factorizable w-Whittaker function and suppose

Py(-, A) converges to an element of LX(G(Q)\G(A);0,¥). Let ¢ be an automorphic
form in [2(G(Q)\G(A); g, x) whose associated Whittaker function

W= | ug)plu)du

Uq\Ua

is factorizable: W'=T[W,. Then

<PW( ) aA)9 ¢>2 = l—vIIv(VVw VVI}” A)
where

LW, W, )= | KW[t,) W(t,)) - [IL,]7 dt,.
Z(QN\T(Qw)

Proof. We compute:
Pyl A, @d,= | (Pylg, 1), $(g)> dg
Zs Go\Ga

= Y (W(g) ¢(8)> - liveliadg.
ZAGg\Ga 7€ZqUqg\Gg
Since ¢ is automorphic we have ¢(g)= ¢(yg) and the last integral can be unfolded
to obtain

| W), ¢(2)>llgladg

ZaUg\Ga

= {U (W(ug), p(ug)> du- |glladg.

ZAUaA\GA Ug\Ua

Recalling that W is a y-Whittaker function we see that W(ug)=1y(u) W(g) and

therefore that the last integrand is equal to {W(g), ¢(ug)w(u)>. Thus the inner
integral above becomes (W(g), W'(g)). We then have

| W@, W) lglidg

ZpaUa\Ga

[ <W(Bg), W'(Bg)> - | BglixdB dg

Ba\Ga ZAUa\Ba

= [ KWi(tk), W(tk) - tl|X dt dk.
(BAnK)\K ZA\Ta
Applying the transformation law (1.5) (b) to W and W’ and using the fact that o
is a unitary representation we see that (W(tk), W'(tk)> =W (), W'(t)). We may
assume that the Haar measure on (B,nK)\K has total measure 1. Then the last
integral simplifies to

[ (W), W) litl4de.
Za\Ta
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Since W and W’ are factorizable this integral factors and the theorem is
proved. [

Note that if = &)=, is an irreducible constituent of L2(G(Q)\G(A); 5, x) and if

v
¢ € L*( ) corresponds to a factorizable element of  then the factorizability of W’ in
the theorem is guaranteed by Shalika’s multiplicity one theorem [13].

In words, we might say that Theorem 1.13 expresses a duality between
Poincaré series and certain zeta functions. This should be compared to the classical
view of Poincaré series as being dual to Fourier coefficients. The connection
between these two points of view is illustrated by the next example.

(1.14) Example. Itis not hard to relate our Poincaré series to the ones considered
by Bump et al. [4]. We take y to be the trivial character of Z(A) and (g, V) to be the
trivial representation of K. Let

1 x, * ... x = ViV 0
0 1 x, ... » Ve Vro1

@s) «=[: )
00 0 ... 1 x,_, Vo1
00 0 .. 0 1 0 1

be areal upper triangular matrix with y,, ..., y,_ , positive. Let E be the function on

these matrices defined by
E(T) — eZni}: vi(x;+iyj) .

By the Iwasawa decomposition we can factor any element g e G(R) into a
product g, =1zk with 7 asin (1.15), ze Z(R) and k € O(r). We may therefore extend
the function E to a function W : G(R)—C defined by

(1.16) W (rzk)= { g(r) ifthzf;sze(.ll) -SO(r),

Then W, is a y_-Whittaker where 1 is defined by (1.1).
At the finite places we define

wluy) if t,€Z(Q,) T(Z,),
1.1 — P P P P
(117 Wlugtohs) {0 otherwise .
Then W= []W, is a global y-Whittaker function.

If we view 7 (1.15) as an element of G(A) by letting the finite components be 1,
then we see at once that for ye G(Q) we have

E(yr) if yeZ(Q)-SL(r,Z),
0 otherwise .

(1.18) Wyt = {
Substituting this into (1.10) we obtain
(1.19) Pylr, A)= 2, E(yr)- Iyl
ye U(Z\PSL(r.Z)

The right hand side is the Poincaré series of [4, 6].
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It is known that if y is regular then this series converges to a square integrable
automorphic form when Re(4) € 29 + € [1]. (Recall, ¢ is half the sum of the positive
roots and € is the fundamental Weyl chamber.) So for 4 in this region we may
apply Theorem 1.13. For ¢ e L*( ) as in the theorem we find

1(W,, Wy, A)=W,(1).

If we write Wy=[] W, then the theorem states
p

(1.20) Py A), ¢02=Wi1) - 1o(Wo, Wop, A).

Recall that in the classical language W(1) is the yp-Fourier coefficient of ¢. Thus
(1.20) expresses the classical duality between Poincaré series and Fourier
coeflicients.

2. Fourier Coefficients and Kloostermann Integrals

In this section we give the formal calculation of the Fourier coefficients of the
Poincaré series Py. Recall [11] that, for ¢ an automorphic form on G and
v': U(A)/U(Q)—C* a character, the y'-Fourier coefficient of ¢ is the function ¢,,
on G(A) given by
dp@= [  Pug)y'(u)du.
U(Q\U(A)
We normalize the Haar measure du on U(A) as follows. The group U can be
factored as a product U=[JU, over the positive roots A (the order is
2

unimportant). Each U,(A)is canonically isomorphic to A which is equipped with a
canonical Haar measure. The Haar measure on U(A) is the product of the
measures on U (A).

Our calculation of the Fourier coefficients of Py, uses the Bruhat decompo-
sition of G as described in [2]. Let N be the normalizer in G of the standard torus T,
Thus N/T is the Weyl group #” of T. For ne N(Q) we can decompose

U=U,U,=U,U,,

where Uf=Unn"'U*n with U*=U and U~ = the opposite unipotent
subgroup. The decomposition of an element of U is unique and the decomposition
depends only on the image of n in the Weyl group. We will abbreviate the notation
and set

2.1 U, ¥Uu,;.
The Bruhat decomposition of G is given over Q by

22) 6Q= Il UQnU,Q).
neN(Q)

The decomposition of an element of G(Q) is unique.

