6. The Algebraic Eigenproblem
6.1 How independent are linearly independent vectors?

If the three vectors a1, ag, a3 in R? lie on one plane, then there are three scalars z1, z2, 3,

not all zero, so that

ria1 + roas + x3a3 = o. (6.1)

On the other hand, if the three vectors are not coplanar, then for any nonzero scalar triplet
x1,x2,3

r = x1a1] + To09 + T303 (6.2)

1S a nonzero vector.

To condense the notation we write x = [1 29 23]7, A = [a1 a2 a3], and r = Az. Vector
r is nongero but it can be made arbitrarily small by choosing an arbitrarily small x. To

sidestep this possibility we add the restriction that 72 = 1 and consider

r=Az, 2Tz =1 or r= (me)_%Am. (6.3)

Magnitude ||7]| of residual vector r is an algebraic function of x1, z2, 3, and if x can be
found that makes r small, then the three vectors ay, as,as will be nearly coplanar. In this
manner we determine how close the three vectors are to being linearly dependent. But first

we must qualify what we mean by small.

Since colinearity is a condition on angle and not on length we assume that the three

vectors are normalized, ||a;|| =1, i =1, 2,3, and consider r small when |[|r|| is small relative
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to 1. The columns of A are now all of length 1, and we write

TATA
p2()=rTr=aTAT Az, 2Tz =1 or p*(x) = :cTix , T o. (6.4)
'z

A basic theorem of analysis assures us that since z!

x = 1 and since p(z) is a continuous
function of x1, 9,23, p(x) possesses both a minimum and a maximum with respect to x,
which is also obvious geometrically. Figure 6.1 is drawn for a; = [1 07, a9 = v/2/2[1 1]T.
Clearly the shortest and longest r = x1a1 + z2a2, x% + x% = 1 are the two angle bisectors
r1 = v2/2(a; + a2) and 13 = V/2/2(a; — ag), respectively, which we also notice to be

orthogonal. We compute that 7{7; = 1 —1/2/2 and rd'ry = 14 /2/2.

/

Fig. 6.1

A measure for the degree of the linear independence of the columns of A is provided by

Pmin = mmin p(l‘) )

P2 = min eT AT Az, 2Tz =1 (6.5)
or equally by
T AT
9 . xt At Ax
Pmin = W= 77— » & # 0. (6.6)

Clearly, what we argued for R? carries over to m vectors in R".

If the columns of A are linearly dependent, then AT A is positive semidefinite and ppin =

0. If the columns of A are linearly independent, then AT A is positive definite and Prin > 0.
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In the case where the columns of A are orthonormal, AT A = I and py;, = 1. We shall prove

that in this sense orthogonal vectors are most independent, py,, being at most 1.

Theorem 6.1. If the columns of A are normalized and

T AT
. ' AN Az
Piin = mm— 7o (6.7)
then 0 < ppin < 1.
Proof. Choose z =e; = [1 0 ... 0]7 for which 7 = a; and p?(z) = al a; = 1. Since

Pmin = min p(z) it certainly does not exceed 1. End of proof.

Instead of normalizing the columns of A we could find min p(z) with A as given, then
divide pmin BY pmaz = mgxp(x), or vice versa. Actually, it is common to measure the degree

of linear independence of the columns of A with

2

2 2 T AT s L AT T
K :pmam/pmm:rngxx A Az/rr&mx A" Az, x

z=1 (6.8)

where k = k(A) is the spectral condition number of A. Now 1 < k < oo. If A is orthogonal,
then k = 1, while if A is singular kK = co. A matrix with a large & is said to be ill-conditioned,

and that with a small x, well-conditioned.
A necessary condition for  to minimize (maximize) p?(x) is that

2(xT2)AT Az — 2(2T AT Az)x

grad p?(z) = T2)2 =0, x40 (6.9)
or
TATA
AT Az = %x , TFo0. (6.10)
In short
ATAz =p*x | x40 (6.11)

which is an algebraic eigenproblem. It consists of finding scalar p? and corresponding vector

x # o that satisfy the homogeneous vector equation (AT A — p?I)z = o.
An extension of our minimization problem consists of finding the extrema of the ratio

2T Az

)\(x):xTBx , xFo

(6.12)
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of the two quadratic forms with A = AT and a positive definite and symmetric B. Here

2(zT Bx)Ar — 2(2T Az) Bz

grad A(z) = (T )’ , T Fo0
so that
2T Az
Az = (m>3x r=+o0
or in short

Az = \Bx

which is the general symmetric algebraic eigenproblem.

(6.13)

(6.14)

(6.15)

The general eigenproblem is more prevalent in mathematical physics then the special

B = I case, and we shall deal with the general case in due course.

Meanwhile we are

satisfied that, at least formally, the general symmetric eigenproblem can be reduced to the

special symmetric form by the factorization B = LLT and the substitution 2/ = LTz that

turns Az = \Bz into L~ YAL T2/ = \x'.

exercises
6.1.1. Let
1 1
r=a |—1|+ax|l], a%%—a%:l
1 1

for variable scalars oy, ag. Use the Lagrange multipliers method to find the extrema of 7 x.

In this you set up the Lagrange objective function

olar, ) = 2Ty — )\(a% + Oz% -1)

and obtain the critical a’s and multiplier A from 0¢/0a; = 0,0¢/0as = 0,0¢/0X = 0.

6.1.2. Is 2 = [1 2 — 1]7 an eigenvector of matrix

1 -1 1
A=1-2 -1 0 ?
2 1 2

If yes, compute the corresponding eigenvalue.



6.1.3. Is = [1 1]7 an eigenvector of the general eigenproblem
P I
-1 271 2"

If yes, find the corresponding eigenvalue.

6.2 Diagonal and triangular matrices

There must be something very special and useful about vector z that turns Az into a
scalar times z, and in this chapter we shall give a thorough consideration to the remarkable
algebraic eigenproblem Ax = Az. Not only for the symmetric A, that has its origin in the
minimization of the ratio of two quadratic forms, but also for the more inclusive case where

A is merely square.

We may look at the algebraic eigenproblem Ax = Ax geometrically, the way we did in
Chapter 4, as the search for those vectors  in R™ for which the linear map Ax is colinear
with x, with |\| = ||Az||/||z]|, or we may write it as (A — Al )z = o and look at the problem
algebraically as the search for scalars A that render matrix A — Al singular, and then the

computation of the corresponding nullspace of A — AI.

Definition. Scalar A that renders B(\) = A — A singular is an eigenvalue of A. Any

nonzero vector x for which B(A)x = o is an eigenvector of A corresponding to eigenvalue \.
Because the eigenproblem is homogeneous, if x = o is an eigenvector of A, then so is
ax, a=0.
As with linear systems of equations, so too here, diagonal and triangular matrices are

the easiest to deal with. Consider

2
Il

(6.16)

We readily verify that A has exactly three eigenvalues, which we write in ascending order of
magnitude as
M =0, da=1, A3 =2 (6.17)
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affecting

0 -1 —2
A—\I = 1 , A— ol = 0 , A— X3l = -1 (6.18)
2 1 0
which are all diagonal matrices of type 0 and hence singular. Corresponding to A\; =0, Ay =

1, A3 = 2 are the three eigenvectors z; = ey, r9 = ez, x3 = e3, that we observe to be

orthogonal.
Matrix

A= 1 (6.19)
1

also has three eigenvalues A\ = 0, Ao = 1, A3 = 1, but the peculiarity of this eigenproblem
consists in the fact that eigenvalue A = 1 repeats. Corresponding to A; = 0 is the unique (up
to a nonzero constant multiple) eigenvector 1 = e, but corresponding to Ao = A3 = 1 is any
vector in the two-dimensional subspace spanned by e and e3. Any nonzero x = ageg + azes
is an eigenvector of A corresponding to A = 1. The vector is orthogonal to x1 = e, whatever
ag and ag are, and we may arbitrarily assign x9 = ez to be the eigenvector corresponding
to Ay = 1 and z3 = ez to be the eigenvector corresponding to A3 = 1 so as to have a set of

three orthonormal eigenvectors.

The eigenvalues of a triangular matrix are also written down by inspection, but eigen-
vector extraction needs computation. A necessary and sufficient condition that a triangular

matrix be singular is that it be of type 0, that is, that it has at least one zero diagonal entry.

Eigenproblem
1—A T 0
1 2—A zo | =10| , (A=A)x=0 (6.20)
1 1 3—A x3 0

for instance, is readily seen to have the three distinct eigenvalues \y = 1, Ao = 2, A3 = 3;
the eigenvalues of a triangular matriz are its diagonal entries. Corresponding to the three

eigenvalues we compute the three eigenvectors

1 0 0
rp=|—-1],22=1]1 x3= |0 (6.21)
1



that are not orthogonal as in the previous examples, but are nonetheless checked to be

linearly independent.

An instance of a tridiagonal matrix with repeating eigenvalues and a multidimensional

nullspace for the singular A — AI is

A= 1 -4 (6.22)

that is readily verified to have the three eigenvalues Ay = 1, Ao = 1, A3 = 2. Taking first the
largest eigenvalue A3 = 2 we obtain all its eigenvectors as x3 = a3[3 — 4 1]T ag #+ 0, and we

elect 23 = [3 — 4 1]7 to be the sole eigenvector for A3 = 2.

For A = 1 we have

0 3 T
A—1T= 0 —4||x|=0. (6.23)
1 T3

The appearance of two zeroes on the diagonal of A — Al does not necessarily mean a two-
dimensional nullspace, but here it does. Indeed, z = a1[1 0 0]7 4 a2[0 1 0], and for any
choice of a1 and a9 that does not render it zero, = is an eigenvector corresponding to A = 1,
linearly independent of x3. We may choose any two linearly independent vectors in this
nullspace, say 1 = [1 0 0]7 and x5 = [0 1 0]7 and assign them to be the eigenvectors of

A1 =1 and A9 =1, so as to have a set of three linearly independent eigenvectors.

