Invent. math. 98, 75-106 (1989) Im)entzoneq

mathematicae
© Springer-Verlag 1989

Stickelberger elements and modular parametrizations
of elliptic curves

Glenn Stevens*
Boston Umiversity, Department of Mathematics, Boston, MA 02215, USA

In the present paper we shall give evidence to support the claim (Conjecture 1
below and (1.3)) that every elliptic curve A4,y which can be parametrized by
modular functions admits a canonical modular parametrization whose properties
can be related to intrinsic properties of 4. In particular, we will see how such
a parametrization can be used to prove some rather pleasant integrality proper-
ties of Stickelberger elements ad p-adic L-functions attached to A. In addition,
if Conjecture I is true then we can give an intrinsic characterization of the
isomorphism class of a special elliptic curve in the Q-isogeny class of 4 distin-
guished by modular considerations.

For most of the paper we have opted for the concrete approach and defined
modular parametrizations in terms of X, (N) (Definition 1.1). However, to justify
our view of these parametrizations as being canonical, we begin here with a
more intrinsic definition. Recall that Shimura ([19], Chap. 6; see §1 of this
paper) has defined a compatible system of canonical models of modular curves
{Xs, Se &}, where & is a certain collection of open subgroups of the group
GL(2, Aj) over the finite adeles A, of Q. We define the adelic upper half-plane

-~

to be the pro-variety X =lim X and give X the Q-structure induced by the
S

field of modular functions whose g-expansions at the 0-cusp have coefficients
in Q.

A modular parametrization of 4 is a Q-morphism #: X -4 which sends
. d .
to O-cusp to the origin of 4 and for which #*w =c-f(q) ~q—q— where w, is a

Neron differential on A, f is a normalized weight two newform, and ceQ*.
We refer to ¢ as the Manin constant of the parametrization #.

In Theorem 1.9 we will see that every modular parametrization factors
through a morphism =n: X,(N)—> A where N is the conductor of 4. Thus we
lose no generality if we restrict (as we will) our attention to
X, (N)-parametrizations.

We will investigate the following basic conjecture and its consequences.

* Research supported by the National Science Foundation.
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Conjecture I. For each modular elliptic curve A, there is a unique (up to sign)
modular parametrization #i: X — A whose Manin constant is +1.

This should be viewed as a refinement of a conjecture of Manin [11, 14].
In [ 14] Mazur and Swinnerton-Dyer introduce what they call the strong parame-
trization, X,(N)— A4,, of a special curve A, the so-called strong curve, in the
Q-isogeny class of A. This parametrization is determined by the property that
its degree is minimal among all X, (N)-parametrizations of curves Q-isogenous
to A. For this strong parametrization, Manin [11] conjectured that ¢c= +1.

Thus the novelty in our formulation is the assertion that any curve in the
Q-isogeny class of A can be parametrized by some modular curve in such a
way that the Manin constant is +1. The corresponding statement is false for
X o(N)-parametrizations (Example 1.11).

Let o/ denote the Q-isogeny class containing A. Following the example
of Mazur and Swinnerton-Dyer we distinguish a special modular parametriza-
tion of a special curve in «7. Define the relative degree of a modular parametriza-
tion #: X > A, Aes/ to be w[SL(Z,ll): I -deg(mg), where ng: Xg— A4, Se, is
any representative of #. As a corollary of Theorem 1.9 we see that there is
a unique curve 4,64 and a unique (up to sign) parametrization #, of 4,
whose relative degree is minimal among all parametrizations of all curves in
of . We refer to A, as the optimal curve in &/ and to %, as the optimal parametriza-
tion. More concretely, the optimal curve is characterized as the curve in &/
which occurs as a subvariety of the Jacobian of X, (N).

As another corollary of Theorem 1.9 we discover that there is a canonical
lattice &£ (f) < C associated to the weight 2 newform f which is defined as follows.

d .
For any congruence subgroup I' of I',(N), f (q)—q defines a regular differential
q

. . d
1-form on the Riemann surface X, associated to I'. The periods of f (q)7q
over singular l-cycles on X span a lattice .%-(f) in the complex numbers.
We define

LH= N %)

F<TI'o(N)

Using Theorem 1.9 we derive the equality £ (f)=%, w(f) Thus L(f)is a
full lattice in C.

We feel that the lattice . (f) induces the ‘right’ integral structure within
which one should measure integrality properties of special values of L-functions
associated to f. This point of view is motivated in part by §2 of [21] especially
Theorem 2.1, Our basic conjecture relates . (f) to the period lattices of elliptic
curves associated to f (see (2.9)). It is this relation which allows us to deduce
integrality properties of values of L-functions in §§3 and 4. Conversely, in §6
we will use arithmetic properties of values of L-functions to prove a weak form
(2.4) of the conjecture for certain elliptic curves with complex multiplication.

In §2 we show that if &/ is any Q-isogeny class of elliptic curves (modular
or not), then there is a canonical curve A,;, in &/ whose Neron lattice % (A4 nn)
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is contained in the Neron Lattice ¥ (4) of any other curve Ae.o/. Equivalently,
Anin 18 distinguished as the curve of minimal Parshin-Faltings height in .o/,
In case « is modular with newform f, we prove that Conjecture I is equivalent
to the equality of lattices ¥ (f)=Y¥(Anin) (Conjecture I” (2.9)). In particular,
the following statement (see (2.4)) is a consequence of Conjecture 1.

Conjecture I, 4, = A4,

Note that this relates a curve distinguished by modular considerations to
one distinguished intrinsically without mention of modular forms.

In §3 we will attach to a modular elliptic curve A, Stickelberger elements
0,eC[G\], MeZ™, similar to those studied by Mazur and Tate [15]. Here
Gy =(Z/MZ)* is the strict ray class group of conductor M over Q. The coeffi-
cients of &, are known to lie in the Q-span F{A)®Q of the Neron lattice
of 4. With respect to the integral structure imposed by #(A), we will show
how Conjecture I implies integrality properties for @, which are analogous
to those known for the Stickelberger elements associated to totally real number
fields [5].

We will also look at the integrality properties of the Mazur, Swinnerton-Dyer
p-adic L-functions attached to A for primes p+2 of good ordinary reduction.
By the philosophy of the Main Conjecture of Iwasawa Theory we expect these
to be p-integral, but no proof is known at present. In §4 we will show this
integrality is a consequence of Conjecture I. We shall also derive lower bounds
for the p-invariants of these p-adic L-functions which match bounds proved
by Greenberg ([8], formula (75)) for the characteristic power series on the other
side of the Main Conjecture.

The remainder of the paper is devoted to the presentation of evidence sup-
porting the basic conjecture. In §5 we will prove that if Conjecture 1 is true
for a curve A, then it is also true for any twist A¥ of 4 by a quadratic Galois
character y which is unramified at the primes of additive reduction.

In § 6 we study the conjectures for certain elliptic curves with complex multip-
lication. We will use integrality properties and congruence formulas due to Rubin
[18] for algebraic parts of special values of L-functions to prove Conjecture II
for these curves. Comparing the congruences with ‘special values of L-functions’
attached to subgroups of the cuspidal divisor class group, we arc also able
to show that a certain torsion subgroup of the optimal curve A4, is contained
in the cuspidal group (see Theorem 6.4).

Finally, in §7, we present the known numerical evidence for Conjecture 1.
By direct calculation on a Macintosh Plus personal computer we have verified
the conjecture for the 749 curves (281 isogeny classes) of conductor less than
or equal to 200 appearing in the Antwerp tables [22]. The results of these
calculations are being compiled on disks which can be used on any Macintosh
computer and are available to anyone for the cost of the disks and postage.

Even assuming that Conjecture | is true and that we can prove it, there
is good reason for dissatisfaction. We should then expect that our conjecture
is just a manifestation, in the one dimensional factors of the Jacobian of X (N),
of some deeper property of the entire Jacobian. Perhaps, conversely, an identifica-
tion of this deeper property will lead to a proof of Conjecture 1.
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§ 1. Modular elliptic curves

The celebrated conjecture of Taniyama, Shimura, and Weil asserts that every
elliptic curve over Q can be parametrized by modular functions. Motivated
by this conjecture, Mazur and Swinnerton-Dyer [14] introduced the notion
of strong parametrization X,(N)—A of an elliptic curve 4,, by the modular
curve Xo(N)q. Such a parametrization provides a powerful tool for viewing
the arithmetic of 4 by relating it to the arithmetic of X,(N) which, in turn,
can be studied moduli-theoretically.