The result of our calculation of the y’-Fourier coefficient of Py is a sum of
products of local integrals which we call Kioostermann integrals and which we now
describe.
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For our fixed character = [y, and ne N(Q) we define y, ,: U, (Q,)—>C* by

23) Wy 1) & p (nun ™).

This is meaningful since ueU,f =nun"'eU. We then define the global
character y,: U} (A)—>C* by

(2.4) Y= [1¥0,n-

If y'= [] v, is another character of U(A) set

RS T BV R A P
O, W)= {0 otherwise
2.5)

0,(w, )= [10,(,, ¥)).

(2.6) Definition. Let W, be a yp,-Whittaker function, ), : U(Q,)— C* be a character,
and ne N(Q). The associated Kloostermann integral K,=K/(W,,y,,n) is the
function K, : G(Q,)— V, defined by

K (g)= 0., o) (I W,(nug) u) du.

n(Qy

Note that K, is a y,-Whittaker function.
(2.7) Theorem. Let W= []W, be a factorizable yp-Whittaker function on G(A).

Then for g=(g,),€ G(A), the y-Fourier coefficient of the Poincaré series P(g)
= Py(g) is given by

Pg)= ¥ [TIK.W,v,n)g,).

neZg\Ng v

Proof. By the definition of Fourier coefficient

Pyg)= |  Plug)y'u)du.
U(QAU(A)

Substituting the series for P and using the Bruhat decomposition for G(Q) we

obtain
PAg)= | > > W(yug) v'(u) du
U(Q\U(A) neZo\Ng ye U(Q\NU(Q)nUn(Q)
= ¥ | Y. Winuug)y'(u)du.

neZq\No U(QNU(A) nelUn(Q)

If 2 is a fundamental domain for UQ)\U(A) then ][] u2 is a fundamental

neUn(Q)
domain for U} (Q)\U(A) since U(Q)= U, (Q) U ,(Q). Thus we can unfold the above
integral to find

P(g)= ¥ [ Wug)y'(u)du.
neZqg\Nq Ui (Q\U(A)

Using the Bruhat decomposition again we see that if 2," is a fundamental domain
for UHQ)\U, (A) then @,/ x U (A)is a fundamental domain for U;} (Q)\U(A). The



34 G. Stevens

last integral therefore becomes
W(nu*ug)p'(uuydudu* .
neZg\Ng Uit (Q\U (A) Un(A)

Now if u* e U, (A) then nu*n~' e U(A) and therefore W(nu*ug)=v,(u*) W(nug).
Thus
Pg)= ¥ j aut) ') du” f d W(nug)y'(u) du

neZo\Ng Ui QMU (A)

= Z 5n(w,w) 5 W(nug)w(u)du

neZg\N

Since W is factorlzable the integral factors and the theorem is proved. [

We conclude this section with a calculation of the p-adic Kloostermann
integrals in terms of generalized Kloostermann sums in the special case where W,
has level one, i.e. when the representation (o, V) is trivial. Note that in the general
case W, has level one for almost all primes p.

For ne N(Q,) we will write

C) = UQ,)nUQ)NG(Z,);
(28) X() = UZ)\C)/U(Z,);
Y(n) = UZN\C()/U(Z,).
By the Bruhat decomposition we have natural maps
u: X(n)-»UEZN\U(Q,),
u': X(n)- U Q) UWZ,)
defined by the relation x=u(x)-n-u'(x) for xe X(n).

(2.10) Definition. (a) Let ne N(Q,). Let p, be a character of U(Q,) which is trivial
on U(Z,) and let v, be a character of U,,(Qp) trivial on U,(Z,). The local
Kloostermann sum associated to this data is

2.9)

Ki(ny,y,)= xe;(n) wp(u(x)) - (' (x).

(b) Let ne N(Q). Let = [] v, (respcctively v=T1 w’p) be a character of U(A)
(respectively U,(A)) which is trivial on ]'[ uz,) (respectlvely I1 U,,(Zp)) The

global Kloostermann sum associated to thlS data is
Kin, p, )= [1Kln, v, v,).
p

The Kloostermann sums which appear in the Fourier coefficients of Poincaré
series are those for which y), can be extended to a character (which we also denote
y,) of U(Q,)/U(Z,) which satisfies d,(y,, ,)=1. Under these assumptions, for
x € X(n) the term y (u(x)) - w,(/(x)) depends only on the image of x in Y(n). Thus the
sum in (a) can also be expressed as a weighted sum over Y(n).
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The general Kloostermann sums defined above will arise naturally in the next
section. For example, in Corollary 3.11 we show how to factor certain Klooster-
mann sums in terms of lower dimensional sums of this more general type.

Let W,:G(Q,)—C be a y,-Whittaker function of level one. The aim of
Theorem 2.12 below is to describe the Kloostermann integrals K (W, y,, n)(g) for
g € G(Q,) in terms of the local Kloostermann sums. By the Iwasawa decomposition
it suffices to calculate K (t) for te T(Q,). But a simple variable change shows

(2.11) K (W, p,, m) ()= t];° - K (W, y,, » nt) (1),
where ), (u)=1,(tut~'). Thus we only need to calculate K (1).

(2.12) Theorem. Suppose W, has level one. Then

K, (W, p,,n)(1)=d,v,, v, W(t)- KLt~ 'y, ,v)).
oW Wi 1) (1) =0,(y,, w"),em,,z)\mp) o0) - K ( Pp, s ¥p)

Proof. By definition

K D)=dwp i) (jQ | Wolnu) ip(u) du

=0- y W, (nw') p () du.

u'e Un(Qp)/Un(zp)
Now for each w'eU,(Q,) there are teT(Q,) and ueU(Q,) such that
ut " 'nu’ € G(Z,). Moreover, the Bruhat decomposition guarantees that the class of ¢
in T(Z\T(Q,) is well defined and that once we have chosen ¢ the class of u in
U(Z )\U(Q,) is determined. Thus we have

K,(1)=6- Y ¥ W(nu') wi ()
te T(ZNT(Qp) e U(ZN\U(Qp)

u'e Un(Qp)/UVI(Zp)
ut” tnu'e G(Zy)

=06-Y ¥ w(tur™ ) Wtut ™ 'nu) yi(u).
t uu’
Since ut ™ 'nu’ € G(Z,) we have W,(tut ™ 'nu’)= W(t) and the last sum simplifies to
K, (1)=6- ; W1) ¥ wp, ) wp()
which proves the theorem. [

We will say that a global Whittaker function (and the associated Poincaré
series) has level one if the representation (g, V) is trivial for every finite prime p.
Using Theorem 2.7 we can now easily calculate the y'-Fourier coefficient of a level
one Poincaré series. The result is stated in the following corollary. As in the
remarks preceding Theorem 2.12 it is enough to calculate P,(g) when
g=g., €G(R) has all of its finite components equal to 1.