On the other hand

1 2 3
A= 1 —4 (6.24)
2

that has the same three eigenvalues A = 1, Ay = 1, A3 = 2, has eigenvector 3 = [3 —4 1]
corresponding to A3 = 2 as before, and x1 = [1 0 0]7 corresponding to \; = Ag = 1.
The nullspace of A — I is here only one-dimensional, and the matrix has only two linearly

independent eigenvectors.

One more instructive triangular example before we move on to the full matrix. Matrix

A= (6.25)

—_ = =
—_ =



has three equal eigenvalues (or one eigenvalue of multiplicity 3) A\ = Ay = A3 = 1. To

compute the corresponding eigenvectors we solve

0 X1
(A-Dz=|1 0 zo | =
1 1 0 T3

(6.26)

o o O

and obtain from the system only the one eigenvector z = es.

It is interesting that an (n x n) matrix can have n zero eigenvalues and yet be nonzero.
exercises

6.2.1. Compute all eigenvalues and eigenvectors of

0 1
0
A= 0 1
0
6.2.2. Compute all eigenvalues and eigenvectors of
1 1 1 1 2 0 1 0 2
A= -2 2|, B= 1 2|, C= 1 -3
3 1 2

6.2.3. Give an example of two different 2 x 2 upper-triangular matrices with the same

eigenvalues and eigenvectors. Given that the eigenvectors of A are 1, x2, 3,

1 o 1 | 1
A= 2 Y, T1= , L2 = 1 , L3 = 1 )
3 1

find o, 3, 7.

6.2.4. Show that if matrix A is such that A3 —2A4%2— A+ = O, then zero is not an eigenvalue
of A+ 1.

6.2.5. Matrix A = 2uju? — 3ugud, wluy = udus = 1,4l uy = uduy = 0, is of rank 2. Find
B and o so that A3 + 3342 + 1A = O.



6.3 The characteristic equation

Our chief conclusion from the previous section is that a triangular (diagonal) matrix of
order n has n eigenvalues, some isolated and some repeating. Corresponding to an isolated
eigenvalue (eigenvalue of multiplicity one) we computed in all instances a unique (up to length
and sense) eigenvector, but for eigenvalues of multiplicity greater than one we occasionally

found multiple eigenvectors.

In this section we shall mathematically consolidate these observations and extend them

to any square matrix.

Computation of the eigenvalues and eigenvectors of a nontriangular matrix is a consid-
erably harder task than that of a triangular matrix. A necessary and sufficient condition
that the homogeneous system (A — M)z = o has a nontrivial solution z, is that matrix
B(A) = A — AI be singular, or equivalent to a triangular matrix of type 0. So, we shall
reduce B(\) by elementary operations to triangular form and determine A that makes the
triangular matrix of that type. The operations are elementary but they involve parameter A
and are therefore algebraic rather than numerical. In doing that we shall be careful to avoid

A dependent pivots lest they be zero.

A triangular matrix is of type 0 if and only if the product of its diagonal entries —the
determinant of the matrix— is zero, and hence the problem of finding the \’s that singularize

B() is translated into the single characteristic equation
det (A—X)=0 (6.27)

that needs be solved for A.

The characteristic equation may be written with some expansion rule for det (B(\)) or it
may be obtained as the end product of a sequence of elementary row and column operations

that reduce B(\) to triangular form. For example:

2—X -1 row -1 1-=A] row [—1 1—A
A_M_{q 1—)\] {Z—A —1} {o 2-N1-)) -1 (6.28)
and the characteristic equation of A is
det (A=A =12-XN)(1-XN)—-1=X=31+1=0. (6.29)
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Notice that since a row interchange was performed, to have the formal det (B())) the diagonal

product is multiplied by —1.

The elementary operations done on A — A\I to bring it to equivalent upper-triangular

form could have been performed without row interchanges, and still without A\ dependent

pivots:
2—-X -1 2 —1-=-X1-=-2X) 2 —1-X1-2X)
{—1 1—/\}%[—1 1= }*[0 L—N—tasaa—nyl (630
resulting in the same characteristic equation.
Two real roots,
M=0B-V5)/2 , da=(B+V5)/2 (6.31)

the two eigenvalues of matrix A, are extracted from the characteristic equation, with the

two corresponding eigenvectors

2 2
n=livve) =l (0:32)
that we observe to be orthogonal.
Generally, for the 2 x 2

A — A A1 }

B(\) = [ e (6.33)

det (B(\)) = 0 expands into
(All — /\) (A22 — )\) — A19A9 = )\2 — /\(All + AQQ) + A11A99 — A19A91 =0 (634)

which is a polynomial equation of degree two and hence has two roots, real or complex. If

A1 and A9 are the two roots of the characteristic equation, then it may be written as
det (A—=X) = (A1 = N2 —=A) =22 = X1+ X2) + Ao (6.35)

and A\ + Ay = A1 + Aoy = tr(A), and My = A11A99 — A0 A9 = det (A) = det (B(O))
As a numerical example to a 3 x 3 eigenproblem we undertake to carry out the elementary

operations on B(\),

0—Xx 1 0 4 —17 8-\ 4 —17 88—\
0 0—-Xx 1 |10 =)\ 1 | =10 - 1
4 =17 8- -2 1 0 0 f(4—-170) Ix8-N)
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4 8—A —17 4 8—A —17
column | ) 1 5\ rowolo 1 —\ (6.36)
0 TAB=X) F(4—17)) 0 0 F=M+8\2—17A+4)
and the eigenvalues of A = B(0) are the roots of the characteristic equation
A8\ — 17T A+ 4 =0. (6.37)
The same can be accomplished by elementary row operations only:
-2 1 4 —17 8=\ 4 =17
—A 1 — —A 1 — - 1 —
4  —17 8-\ —4N 4 4—171 A8 — )
4 —17 4 —17
—A 1 — 4 AN8—=)N)—17
4 AN8—\)—17 —4\ 4
4 17
— 4 —A2 48\ — 17 (6.38)
—X3 48N —17TA +4

Generally, for a 3 x 3 matrix

det (A—\I) = —)\3—|—)\2(A11 + Aga + Asz) — A( An AlZ’ + An A13‘ + Az Az

Ag1 Ax Agz1 Ass Aso A33‘)
+det (A) =0 (6.39)

which is a polynomial equation in A of degree 3 that has three roots, at least one of which is
real. If A\, A2, A3 are the three roots of the characteristic equation, then it may be written

as
A=A A2=A)A3=A) = =X3+22(A 1+ A2+ 23) = A A da+ A2 A3+ A3A1 )+ A1 A2 ds = 0 (6.40)
and
A+ A2+ A3 = A1 + Ao + Azz = tr(A), A3 = det (A) = det (B(0)). (6.41)

What we did for the 2 x 2 and 3 x 3 matrices results (a formal proof to this is given in

Sec. 6.7) in the nth degree polynomial characteristic equation

det (A= M) = pa(A) = (=" + an_1 (=A)" "L+ +a9 = 0 (6.42)
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for A = A(n x n), and if matrix A is real, so then are coefficients a,_1,an—2,...,ap of the

equation.

There are some highly important theoretical conclusions that can be immediately drawn

from the characteristic equation of real matrices:

1. According to the fundamental theorem of algebra, a polynomial equation of degree n

has at least one solution, real or complex, of multiplicity n, and at most n distinct solutions.
2. A polynomial equation of odd degree has at least one real root.

3. The complex roots of a polynomial equation with real coefficients appear in conjugate

pairs. If A\ = o +if3 is a root of the equation, then so is the conjugate A = o — if3.

Real polynomial equations of odd degree have at least one real root since if n is odd,
then p,(00) = —oo and p,(—00) = oo, and by the reality and continuity of p, () there is at

least one real —oo < A < oo for which p,(\) = 0.

We prove statement 3 on the complex roots of the real equation
PN = (=N)"+ (=" a1+ +ag=0 (6.43)
by writing them as

“A=a+if = |Ne"? = |A(cosf +isind), iZ=—1. (6.44)

Then, since ™ = cosnf+isinnd and since the coefficients of the equation are real, pn(A) =

0 separates into the real and imaginary parts

A" cosnb 4 an_1|\" " teos(n — 10+ -4 ag =0 (6.45)

and
A" sinnf + a,_1|\|" " Tsin(n — 1) 4 - +arsinfd =0 (6.46)
respectively, and because cos(—6) = cosf and sin(—6) = — sin 6, the equation is satisfied by

both A = [Ae?® and X = |\|e™%.
Root A; is of multiplicity m if A — A; can be factored exactly m times out of p,(A). Then
not only is p,(A) = 0, but also
dpn(N)/dX=0,...,d" p,(N)/d\"1 =0 (6.47)
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at A = M. Each is a polynomial equation satisfied by A\; and A1, and hence if A\ has

multiplicity m so does A1.

Finding the eigenvalues of an n x n matrix entails the solution of an algebraic equation of
the nth degree. A quadratic equation is solved algebraically in terms of the coefficients, but
already the cubic equation can become difficult. It is best treated numerically by an iterative
method such as bisection or that of Newton-Raphson, or any other root enhancing method.
In any event an algebraic solution is possible only for polynomial equations of degree less
than five. Equations of degree five or higher must be solved by an iterative approximation
algorithm. Unlike systems of linear equations, the eigenvalue problem has no finite step

solution.

Good numerical polynomial equation solvers yield not only the roots but also their
multiplicities. As we shall see the multiplicity of A has an important bearing on the dimension
of the corresponding eigenvector space, and has significant consequences for the numerical

solution of the eigenproblem.

Figure 6.2 traces p3(\) against A, with p3(A\) = 0 having three real roots, one isolated and
one double. At A = Ay = A3 both p3(\) = 0 and dp3(\)/dX = 0, and the Newton-Raphson
root-finding method converges linearly to this root whereas it converges quadratically to Aj.
Since close to A = Ay = A3, p3(\) has the same sign on both sides of the root, bisection root

finding methods must also be carried out here with extra precaution.