The choice of X 4(N) (as opposed to X ;(N) or X (N)) as parametrizing object
is justified by the relative simplicity of the associated moduli problem. Neverthe-
less, the use of X ,(N) does involve a choice.

In the present work we have made a different choice. We will present evidence
to support the claim (see e.g. Conjecture I (1.3)) that parametrizations by X,(N)
are simpler than those by X,(N). Moreover, parametrizations by X, (N) satisfy
a certain universal property (see Theorem 1.9) which suggests that our “choice”
of X, (N) is hardly a choice at all.

Throughout this paper, X, (N), will denote Shimura’s canonical model over
Q of X, (N) ([19], Chap. 6) in which the O-cusp is a rational point. In this
model, a rational function on X, (N) is defined over Q if and only if its g-
expansion at the O-cusp has coefficients in Q.

(1.1)  Definition. An elliptic curve A q is modular of level N if there is a morphism
X, (N)5A

of algebraic curves over Q such that
(1) = sends the O-cusp to the origin, and
(il) t* o 4=c(n) @,
dq . . .
where w, is a Neron differential on 4, w,= f(q)—qg is the differential 1-form
on X, (N) associated to a normalized newform f of level N, and c(m)eQ*.

The map 7 is called a modular parametrization of A. The constant ¢(zn) is
called the Manin constant of the parametrization 7. []

(1.2) Remark. By the work of Carayol [1] we know that the level of a modular
elliptic curve is equal to its conductor. [

The basic conjecture which we propose to study is as follows.

(1.3) Conjecture I. Let A, be a modular elliptic curve of level N. Then there
is a modular parametrization
n: X (N)—A
for which c(r)=+1. [
This conjecture is related to a conjecture of Manin (see [11, 14]), but is
stronger than that conjecture. Manin’s conjecture asserts that some curve in



Stickelberger elements and modular parametrizations of elliptic curves 79

the isogeny class of A (namely the strong one) admits a parametrization n
by Xo(N) with ¢(n)= +1. Conjecture [ asserts that if we replace X,(N) by
X, (N) then every curve isogenous to 4 admits such a parametrization. The
analogous statement for X (N) is false (see Example 1.11).

To approach Conjecture 1, it is useful to decompose it into two subconjec-
tures. This is achieved by singling out a special parametrization 7,: X (N)— 4,
of a special curve A4, in each isogeny class of modular elliptic curves &/ over
Q (see (1.4), (1.5) below). The first subconjecture is then a statement about =,
(namely, ¢(n,)= +1), and the second statement concerns isogenies from A4, to
the other curves in .o7.

We first recall some basic facts about modular parametrizations. The follow-
ing proposition is easily verified (compare [14]).

(1.4) Proposition. Let of be an isogeny class (over Q) of modular elliptic curves
of level N. Then there is a curve A, €./ and a modular parametrization

i X (N)—> Ay

satisfying the following equivalent conditions.

(1) =, is optimal in the following sense. If n: X (N)— A is a parametrization
of a curve Aest, then there is an isogeny f: Ay — A which makes the following
diagram commutative:

XI(N)—L—)AI
§ 8
A.

(2) The induced map on singular homology
Ty Hi(X((N); Z)>» H(4,;7)
is surjective.
(3) The induced map on Pic®
n¥: A; =Pic®(4,)> Pic® (X (N))
is injective.
The curve A,edf is uniquely determined by these conditions and m, is determined
up to sign. []

(1.5) Definition. We will refer to A, as the optimal curve in &/ and to
trt X (N)— 4,

as the optimal parametrizations. [

(1.6) Theorem. For any modular parametrization n: X {(N)— A, we have c(m)eZ.
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Proof. The proof is a straightforward application of the techniques of [4, 10].
Recall that a I'j(N)*"™-structure on a generalized elliptic curve A4 is defined
to be an inclusion of group schemes py © A. There is a smooth connected scheme
M (N),z, which classifies generalized elliptic curves with I} (N)*"*"-structure.

Let Tate(q) be the Tate curve “G,,/q%” ([4], VII), and let i: uy < Tate(q)
be the I (N)*"**-structure induced by the natural inclusion uy—G,,. The pair
(Tate(g), i) corresponds to a morphism

7: Spec(Z[[q]]) = M (N)z.

After base change to C we have M (N);c=X,(N), and 7 defines the formal
neighborhood of the 0-cusp on X ,(N)¢ corresponding to the local parameter
g=e ?™Nz This can be seen as follows. For z in the upper half plane, let
E(z)=C/{z, 1> be the elliptic curve whose period lattice {z, 1) is generated
by z and 1. For each primitive element we{z 1) let i,: uy— E(z) be the
I (Nt structure given by e?*Mi—w/N(mod{z, 1). Then z corresponds to
the point (E(z),i,)eX,(N)c. After a simple calculation we see (E(z),i,)=
(E(—1/Nz), i,). But this latter pair is clearly isomorphic to (Tate(e ™ 2"¥¥%), j).

Now consider t over Q. Since M, (N),q is irreducible, we see that a function
on M,(N), is defined over Q if and only if its g-expansion at the 0-cusp has
rational coefficients. Thus M (N);u=X;(N),q.

By the universal property of Neron models, the parametrization
n: X, (N),g — A extends to a Z-morphism

i M (N)z— Az

where A4,z denotes the Neron model of A.
Now let w,eH®(A,z; Q') be a Neron differential on 4. From the commuta-
tive diagram

HO(4,7; QY —=—H(M | (N),;z; @) ——Z[[q]]dq

H®(A,c; Q) —— HO (M, (N),c; ) —~—C[[q]1dq

we see at once that n*w,=c-w, has an integral g-expansion at the 0-cusp.
But the Atkin-Lehner operator W, interchanges the O-cusp and the co-cusp
and acts on w, as +1. Thus c-w, also has an integral g-expansion at the
oo-cusp. This proves the theorem. [J

Remarks. For an isogeny class of modular elliptic curves with square free conduc-
tor Mazur [13] has shown that the Manin constant, ¢y,ong, Of the strong parame-
trization is a power of 2. In [14] this was strengthened to cyyon,= *1 if the
strong curve is involutory. In a letter to Mestre (February, 1985), Raynaud
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has stated general results concerning parametrizations by algebraic curves of
stable elliptic curves. These results imply c(z;)= +1 or +2 for square free con-
ductor.

We can now give the second form of the basic conjecture.

(1.7) Conjecture I'. Let o/ be an isogeny class of modular elliptic curves of level
N, and let ny: X, (N)—> A, be the optimal parametrization. Then

(a) ¢(ny)==%1;
(b) For any Acsf there is a (necessarily cyclic) isogeny ¢: A, — A for which
P*w, =+ w, where w,, w,, are Neron differentials on A, A,. []

Remark. In §2 we will show that any Q-isogeny class (not necessarily modular)
contains a unique curve A, satisfying (b). This curve is characterized by the
property that every cyclic Q-isogeny with domain A, extends 0 an étale morph-
ism on Neron models over Z.

(1.8) Theorem. Conjectures I and I’ are equivalent.

Proof. Conjecture I is clearly a consequence of Conjecture I'. So suppose Conjec-
ture I is true.

Let Aes/ be an arbitrary curve in the isogeny class, and let n: X (N)—> A4
be a parametrization for which c¢(n)=1. By the definition of optimality, = factors
through =, :

XI(N)i_}AI
n ¢

A.

If w,, w,, are Neron differentials on A, A, then ¢*w,=n-w,, for some integer
neZ. Thus 1=c(n)=n-c(rn,). Since both n and c(rx,) are integers (1.6(a)), n
=c(n)==x1. [J

We next turn to the question of how much our definitions depend on their
reference to X, (N).