(2.13) Corollary. Let W= [] W, be a factorizable y-Whittaker function of level one

and let W, = [| W,. Then the y'-Fourier coefficient of the Poincaré series P = Py, is
p

given by the following formula for g, € G(R):

Pw’(gw)= Z 6n(lP5 ‘P') : Z W[(t) : Kl(t“lny lpba) ) Kao(Woo’ ‘P'w,") (goo)
neZg\Ng teT(Z\T(Q)



36 G. Stevens

(2.14) Example. We let P=Py(-,4) where W is the y-Whittaker function of
example 1.14 and calculate the y'-Fourier coefficient P, () using Corollary 2.13.
Here 1 is given by (1.15).

By the definition of W we see that W,{¢) vanishes unless t € T(Z) - Z(Q). It is also
evident from the definition of the Kloostermann sums that Kt~ 'n, 1, ¢')=0
unless det(f)= tdet(n). So we can rewrite the formula in Corollary 2.13 as

P(p’(T) = z 5,.(% 1P') : Kl(n: P, 1‘/—)—7) ' Koo(Woo’ w'ao: n) (T) .
neN(Q)/ 1

This should be compared to the results of [4, 6].

3. Kloostermann Sums

In this section the prime p and the ground field Q, will be fixed unless otherwise
specified. Thus we will write simply G for G(Q,), N for N(Q,), U for U(Q,), etc.

To understand the Kloostermann sums K (n, 1y, y), n€ N, it is clearly essential
to study the structure of the coset spaces X(n) and Y(n) [see (2.8)]. In this section we
examine two aspects of this structure: (1) isomorphisms among the X(n) and
among the Y(n); and (2) factorizations of X(n), Y(n) into coset spaces coming from
GL(r,) and GL(r,) with r, +r,=r. In the next section we will consider a third
aspect, namely decomposition of X(n) into a disjoint union of simpler sets. In
Theorem 3.12 we give a necessary and sufficient condition for X(n) to be
nonempty.

We begin by observing that there are several symmetries of G which preserve
G(Z,) and respect the Bruhat decomposition. These symmetries lead to relations
among the Kloostermann sums.

If we let woe# be the long element of the Weyl group and ‘g denote the
transpose of an element ge G, then the involution

1:.6—-G
(3.9

grgi=w,'g lw,

is an example of such a symmetry. Note that : preserves the unipotent group U and
thatitsends U, to U,.forne N. Thusif yis a character of U so alsoisyp o 1and if v/
is a character of U, then y’ 1 is a character of U,..

(3.2) Theorem. Let ne N and let p:U—C*, v : U,»C* be characters which are
trivial on U(Z,), U (Z,).
@) If te T(Z,) then

Kln, v, v)=Kl[(tn,p,y),
Kl (n,p,p)=Kl(nt™1,p,y").

(b) Klp(ns v, wl) = Klp(nl7 Poli, wl ° l)‘
(c) If the image of nin the Weyl group #" is the long element w,, then K1 (n, v, y)
=Klp n_ 13 w” u_’)'

Proof. The first statement (a) is an immediate consequence of the equalities ¢ - C(n)
=C(tn) and C(n)-t~*=C(nt™ ).
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The involution : maps C(n) to C(#') and U, to U,,.. Thus 1 induces a bijection
X(n)—X(n") and (b) follows easily.

The map y+—7~ ! sends C(n) to C(n™'), and since inversion preserves U this
induces a bijection Y(n)— Y(n™!). For general n this map cannot be lifted to a map
X(n)-X(n'). But in case n lies over w, we have U,=U =U,,- .. Thus Y(n)=X(n)
and Y(n~ )= X(n""), and (c) follows easily. [J

In our study of the double coset spaces X(n), Y(n), it is convenient to keep in
mind the following invariants of a U double coset.

(3.3) Definition. Let ge G and let I, JC {1, ...,r} be subsets of order k. We say that
the subdeterminant
8= det(gij)i.el
is exposed if <!
(1) g, %0, and
(2) gr;=0 whenever I'21, J'<J but (I, J)=*(",J).

Here, of course, I',J’ denote subsets of {1,...,r} of order k and subsets have
been ordered lexicographically.

Visually, g,; is exposed if it is revealed by a glance at the matrix of kxk
subdeterminants from the lower left hand corner, imagining zero determinants to
be invisible.

The following lemma is evident.

(3.4) Lemma. Let g,g'€e G and suppose g=u,g'u, with u,,u,eU. Then g;, is
exposed if and only if g, is exposed. Moreover, if they are exposed then they are
equal, g;=g1;. O

As a consequence of this we see that if X(n)+¢, ne N, then every exposed
subdeterminant of n is integral. In fact we will see later that this is also a sufficient
condition.

We identify the Weyl group #” with the symmetric group on r letters as follows.
First identify #~ with the subgroup of N consisting of permutation matrices whose
entries are zeroes and ones in the usual way. Then define w(j) for we #” and
je{l,...,r} by the formula

W-€;= €y

where ey, ..., e, is the standard basis of column vectors. We let N act on {1, ...,r}
via the canonical map N —#". These actions of N and #” extend in a natural way
to actions on the collection of subsets of {1,...,r}.