On top of this, because a multiple root is just the limiting case between two real roots
and no real root, small changes in the coefficients of the characteristic equation may cause

drastic changes in these roots. Consider for instance
M o220 +1=0, A2=212+09=0, N —192A+1.1=0. (6.48)

The first equation has a repeating real root A\ = Ay = 1, the second a pair of well separated
roots \; = 0.6, Ao = 1.5, while the third equation has two complex conjugate roots \ =

0.95 4= 0.444.

In contrast with the eigenvalues, the coefficients of the characteristic equation can be

obtained in a finite number of elementary operations, and we shall soon discuss algorithms
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pa(A)

A3 Alf)\z A

1solated 'mulﬁple
root root

Fig. 6.2
that do that. Writing the characteristic equation of a large matrix in full is generally unre-
alistic, but for any given value of A, det (A — AI) can often be computed at reasonable cost

by Gauss elimination.
The set of all eigenvalues is the spectrum of matrix A, and we shall occasionally denote
it by A\(A).

exercises

6.3.1. Find X so that matrix

T 1=A 14
BV=1_1490 —1-2

is singular. Bring the matrix first to equivalent lower-triangular form but be careful not to

use a A-containing pivot.

6.3.2. Write the characteristic equation of

ap
CcC=1-1 aq
—1 a9

6.3.3. Show that if the characteristic equation of A = A(3 x 3) is written as

NN+ aur+ay=0

14



then
ag = trace(A)

1
] = 5(—oqtrace(A) + trace(A?))
1
Qo = g(—agtrace(/l) — agtrace(A%) + trace(A%)).

6.3.4. What are the conditions on the entries of A = A(2 x 2) for it to have two equal

eigenvalues?

6.3.5. Consider the scalar function f(A) = A%, + 2419491 + A%, of A = A(2 x 2). Express

it in terms of the two eigenvalues \; and Ay of A.

6.3.6. Compute all eigenvalues and eigenvectors of
3 1 1 1 1 4 1 4
A=y o) B=[4 0] e=[L 0] o 4]

6.3.7. Write all eigenvalues and eigenvectors of

0 0 1 0 0 1
A=10 0 0|, B=|0 0 O
1 0 0 -1 0 0
6.3.8. Fix a; and a9 so that the eigenvalues of
el 1
A= { 1 042]
are the prescribed A1 = 1 and Ay = 3.
6.3.9 For what values of real v is A(A) real?
1
A= {az’ 0 } ’

6.3.10. Fix the value of « so that x is an eigenvector of A.

1 2 -1 «a
z=]11|,A=1]2 -3 -1
~1 a -2 -1

What is the corresponding eigenvalue?

15



6.3.11. Show that vector uw,u’u = 1 is an eigenvector of A = I + wu’. What is the

corresponding eigenvalue?

T

6.3.12. Let u and v be two orthogonal unit vectors, u'u = vTv = 1,u’v = vTu = 0. Show

that v is an eigenvector of A = I 4+ uu’. What is the corresponding eigenvalue?

6.3.13. Let matrix A be such that A2 — I = O. What is vector 2/ = Az + x # o, where

vector x is arbitrary?

6.3.14. Show that if A%z — 24z + 2 = o for some = = o, then A = 1 is an eigenvalue of A. Is

x the corresponding eigenvector?

6.3.15. Show that if for real A and real x # 0, A%z +x = o, then A\ = =i are two eigenvalues

of A. What are the corresponding eigenvectors?

6.3.16. Show that the eigenvectors of circulant matrix
o) 1 Q9

C= g ) 01

a1 Gy O

are of the form z = [1 € 2|7, where ¢3 = 1. What are the corresponding eigenvalues?

6.3.17. Let A= A(n x n) and B = B(n x n). Show that the characteristic polynomial of

o[ 3

B A

is the product of the characteristic polynomials of A + B and A — B. Hint: Perform block

elementary row and column operations on
A—-AM B
B A=A
6.3.18. Solve the generalized eigenproblems
1 -1 2 1 1 -1 11
[—1 2 ]x_A [1 2} T [—1 1 } ”"A[l 1

S I R PR RS P
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1 -1 2 -1 -1
-1 2 —1llxz=X|-1 2 —-1| =z
-1 1 -1 -1 2

NS

6.4 Complex vector space C"

Because real matrices can have complex eigenvalues and eigenvectors, we cannot escape
discussing vector space C", the space of vectors with n complexr components. Equality of
vectors, addition of vectors, and the multiplication of a vector by a scalar is the same in C"

as it is in R™, but the inner or scalar product in C"™ needs to be changed.

In C" a”'b is generally complex, and a’a can be zero even if a =+ 0. For instance, if
a=[147, b=1[i 17, then a”b = 2i and a’a =1 — 1 = 0. For the inner product theorems
of R™ to extend to C" we must ensure that the inner product of a nonzero vector by itself
is a positive real number. Recalling that if { = o + 43 is a complex number and ¢ = a — i3

is its conjugate, then (¢ = |¢|?> = a2 + 5% and we introduce the

Definition. Let u € C™ be of the form u = a+ib, a,b € R™. Then vector u! = a® —ib"
is the conjugate transpose of u. Similarly if C = A+iB, then C = AT —iBT is the conjugate
transpose of matriz C.

H

Now uffu = aTa + bTb is a real positive number that vanishes only if © = o

When C = CH | that is, when A = AT and B = —BT, matrix C is said to be Hermitian.

Theorem 6.2.

1wty = vHu, [ufv| = [vHul

cuty + vy is real

2

3. AB=AB

4. (e =agAH
5. (AB)H = BH AH

6. If A=A then vl Av = vH Au
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7. If A= A" then u™ Au is real

8. ||lul| = |ufu|'/? has the three norm properties:
8.1 ||ul| >0 if u=o, and ||ul]| =0 if u =0
8.2 |laul| = |af |ull
8.3 |lu+ vl < flull + [lv]]

Proof. Left as an exercise. Notice that | | means here modulus.
Definition. Let u and v be in C™. Vector u is a unit vector if ||ul]| = (uHu)% = 1.
Vectors u and v are orthogonal if u'v = vHu = 0. If in addition ||u|| = ||v|| = 1, then u and

v are orthonormal.

H

In C™ one must be careful to distinguish between v v and u”v that coexist in the same

space. The Cauchy-Schwarz inequality in C™ remains

o] < (ufu)2 (v7v)2 (6.49)
except that | | stands now for modulus.
Example. To compute € C? orthogonal to given vector a = [2 +14 3 —i]T we write
a=u+iu and x = v + 9/, and have that
T T
afle = (Wlv + " o) +i(—u" v+ ulo) (6.50)
so that ez = 0 separates into
uTo+ o o = 0, v+ uT =0 (6.51)
or in matrix vector form
ul ulT /
{—u’T] v+ ST U =0 (6.52)

The two real vectors v and ' are linearly independent. In case they are not, the given

complex vector a becomes a complex number times a real vector and x is real. The matrix

H

multiplying v is invertible, and for the given numbers the condition a”x = 0 becomes

v o= {_11 _21] v, v =Ko (6.53)
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and x = (K +il)v’, v' # 0. One solution from among the many is obtained with v' = [1 0]7
asz=[1+i —1]T.
Example: To show that
L 1 1 ;o [—1 1
a—l—zb—{_l]—l—z[l} and a +zb—[1}+z[1] (6.54)
are linearly dependent. Separation of the real and imaginary parts of

(a+iB)(a+ib) + (& +if")(a' +ib) =0 (6.55)

results in the two real systems

aa — pb+ad'd — 3V =o

(6.56)
Ba+ab+ f'd +a't =o
that we write in matrix vector form as
1 -1 -1 -1 «Q
-1 -1 1 -1 1]
-1 1 1 1 o4

System (6.57) is solved by o/ = «, /' = —f.
In the same manner we show that [1 2]7 4+ [l 1]7 and [~1 1]7 + i[-2 1] are linearly

independent.

Theorem 6.3. Let uy be a given vector in C". Then there are n — 1 nonzero vectors in

C™ orthogonal to u;.
Proof. Write u; = a1 + ib; and us = = + i2’. The condition

H T 7 ;
uy up = (x° —x’ )(ap +iby
> ( ) ) (6.58)
= (alz+ T2y +i(bTe —al2) =0

separates into

al T x 0
b%l“ _;{ lx/]:[o} (6.59)
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which are two homogeneous equations in 2n unknowns —the components of z and z’. Take
any nontrivial solution to the system and let us = ao + ibs, where as = x and by = 2.
Write again ug = 2 + iz’ and solve u{luz = uf’us = 0 for 2 and 2’. The two orthogonality

conditions separate now into

a{ b{ T ] 0
bT _aT ! 0
a;T bgl =, (6.60)
A 0

which are four homogeneous equations in 2n unknowns. Take any nontrivial solution to the
system and set ug = ag + ibg where a3 = x and b3 = 2.

Suppose uj_1 orthogonal vectors have been generated this way in C". To compute uy
orthogonal to all the & — 1 previously computed vectors we need solve 2(k — 1) homogeneous
equations in 2n unknowns. Since the number of unknowns is greater than the number of
equations for k = 2,3,...,n there is a nontrivial solution to the system, and consequently a

nonzero u, for any k < n. End of proof.
Definition. Square complexr matrix U with orthonormal columns is called unitary. It is
characterized by URU =1, or UH = UL

exercises

6.41. Dowvy = [1i 0], vp=1[01 —i]", v3 = [1 4 4]" span C3? Find complex scalars
a1, (9, i3 50 that aqvy + agvy + asvg = [2+1 1 — i 3i]T.

6.42. Are vy = [1i —i]T and vy = [I — i i]T linearly independent? What about v =
[2—-3i1+i3—i]" and vo =[5 —1 2i 4+ 2i]7?