Shimura ([19], Chap. 6) has studied the field # of modular functions of
all levels having Fourier coefficients in cyclotomic fields. He showed that %
is Galois over Q and constructed a surjective homomorphism p: GL,(A,)
— Aut(&) whose kernel is the group of rational matrices Z(Q) in the center
of GL,. Let & be the collection of open subgroups of GL,(A,) for which
Z(Q)<S and S/Z(Q) is compact. For each Se.% let kg be the cyclotomic field
associated to the open subgroup Q*R™ det(S) of A* by class field theory. Shi-
mura has shown that the fixed field % of p(S) in # defines a structure of
algebraic curve over kg on the modular curve X associated to the congruence
group Iy=GLJ (Q)n S. For example, if we define

gs(;; ’I)(mod N)},

KI(N>={geH GL,(Z,)
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then the group S;(N)=Z(Q)K,(N) defines the model of X,(N) we have been
using.
Define X to be the pro-variety lim X. We give X the Q-structure induced
s

by the subfield %, of # consisting of modular functions whose g-expansions
at the O-cusp have rational coefficients. An X-parametrization of an elliptic
curve Ay, is a compatible system %= {ng} of k¢-morphisms ns: X5 — A for all
sufficiently small Se.%. The parametrization # is defined over Q if the image
of the induced inclusion 7#*: Q(A) <~ # is contained in .

(1.9) Theorem. Let [ be a weight two normalized newform of level N with rational
Fourier coefficients, o, be its associated isogeny class of elliptic curves, and @

. d .
the differential 1-form on X associated to f(q);q, g=e>"%, Let

-~

i: X -4

be a parametrization of a curve A€o, such that

(1) & is defined over Q;
(i1) # sends the O-cusp to the origin; and

(iii) A*w, =c-dy

where w4 is a Neron differential on A and ceQ*. Then # factor through a modular
parametrization

. X, (N)- A

Proof. Let ng: Xs— A be a kg-morphism representing # where Se.% is chosen
so that S= S, (N). We must show that ng factors through a Q-morphism X, (N)
— A. We first prove the corresponding statement over C.

Let I'=13, J=Pic®(Xs),c and J, =Pic® (X (N)),c. The natural projection
Xs/c - X, (N)/c

induces a morphism ¢: J,(N)— J.

We first show that ¢ is injective. Since the principal congruence groups
are cofinal in the lattice of congruence groups we may suppose I'=1{(M) for
some integer M divisible by N. With this assumption Xg,c — X, (N),c is a Galois
cover of Riemann surfaces. By Kummer theory we know that the group ker(¢)
is Pontrjagin dual to the Galois group Gal(X ,./X;(N)) of the maximal abelian
unramified cover X, ,c — X (N),c intermediate to Xg,c— X;(N),c. But the iner-
tia groups of the cusps of X,(N), are the parabolic subgroups of I';(N), and
a theorem of Fricke and Wohlfahrt [24] tells us that I'\(N) is generated by
its parabolic elements together with any congruence subgroup. Thus X, ¢
=X (N),c and ker(¢)=0.
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Next we show that there is a map y: A c— J, for which the diagram

7[*
JF A/C

A (1.10)

Jy

is commutative. The hypothesis (1.9)(ii1) gives us the desired diagram on tangent
spaces at the origin. Exponentiating and using the injectivity of ¢ gives us
(1.10).

Finally, we dualize (1.10) and consider the canonical embeddings Xg.¢c < Jp
and X{(N),c<J;, each of which sends the O-cusp to the origin. This gives
us the following commutative diagram where the leftmost vertical arrow is the
natural projection.

Ty
Xgic = »Jr Asc
X (N)yeo—d

From this diagram we see that the functions in the image of the inclusion
n¥: Q(A)> Fg are fixed by I(N). Since # is defined over Q we also have
15 (Q(A)) S Fo. From ([19], Ex. 6.26) we see that Z is the fixed field of p(T)

0 .
where T is the group {(; 1)}QGLZ(AI). Thus ©¥(Q(A)) is contained in the

fixed field of p(I';(N)-S-T). But I, (N)-S- T=S, (N) by the strong approximation
theorem for SL,. This proves the theorem. []
We close this section with an example.

(1.11) Example. There are three elliptic curves of conductor 11. The minimal
Weierstrass equations of these curves are given in the Antwerp tables [22]
where the curves are labeled [11A], [11B], and [11C]. It can be verified (see
§7) that [11A]=X,(11), [11B]=X,(11), and [11C] is the quotient of X(11)
by the subgroup of order 5 generated by the cusps. We have the following
diagram.

wy «—— wp «— o¢

[11A]

[11B] ——[11C]

|

X, (1) — Xo(11)

The horizontal arrows are isogenies of degree 5 under which a Neron differential
on [11C] pulls back to a Neron differential on [11B] which in turn pulls
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back to a Neron differential on [11 A]. Note, however, that under the isogeny
[11B]—[11A] of degree 5 a Neron differential on [11 A] pulls back to 5 times
a Neron differential on [11B]. This shows that we cannot replace X, (N) by
Xo(N)in Conjecture I (1.3). [

§ 2. Parshin-Faltings heights

In §1 we used modular considerations to distinguish the “optimal™ curve 4,
in an isogeny class .o/ of modular elliptic curves. Conjecture I'(b) (1.7) then
asserts that A; should have a rather remarkable property. I have not been
able to find a statement in the literature which would guarantee the existence
in & of a curve with this property. Thus, to make our conjecture sensible
we should prove that every isogeny class &/ (modular or not) contains a curve
A, satisfying (b) of Conjecture I'. This is the essential content of Theorem 2.3
which is the main result of this section.

(2.1) Definition, Let w4, be a Neron differential on the elliptic curve 4,q.
{a) The lattice of Neron periods of A is defined by

P(4)= Image(H, (Ac: Z) 224 C).

(b) The Parshin-Faltings height of 4 is

1 1 -1/2
H(4)= = A
() Vcovolume(f(A)) (27{5 Afc @an wA)

We say that an isogeny ¢: A, — B/ of clliptic curves is étale if its extension
to Neron models is an étale morphism. The following easily established lemma
provides a useful criterion for an isogeny to be étale.

(22) Lemma. Let K be a finite extension of Q, and R<K be the integers
of K. An isogeny ¢: A— B of elliptic curves over K is étale if any only if ¢
induces an isomorphism on Neron differentials

o*: HO(B/R; Qlli/R) :*HO(A/R; Qxl‘l/R)' 0]

We can now state the main theorem of this section.

(2.3) Theorem. In any isogeny class & of elliptic curves over Q there is a unique
curve A€ which satisfies the following equivalent conditions.

(a) For every Aest

H(Amin) é H(A)
(b) For every Ae/ there is an étale isogeny
¢ Apin — A.
(c) For every Aed
L (Amia) = £ (A).

Before giving the proof of this theorem, a few remarks are in order.



Stickelberger elements and modular parametrizations of elliptic curves 85

Remarks. (i) It is not true in general that there is a unique curve of maximal
height in the isogeny class. The isogeny class of conductor 17 in the Antwerp
tables [22] provides an example. The curves [17C] and [17D] have the same
maximal height. (The curve [17 A} is the unique curve of minimal height.)

(ii) The hypothesis that elliptic curves and isogenies be defined over Q will
be used in an essential way. The main local lemma (2.5) is valid only over
unramified extensions of Q,. Consequently, our proof of Theorem 2.3 will be
valid only over number fields everywhere unramified over Q, that is, only over
Q itself. There is no reason to believe the theorem over any number field other
than Q.

Note also that by (2.2) and (2.3) the following conjecture is a consequence
of Conjecture I (more precisely, is equivalent to Conjecture I' (b) (1.7)).

(2.4) Conjecture II. The optimal curve in an isogeny class of modular elliptic
curves is the curve of minimal height. [

Our proof of Theorem 2.3 makes use of a property of isogenies which is
well known for isogenies with quasi-finite flat kernels. Let K be a finite extension
of Q, and REK be the integers of K. If ¢: 4 — B is an isogeny of elliptic
curves over K and if the kernel 4A[¢] of ¢ in the Neron model of 4 is a
quasi-finite flat group scheme then the exact sequence

0->A[¢1°>A[p]>A[$]* -0

gives rise to a factorization ¢ = ¢y o g

A—2 B
WY/
C
where ¢, is étale and ker(¢o)=A[¢]°. If A[¢] is not flat, but K is unramified
over Q,, then we can still make the following statement.