Now fixr,,r, >0 withr=r, +r,. We will write G, for GL(r;), U, for its standard
unipotent subgroup, and N, for the normalizer of the standard torus. We imbed
G, x G, diagonally in G:

G, xG,5 G

_ (8 O
(81,32)""81Xg2—(0 g2>~

Thus U, x U, will be viewed as a subgroup of U and N, x N, as a subgroup of N.
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NowletneN,JC{1,...,r} be asubset with r, elements and I =n(J). Then there
is a unique choice of v,we ¥, n,eN,, and n,e N, such that the following
conditions hold:

(3.5) (a) The restrictions of v and w to each of the two sets I, ={1,...,r,} and
I,={r +1,...,r} is order preserving;

(b) vll,)=1, wly)=J;

(¢) v " lnw=n,; xn,.

Note that condition (a) is equivalent to
(U, xUy)v~tcU,
wlU, xUw™'cU.

1 * 1 0
= '1 C - —_ rl C -
Let U, ,, {( 0 1r2)} CUand U, ,, {( . 1”)} cU".

(3.7) Theorem. Let neN, JC{1,...,r} be a subset of order r, and I=n(J). Let
v,weW, n eNy, and n,e N, be as in (3.5). Thus, in particular, v~ *nw=n, xn,.
Suppose ny; is exposed and n;;e Z}. Then the following hold.

(@) If y,€C(ny), y,€Cny), ve UZ)nvU,, v, and ue UZ,)nwU,, , .w™?,
then

(3.6)

(* vy X yz)w™ e C(n).
(b) Every element of C(n) has a unique decomposition in the form ().
(¢) The map C(n,) x C(n,)—»C(n), y, X y,+—v(y, xy,)w ! induces an injection
X(ny)x X(n;) o X(n),
and a bijection
Y(n,) x Y(n,)«> Y(n).
If v=1 then the first map is also bijective.

Proof. Let y4,7,,v,p be as in the theorem. Then y; = u;nu; with u,, u;e U, By (3.6)
we know that u=uo(u, xu)v™' and u'=w),xu,)w™! are in U. Thus
vo(y, X y,)w ™ tu=vuv(n, x n,)w ™ 'u'y lies in UnU. This element is clearly also in
G(Z,) and is therefore in C(n), proving (a).

Now let Be C(n). Then B, is an exposed subdeterminant and B,,=n;;eZ3.
Thus a simple row and column reduction applied to f§ produces elements
v, e U(Z,) such that y=vpyu satisfies

(i,)elIxJ,; or
(3.8) 7;;=0 unless  i<min(I)andj¢J; or
i¢ I and j>max(J).

In fact we can achieve this even with the following assumptions for i <j

jel, and

(3.9) v;;=0 unless {i ¢l
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and

(3.10) #;;=0 unless { and

ied,
J&J.
One verifies easily that under conditions (3.8), (3.9), (3.10) the elements v and u are
uniquely determined.
Now condition (a) is equivalent to v~ lywe G(Z,) X G,(Z,). So we may write
B=v~lu(yy xy)w pT!
in a unique way with y; € G(Z,) subject to the conditions (3.9) and (3.10) on vand .
We have (v~ 'vo);;=v,¢ ;- Thus (3.9) is equivalent to the statement

jev (), and
ig¢vi(I).
Since v~ '(I)={r, +1,...,r} this is equivalent to v~ 'vwwe U,
equivalent to w™'uwe U, .. This proves (b).

Let ¢ : C(n,) x C(n,)—X(n) and y: C(n;) x C(n,)— Y(n) be the maps induced by
(1 72) > 0l X p)w™ L If 9,9i€ Clny), i=1,2, then there are u, u;e U; such that
yi=u;y;u;. We then have

(»™'vv);;=0 unless {

Similarly, (3.10) is

ri,r2°

vy X Y)W ™= (g X u)v ™) [0y X y2)w ™ ] (Wt x up)w ).

Since v, w are in #” which is contained in G(Z,), (3.6) shows u, x u, is integral if
and only if v(u] x u3)v ™ '€ U(Z,) and similarly ) x u, is integral if and only if
w(uy x up)w™ e U(Z,). Thus y(y,,y,)=y(y},73) if and only if y,,y; represent the
same element of Y(n;) for i=1,2. This proves that y induces a well defined and
injective map Y(n,) x Y(n,)— Y(n). The surjectivity of this map is an immediate
consequence of (b).

If in addition we have uy e U, , uy e U,, then w(u} x u)w™' e U,. Indeed, we
have nw(u) x u)w™n "' =ol(nwin; ) x (nyuyn; Yo~ teo(UT x Uz v~ Y). This is
contained in U~ as can be seen by transposing the first inclusion of (3.6).
Moreover, w(uy xup)w™ ' e U(Z,) < uy x uy e U, (Z,) x U, (Z,). It follows that ¢
induces an injective map X(n,) x X(n,)—X(n).

Finally, suppose v=1, and let x € X(n). By (b) x is represented by an element
7€C(n) of the form (y,xy,)w™ 'y with y,eCn,), y,eCn,), and
ue U(Z )nwU, ,,w™ 1. To show that x is in the image of ¢ it suffices to show

ueUZ,). If we write p=wuw™ ! with wueU,,, then nun!
=(n, xny)u(n; xn,)~'. Since N,x N, normalizes U, it follows that
nun~'e U~. We therefore have pue U(Z,)nn"'U"n=U4Z,) and the proof is

complete. [

As an example of how this theorem can be used to prove identities among
Kloostermann sums we mention the following corollary.

(3.11) Corollary. Let n=(n, xn,)w™! where n,e N, (i=1,2) and we W satisfies
(3.5)(a). Then U,=w(U,, x U, )w™ . If w:U/U(Z,)~C*, y':U,/U,Z,)~C* are
characters and y;: U;—~C*, p;: U, ~C* are the characters for which p|U, x U,
=1 XYy, Y, =Y X ) (recall w,(w)=y'(wuw™')) then

Klp(na v, IP') = Klp(nb Vi, wll) : Klp(nz’ V2, lpél) .
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The proof of this is straightforward using part (c) of the theorem. We leave it to
the reader.
We are now in position to characterize those ne N for which X(n)=+ ¢.