6.4.3. Fix a so that vectors u € C3 and v € C? are orthogonal, namely so that uv = 0.

w=[14il—i2iv=[1-2i2+3ial

6.4.4. Vector space V : vy = [14 0], v = [1 0 ], is a two-dimensional subspace of C3. Use the
Gram-Schmidt orthogonalization method to write an orthogonal basis for V. Hint: Write

q1 = v1,q2 = v2 + avy, and determine a by the condition that q{l q2 = 0.

6.4.5. Show that given complex vector x = u + iv, u’u # vTv, complex scalar ¢ = a + i3
can be found so that (z =« + v’ is with W =" o' = 1. What are a and B if ufv =07
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6.5 Basic Theorems

The computational aspects of the algebraic eigenproblem are not dealt with until Chapter
8. The present chapter is all devoted to theory, to the amassing of a wealth of theorems on

eigenvalues and eigenvectors.

Theorem 6.4. If )\ is an eigenvalue of matriz A, and x a corresponding eigenvector,

then:
1. A% is an eigenvalue of A?, with corresponding eigenvector .
2. X+ p is an eigenvalue of A+ ul, with corresponding eigenvector x.
3. A\7Yis an eigenvalue of A™1, with corresponding eigenvector .
4. a\ is an eigenvalue of aA, with corresponding eigenvector x.

5. X is also an eigenvalue of P~YAP, with corresponding eigenvector ' = P~ lz.

Proof. Left as an exercise.

The next theorem extends Theorem 6.4 to include multiplicities.

Theorem 6.5. If p,(\) = det(A — \I) = 0 is the characteristic equation of A, then:

1. det(AT — XI) = p(N).
2. det(A? = A1) = pp(A)pa(—N).-
3. det(A+ ul — X)) = pp(A — p).
4. det(A™1 — M) = det(=AA"Hp, (A1), A £ 0.
5. det(ad — M) = det(al)pn(N/a).

(P

6. det(P~YAP — \I) = pn(N).

Proof.
1. det(AT — XI) = det(A — AI)T = det(A — AI).
2. det(A% — N2]) = det(A — A )det(A + \I).

3. det(A+ ul — M) = det(A — (A — ).
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4. det(A™1 — \I) = det(—AA"LH(A - X7LD)).
5. det(aA — M) = det(al(A — \/al)).

6. det(P~YAP — \I) = det(P~1(A — AI)P).
End of proof.

The eigenvalues of A and AT are equal but their eigenvectors are not. However,

Theorem 6.6. Let Az = \v and ATx' = Na/. If X+ X, then 272’ = 0.

Proof. Premultiplication of the first equation by z’ T, the second by zT, and taking their
difference yields (A — \)z”2’ = 0. By the assumption that A # X' it happens that 27z’ = 0.
End of proof.

Notice that even though matrix A is implicitly assumed to be real, both A\, \ and z, 2’

T

can be complex, and that the statement of the theorem is on 2”2’ not zfz/. The word

orthogonal is therefore improper here.

A decisively important property of eigenvectors is proved next.

Theorem 6.7. Figenvectors corresponding to different eigenvalues are linearly indepen-

dent.

Proof. By contradiction. Let A1, Ao, ..., A\, be m distinct eigenvalues with correspond-
ing linearly dependent eigenvectors x1,x2,...,2y. Suppose that k is the smallest number
of linearly dependent such vectors, and designate them by z1,xzs,...,2;, K < m. By our

assumption there are k scalars, none of which is zero, such that
a1x1] + aor9 + -+ + QxR = 0. (6.61)
Premultiplying the equation by A and remembering that Az; = \;z;, gives
QAN X1 + agdoxo + - + QpALTE = 0. (6.62)
Multiplication of equation (6.61) above by A and its subtraction from eq. (6.62) results in

a1 (A1 — Ap)rr + ao(Ao — Ap)z + -+ a1 (A1 — Ap)zp—1 =0 (6.63)
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with a;(A; — A\x) # 0. But this implies that there is a smaller set of k£ — 1 linearly depen-
dent eigenvectors contrary to our assumption. The eigenvectors x1,xa, ..., x,, are therefore

linearly independent. End of proof.

The multiplicity of eigenvalues is said to be algebraic, that of the eigenvectors is said to
be geometric. Linearly independent eigenvectors corresponding to one eigenvalue of A span
an invariant subspace of A. The next theorem relates the multiplicity of eigenvalue \ to the

largest possible dimension of the corresponding eigenvector subspace.

Theorem 6.8. Let eigenvalue A1 of A have multiplicity m. Then the number k of linearly

independent eigenvectors corresponding to A1 is at least 1 and at most m; 1 < k < m.

Proof. Let x1,x2,...,x; be all the linearly independent eigenvectors corresponding to
A1, and write X = X(n X k) = [21 x2...2%]. Construct X' = X'(n x n — k) so that

P = P(n xn)=[X X'] is nonsingular. In partitioned form

-1 _ Y(/{ X n)
A e (064
and
s [Y]XX] [YX YX’} B []k 0 }
PP =y ~lyix viv] =& L] (6.65)
Now
_ Y ! Y /
plap— {Y’} [AX AX'] _ [Y’] [MX AX']
k n—=k
/
n—k| O Y'AX'
and
det(P~ AP — XI) = det(A T — AI)det(Y'AX' — \I)
(6.67)
= (A1 = N puix(N).
On the other hand
det(A— X)) = (A — N)™"pn—m(N), Prn—m(A1) # 0. (6.68)
Equating
(A= A f (X)) = (A1 = A) ™ pnm(N) (6.69)
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and taking into consideration the fact that p,_,,(A\) does not contain the factor A\; — A, but

Pn—k(A) might, we conclude that k£ < m.

At least one eigenvector exists for any A, and 1 < k < m. End of proof.

Theorem 6.9. Let A = A(m xn) and B = B(n x m) be two matrices such that m < n.
Then AB(m x m) and BA(n x n) have the same eigenvalues with the same multiplicities,

except that the larger matriz BA has in addition n —m zero eigenvalues.

Proof. Construct the two matrices

-, A

— ! ]m O
M—{ g In] and M’ = [B _)\LJ (6.70)
so that
, [AB— A, -\ s AL, A
MM —[ 0 _)\[n] and MM—[ 0 BA—)\In]' (6.71)
From det(MM') = det(M'M) it results that
(=\)" det(AB — My,) = (—\)™ det(BA — \1,) (6.72)

or in short (—=A)"pm(A) = (=A)™pr(A). Polynomials p,(\) and (—X)™™p,,(\) are the same.
All nonzero roots of py,(A) = 0 and p,(A) = 0 are the same and with the same multiplicities,

but pn(A) = 0 has extra n — m zero roots. End of proof.

Theorem 6.10. The geometric multiplicities of the nonzero eigenvalues of AB and BA

are equal.

Proof. Let x1,x2, ...,z be the k linearly independent eigenvectors of AB corresponding
to A # 0. They span a k-dimensional invariant subspace X and for every x # 0 € X, ABx =
Az # o. Hence also Bx # o. Premultiplication of the homogeneous equation by B yields
BA(Bzx) = A(Bzx), implying that Bz is an eigenvector of BA corresponding to A. Vectors

Bxy, Bxs, ..., Bxy are linearly independent since
a1 Bry + agBxo + -+ + apBxy = B(ayry + agxe + - + apay) = Bx # o (6.73)

and BA has therefore at least k linearly independent eigenvectors Bz, Bxs, ..., Brg. By a
symmetric argument for BA and AB we conclude that AB and BA have the same number

of linearly independent eigenvectors for any A # 0. End of proof.
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exercises

6.5.1. Show that if
Alu+ i) = (a +1if)(u + iv),

then also

A(u — ) = (a —if)(u —iv)
where 2 = —1.

6.5.2. Prove that if A is skew-symmetric, A = —A” then its spectrum is imaginary, A\(A) =
Bi, and for every eigenvector x corresponding to a nonzero eigenvalue, 'z = 0. Hint:

T Az = 0.
6.5.3. Show that if A and B are symmetric, then A\(AB — BA) is purely imaginary.

6.5.4. Let A be a distinct eigenvalue of A and x the corresponding eigenvector, Ax = Ax.

Show that if AB = BA, and Bz # o, then Bx = Xz for some \ = 0.

6.5.5. Specify matrices for which it happens that
Ai(@A+ BB) = aA(A) + BA(B)
for arbitrary «, 3.

6.5.6. Specify matrices A and B for which

MAB) = MA)NB).

6.5.7. Let A\; # A2 be two eigenvalues of A with corresponding eigenvectors x1,x2. Show

that if x = ayx1 + agxe, then
Ax — Mz = axy

Az — dox = fxy.

Write a and [ in terms of aq, as, A1, A2.
6.5.8. Show that if A2 = A, then A\(A) =0 or 1.

6.5.9. Show that if A?> = —A, then A(A) =0 or —1.
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6.5.10. Show that if A% = I, then A\(A) = +1.
6.5.11. What are the eigenvalues of A if A2 =4I, A? =44, A2 = —4A, A2+ A—2] =07

6.5.12. Show that for the nonzero eigenvalues

MXTAX) = NAXXT) = M(XXTA).

6.5.13. Show that if A2 = O, then A(A) = 0. Is the converse true? What is the characteristic

polynomial of nilpotent A?> = O? Hint: Think about triangular matrices.

6.5.14. Show that if QTQ = I, then |A(Q)| = 1. Hint: If Qz = Az, then 27 QT = Xz!T.

6.5.15. Write A = ab! as A = BC with square

B=lao ... oJand C =

OT

Using the fact that the characteristic equation of BC' is the same as

blq OT]

CB:{O O

show that the characteristic equation of A is
A=A+ bTa) = 0.

What are the eigenvectors of A = ab’? In the same manner show that the characteristic

equation of A = beT + deT is

A2 (=X + ) (=X + eTd) — (eTh)(cTd)) = 0.