(2.5) Lemma. Suppose K is unramified over Q, and ¢: A;x— B is a cyclic
isogeny of degree p". Then there is a factorization ¢ =y o P,

A—2% B
W/
C

Proof. We proceed by induction on n. If n=1, then ¢ is multiplication by
p on B. Since p is a uniformizing parameter for K, we can choose Neron differen-
tials w4, wy on A, B such that either ¢*wz=w, or ¢*w,=wy. By Lemma 2.2
this means that either ¢ or ¢ is étale. This proves Lemma 2.5 if n=1.

where ¢, and $, are étale.
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Now suppose n>1 and that the lemma is known for cyclic isogenies of
degree p" 1. Since ¢ is a cyclic isogeny we can write ¢ =xo 8

A—* .B

\/

n—1

where a, f§ are cyclic isogenies of degrees p"~ !, p respectively. By the induction
hypothesis, we can factor =040, to obtain the following commutative dia-
gram.

If o is an isomorphism, the lemma follows at once. Otherwise o, has a factor
y: A'— C of degree p. Since y: C' > A’ is étale, Lemma 2.6 (below) guarantees
that f is not étale. Then ¢py=04°f and ¢, =a,, gives the desired factorization
of ¢ and Lemma 2.5 is proved. [J

(26) Lemma. Let A, B, C be elliptic curves over a finite extension K of Q,.
If ¢: A— C and yr: B— C are étale isogenies of degree p then there is an isomorph-
ism a: A > B making the following diagram commutative.

Proof. Let R be the ring of integers of K. Let A, By, C;x be the Neron
models and (4 x ¢B); be the fiber product of 4, and Bz over C;g. Then
we have the following diagram of algebraic groups over R.
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Now suppose there is no isomorphism o as claimed in the lemma. Then on
generic fibers we have (4 x ¢ B) x = Ay X ¢ By =C g and ni: C x — C i is multipli-
cation by p. Using the universal properties of Neron models and of fiber products
we see that (4 x B)x=C and that = corresponds to multiplication by p on
C/x. But n is the fiber product of two étale morphisms and is therefore étale.
This is a contradiction and Lemma 2.6 is proved. []

Proof of Theorem 2.3. Since o/ is a finite set, the existence of a curve A,/
satisfying (a) is clear. On the other hand, there can be at most one curve satisfying
(c). So the theorem will be proved if we establish the equivalence of (a), (b),
and (c).

To prove (a)=-(b) let A4,,,, be as in (a), Aes, and ¢: A,;, » A be a cyclic
isogeny. We must show that ¢ is étale. By Lemma 2.5, ¢ =¢,o¢py with ¢,
and ¢, étale.

Apin—2— 4
$o / P
C
Let w,,, be a Neron differential on A,,,. Since ¢, is étale, we= P& wpiy 18

a Neron differential on C. Then ¢% wo=deg(¢,) 0, and

1 -1/2
H(Amin) :<—_ 5 Dmin A (Dmin)

2ni o

1 —1/2
=deg(¢o)-(ﬁi i (¢z§wc)A(¢z';cr>c))

Amin(C)

1 -1/2
~deg(do)(dea(o) 5~ [ wenac)

C(C)
=|/deg(¢o)- H(C).

But Ces, so H(C)= H(A,,;,) and we see that deg(¢,)=1. Thus ¢ is étale.

To prove (b)=-(c) we let ¢: A,,;,— A be an étale isogeny and will prove
LA € L(A). Let w,,;, be a Neron differential on A4,;,. Then Lemma 2.2
guarantees that there is a Neron differential w, on A such that ¢*w,=wy;,.
For each Qe.%(4,,;,) there is a ye H, (A4,;,(C); Z) such that

szwmin=j¢*w,4= f w46 L (A)

Y Y oy
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and (c) follows.
The implication (c)=>(a) follows at once from Definition 2.1. This completes
the proof of Theorem 2.3. [

Remark. Using (2.5) it is not hard to see that the set {¥(A4)|desf} of Neron
lattices of .of is closed under intersection. Indeed, if 4, Be.<Z, then there is a

cyclic isogeny ¢: A— B. By (2.5) ¢ factors as A-22,C % B where ¢* and
¢, are étale. Then £ (C)= % (A)n ZL(B).

We conclude this section with a third equivalent formulation of Conjecture 1
which will be useful in the sequel.

Let o/ be a Q-isogeny class of modular elliptic curves of level N and let
f be the associated weight 2 normalized newform. Integration of the differential

d . . .
1-form f(g) _qg over singular 1-cycles on X, (N)¢ gives a linear map

{2

H,(X;(N)e; Z)——C.
The image of this map is a lattice
L(freC. (2.7
Indeed, using (1.4(2)), one easily verifies the equality
Z(f)=c(m)™ ' £(4) (2.8)

where A, is the optimal curve in &/, n,: X, (N)— A, is the optimal parametriza-
tion, and c(r,) is the Manin constant. Thus Conjecture I' is equivalent to the
following statement.

(2.9) Conjecture I”. Let A, be the curve of minimal height in /. Then

min

eg(f‘)="g(Amm)

§ 3. Integrality properties of Stickelberger elements

Mazur and Tate [15] have recently formulated some intriguing new conjectures
of Birch, Swinnerton-Dyer type about certain Stickelberger elements, O ~ 7,
associated to a modular elliptic curve A. These conjectures predict congruence
formulas relating @ ~T to the arithmetic of 4 and so are quite sensitive to
the integrality properties of these Stickelberger elements. In this section we will
define a variation @,, (Definition 3.3) of @% ~T and show how Conjecture I
implies integrality properties of @,, analogous to those known for Stickelberger
elements associated to totally real number fields [S]. The relation between our
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Stickelberger elements and those studied by Mazur and Tate is exhibited in
(3.4) and (3.5).

Let f be the weight 2 normalized newform of level N associated to the
modular elliptic curve 4.

(3.1) Definition. The modular symbol associated to f is the function
[ 1,: P*(Q) - C defined by

dq

[r]f=§f(q) a

where the integral is over the geodesic in the upper half plane joining O to

r. 0

The reader should note that our modular symbol is a variation of the one
used by Mazur and Tate. Their modular symbol is given as an integral from
ioc tor.

We know from the Manin-Drinfeld theorem [6] that the values of the modu-
lar symbol lie in the Q-span of the lattice of Neron periods of A:

[r],e£(4A®Q. (3.2)

For each positive integer M let F,=Q(e*""™), let Gy
=Gal(F,,/Q)=(Z/M Z)* and let G5, = Gal(Fy /Q)=(Z/M Z)*/(+ 1) be the Galois
group of the totally real subfield F,; of F,,. The standard isomorphism
(Z/MZY* — Gy, is given by ar—(o,: €2 ™M @27 1aMy,

{3.3) Definition. To each integer M >0 we associate the following objects.

{a) The Stickelberger function of layer M :

Or: Gy > L(A)RQ

a/
g,
a Mf

where a' represents the inverse of a in (Z/M Z)*.
(b) The Stickelberger element of layer M :

Oy= ) O0y(0)®c 'eL(A)RQ[Gy].

aeGar

To express the relationship between our Stickelberger element and the one
used by Mazur and Tate we note that 0,,(c_,-0)=0,(0) for each ceG, and
SO

04= Y Re(By(0) o 'eR[Gy] (34)
ceGir
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is well defined. Then

O D= OU+LUD T o) 69)
A

aeGir

where Q7 =4 [ |w,|is a (half-)period of a Neron differential on A.
AR)
By analogy with what is known about Stickelberger elements attached to
totally real number fields [5] we might hope that the following conjecture is
true.

(3.6) Conjecture IIL. Let J,, <Z[G,,] be the annihilator of A(Fy),,. Then
Iy O S L (ADQL[Gyl

As a corollary of the next theorem we will see that Conjecture III is a conse-
quence of Conjecture I (1.3).