(3.12) Theorem. Let ne N. Then C(n)= ¢ (and hence X(n), Y(n)+ ¢) if and only if
det(n)e Z} and every exposed subdeterminant of n is integral.

Proof. From Lemma 3.4 we see that if C(n) = ¢ then every exposed determinant in
n is integral. Clearly, we must also have det(n)e Z}.

So suppose det(n)e Z¥ and every exposed determinant is integral. We will
prove C(n) % ¢ by induction on r. The theorem is trivial when r=1. We therefore
assume the theorem to be known for GL(r') with v <r.

We first consider the case where some proper exposed determinant ny, isin Z}.
Letr,= #I=#J and ry =r—r,. Then as in Theorem 3.7 we can choose v,we #~
and n;e N, (i=1, 2) satisfying (3.5). We will show that n,, n, satisfy the hypotheses
of the theorem.

We have det(n,)=n,;e€ Z} and since det(n)e Z}* we also have det(n,)e Z}.

LetI',J’CI,={r; +1,...,7} be subsets of order k for which (n,),.; is exposed in
ny. Then (ny); 5 =yy). iy Since vo(I,)=1, w(l,)=J and w, v are order preserving
on I, weseethatn,, . is an exposed subdeterminant of n,, and therefore also of
n. Thus (ny)p; =nyy) wy 1S integral and we conclude that n, satisfies the
hypotheses of the theorem.

NowletI',!J'CI, ={1,...,r,} such that (n,);,. is exposed in n,. Let I’ = v(I")ul
and J"=w(J")uJ. Then n;.,. is an exposed subdeterminant of n and we therefore
have n;.;.€ Z,, Since np.;.= +(n,);.; - ny; and ng; € 23 it follows that (ny); . € Z,,.
Thus n, also satisfies the hypotheses of the theorem.

By the inductive hypothesis C(n,) and C(n,) are nonempty. Using Theorem 3.7
we conclude C(n)=* ¢.

p 0 ... O
. . 01 ... 0
Finally, we consider the general case. Letn=| | . |-fneNandn;,
o0 ... 1

is exposed then

ord,(n;;)—1 L ord,((nha~*);,) Sord,(ny,) + 1

and if n is not a diagonal matrix then ord,((nnn~');;)=ord,(n;;)—1 for some
exposed determinant n;;. If n is diagonal and satisfies the hypotheses of the
theorem then all of its entries are units and ne C(n) % ¢.

For n not diagonal the above remarks guarantee the existence of a maximal &
for which m=n*nn"* has integral exposed determinants. Then some exposed
determinant m;; of m is a unit. Thus by what has been proved above we have
Cim)+¢. Let peC(m). Since G(Z,)=U(Z,)-B(Z,)-U(Z,) we may assume
BeB~(Z,) is a lower triangular matrix. Let y=n"*gr*. If we write f=umu’ with
u,u' e U, then y=(n"*un*) n(n "*w'n*)e UnU. Since P is integral and lower trian-
gular, so also is y. Thus ye UnUNG(Z,)= C(n) and we have proved C(n)*¢. [J
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4. Decompositions of Kloostermann Sums

Motivated by the well known case r =2, we expect that to give good estimates for
the Kloostermann sums, we need first to give them a more algebraic geometric
interpretation. In fact, it is quite easy to construct algebraic varieties X(n)/F,,
ne N(Q,), whose F,-rational points are in one to one correspondence with the
elements of X(n) [see (2.8)].

However, two problems arise which prevent us from simply plugging into the
general theory of exponential sums [3, 5, 8]. First, the general theory is concerned
with characters of F,, but in our situation we have a character of U(Q,) which
should be viewed as a product of characters of Q,/Z,. Second, to prove purity of
weights it is usually assumed that the varieties are nonsingular. Interestingly,
examples show that the varieties X(n) are in general not smooth.

Judging from the ease with which the first problem is handled in the case r=2
(see [14]), we expect that the second problem is the more serious one. One
approach to circumventing it would be to construct a smooth stratification of X(n)
(see the remarks at the end of Sect. 5 for an example). This corresponds to
decomposing the Kloostermann sums into smaller sums, one for each smooth
strata in X(n). Estimating these smaller sums would then lead to good estimates for
the total sums. Since this program has only barely been begun, we will only sketch
the basic constructions here, and look at an example in the next section.

Most of this section will be devoted to another decomposition of X(n) provided
by the orbits of an action of T(Z,) on X (n). This decomposition is finer than the one
we get from a smooth stratification. We therefore do not expect the resulting
estimates for Kloostermann sums to be best possible, though they will improve the
trivial estimates. The sums which arise from this orbit decomposition are €asy to
describe without reference to GL(r) (see Definition 4.9) but do not seem to have
appeared in the literature before.

We begin with the observation that U(Z,)\U(Q,) can be identified with a
product of a number of copies of Q,/Z,. By the Witt construction Q,/Z, is
naturally identified with an inductive limit of affine spaces over F,. In this way
U(Z \U(Q,) becomes the set of rational points of an inductive limit U/F,, of affine
spaces. Similarly we identify U,Q,)/UZ,) with a limit U,/F, of affine spaces.

The maps u, 4’ of (2.9) provide an inclusion

(,u): X(n) o UxU,F,).

The condition u(x) - n - u'(x) € G(Z,) translates into a system of algebraic equations
in the coordinates of U x U,. These equations define an algebraic variety, X(n)/F,,
contained in some finite layer of the inductive limit U x U,, and for which we have

X(m)=X(n)(F,).

In this way we realize the Kloostermann sum Kl (n,, ') as a sum of character
values over the F,-rational points of the affine variety X(n).

It would be quite interesting to give a description in terms of the algebraic
group GL(r) of a smooth stratification of X(n). We will return to this problem in a
future paper. In the next section we look at the special case r=3.