6.5.16. Every eigenvector of A is also an eigenvector of A%, Bring a triangular matrix example
to show that the converse need not be true. When is any eigenvector of A% an eigenvector
of A? Hint: Consider A # I, A% = 1.
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6.5.17. Matrix A has eigenvalue a + i and corresponding eigenvector u + iv. Given u

compute «, f and v. Hint: If Au # au, then 5 # 0, and vector v can be eliminated between
(A—al)u=—pvand (A — al)v = Su.

Introduction of vector w such that w”u = 0 is then helpful.

Apply this to

A

assuming that only the real part u of x is known.

6.5.18. Let @ be an orthogonal matrix, QTQ = QQT = I. Show that if \ is a complex
cigenvalue of @, |\| = 1, with corresponding eigenvector = wu + iv, then u’v = 0. Hint:

2TQT = Xal' 2Tx = N2aT2, N2 £ 1.

6.5.19. Matrices A and B are similar if B = P~'AP for some invertible P. According
to Theorem 6.5 similar matrices have the same characteristic polynomial. Bring a (2 x 2)
upper-triangular matrix example to show that the converse is not true—that matrices having

the same characteristic polynomial need not be similar.
6.5.20. Prove that AB and BA are similar if A or B are nonsingular.

6.5.21. Prove that if AB = BA, then A and B have at least one common eigenvector.
Hint: Let matrix B have eigenvalue A with the two linearly independent eigenvectors vy, ve
so that Avy = Mvy, Avg = Avg. From ABv; = BAwv; and ABvy = BAwy it follows that
B(Av1) = MAvy) and B(Avz) = A(Avz), meaning that vectors Av; and Avg are both in the
space spanned by v; and vy. Hence scalars ag, ag, 31, F2 exist so that

Av] =aqv1 + aovg

Avg =p1v1 + Bava.

Consequently, for some 61, 62,

A(61v1 + b2v2) = (d1001 + 0281)v1 + (d1002 + 02/52) V2.
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You need to show now that scalar u exists so that
o ) [s) =5
g Pa2] L2 b21"

6.6 Diagonalization

If matrix A = A(n x n) has n linearly independent eigenvectors x1, z2, . .., Ty, then they
span C" and any xz € C" is uniquely written as * = ajx1 + asxry + - -+ + anxy, so that

Ar = ag\iz1 + aoXoxs - - - + apApxy,. Such matrices have special properties.

Definition Matriz A and matric P~ AP, are similar. If P = U, URU = I, then
A and UM AU are unitarily similar. Matriz A is said to be diagonalizable if a similarity

transformation exists that renders P~ AP diagonal.

Theorem 6.11. Matrix A = A(n x n) is diagonalizable if and only if it has n linearly

independent eigenvectors.

Proof. Let A have n linearly independent eigenvectors x1, xs,...,x, and n eigenvalues
A1, A2, ..., A\p so that Az; = Ny @ = 1,2,...,n. With X = [z122...2,] this is written
as AX = XD where D is the diagonal D;; = \;. Because the columns of X are linearly
independent X ! exists and X 'AX = D.

Conversely if X™1AX = D, then AX = DX and the columns of X are the linearly

independent eigenvectors corresponding to A\; = D;;. End of proof.

An immediate remark we can make about the diagonalization X ' AX = D of A4, is that

it is not unique since even with distinct eigenvalues the eigenvectors are of arbitrary length.

An important matrix not similar to diagonal is the n x n Jordan matrix

Al
A1
J = 1 (6.74)
Al
A
that has n equal eigenvalues \;y = Ay = ... = \,, = A, but only one single eigenvector x = e;.

A matrix that cannot be diagonalized is scornfully named defective.
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Theorem 6.12. If matriz A is diagonalized by matriz X, then AT is diagonalized by
matrizY = X T YXT = XyT =1.

Proof. If A= XDX ! then AT = X TDX7T and Y = X~ 7. End of proof
exercises

6.6.1. Let diagonalizable A have real eigenvalues. Show that the matrix can be written
as A = HS with symmetric H and symmetric and positive definite S. Hint: Start with

A = XDX ! and recall that symmetric matrix X X7 is positive definite if X is nonsingular.
6.6.2. Prove that if for unitary U both U7 AU and U BU are diagonal, then AB = BA.

6.6.3. Do n linearly independent eigenvectors and their corresponding eigenvalues uniquely

fix A= A(n xn)?
6.6.4. Prove that A = A(n x n) is similar to AT, AT = P71AP.

6.6.5. Show that if X1 AX and X "'BX are both diagonal, then AB = BA. Is the converse

true?
6.7 Elementary similarity transformations

We do not expect to be able to reduce any square matrix to triangular form by an
ending sequence of similarity transformations alone, for this would imply having all the
eigenvalues in a finite number of steps, but we should be able to reduce the matrix by such
transformations to forms more convenient for the computation of the eigenvalues or the

writing of the characteristic equation.

Similarity transformation B~1AB, we recall, leaves the characteristic equation of A in-
variant. Any nonsingular matrix B can be expressed as a product of elementary matrices
that we know have simple inverses. We recall from Chapter 2 that the inverse of an ele-
mentary operation is an elementary operation, and that premultiplication by an elementary

matrix operates on the rows of the matrix, while postmultiplication affects the columns.

Elementary matrices of three types build up matrix B in B~'AB, in performing the

elementary operations of:
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1. permutation of two rows (columns)

1
P =11 , Pt=pP (6.75)
1
2. multiplication of a row (column) by a nonzero scalar «
1 1
E = o BT = ™l (6.76)
1 1
3. addition to one row (column) another row (column) times a scalar
1 1
E = 1 LBl = 1
o 1 —o 1
1 o 1 —Q
E = 1 , BTl = 1 (6.77)
1 1

The permutation similarity transformation P~'AP = PAP means the interchange of
rows k and [ of A followed by the interchange of columns & and [ of PA. Diagonal entries

remain in this row and column permutation on the diagonal.

In the next section we shall need sequences of similarity permutations as described below

1 2 3 4 5 1 2 3 5 4
1L\ O 1 ISP 1
2 Ao 1 2 Ay 1
3 A3 1 - 3 A3 1
4 MO 5 A5
5| A5 | 4| A |
1 2 5 3 4 1 5 2 3 4

DY 1 1A 1

2 o 1 5 As 0

5 A5 - 2 Ao 1 (6.78)

3 A3 1 3 Az 1

4| 4 4| A\
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the purpose of which is to bring all the off-diagonal 1’s onto the first super-diagonal. It is
achieved by performing the row and column permutation (1,2,3,4,5) — (1,5,2,3,4) in the
sequence (1,2,3,4,5) — (1,2,3,5,4) — (1,2,5,3,4) — (1,5,2,3,4).

Another useful similarity permutation is

1 2 3 1 3 2
1 | A Az Ass 1 | A Az A
2 0 A Ax| 7 3| 1 Az Az (6.79)
3|1 1 Az As 21 0  Axz A

the purpose of which is to have the first column of A start with a nonzero off-diagonal.

Elementary similarity transformation number 2 multiplies row k& by « =+ 0 and column
k by a~!. It leaves the diagonal unchanged, but off-diagonal entries can be modified by it.

For instance:

(afy)~! M« aBy
(By)~! Ay B By
7! A3y gl
1 A 1
A1
B Ao 1
— ERE (6.80)
A

If it happens that some super-diagonal entries are zero, say § = 0, then we set # =1 in the

elementary matrix and end up with a zero on this diagonal.

The third elementary similarity transformation that combines rows and columns is of
great use in inserting zeroes into E~'AFE. Schematically, the third similarity transformation

is described as

_ « (62—
— N
X X X X
X X X X X — X X X X X
X X l + or X X I + . (681)
X X X X X X X X X X o
X X X X

That is, if row k£ times « is added to row [, then column [ times —« is added to column k;

and if row [ times « is added to row k, then column £ times —« is added to column /.
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exercises

6.7.1. Find « so that
a 1 1 1 —a 1

is upper-triangular.
6.8 Hessenberg and companion matrices

We readily see now how a unique sequence of elementary similarity transformations that

uses pivot p; # 0 accomplishes

X X X X X X X X
X X X X X X

X X X X 0 x %X X

X X X X 0 x %X X

If py is originally zero, then a preliminary elementary similarity permutation is carried out to
replace it by another, nonzero, entry from the first column, unless all entries in the column
below the diagonal are zero. Doing the same to all columns from the first to the (n — 2)th

reduces the matrix to

X X X X
g =P x X (6.83)

P2 X X

p3 X

which is now in Hessenberg form.
In case of an unavoidable zero pivot the matrix reduces to
Hy H 12}

H = { 6.84
Hoy (6.84)

where Hjj and Hyy are Hessenberg submatrices, and det(H) = det(Hyy)det(Hag), effectively
decoupling the eigenvalue computations. Assuming that p; # 0, and using more elementary

similarity transformations of the second kind further reduces the Hessenberg matrix to

X X X X
-1 x X X

H = 1w x (6.85)
-1 x
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To write the characteristic equation of the Hessenberg matrix we interchange rows so as to

have
—1 HQQ — A H23 H24
—1  Hsyy— X  Hy o
H—\ — 1 Hy—a| P =Hn—A (6.86)
p1 H12 H13 H14

and bringing the matrix to upper-triangular form by means of elementary row operations

discover the recursive formula

p1(A) = Hip — A
p2(A) = Hiz2 + (Ha2 — A\)p1(N)
pS()‘) = Hiz+ H23p1(>\) + (H33 — )\)pQ()\) (687)

pn()\) =My, + H2np1(>\) + H3np2(>\) + -+ (Hnn - )\)pn—l()\)
for the characteristic equation of H.

We summarize it all in

Theorem 6.13. Any square matriz can be reduced to a Hessenberg form in a finite
number of elementary similarity transformations.
If the Hessenberg matrix

X q X X
-1 X g X

H = 1% g (6.88)
-1 x
is with ¢; # 0,7 =1,2,...,n—2, then the same elimination done to the lower-triangular part

of the matrix may be performed in the upper-triangular part of H to similarly transform it
into tridiagonal form.