Fix a modular parametrization of 4
. Xl (N) - A,

and let C, < A4,,, be the subgroup generated by the image of the cusps of X, (N).
For rePY{Q) we let

{r},eC, G.7)

be the corresponding torsion point on A. The geodesic from 0 to r in the upper
half plane projects to a path {0,r} on A(C) joining the origin to {r},. The
modular symbol associated to = is the function [-],: P1(Q)— £(4)®Q defined
by

.= | o (3.8)
{01}~
If £ denotes the natural map
& Z(AQ®Q - Ay (39)

then &([r])={r}..
Now fix a positive integer M and define O, ,: Z[Gy] > £ (4)®Q and
gn,Mz $olp m: Z[Gpy]— C, by

Hn,M (Ga) = l:%:l

Ol ={31}.

where a-d'=1(mod M). Let C, , < C, be the image of 8, ,,.

(3.1

(3.11) Lemma. The points of C, , are defined over Fy, and the map Ot
Z[Gy] — C, p commutes with the action of Gy,.
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Proof. The cusps of X ,(N) are defined over Fy. For each pair x, yeZ/NZ with
{x,y, N)=1, we let B] denote the cusp on X,(N) represented by rational

numbers b with (4, b))=1 and a=x, b=y(mod N). The action of Gy on the

b
B

cusps is given by
where d, d' e(Z/N Z2)* and dd =1(mod N) (compare [20], p. 12, where the model
for X | (N) was chosen so that the co-cusp was rational).

Now let g,7€Gy, and choose a, be(Z/M Z)* such that 6=0,, 1=0,. We
lift a, b to @, be(Z/M N Z)* and let a', b’ € Z represent the inverses of @, b. Then

gﬂ:,M(ar) = gn,M(O-ab) 2{%}

=('u )=
‘"([M])

=0, m(@)).

This proves the lemma. [

We define the Stickelberger element of layer M associated to n by

Orm= ). O u(@)®@0™ '€ L(AQQ[Gr]. (3.13)

6ecGm

(3.14) Theorem. Let J, = Z[G,,] be the annihilator of C, . Then
Jrm Oy EL(AQLLGy].
Proof. We extend & (3.9) by linearity to a map
& Z(A)®Q[Gy] > A @ZL[ Gyl

Then the theorem is equivalent to the statement £(J, p- @, 4)=0.
We define 0, ,€C, 4, ®Z[G,] by

@n,M= 5(@1:,1"): Z gn‘M(O-)®O-»l

oeGnr

Now C, y®Z[Gy]is a Z[G]®Z[Gyl-module and Lemma 3.11 tells us

(1®2) 8, 4 =®1) 0,
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for every e Z{ Gy, 1. Thus

EU ot Ona) =(18J 1 00) O iy
=(eu®1)- 0,
=0.
This proves the theorem. [

(3.15) Corollary. Conjecture 1 (1.3)= Conjecture 111 (3.6).

Proof. A simple calculation shows @, 4 =c(n)-©,,. Thus Conjecture I implies
O, y=10Oy. Since Jy, SJ, 4, we have Jy, Oy SJ, O, S L(ARZ[Gy]
and the corollary is proved. O

§4. P-adic L-functions and u-invariants

Let ./ be an isogeny class of modular elliptic curves associated to a newform
f of level N and let p=%2 be a prime of good ordinary reduction. Mazur and
Swinnerton-Dyer [14] have constructed p-adic measures whose p-adic Mellin
transforms furnish p-adic analogs of the complex L-functions associated to .o/
(see Theorem 4.4). Because of the Main Conjecture of Iwasawa Theory in this
setting, we expect these measures to be integral (Conjecture IV (4.5)). Unfortu-
nately, the answer to even this simple question is unknown at present. On
the other hand, if our Conjecture I is true for of then the measures of Mazur
and Swinnerton-Dyer must be integral (at least if p#+2), as we shall see in
this section (Theorem 4.6, Corollary 4.7). We will also see how Conjecture IV
leads to lower bounds for u-invariants of p-adic L-functions which are consistent
with bounds proved by Greenberg [8] for p-invariants of Selmer groups in
cyclotomic towers.

Let C, be a fixed p-adic completion of an algebraic closure of Q,, let Q
be the algebraic closure of Q in C, and fix an imbedding of Q into C,. When
we speak about p-adic properties of algebraic numbers, we shall always be
referring to the p-adic properties with respect to this fixed imbedding.

The data required to build the p-adic measures consists in the unit root
« of Frobenius at p, and the modular symbol [ ],: P'(Q)— £(4)®Q (3.1).
For each integer 4>0 with (4, p)=1 let Z¥ ;=1lim(Z/p" AZ)* be the group

of units in the ring Z, ,=im(Z/p"4Z). The sets a+p"4Z, ,SZf , (n2 1,

ac(Z/p" AZ)*) form a basis of open sets in Z% ,. If we define g: P*(Q) - £ (A4)
®Q by

8= [ f(@)°0=0,Tiw01,, @1)

then the formulas

astatrazy y=a (as () s “2)
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for nz1, ae(Z/p" AZ)*, define a distribution v, , on Z¥ , which takes values
in #(A)®Q, (compare [16, 20]).

The distribution v, , is bounded because of the Manin-Drinfeld theorem
and because « is a unit in Z%. We can therefore use v, , to define p-adic L-
functions as follows. Let {->: Z% ,»1+pZ, be projection to the first factor
in the canonical isomorphism Z3} (1 +pZ,) x(Z/p AZ)*. For seZ, and xeZ} ,
we define (x)>*=exp(s log({x>)) using the convergent Taylor series. Then for
each primitive Dirichlet character y of conductor p* A, n=0, we define a p-adic
L-function by

Lasts)= § x()<x* " dv g 4(x). (4.3)

Zp 4

The result of Mazur and Swinnerton-Dyer can be formulated as follows.

(4.4) Theorem. Let y be a primitive Dirichlet character of conductor p"A, n=0,
and let Q[y, o] be the subfield of Q generated by o and the values of y. Then:

(@) L,(va,4 2 VL (A®Q 1, o];
(b) Under the natural map, £ (A)QRQ [y, 2] - C, (AR fi+> 1 B) we have
Ly(va a5 2% D™ (L= x(p)a™ - (1 = g(p)a™ ) t(x) L(A, 7, 1)
where (y) is the Gauss sum associated to y.

Proofs of this can be found in [ 14, 20].
The Main Conjecture of Iwasawa Theory predicts the following (and much
more).

(4.5) Conjecture IV. For each Ae.«f the measure v 4 4 take values in £ (A)QZ,.
At least we can prove:

{4.6) Theorem. Suppose p=£2, and let n: X (N)— A be a modular parametrization
of a curve Aed. Let c(r) be the Manin constant. Then c(n)-v 4 4 takes values
in L(ARZL,.

The next corollary is an immediate consequence.
4.7y Corollary. If p+2, then Conjecture I=>Conjecture 1V.

Proof of Theorem 4.6. Let A[p*] < A(Q) be the p-power torsion subgroup and
let

& L (AR®Q,~Ap™]

be the p-primary component of the homomorphism &: ¥ (4)®Q - A,,, defined
in (3.9). The kernel of £, is L (AR Z,.
Next define §: P'(Q)— A[p™] by

gr)=¢,(c(m)-g(r) (4.8)

where g(r) is given by (4.1). Equivalently, g(r} is the difference of the images
under = of the cusps on X,(N) corresponding to r and ico. The image of
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¢ generates the p-primary component C, , of the cuspidal group C,=A(Q)
(see §3 for the definition of C,). Since p ¥ N, the action of Gal(Q/Q) on the
cusps of X,(N) is unramified at p. Let 0,6Gal(Q/Q) be a Frobenius clement
at p. The action of ¢, on the cusps was exhibited in (3.12). From this we easily
derive the following identity, for n=>1, ae(Z/p" A Z)*:

() )
N N I A e

(because f is modular for I';(N)), and this last expression is equal to

i i R P e R e

Since the Galois module C, , is unramified at p, there is a finite flat étale
group scheme C, .z, whose generic fiber is C, ,,0,=C. , X oSpec(Q,). Let 4,7
be the Neron model of 4,q, = A4 x o Spec(Q,). By the universal property of Neron
models the injection C, ,q,“> 4/, extends to a morphism over Z,, C, 7z
— Az,- By Raynaud’s theorem [17], since p+2, this is a monomorphism:

Indeed,

Cn‘p/zp > A/Zp .
Since the Frobenius endomorphism acts on the étale quotient of the p-divisi-

ble group of 4 by multiplication by a, it follows that o, acts on the Galois
module C, , by multiplication by « as well. In particular we have

(g (5'?21—))%2“ (paA) (4.10)

): g(?‘al-a) which according to (4.8)

OQI

Comparing (4.9) and (4.10) gives a- g(pf g

is equivalent to ¢(n)-|a a4 a
qu ¢ g p"A g pnvll]
that ker(¢,)= £ (A)®Z, we conclude

))eker(ép). From (4.2) and the fact

c(n) vy sla+p"AZ, JeL(ARZL,

for all n= 1 and ae(Z/p" 4 Z)*. This completes the proof. [

We now turn to the question of p-invariants. For simplicity, we take A= 1.
Let e: (Z/pZ)* — Z7 be the Teichmiiller character. Complex conjugation decom-
poses ¥ (A)®Z, into 2 rank one eigenspaces & (A)* ®Z, with eigenvalues + 1.
Choose Q2 € #(A)* so that Q} ®1 are generators of Z(A)*®Z,.
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If we fix a topological generator u of 1+pZ,, then for each i, 0<i<p—1,
there is a power series Fi(T)eZ,[[T]] for which

Ly(va,1,€,8) =04 V" @F(u'—1) (4.11)

The p-invariant u(F(T)) is the highest power of p which divides every coefficient
of Fi(T).

(4.12) Proposition. Let ¢p: A — A, be a cyclic Q-isogeny to the curve of minimal
height and let K be the kernel of ¢ viewed as a Galois module. Let 6 Gal(Q/Q)
be a complex conjugation. Then

HEUT)=pu(Fy,, (TH+m
where
m:{ordp(#K) ifcactson K as(—1)'*1;
0 ifoactson K as(—1).

Proof. The kernel K* of the dual isogeny ¢: A,,;,— A is Cartier dual to K
so that the eigenvalue of ¢ on K is minus that on K*. Since A4, is the minimal
height curve, we know ¥ (A4,,;,,) € % (4). Moreover, as modules for complex con-
jugation we have an isomorphism K*=~(%(A)/.%(Amnw)- We can therefore
choose the p-adic generators Qf € #(4)*, Qf €% (Amin)™ so that

QI =pm 2,

Amin

— 1+ 1 — i+1
QU=
T'he proposition follows at once. []

(4.13) Corollary. With the notation of Proposition 4.12, if Conjecture 1V is true
then

u(EA(T)zm.

It would be surprising, if the g-invariants for A4,,,, were ever positive. Corre-
spondingly, we expect that the above inequality is actually an equality.

(4.14) Remark. The group K is the maximal u-type subgroup of A[p™], and
therefore Corollary 4.13 is consistent with the Main Conjecture and recent work
of Greenberg [8]. Indeed, the bound (4.13) is precisely the bound predicted
by formula (75) of [8].

§ 5. Twisting

In this section we examine the behavior of Conjecture I (1.3) under twisting.
We will show that if the conjecture is true for a Q-isogeny class of elliptic
curves then it is also true for all twists by quadratic fields which are unramified
at the primes of additive reduction.

From class field theory we have a correspondence between Galois characters
and primitive Dirichlet characters. We shall try to consistently distinguish be-
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tween the two by underlining Galois characters. Thus, if y: Gal(Q/Q) - C* is
a Galois character, then y: Z — C is the corresponding primitive Dirichlet char-
acter, and vice versa.

If A, is an elliptic curve and y: Gal(Q/Q) — £ 1 is a quadratic Galois charac-
ter, then A¥ will denote the twist of 4 by y. Similarly, /¥ is the twisted isogeny
class.

The main theorem of this section is as follows.

(5.1) Theorem. Let o/ be an isogeny class of modular elliptic curves, and let
Y be a quadratic Galois character which is unramified outside the primes where
&/ has semistable reduction. If Conjecture I'" (2.9) is true for o/ then it is also
true for /Y.

The proof is based on the two lemmas 5.2, 5.4 below.

(5.2) Lemma. Let Ay be an elliptic curve and \y be a quadratic Galois character.
If ) is unramified outside the primes where A has semistable reduction then

g(AW):%/—) Z(A)

where T(}r) is the Gauss sum of Y and

2 if the conductor of Y is divisible by 8, and
= A has good supersingular reduction at 2;

1  otherwise.

Sketch of Proof. Let w, be a Neron differential on A. Since t(y)*=D,, is the
discriminant of the quadratic field associated to ¥, t(y/) "' -w, is a regular 1-form
on AY which is defined over Q. Thus, a Neron differential on A is given by

for some positive neQ*. The resulting relation between minimal discriminants,
A(A%)=n"12Dg- A(A), reduces the calculation of  to an application of Tate’s
algorithm [23]. [0

Since # is an invariant of the isogeny class, the following corollary is an
immediate consequence of the lemma.

(5.3) Corollary. Assume the hypotheses of Lemma 5.2. Let A€ be the curve
of minimal height. Then A¥,, is the curve of minimal height in o/¥.

Now let f be the weight 2 normalized newform associated to 7. If the
g-expansion of f is ) a,q", then f,=) y(n)a,q" is the normalized newform
associated to .o/,
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(5.4) Lemma. Assume the hypotheses of Lemma 5.2 and define n=1 or 2 as
in the conclusion of that lemma. Then

LU= 2V

Proof. It is enough to prove the lemma when the conductor D=D, of y is
a prime power: D=p". Let N be the level of f and N’ be the level of f,. Then
ND is a divisor of N'.

From the definition of the modular symbols (3.1) we have:
L(f)={ly-0l;ly e[ (N}
L (=10, lyel (N}

Moreover, a standard calculation [16] allows us to express [ ], in terms of

[]ﬁ

[r]fwzf(ll//) 2 l/j(a)([r+%]f“|i%:|f)' )

ae(Z/DZ)y*

Now let Qe Z(f,). Then Q=[r],, for some rational cusp reP*{Q) which
is I'j(N')-equivalent to 0. Then r can be expressed as r=b/M with (b, M)=1
and M = 1(mod N’). In particular we have (M, D)=1.

a _aM+bD

The cusp r+5—vA7I—D~ is easily seen to be I'{(N)-equivalent to %, SO

a a 1
that [r+5]f—[—5:|fe$(f). Then by (5.5), Q=[r],weT¢)-$(f) and we have

1
proven Z( flﬁ)gm Z(f). This proves the lemma, unless n=2.

So, suppose n=2. Then D=8 and = is supersingular at 2. The supersingular-
ity at 2 means that the eigenvalue a, of the Hecke operator T, is divisible
by 2.

From the definition of the Hecke operator T, we see that for any pair of
rational cusps s,, 55, eP1(Q):

Sy S5 s;+1 s;+1
ERAIN S ReS [

=a2'([sl]f—[52]f)- (5.6)

If moreover s, and s, are I', (N)-equivalent, then this lies in 2- Z(f).
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Using our assumption that r is I'j(N’)-equivalent to 0, it is not hard to
establish the following congruences modulo Z( f):

[r—i—E =2 for ae(Z/8 Z)*;
81y 181y

al [a]

[2r+~ =|— for ae(Z/4 Z)*, (5.7
4i; 141y
17 [17

4r4+-| =[] -

[ r+2_f [2]s

It is now a routine matter to calculate t(y)[r],, modulo 2-Z(f). Beginning
with (5.5) we work modulo 2- Z(f):

Wi,z X r+%]f_|:%:|f>

ac(Z/8 Z)*
e B HIN SR
= —_ —]— r - — =
81, 181 81 181
NREREIN S
81, 181r, 81, 181/
By (5.6) first with s, =2r+%, s, =% and then with s; =2r+32, 5, =%, this simpli-

fies modulo 2- £ (f) to

() [rl,, =[(4r+41,— 31 )+ 4r+31,—[31)
=2([4r+41,—[31y)
0.