We turn now to the orbit decomposition of X(n). Let te T(Z,) and set
s=n"ttne T(Z,). If yeC(m) then y=uny' with u,u’'eU and tys™!
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=(tut ™ "yn(su's~')e UnUNG(Z,)= C(n). Since conjugation by ¢ and s preserves
U(Z,) and U (Z,) the map T(Z,) x C(n)—C(n), (£, y) > tys " descends to an action
of T(Z,) on X(n):

T(Z,) x X(n)— X(n)
4.1

t s, X P>txXx.

For characters y,y’: U/U(Z,)—C* the decomposition of X(n) into T(Z,)-orbits
leads to the following decomposition of the Kloostermann sums:

4.2) Kilnp, )= 3 Y pux) -y (x).
xeT(Zp\X(n) T(Zp)*x
Here T(Z,)\X(n) is a set of representations xe X(n) for the T(Z,)-orbits and
T(Z,) * x is the orbit through x.
To describe the inner sum in (4.2) it helps to have some more notation. The
roots of the standard torus T in GL(r) are the characters 4;;: T—GL(1) given by
t;, O
4.3) il o =t
0 t,
1=ijsr, i%).

Let A={A;;+{]/1=i<r} be the root basis associated to the standard unipotent
subgroup U. This induces the ordering on the roots given by 4;;>0<i<j. The
action of the Weyl group #” on the roots is given by w(2) (f)=Aw ™ 'tw)forwe #,
teT and 4 a root. We then have w(4;;))= 4., w;)- Finally, let

(44) A= {2E AW <O} = {2 4 Wi+ 1) <w()}.

We return now to the inner sum of (4.2). If w is the element of the Weyl group
associated to neN, then the condition ue U, is equivalent to the statements
u;=1(1<i<r) and, when i3j,

“4.5) u;=0 unless {:vz; S w(j). and
Now write
1 x, * * 1 x; * *
01 x, ™ 0 1 x
(46) u(x)= o s L dx)= e T T ok
0 1 x,_, 01 x_,
0 0 1 0 0 1

Since w(x)eU, we have x;=0 unless w(i+1)<w(i. For 1Zi<r define
K;: X(n)—Q,/Z, and if also w(i+ 1) <w(i) define «;: X(n)~Q,/Z, by

Ki(x) =Xis
4.7

Ki{x)=Xx;.
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For te T(Z,) we then have

kit *X)=2; ;4 1(t) - Ki(x),
48)
Kt * X) = Aoy, w+ 1y(0) - K(X) .

We are therefore led to make the following definitions.
(4.9) Definition. (a) For £>0 and we ¥ let
A)=(Z/p’Ly" x (Z/p"Zy*

-T@rnx T @)

wii + 1) <w(i)
A typical element of A,(¢) will be denoted

AXA =)=y, r—1 X(ADi=1, =1 .

w(i+ 1) <w(i)

(b) Let
YRV A and
AR | R

wii+ 1)< j<wii)

Vt)= {i x X' €4,(0)

(c) For a character 8: 4,(/)—C* define
S 0;0)= ¥ 6).

veVw{)
Using the notation (1.1), let y=vy, y =y, be characters of U where
V=g oo Vpmg) V=V, ..., vy ) are in Z7 1,

(4.10) Theorem. Let ne N and ¢ be large enough so that the matrix entries of u(x),
N

w(x) lie in ?ZP/ZP Sor every x e X(n). Let k{x), x{(x) be as in (4.7) and define the

character 0,: A,(£)—C* by

r—1

0.0x =Tl vt T v w0).

w(i+ 1) <w(i)
If N(x)denotes the number of elements in the orbit through an element x of X(n) then

Klmyp,v)=[p0—p ™' " ¥ N(x)-5,6,7).
xeT(Zp\X(n)

Proof. This is simply a restatement of (4.2). Note that [p’(1—p Y]~ ! is the
number of elements in V,(¢). [J

Giving good estimates for the sums S,,(6; #) will therefore lead to improvements
on the trivial estimates for the sums Ki(n, v, 9') once we have understood the orbit
structure of X(n).

We content ourselves here with a few examples. In each of these examples,
0: 4,(¢)~C* will be the character defined by

@.11) 8 x 1) = I;]i g(";’}i) . [i 5(‘;‘)

w(i+ 1) <w(i)
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with v, vieZ,. As always £:Q,/Z,—C* is the standard additive character.

0 ... 01
.. 10

(4.12) Example. Let wy=] . .. | be thelong element of the Weyl group.
1 ... 00

Then 4,,=4, A,,(£)=(Z/p’Z)*" ", and
Vl)={Ax X €A, OlAA_;=1, for 1ZiZr—1}.

Thus if 8: 4,,(/)—C* is given by (4.11) then
r—1
Swo(e; /)= ‘l=—Il SZ(vb v;—i;pl)

where

S,(v,v;p)= 5

(vl + v'l’)
A, 4e(ZiplZ) 14
AL

is the classical GL{2)-Kloostermann sum.

(4.13) Example. Let r=r,+r, with ry,r,>0 and let
we 0 1,
\1,, o)

, i+r, if 1ZiZr
W(l)= ] 1 ] = __ 2
i—r, if r<igr,

Then

and 4, consists of the single element 4,, ,,,,. We have

AO)={(Ays s A1) x (4, ) €(Z/p LY},
V) ={(Ay. .. ) X (A, ) €A ONA,, - Ay Ay =1
If 0: A,(£)—>C* is given by (4.11) then

Su(0;0)=

¢ Vidit o F v Ao VLA,
Ay Ay, €Z[plZ v
Ap, TLA=1

For £ =1 this sum was estimated by Deligne [5]. For r=3 and ¢ arbitrary Larsen
[9] gave estimates and more recently Friedberg [6] has given estimates in the
general case.

(4.14) Example. In the preceding example we now set r;=1, r,=r—1 and let
ne N(Q,) lic over w. We look at the orbit structure of X(n).



Poincaré Series on GL(r) and Kloostermann Sums 45

As in Theorem 3.2 (a) we may assume without loss of generality that n has the
form

0 0 ... 0 (=1y1tp?
P 0 0
n= p* :
0 0
0 prrt 0

By Theorem 3.12 we may suppose g;=0, i=1,...,r—1, and b= Y a,

If a,=0 for some i then using Theorem 3.7 the orbit structure of X{n) can be
deduced from that of similar coset spaces arising from GL{r —1).