Similarity reduction of matrices to Hessenberg or tridiagonal form preceeds most realistic
eigenvalue computations. We shall return to this subject in chapter 8, where orthogonal
similarity transformation will be employed to that purpose. Meanwhile we return to more
theoretical matters.

The Hessenberg matrix may be further reduced by elementary similarity transformations

to a matrix of simple structure and great theoretical importance. Using the —1’s in the first
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subdiagonal of H to eliminate by elementary similarity transformations all other entries in

their column, it is reduced to

ag

—1 al
—1 as

-1 as

(6.89)

which is the companion matriz of A. We shall show that ag, a1, a2, a4 in the last column are
the coefficients of the characteristic equation of C', and hence of any other matrix similar to
it. Indeed, by row elementary operations using the —1’s as pivots, and with n — 1 column

interchanges we accomplish the transformations

1 2 3 4 1 2 3 4 4 1 2 3
—A agp P4 P4
-1 =X al - -1 P3| _ ps —1 (6.90)
-1 =X a9 -1 D2 D2 -1
L -1 az— A i -1 p1 L p1 —1]
where
Py = P a3)\3 + ag)\2 —aA+ag, p3= -3 + &3)\2 — as\ + aq
(6.91)
p2:>\2—a3)\+a2, p1=—-A+as
and
det(A — XI) = det(C' — M) = pg = Xt — a3\ + a9)? — a1\ + ag (6.92)

for any matrix A similar to C.

A Hessenberg matrix with zeroes on the first subdiagonal is transformed into the upper-

triangular block form

C = g (6.93)
Ck

where C; = Cj(m; x m;), mj; +ma + ---my = n, are companion submatrices, and
det(C — NI ) = det(Cy — M) det(Cy — A1) ... det(Cy — AI) (6.94)

giving the characteristic equation in factored form.
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A formal proof is thus given to the long awaited
Theorem 6.14. [f B(A\) = A — Al is a real n X n matriz and X a scalar, then
det(B(\)) = (=\)" + an_1(=\)""1 +--- +ag (6.95)
with real ap_1,ap_2,...,aq.

6.9 Schur to Jordan to Frobenius

The most we can do with elementary similarity transformations is get matrix A into a
Hessenberg and then companion matrix form. To further reduce the matrix by similarity

transformations to triangular form, we need first to compute all eigenvalues of A.

Theorem (Schur) 6.15. For any square matric A = A(n x n) there exists a unitary
matriz U so that UYAU = U? AU = T is upper triangular with all the eigenvalues of A on

its diagonal, appearing in any specified order.

Proof. Let A\; be an eigenvalue of A that we want to appear first on the diagonal of T,
and let u; be a unit eigenvector corresponding to it. Even if A is real both A\; and u; may
be complex. In any event there are in C" n — 1 unit vectors usg, us, ..., u, orthonormal to

up. Then Uy = [ug uz ... u,] is unitary so that UfU; = I or U = Ul_1 with which

AUl = [Au1 AUQ Aun] = [)\1%1 u'z u;l] (6.96)
and .
uy | [Arug u’2 u;l] A1 a?
H ull
Ui" AU, = 2 = (6.97)
uH 0 Aq

n

with the eigenvalues of A; being those of A less A\1. By the same argument the (n—1)x (n—1)

submatrix A; can be similarly transformed into

. Ao al
Uy AU, = (6.98)
o A2
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where Ao is an eigenvalue of A1, and hence also of A, that we want to appear next on the

diagonal of T. Now, if U5(n — 1 x n — 1) is unitary, then so is the n X n

1 of
Uy = (6.99)
o U,
and
A X X X
URUH AUNU, = Az X x| (6.100)
0o o0 Ao
Continuing in this manner we construct n — 1 unitary matrices Uy, Us, ..., U,_1 so that
Al X X X X
A9 X X X
Uy U U AUy - Uy = XX (6.101)
' X
A

n

and since the product of unitary matrices is a unitary matrix, the last equation is concisely

written as U AU = T, where U is unitary, U = U~!, and T is upper-triangular.

Matrices A and T share the same eigenvalues including multiplicities, and hence
A1, A2, ..., Ay, that may be made to appear in any specified order, are the eigenvalues of A.

End of proof.

Even if matrix A is real, both U and T in Schur’s theorem may be complex, but if we
relax the upper-triangular restriction on 7" and allow 2 X 2 submatrices on its diagonal, then

the Schur decomposition acquires a real counterpart.

Theorem 6.16. If matriv A = A(n X n) is real, then there exists a real orthogonal

matriz () so that

511 X X X
S
QTAQ = »or (6.102)
N
Smm

where Si; are submatrices of order either 1 x 1 or 2 x 2 with complex conjugate eigenvalues,

the eigenvalues of S11, 522, ..., Smm being exactly the eigenvalues of A.
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Proof. It is enough that we prove the theorem for the first step of the Schur decompo-
sition. Suppose that A\{ = a + i with corresponding unit eigenvector x1 = u + iv. Then

A=a—1f and T1 = u — v are also an eigenvalue and eigenvector of A, and

Au = au — fv

Ao — But o B0 (6.103)

This implies that if vector z is in the two-dimensional space spanned by u and v, then so is

Ax. The last pair of vector equations are concisely written as

AV =VM, K6 M = [_O‘ﬁ ﬂ (6.104)

where V = V(n x 2) = [u,v], and where M is verified to have eigenvalues A\; and ;.
Let q1,q1,...,qn be a set of orthonormal vectors in R"™ with ¢; and ¢2 being in the
subspace spanned by u and v. Then qiTAql = qiTAqQ =047=3,4,...,n, and

511 All

QT AQ = (6.105)
0 A

where Q1 = [q1 ¢2 . . . qn), and where

A ¢ Ag
S = . (6.106)
@ Aq  ¢d Ag

To show that the eigenvalues of Sy are A\; and A\; we write Q = Q(n x 2) = [q1 ¢o],
and have that V = QS, Q = VS~!, S = 5(2 x 2), since q1, 2 and u, v span the same two-
dimensional subspace. With this, AV = VM becomes AQS = QSM, and S11 = QTAQ =
SMS~!, implying that S1; and M share the same eigenvalues. End of proof.

The similarity reduction of A to triangular form T requires the complete eigensolution
of Az = Az, but once this is done we expect to be able to further simplify 7' by means of
elementary similarity transformations only. The rest of this section is devoted to elementary
similarity transformations designed to bring the upper-triangular 7" as close as possible to

diagonal form, culminating in the Jordan form.

Theorem 6.17. Suppose that in the partitioning

T X X X
T X X
T = 2 (6.107)
. %
Tmm
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Tii are upper triangular, each with equal diagonal entries \;, but such that \; # X\;. Then

there exists a similarity transformation

T11
T
X-'T7x = 2 (6.108)
Tmm

that annulls all off-diagonal blocks without changing the diagonal blocks.

Proof. The transformation is achieved through a sequence of elementary similarity

transformations using diagonal pivots. At first we look at the 2 x 2 block-triangular matrix

M Tie Tig | T Tis M T T |Tyy Tis
Ty Tio A Toz | Toa Tip A Ty | Ty Tis
T = — Ao | T3s T35 — A | Tyy T (6.109)
T2 X Tys Ao Ty
)\2 )\2

where the shown above similarity transformation consists of adding « times column 3 to
column 4, and —« times row 4 to row 3, and demonstrate that submatrix 772 can be annulled
by a sequence of such row-wise elimination of entries T34, T55; T4, To5; T14, 115 in that order.
An elementary similarity transformation that involves rows and columns 3 and 4 does not
affect submatrices 711 and The, but Tgy = T34 + a(A1 — A2), and with @ = —T34/(A\; —
A2), T3, = 0. Continuing the elimination in the suggested order leaves created zeroes zero,

and does not change the triangular submatrices.

The off-diagonal submatrices of T" are eliminated in the same order and we are left with

a block-diagonal X ~!TX. End of proof.

We are at the stage now where square matrix A is similarly transformed into a diagonal
block form with triangular diagonal submatrices that have the same A on their own diagonal.
Suppose that T is such a typical triangular matrix with a nonzero first super-diagonal. Then

elementary similarity transformations exist to the effect that

A X X X X A1l x x X Al
A X X X A1l x X A1l
T = A X x| — A1l x| — Al (6.110)
A X A1 Al
A A A
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in which elimination is done with the 1’s on the first super-diagonal, row by row starting

with the first row.

Definition. The m x m matriz
JA) = . (6.111)

1s a simple Jordan submatriz of order m.

Notice that the simple Jordan matrix may be written as J = A\ 4+ N where N is nilpotent,
N1 2O, N™ = O, and is of nullity 1.

A simple Jordan submatrix of order m has one eigenvalue A of multiplicity m, one

eigenvector ey, and m — 1 generalized eigenvectors es, es, ..., e, strung together by
(J—X)er=o0
(J — )\[)62 = €1
(6.112)

(J — )\I)em = €em—1-

Or Ney = 0,N%e3 = o, ..., N™e,, = o, implying that the nullspace of N is embedded in its
range.

The existence of a sole eigenvector for J implies that nullity(J —AI) = 1, rank(J — A\I) =
m — 1, and hence the full complement of super-diagonal 1’s in J. Conversely, if matrix T’
in eq.(1.112) is known to have a single eigenvector, then its corresponding Jordan matrix is

assuredly simple. Non-simple Jordan matrix

Al
Al
J = A0 (6.113)
Al

A

is of rank(J — AI) = m — 2 and hence of nullity(J — AI) = 2, implying the existence of
two linearly independent eigenvectors, here e; and e4, for the same repeating eigenvalue

A. There are now two chains of generalized eigenvectors: e;, Neo = ey, Nes = ez, and
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e4, Nes = ey; five linearly independent eigenvectors in all. The appearance of two zeroes in
the super-diagonal of a non-simple J bespeaks the existence of three linearly independent

eigenvectors for the same repeating A, three chains of generalized eigenvectors, and so on.
Jordan’s form is the closest matrix 7" can get by similarity transformations to diagonal
form. Every triangular diagonal submatrix with a nonzero first super-diagonal can be reduced

by elementary similarity transformations to a simple Jordan submatrix. Moreover,
Theorem (Jordan) 6.18. Any matrizx A = A(n x n) is similar to

J1
J
J = 2 (6.114)
Ji

where J; = (m; X m;) are simple Jordan submatrices, and my + mg + « - - my = n.