Thus Q=r] fweﬁ 2( f)=%l//) #(f) and the lemma is proved. []

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let f be the weight two newform associated to &/ and
let f, be the twist of f by . Let A,(f), 4,(f,) be the optimal curves in </, AV

Since we have assumed that Conjecture I” is true for o/ we know A4,(f)
is the curve of minimal height in »/ and

L(f)=Z (A, ().
From Corollary (5.3) we know that 4,(f)¥ is the curve of minimal height in
AR
n

o?(Al(f)“’)=W~$(A1(f))-
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From the fact that A4,(f)¥ is the curve of minimal height in /¥ and from
(2.3(c)) we obtain an inclusion

LA (ML AN

But we also know from (1.4(2)) and (1.7(a)) that Z(A4,(f,))=c- £ (f,) for some
integer ce Z. Thus we derive an inclusion

LA NS L (fy)

Finally, we use Lemma 5.4 to get an inclusion

ﬂm%%zm

Combining all of the above inclusions we obtain a diagram
ZL(fy) 2L, (=2 LA, ()

il i

gy =—— 2, ()
2O AL

Therefore all of these inclusions are equalities and in particular

Lf)=2L A, (/)

As already stated, 4, (f)¥ is the curve of minimal height in .«/¥. So Conjecture 1”
is true for /¥ and Theorem 5.1 is proved. []

§ 6. Elliptic curves with complex multiplication

In this section we will use congruence formulas for algebraic parts of special
values of L-functions [18, 21] to prove Conjecture II for certain Q-isogeny class-
es of elliptic curves with complex multiplication (CM) (Theorem 6.4). The basic
conjecture (1.3) would then follow for these curves, if we also knew that the
Manin constants of the optimal parametrizations were + 1.

Of course, up to twist, there are only finitely many CM curves over Q.
Moreover, up to quadratic twist, there are only finitely many CM curves of
the type considered in this section. So the results of the last section reduce
the proof of Conjecture I for these curves to a finite calculation (see § 7). Unfortu-
nately, if the imaginary quadratic field has large discriminant, these calculations
require far more memory than is available on the personal computer used to
obtain the results in § 7. In any case, it is clearly preferable to have a conceptual
explanation of our conjectures.

For the rest of this section we fix a prime p > 3 satisfying the congruence p=

3(mod 4) and let K=Q(}/ —p). We suppose that the class number of K is 1, so
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that pe{7, 11, 19, 43, 67, 163}. It is well known that there is a unique Q-isogeny
class .o/ (p) of conductor p? and having CM by K. If o7 is another isogeny
class with CM by K then there is a unique quadratic Galois character y satisfying

(a) ¢ is unramified at p,

(b) £ =t (). (©.1)

Moreover, there is a unique curve A(p)es/(p) with CM by the full ring O
of integers in K and whose minimal discriminant is — p* [9]. Thus, the curves

A(p)es (p) (6.2)

where  runs through quadratic characters unramified at p give us a complete
set of representatives for the isogeny classes of elliptic curves over Q having
CM by K. The arithmetic of these curves has been studied by B. Gross [9].
We will combine his results with congruence formulas for algebraic parts of
special values of L-functions [18, 20] to prove Theorem 6.4 which is the main
result of this section.

Now fix ¥ and ./ as in (6.1). We can distinguish 4 curves in &/: (1) the
curve of minimal height A,,,€.%7; (2) the optimal curve 4,e.5/; (3) the curve
A=A(ples/; and (4) the curve A*=A(p)*Yeo/ where A(p)*=A(p)., is the
twist of A(p) by the quadratic character of conductor p associated to K. We
will make use of the fact that 4 and A* are the only two curves in &/ which
admit complex multiplication by the full ring of integers O ([9], Theorem 10.2.1).

Multiplication by |/ — p induces an isogeny
¢: A—A* (6.3)

of degree p which is defined over Q ([9], §13).
(6.4) Theorem. Let A, A*, A, A, €/ be as above. Then
(a) AzAmin:Al;

(b) the kernel of ¢: A— A* (6.3) is contained in the cuspidal subgroup of
Al.

In particular, Conjecture II (2.4) is true for the isogeny class 7.
We will prove Theorem 6.4 through a sequence of lemmas.

(6.5) Lemma. A=A,_,;,.
Proof. By Corollary 5.3 it suffices to prove this when i is the trivial character.
Since the minimal discriminant of A* = A(p)* is —p® ([9], Theorem 12.2.1),

1
a Neron differential on A* is given by wA*zf-wA. Thus Z(A)
4

=/ —p- L(4¥)c L (A*) and the isogeny ¢: A — A* is étale.
If A" is any other curve in &/ (p) then the K-endomorphisms of A" define
a suborder ¢'< @y of finite index. Since A’ is defined over Q, @' has class
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number 1. On the other hand (' =Z + c O for some positive integer ¢ >0, and
the class number 4’ of ¢ can be expressed in terms of c:

W=c-[Jt—x_,(0-1""),

e

the product being over prime divisors of ¢. Since i’ =1 we conclude that either
c=1 or ¢=2 and 2 splits in K. Thus either @ =@ or p=7 and (9’=Z[]/?7].
In the first case </ (p) contains only the two curves 4, 4*¥ and we are done.

If p=7, there are 4 curves in .27(7) labeled 49 A-D in the Antwerp tables
[22]. Since [49A] and [49C] have CM by all of @, and have minimal discrimin-
ants —7°, —7° we have [49A]= A and [49C]=A*. Thus, as above, the cyclic
isogeny [49 A] - [49C] is étale. The kernel of the cyclic isogeny [49A] - [49B]
has order 2 and is generated by the point P=(2, —1) in the minimal model
v +xy=x>—2x*—x—1 for [49A]. The group generated by P in [49A] ¢ visi-
bly extends to an étale subgroup of the Neron model [49A],,. Thus the isogeny
[49A] —[49B] is étale. It is now immediate that [49 A] is the curve of minimal
height in o7 (7). Thus A=[49A]=A,;,- T

(6.6) Lemma. 4, has CM by all of 0.

Proof. Since o/ (p)* has conductor pZDf,, there is a weight two newform f of
level psz, and trivial Nebentypus character whose L-series is the L-series of
the isogeny class. Indeed, if ¢ is the Hecke character associated to o/ (p)¥ then
the g-expansion of f is

f@=)Y a,q"= Y &®)-q"% (qg=¢&*"")
n>0 €O
(p,€)=1

where the sum is over ideals ¥ SOy prime to p, and N% is the norm of %.
From this we see

a,=0 unless y_,(n)=1. (6.7)

A straightforward calculation shows that the following elements of
Z[SL,(Q)] define correspondences on the modular curve X =X (p*D;):

<56 )
oSl )

1 1 a/p
E(U"‘Ux = 5.;1 (O 1).

1-p@=1

These induce endomorphisms of Pic® (X). We will show that these endomorphisms
induce endomorphisms of the subvariety 4, =Pic®(X) and moreover that IT
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corresponds to a complex multiplication by (14 7(y_,)) which is a generator
of Ok over Z. 1t suffices to verify these claims on the tangent spaces at the
origin.

Now the tangent space to Pic®(X) is canonically isomorphic to the space
of weight 2 cusp forms of level p?D}, and the subspace defining 4, is the
line spanned by the newform f. A simple calculation shows

f|U=_f+ Z a"pqnp

n>0

fIU, =ty Y x-pn)a

n>0

By (6.7) this means f|U=—f and f|U,  =t(x-,)f. Thus f|II=3}(-
+1(y-,))-f and the lemma is proved. []

From Lemma 6.6 we conclude that the optimal curve A, is either 4 or
A*. To determine which, we need the following theorem (6.8) of Rubin ([18],
Theorem 1).

We will write g: Gal(Q/Q) —(Z/pZ)* for the cyclotomic character giving
the action of Galois on the group of pth roots of unity. Since ¥ is quadratic
we can view it as having values in (Z/pZ)* as well.

Let R=0k[p,-1] be the subring of C generated over (x by the group
U, of (p—1)st roots of unity, and fix a prime g in R lying over p. Reduction
modulo g induces a group isomorphism u,_, —(R/@)*. Let &:Z >R be the
primitive Dirichlet character of conductor p associated to the Galois character

Gal(Q/Q) > (Z/p2)* >(R/p) > pp-, < R*.

Fix once and for all, a prime Z in Q lying over g.