If a;>0 for all i and if y € C(n) then Lemma 3.4 assures us that y is congruent
modulo p to an upper triangular matrix. Thus the diagonal entries of y are in Z3
and we can find an element u € U(Z ) for which uy is lower triangular. We conclude
that any x e X{(n) is represented by a matrix of the form

tit;! 0
J AL Y
x= p*?
T
0 Pttt
t, 0
wheret,,...,t,e Z¥. If we set t = . |eT(Z,) and s=n""tn then x=tx,5""
=t *x, where 0
1 0
o1
Xo= P
L1
0 pr-t 1

It follows that the orbit represented by x, in X(n) is the only orbit.
Factoring x, according to its Bruhat decomposition we find

1 p™@ 0 10 ... 0 (—=1yp™™
1 p™* i -
(4.15) Xo= n 0 _p—b,_z ,
1 p—ﬂr—l 1 p_br—l
0 1 0 1

r—1
where b, = Y a;.
i<k
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Now let £ =max(a;), and suppose v =p,, Y’ =1, are characters of U(Q,) with
v,ve(Z,) ™" Then
#X(n)
#V.(7)

Kl(n’ P, ‘P’) = ) Sw(a’ f) >

where 6: 4,(£)—C* is given by

VoA "t Vﬂi)
OAx A=l ——F—— + .
e

Since the map u': X(n)—U (Q,)/U(Z,) is injective, we can use (4.15) to calculate
r—1
#X()= [T 60"),
where ¢ is Euler’s totient function. Since clearly # V,(¢)=¢(p’Y "' we conclude

Kln,p,y)=pFP~C=1’S (8;7).

(4.16) Example. In Example 4.13 set r; =r—1,r,=1 and let ne N(Q,) liec over w.
The involution 1 of (3.1) sends n to an element of the form considered in
Example 4.15. Theorem 3.2 (b) then reduces this case to the preceding one.

5. GL (3)-Kloostermann Sums

In this section we set r=3 and use Theorem 4.10 to estimate the Kloostermann
1

sums attached to the long element wy = 1 of the Weyl group. Note that

1
the sums attached to the identity element are trivial, those associated to the
transpositions (12) and (23) are GL(2)-sums (Theorem 3.7) and those associated to
the 3-cycles (123) and (132) have been estimated by Larsen [9]. This leaves only the
long element considered here.

p

Theorem 5.1. Let y,y': U/U(Z,)->C* be characters, n= s eN,

pS
and o =min(r,s). Then there is a constant C depending only on v,y for which

o+r+s

(Kl p, ) < Cor+1)(s+1)p ?

We will prove this by tabulating the T(Z,) orbits in X(n) and using
Example 4.12 to estimate the sum over each orbit.
We begin with the observation that the map v’ of (2.9) furnishes an injection

u:X(n) o U/UZ,).

This follows from the uniqueness of the Bruhat decomposition and the equality

U=U,. Since also W x)=s-w(x)-s"?
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for te T(Z,) and s=n"'tn, we see that the orbits in X(n) correspond to T (Z,)
conjugacy classes in U/U(Z,).

To determine which u in U/U(Z,) lie in u/(X(n)) we will use the following easily
established lemma.

(5.2) Lemma. Letr=1and foreachk=1,...,rlet I, ={r—k+1,...,r} be the final
k-element subset of {1,...,r}. Let g,g'e GL(r,Q,). Theng' € U(Q,)g if and only if for
each k=1,...,r and every k-element subset IC{1,...,r} we have g, =g} ;. (In
words, this last equality asserts that the bottom row of k x k subdeterminants of g
agrees with that for g'.) []

-r

p
We return now to G=GL(3) and fix n= —pF once and for all.
pS
Suppose we are given A€ Z} and nonnegative integers a, b satisfying
(1) ass, bsr;
(53) 3 r(n—a8—b —S *
(ii) p=pp~*""—ip~)eZy.
Then there is an element x} , € X(n) for which
1 p—a lp—s
(5.9 Wixty)=10 1 p° (mod U(Z,)).
0 0 1
Indeed, we have the matrix identity
H—l 0 0 1 ﬂ—lps—r—a ‘u—lp—s 1 p—n lp_s
G347 A7y 0]=1{0 1 ATiprsThinl0 1 pb
P P A 0 0 1 0 0 1

Our conditions on a, b, 4, p assure that this matrix lies in C(n). We take x? , to be the
associated element of X(n).

(5.6) Definition. Let v, v’ be characters of U/U(Z,).
(a) For a,b, and 4 satisfying (5.3) let

X5 )= T(Z,)*x,
be the orbit through x2 , and let
S3.6n 9, 9)= Y ylulx) ')
xe Xz, p(n)

be the Kloostermann sum restricted to this orbit.
(b) For a, b satisfying (5.3)(i) let

Xon)= g)Xﬁ.b(")
where A runs over the elements of Z} satisfying (5.3)(ii). Let

Sapmw, )= ¥ ) W(u(x)) - p'(W(x).

x€Xa,p(n
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(5.7) Lemma. X(n)= [ X, ,(n) where a,b=0 run over integers satisfying (5.3)(i).
a,b

Proof. The union is clearly disjoint and is contained in X(n) by definition. So let
x € X(n). We will show xe X2 ,(n) for some triple a,b, A satisfying (5.3).

Since G(Z,)=U(Z,)- B~ (Z,)- U(Z,) where B is the group of lower triangular
matrices, we see that x is represented by an element § in C(n)nB™(Z,). Replacing x
by some other element of its T(Z)-orbit if necessary, we may assume f=u-n-u'

1 p —a A’p -
with u,’'eU and w'={0 1 p~% | where a,b,c20 and AeZy. Since the
matrix 0 0 1

0 0 pr
=10 _pr—-s _pr—s—-b
ps ps—a APS—C

lies in U(Q,)B we can apply Lemma 5.2 first to the bottom row and then to the
bottom row of 2 x 2 subdeterminants of the pair ni/, § to conclude s=>a, s ¢, and
r=b,p'(p~° " —2Ap~)eZ}. So we see that a, b, A satisfy (5.3) and that x =x? , which
lies in X2 ,(n). This proves the lemma. [

Let vy,v,,v},v;€Z, and define the characters y,y’ of U/U(Z,) by
1 x; x5
pl0 1 x| =8vx,+v,x,),

0 0 1
(5.8)
1 x; X,
Y10 1 x, | =&, x;+V5x,).