Proof. We know that a sequence of elementary similarity transformations exists by

which any n X n matrix is carried into the diagonal block form

Al X X
)\1 X
A
Ay X T11
_ A2 _ Tho
T = A X X X = Tas (6.115)
/\3 X X T44
)\3 X
A3
I Aq ]

with A\ 74 A9 # A3 # M.

If the first super-diagonal of T;; is nonzero, then a finite sequence of elementary similarity
transformations, done in partitioned form reduce Tj; to a simple Jordan matrix. Zeroes in
the first super-diagonal of Tj; complicate the elimination and cause the creation of several
Jordan simple submatrices with the same diagonal A in place of Tj;. A constructive proof to
this fact is done by induction on the order m of T = Tj;. A 2 x 2 upper-triangular matrix with
equal diagonal entries can certainly be brought by one elementary similarity transformation
to a simple Jordan form of order 2, and if the 2 x 2 matrix is diagonal, then it consists of

two 1 x 1 Jordan blocks.

40



Let T'= T'(m xm) be upper-triangular with diagonal entries all equal A, as in eq. (6.110)
and suppose that an elementary similarity transformation exists that transforms the leading
m — 1 x m — 1 submatrix of T to Jordan blocks. We shall show then that T itself can be
reduced by elementary similarity transformations to a direct sum of Jordan blocks with equal

diagonal entries.

For clarity’s sake we refer in the proof to a particular matrix, but it should be obvious that
the argument is general. The similarity transformation that reduces the leading m—1xm—1
matrix to Jordan blocks leaves a nonzero last column with entries aq, oo, a3, ay, as in the

left-hand matrix below

A1 o A1
A0 a9 A0 1
Al az| — Al (6.116)
Ay Al
A A

Entries a1 and a3 that have a 1 in their row are eliminated routinely, and if ay = 0 we are
done since then the matrix is in the desired form. If ay = 0, then as can be brought to
the first super-diagonal by the sequence of similarity permutations described in the previous
section, and then made 1. Hence the assumption that ao = a4 = 1 as in the right-hand

matrix above.

One of these 1’s can be made to disappear in a finite number of elementary similarity
transformations. For a detailed observation of how this is accomplished look at the larger

9 x 9 submatrices of eq. (6.117).

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

Al

(6.117)

© 00 N O Ot s W N
e}
—_

© 00 N O Ot k= W N
—_
>
—_
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Look first at the right-hand matrix. If the 1 in row 8 is used to to eliminate by an elementary
similarity transformation the 1 above it in row 5, then a new 1 appears at entry (4,8) of the
matrix. This new 1 is ousted (it leaves behind a dot) by the super-diagonal 1 below it, but
still a new 1 appears at entry (3,7). Repeated, such eliminations push the 1 in a diagonal
path across the matrix untill it gets stuck in column 6—the column of the super-diagonal
zero. Our efforts are yet in vain. If the 1 in row 5 is used to eliminate the 1 below it in row
8, then a new 1 springs up at entry (7,5). Elimination of this new 1 with the super-diagonal
1 above it pushes it up diagonally across the matrix untill it is anihilated at row 6, the row
just below the row of the super-diagonal zero. We have now succeeded in getting rid of this
1. On the other hand, for the matrix to the right, the upper elimination path is successful
since the pushed 1 reaches row 1,where it is zapped, before falling into the column of the
zero super-diagonal. The lower elimination path for this matrix does not fare that well. The
chased lower 1 comes to the end of its journey in column 1 before having the chance to
enter row 4 where it could have been anihilated. In general, if the zero in the super-diagonal
happens to be in row k, then the upper elimination path is successful if n > 2k, while the
lower path is successful if n < 2k + 2. In any event, at least one elimination path always
ends in an actual anihilation, and we are essentially done. Only a single 1 remains in the
last column and it can be brought upon the super-diagonal, if it is not already on it, by row

and column permutations.

In case of several Jordan blocks in one T there are more than two 1’s in the last columns

and there are several elimination paths to perform.

We have shown that if 7'(m — 1 xm — 1) can be reduced by a finite number of elementary
similarity transformations to a Jordan blocks form, then T'(m x m) can also be reduced to

this form. Starting from m = 2 we have then the result for any m. End of proof.

As an exercise the reader can work out the details of elementary similarity transforma-
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tions

Al Al ]
A0 1 A0
Al Al
Al Al
A0 1|, A0 1
Al Al
A0 1 A0
Al Al
Al A0
L A__ A-
S i
A
Al
Al
Al
— ) (6.118)
Al
A
Al
L )\_

The existence proof given for the Jordan form is constructive and in integer arithmetic the
matrix can be set up umambiguously. In floating-point computations the construction is
numerically problematic and the Jordan form has not found many practical computational
applications. It is nevertheless of considerable theoretical interest, at least in achieving the

goal of ultimate systematic reduction of A by means of similarity transformations.

Say matrix A has but one eigenvalue A, and a corresponding Jordan form as in eq.(6.113).

Then nonsingular matrix X = [x; x2 x3 x4 5] exists so that X TAX = J, or AX = X J,
where
(A= X)xy =0, (A= X)xg =121, (A—N)x3="129
(6.119)
(A=X)zg =0, (A=X)zxs =14
or
(A=XDz1 =0, (A—X)%zy3=0, (A—X)z3=0
(6.120)
(A=Xzg =0, (A=X)*z5=0

and if A and )\ are real, then so are x1, xo, 13, T4, T5.

Conversely, computation of the generalized eigenvectors x1, x2, x3, x4, x5 furnishes non-

singular matrix X that puts X ' AX into Jordan form.
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If A is real but A complex with complex generalized eigenvectors, then ) is also an
eigenvalue of A with the same algebraic and geometrical multiplicities as A, and hence with

corresponding conjugate complex generalized eigenvectors.

Instead of thinking about Jordan’s theorem concretely in terms of elementary operations
we may think about it abstractly in terms of vector spaces. Because of the block nature of
the theorem we need limit ourselves to just one of the triangular matrices Tj; of theorem
6.17. Moreover, because X (Al + N)X = A + X "1 NX we may further restrict discussion
to nilpotent matrix N only, or equivalently to Jordan matrix J of eq.(6.111) with A = 0.

First we prove

Lemma 6.19. If A is nilpotent of index m, then nullity(A**1) >nullity(A*) for positive
integer k,m > k > 0; and —nullity( A*1) + 2nullity( AF) —nullity( A*=1) > 0 for k > 0.

Proof. All eigenvalues of A are zero and hence by Schur’s theorem an orthogonal matrix
Q exists so that QT AQ = N is strictly upper-triangular. Since QT A*Q = N, and since
nullity (QT A*Q) =nullity(A*), we may substitute N for A. Look first at the case k = 1.
If E is an elementary operations matrix, then nullity(N?) =nullity((EN)N). To be explicit
consider the specific N(5 x 5) of nullity 2, and assume that row 2 of EN is annuled by the
operation so that (EN)N is of the form

N2
a1 X X X ap X X X ajog X X
(%) X X
ag X az3 X | T agoy | - (6'121)
(6% (6%

Rows 2 and 5 of EN? are zero because rows 2 and 5 of EN are zero, but in addition, row
4 of EN? is also zero and the nullity of EN? is greater than that of EN. In the event that
oy = 0, row 2 of EN does not vanish if nullity(EN) = 2, yet the last three rows of EN? are
now zero by the fact that azay = 0. The essence of the proof for k = 1 is, then, showing that
if corner entry (EN)45 = a4 = 0, then also corner entry (EN?)35 = agay = 0. This is always
the case whatever k is. Say N = N (6 x 6) with N5g = 5. Then Nf(; = o405, N§’6 = 3040,
and if N3 = 0, then also Nj; = 0. Consequently nullity(N?) >nullity(N?). Proof of the
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second part, which is a special case of the Frobenius rank inequality of Theorem 5.25, is left

as an exercise. End of proof.

In the process of setting up matrix X in X 'AX that similarly transforms nilpotent
matrix A into the Jordan nilpotent matrix N = J(0) the need arises to solve chains of
linear equations such as the typical Az = o, Azg = x7. Suppose that nullity(A) = 1,
and nullity(A%) = 2.This means a one dimensional nullspace for A, so that Az = o is
inclusively solved by x = «ajz; for any a; and x1 & 0. Premultiplication by A turns the
second equation into A2xy = Az = o. Since nullity(A?) = 2, A%z = o is inclusivly solved by
xr = [P1x1 + Poxe, in which 81 and (2 are arbitrary and x; and xy are linearly independent.
Now, since Az1 = 0, Ax = o Axg, and since Ax is in the nullspace of A, A(Azx) = o, it must

so be that fsAxo = ajxq.

Theorem 6.20 Nilpotent matriz A of nullity k and index m, A™~ 1= 0, A™ = O, is
similar to a block diagonal matriz N of k nullity-one Jordan nilpotent submatrices, with the
largest diagonal block being of dimension m, and with the dimensions of the other blocks being
uniquely determined by the nullities of A%, A3, ..., A™ L. the number of j x j blocks in the
nilpotent Jordan matriz N being equal to —nullity (N7+1) 4-2nullity (N7) — nullity (N7 1) j =

1,2,...,m.