(6.8) Theorem (Rubin [18]). Let w be a fundamental period of the Neron lattice
ZL(A) of the curve A= A(p). (Thus, L (A)= Oy.) Then there is a p-unit ueZ
such that for every primitive Dirichlet character y of conductor m, prime to p-D,,
the following hold:

" def ‘c()Z) L(A4, % 1)

(b) L*(4,z. 1)
1 3p—-1 -3

=——x(pDy) Yz * (m,): Bl(lﬁf 40 Bl(llls 4 X) (mod ) [

eOx[x]

(6.9) Lemma. A, =A.

Proof. Let f be the weight two normalized newform associated to /. Since
A=A,,;, we have inclusions

min

LA s LANSZL() (6.10)

as in the proof of Theorem 5.1.
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Now let X be the Riemann surface underlying X,(p>D;) and let
o H (X; Z) > (ZL(f)/ L (A)®Z, be the composition

HY(X;Z)> Z(f) > (L (/)L (A)RZL,.
In [12, 20] it was shown how to associate to ¢ a ‘special value of the L-function’

A(p, De(ZL(f) Z(A)BZ,[1]

for any primitive Dirichlet character y whose conductor is prime to pD,,. From
the definitions we have

A(@, N=1(1) L(A, 7, 1) (mod L(A)®Z,[x]).

But (a) of Rubin’s thecorem (6.8) guarantees that t(y) L(4, 7, Ne.L(A®Z,[ ],
$O

A, x)=0

for every primitive Dirichlet character y of conductor prime to pD,. By ([21],
Theorem 2.1) we conclude ¢ =0. Since ¢ is surjective we must have & (f)QZ,
=%(A)®Z, and from (6.10) follows L (A4,)®Z,=ZL(A)QZ,. Since L(A4*)

1
=—~l/:‘$(A) we can now conclude A+ A* Thus A, =A and the proof is
—p

complete. []

Theorem 6.4 (a) follows from Lemmas 6.5 and 6.9.

To prove 6.4(b) we will use the ideas of [20, 21]. Let X be the Riemann
surface underlying X, (p* Dj,) and recall from 1.4 (3) that there is a natural inclu-
sion A4; < Pic®(X). Let B be the finite subgroup of Pic®(X) corresponding to
the kernel of ¢ (6.3). We must show that B is contained in the cuspidal divisor
class group of Pic®(X).

In [20, 21] the author showed how weight 2 Eisenstein series on I (p> D)
cut out subgroups of the cuspidal group in Pic®(X). By ([21], Proposition 4.7)
there is a weight 2 Eisenstein series E on I' (p? D}) whose L-series is

r—3 3p—1 p—3

L(E,s)=—1(fe 4 )-L(e 4 ,s5)-Lyye 4 ,s—1). (6.11)
Ip—1 p—3
P

(In the notation of [21]: N=p?Dy, Ny=N,=d=pD,, ;=& 4 ,e,=¢e 4,

Y: T(N)- C* is given by ([21], (4.13)), and E=E«¥) ([21], Defn. 4.6)). Let
C =Pic®(X) be the p-torsion subgroup of the cuspidal subgroup associated to
E. From ([21], Examples 4.9 and 4.10) we know that C has order p. We will
show B=C.

By Pontrjagin duality, as in ([20], §1.7), we can associate to the groups
B, C, homomorphisms

¢g. 0c: H(X; Z)>Z/pZ.

To ¢, @c in turn, we have ‘special values of L-functions’ 4(¢@yg, x), A(¢c, x)eF‘p
which in both cases can be computed explicitly. Indeed, A(¢pp, x) is given by
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the right hand side of Rubin’s congruence (6.8(b)) and A(¢, ) is given by
([21], Proposition 4.7(c)) with E as in (6.11). Comparison of these expressions
reveals A(@g, x)=A(@¢, ) for every primitive Dirichlet character y whose con-
ductor is prime to pD,. By ([21], Theorem 2.1) we then have @z= ¢ and by
Pontrjagin duality, B=C. This proves 6.4(b). [

§7. Numerical evidence

We record the numerical evidence for Conjecture I in Theorem 7.1 below. This
was established by direct calculation on a Macintosh Plus personal computer.
The programs were written in the C programming language using
LightSpeedC™ v. 1.02 produced by Think Technologies of Bedford, Massachu-
setts, USA. Tables containing the results of these calculations, including period
lattices and modular symbols, are being compiled on disks which can be used
on any Macintosh personal computer. Programs in C and in Pascal will be
included which read to tables so that the data can be used by other programmers
to test other conjectures.

(7.1) Theorem. Conjecture I is true for the 749 elliptic curves (281 isogeny classes)
of conductor less than or equal to 200 listed in the Antwerp tables [22].

For computational purposes, it is easier to verify Conjecture I” (2.8). Thus,
for each isogeny class we must show £ (A,,,)=<(f) where A4,,;, is the curve
of minimal height and f is the associated weight two newform.

Since the Parshin-Faltings height is an approximation to the naive height
of an elliptic curve, we should expect for each isogeny class that the minimal
height curve would be the first curve found by the search method used to
produce the Antwerp tables. This is indeed the case with 7 exceptions (listed
below).

We have used Gauss’s AGM algorithm [2] to compute the lattice of Neron
periods (with 16 places of reliable accuracy) of each curve in the Antwerp tables.
Within each isogeny class the inclusions among these lattices were tabulated
and the graphs in the Antwerp tables [22] were replaced by directed graphs.
As predicted in the last paragraph, the unique minimal lattice (whose existence
is guaranteed by Theorem 2.3) corresponds to the first curve listed in the
Antwerp tables in almost every case. For example, the curve 11 A is the minimal
height curve in the isogeny class 11 ABC. Here is the complete list of minimal
height curves which appear in the Antwerp tables but are not listed first in
their respective isogeny classes:

89B,98B, 128 H, 130J, 141 G, 150G, 168 B.

For example, the curve 168B is the minimal height curve in the isogeny class
168 ABCD.

Much more time consuming is the calculation of the lattice £ (f).

The modular form f is represented in the computer by its first 100 Fourier
coefficients. The Fourier coefficients a, for p prime are calculated essentially
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by counting points modulo p on a representative curve in the isogeny class.

p-l/p
For p=+2 of course, this is equivalent to evaluating p+1— ) (%) where

x=0

y?=P(x) is a minimal Weierstrass equation at p and (13) is the quadratic residue
symbol.

With the modular form in hand, we next calculate the modular symbol

[ 1,. This is accomplished by the methods outlined in [11]. We first solve the

rather large system of linear equations over Z imposed by the Manin relations

to obtain a basis for the Z-module of all Z-valued modular symbols. We then

apply Hecke operators to these modular symbols and extract the rank 2 eigen-

space corresponding to f. This gives us [ ], up to the transcendental periods.

. d ..
These periods are obtained by integrating f(g) Tq over the geodesic in the upper

half plane joining O to r for one appropriately chosen r. This integral is approxi-
mated using a trick of Hecke which expresses the integral as an infinite sum
involving the Fourier coefficients. Fortunately, we do not require too much
accuracy in this calculation: using Theorem 1.7 (a) with A taken to be the quo-
tient of the optimal curve A,(f) by the cuspidal subgroup, it can be shown

. .1 . . .
that the lattice of values of [ ], is " Z(A) for some integer ¢ (in the calculations

we found always c=1 or c=2).
Finally, to find .#(f) we use the characterization

Z(N={ly-01;lyeL(N)}.

~1
To find a set of generator for I';(N), we proceed as follows. Let g:((l) 0)

1
and t =<0

set of representatives for SL(2, Z)/I'|(N) containing the identity matrix and let
s:SL(2, Z)/I'((N)— R be the corresponding section of the natural projection
SL(2, Z) - SL(2, Z)/I; (N). Then the set

1
1) be the standard generators of SL(2, Z). Let S=SL(2,Z) be a

{y o 's(ay),y 1 s(ry)|yeS}

is easily seen to be a generating set for I (N).

As a double check we also calculated the strong lattice and the Manin
constant of the strong parametrization for each isogeny class. Our calculations
verified that the curve marked in the Antwerp tables as the strong curve is
indeed the strong curve, and that the Manin constant is 1 in each case.

Only one minor error was noted in the Antwerp tables. The isogeny between
the curves 153A and 153B is a 3-isogeny and not a 2-isogeny as marked in
the tables.
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