0 0 1

(5.9) Theorem. Let 6 =min(r,s) and a<s, b <r be nonnegative integers. Then

+
a+-—a b

lSa,b(na v, w')|§!v1vzvl1vlzlp_ 12 ‘p 2

Proof. Theinvolution 1 of (3.1) sends X, ,(n) to X, ,(n'). Composing y and ¢’ with 1
has the effect of replacing (v,,v;) by (—v,, —v,) and (v},v3) by (—vj, —V)).
Applying 1 to n reverses the roles of r and s. Thus we may assume r > s without loss
of generality.

The inequalities r = s > @ and r = b imply that the matrix entries of u(x) and #/(x)
lie in p"’Z o/ L, for every xe X(n). Indeed by Lemma 5.7 it is enough to verify this
for x=x},. But x=x} , is represented by the matrix (5.5) where u(x) and /(x) are
visibly displayed. The claim is now easily verified.

Now let & be a finite subset of Z} such that X, ,(n) is the disjoint union of the
X} (n) with Ae #. Then as in Theorem 4.10 we have

(5.10) Saslt,p,9)=p (1 —p~ 1)~ }:y # (X2 (1) - S, (62 1,7),

Ae
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where S, is defined in 4.9 and 6% ,: 4, (r)—C* is the character given by

6 ,,(AxA’)=é<(”*”_1ps'“”1+(Vzi”‘p2'“"’)zz+(v;p"°)za+(v'2p"*')z'2)_
W x p,

By Example 4.12 we have
(511)  SyolBa,p57)=So(vip™ ' p° 4 Vap" % p) - Sy, AT PP TSN vip Y )

where S, is the classical GL(2)-Kloostermann sum [see (4.12)].
The inequality

(5.12) 1S2(4, s PUS20p" - ged(A, |l 1 P2
for A, pe Z, is well known [14]. In order to apply this bound to (5.11) we first note

ged(lvyp* =%, L vap" T, L P S vaval, b ged(pt T4 P8 p)

=[vival, - ged(p® % p" Y
(s—a)y+(r—»b)
—_<—1V1V'2|p_1 4 2

bl

and similarly
(2r—S‘b)+(r—_a)
ged(lvop® 0 LIV e LSl e p ?

Combining these inequalities with (5.11) and (5.12) we obtain the bound
2r ath

(5.13) 1002 s IS4+ vy vivyl, 12 p7 2

This inequality together with (5.10) give

atb
IS5, oM S4-|vyvavyvyl, 12-(1—p~H)72-p 2 - lZy #(X3 ().
The sum appearing on the right hand side is equal to (X, ,(n)) whichis <p**®*<
Since p>2 we have (1—p~')"2< 1 and the theorem follows. []

Proof of Theorem 5.1. Let £=max(r,s)=r+s—a. If X, ,(n) is nonempty then
there is a A€ Z} such that a, b, 1 satisfy (5.3). The condition p(p~*~*—Ap~*)e Z*
implies a+b<?.

By Theorem 5.9 we therefore have
a+tb

o+ ——
1S, s(mw, )| SC-p 2 ZC-p

4
o'+i

where C = |v,v,v}v}|, }/*> depends only on v, . Theorem 5.1 now follows from the
equalit)’ Kl("» v, 'P') = Z Sa. b(n3 v, w’) O

bgr

. . ot+r+s
There is no reason to believe that the exponent 5

Theorem 5.1 is best possible. Because we have treated the sums S? , as the basic
sums our proof of Theorem 5.1 does not account for the quite likely possibility of
cancellations among the S}, in the sum S, ,= Y. S% ,.

A

appearing in
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In Sect. 4 we indicated how to construct an algebraic variety X(n)/F , for which
X(n)=X(n)(F,). A similar construction leads to subvarieties X, ,(n)/F,< X(n)/F, for
which X, ,(n)=X, (1) (F,).

Moreover, it can be shown that X(n)= ]_I X, »(n) is a smooth stratification of

X(n). The proof of the smoothness of X, b(n) is accomplished by exhibiting a
transitive group of birational equivalences acting on X, ,(n). This suggests strongly
that the sums S, , should be viewed as the basic sums and correspondingly that
Theorem 5.1 can be improved.

Proof of the Caser=3 of Conjecture 2. (See the introduction.) We need to prove
that the Kloostermann zeta function Z, (4,y,y’) converges absolutely for
Re(A)e2p+%. This is already known for the zeta functions Z,( ) for w#w, (see
the remarks at the begmmng of this sectlon) Now write Re(4)=s, 44, + 5,44, where
p1=%4, ,+%4,and u, =31, ,+%4, ; [notation asin (4.3)]. Note that B Py 18
the dual ba51s to 31,2, 42,3- We need to show that Z, () converges whenever
51,5, >3. By Theorem 3.12 we can write

ZoAvw)= ¥ S Klstwep ) ltl4,

seT(Z) Dy,D=1
D!
where t= D,D;? . By Theorem 5.1 this is bounded by
D,

C- ¥ {ged(Dy,D;)(DyD,)}V*- D= **Dy =2
By, Dy=1
<C- § czo*‘ d%_s‘_s2+2£d_%_s'+sd%_52+s,
d=1 dy,d2=1

where C is a constant which depends only on y and v’ and ¢is positive. This clearly
converges for s,,s,> % and ¢ sufficiently small. []

It is amusing to observe that even if we could improve the exponent in

Theorem 5.1 to ; this would not result in a larger region of convergence for the

Kloostermann zeta function.
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