Proof. Let N be a block Jordan nilpotent matrix. If nullity(N) = k, then k rows of
N are zero and it is composed of k£ blocks. Raising N to some power amounts to raising
each block to that power. If N; = N;(j x j) is one such block, then Nj_l + O,N; =
O, nullity(NJ’-“) = j if k > j, and the dimension of the largest block in N is m. Also,
nullity(Nf)—nulhty(N f’l) = 1if £ < j. It results that the number of blocks in N larger
than j x j is equal to nullity(N7 1) —nullity(N7). The number of blocks larger than j—1xj—1
is then equal to nullity(N7)—nullity(N7~1), and the difference is the number of j x j blocks
in N. Doing the same to A = A(n x n) we determine all the block sizes, and they add up to

n.
We shall look at three typical examples that will expose the generality of the contention.
Say matrix A = A(4 x 4) is such that nullity (A) = 1, nullity (A?) = 2, nullity (A43) =
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3, A* = O. The only 4 x 4 nilpotent Jordan matrix N = .J(0) that has these nullities is

N = . (6.122)

We show that a nonsingular X exists so that X “lAX = N. Indeed, if X = [x1 x2 x3 4],

then AX = XN is written columnwise as
[Azy Az Az Azy] = [0 21 22 23] (6.123)

and Az, = 0, Ary = 11, Axz = 29, Axq = 3, or Ary = 0, A%x9 =0, A13 =0, A%z4 = 0.
Because nullity (A) = 1, Az = o possesses a nontrivial solution x = 7. Because nullity
(A%) = 2, A%z = o has two linearly independent solutions of which at least one, call it
r, is linearly independent of z1. Because nullity (A3) = 3, A3z = o has three linearly
independent solutions of which at least one, call it 3, is linearly independent of z; and x».
Because A* = O, A%z = o has four linearly independent solutions of which at least one,
call it x4, is linearly independent of x1,x2,x3. Hence X = [r1 w9 x3 4] is invertible and
X TAX = N.

Say matrix A = A(5 x 5) is such that nullity (A) = 2, nullity (A%?) =4, A3 = O. The

only 5 x 5 compound Jordan nilpotent matrix N that has these nullities is the two-block

N = 0 . (6.124)

for which AX = XN is
[Azy Azy Az Azy Axs) = [0 21 22 0 4] (6.125)

so that Azy = 0, Azy = x1, Axg = x9, Axg = 0, Axs = x4, or Azy = 0, A%x9 = o,
A3x3 = o, Ary = o, A%x5 = o. Because nullity (A) = 2, Az = o has two linearly
independent solutions, z = 1 and = 4. Because nullity (4%) = 4, A%z = o has four

linearly independent solutions of which at least two, call them x2, x5, are linearly independent
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of 1 and z4. Because A3 = O, A%z = o has four linearly independent solutions of which at
least one, call it x3, is linearly independent of 1, x9, x4, 5. Hence X = [x1 x9 23 x4 x5] is
invertible and X 1AX = N.

Say matrix A = A(8 x 8) is such that nullity (A) = 4, nullity (42) = 7, 43 = O.
Apart from block ordering, the only 8 x 8 compound nilpotent Jordan matrix that has these

nullities is the four-block

N = (6.126)

for which AX = XN gives rise to Az = 0, A%x9 = 0, A3x3 =0, Axy =0, A%x5 =0, Az =
o, A’x7 = 0, Axg = o. Because nullity (A) = 4, Ar = o has four linearly independent
solutions 1, x4, xg, rs. Because nullity (A%) = 7, Az = o has seven linearly independent
solutions of which at least three, xs, x5, 7, are linearly independent of x1, x4, xg, xs. Because
A3 = O, A3z = 0 has eight linearly independent solutions of which at least one, call it x3, is

linearly independent of the other seven x’s. Hence X = [11 x9 3 x4 5 6 7 xg) i invertible

and X 1AX = N.

One readily verifies that the blocks as given in the theorem correctly add up in size to

just fit in the matrix. End of proof.

We shall now use the Jordan form to prove the remarkable

Theorem (Frobenius) 6.21. Every complex (real) square matriz is a product of two

complex (real) symmetric matrices of which at least one is nonsingular.

Proof. It is accomplished with the aid of the symmetric permutation submatrix

P — pl_p (6.127)
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that has the decisive property of turning J into S,

A
Al

PJ=S= v ] (6.128)

Al

which is symmetric. What is done to the simple Jordan submatrix J by one submatrix P is

done to the complete J in block form, and we shall write it as PJ =S and J = PS.

To prove the complex case we write A = XJX ' = XPSX~! = (XPXT) (X~ TSX™),
and see that A is the product of the two symmetric matrices X PXT and X TSX ™1 of

which the first is nonsingular.

The proof to the real case hinges on showing that if A is real, then XPX7 is real;
the reality of X~TSX ! follows then from X 7SX~! = (XPXT)"'A. When A is real,
whenever complex J(m x m) appears in the Jordan form, J(m x m) is also there. Since we
are dealing with blocks in a partitioned form we permit ourselves to restrict the rest of the

argument to the Jordan form and block permutation matrix

Jp P
J = T . P= P (6.129)

in which Js is real. Accordingly, matrix X in X 'AX = J is partitioned as
X = [X;1 X1 X3] = [X1 00] + [0X; 0] + [00 Xj] (6.130)
where X3 is real, and
XPXT = x,PXT + X\ PX| + X3P5XT. (6.131)
With X1 = R+ iR, where R and R’ are real, XPX"T becomes
XPXT = 2(RPRT — R'P\R") + X3P XF (6.132)

proving that X PX7T is real and symmetric. It is also nonsingular. End of proof.

exercises
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6.9.1. Show that the the Jordan form of
A 1 A1

6.9.2. If matrix A is of the form A = A\J + N, then X 'AX = X\ + X ' NX, and we may

consider N only. Perform the elementary similarity transformatoins needed to bring

0 1 01
0 1 0 0 1
0 0 1 0 1
A= 0 0 1| and B = 0 0 1
0 1 0 1
0 1 0 1
L O_ L O_

into Jordan form. Discuss the various possibilities.

6.9.3. What is the Jordan form of matrix A = A(16 x 16) if nullity(A) = 6, nullity(A2?) = 11,
nullity(A43%) = 15, A* = O.

6.9.4. What is the Jordan form of J2, if

0 1
0 1
J = 0 1 ?
0 1
0
6.9.5. Write all (generalized) eigenvectors of
6 10 =3
A=|-3 -5 2
-1 -2 2
knowing that A(A4) = 1.
6.9.6. Show that the eigenvalues of
6 —2 =2
2 2 -4 2
A= 6 -2
2 2
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are all 4 with the two (linearly independent) eigenvectors 21 = [1 01 1]7 and #5 = [1 10 0]T.
Find generalized eigenvectors #y and 7% such that Az} = 42} + 21 and Azf = 42} + 29 and

form matrix X = [ 2} x2 #5]. Show that J = X1 AX is the Jordan form of A.

6.9.7. Instead of the companion matrix of section 6.8 it is occasionally more convenient to

use the transpose
-1
C = —1

ap Q] Qo
Verify that the characteristic equation of C' is A%+ a9d? — a1\ + ag = 0. Show that to
eigenvalue X of C' corresponds one eigenvector = [1 — A A?]7 and that if A repeats then
Cx = M\ and Oz’ = Ao’ + x, where 2’ = [0 — 1 2)\]7 and z are linearly independent.
Say the eigenvalues of C' are A, A1, A2 with corresponding generalized eigenvectors 1, 2], o
and write X = [z1 2] x2]. Show that x1, 2], z2 are linearly independent and prove that

J = X~1CX is the Jordan form of C.

Use the above argument to similarly transform

—1
C= -1
1 3 3
to Jordan form.
6.9.8. Find all X such that JX = X J,
Al
J = Al
A

Prove that if A = S71JS, then also A = T-'JT if T = XS where X is nonsingular and
such that JX = X J.

6.9.9. What is wrong with the following? Instead of A we write B,

0 1 0 1
0 0 0 €
A= 0 , B= 0

O = =
[ g -

where € is minute. We use € to annul the 1 in its row then set € = 0.
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Show that the eigenvectors of matrix

1 1
A= 1+e 1
14 2e
corresponding to eigenvalues \{ = 1,dg = 14+ ¢e,A3 = 1+ 2¢, are 1 = [1 0 07,20 =
[1e 0], 23 =1 2¢ 2¢2].
6.9.10. Show that if
Al AANd 6A2 0 4
B Al 4 M4N3 6M?
J = )\ 1 then J = )\4 4)\3
A A

and J" — O as m — oo if and only if |A\| < 1. Show that A™ — O as m — oo if and only

if [A(A)] < 1.

6.9.11. Prove that if zero is the only eigenvalue of A = A(n x n), then A™ = O for some
m < n.
6.9.12. Show that

Al po 1

A1 X=X po 1
A It

has a nontrivial solution if and only if A & u. Prove that AX = X B has a nontrivial
solution if and only if A and B have no common eigenvalues. Hint: Write A = S~1JS and

B =TYJ'T for the Jordan matrices J and .J'.

6.9.13. Solve

1
Al w 1| =C.

1
Prove that AX — X B = C has a unique solution for any C' if and only if A and B have no

common eigenvalues.

6.9.14. Let A=1+CC’, with C = C(n xr) and C' = C'(r x n) both of rank r. Show that

if A is nonsingular, then

At =T+00) P =T4 0 (CC") + ap(CC? + ...+ o (CC)".
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6.10 Hermitian (symmetric) matrices

Complex matrix A = R + 45 is Hermitian if its real part is symmetric, RT = R, and
its imaginary part is skew-symmetric, ST = —S, A = A¥. The algebraic structure of the
Hermitian (symmetric) eigenproblem has greater completeness and more certainty to it than
the unsymmetric eigenproblem. Real symmetric matrices are also most prevalent in discrete

mathematical physics. Nature is very often symmetric.

Theorem 6.22. All eigenvalues of a Hermitian matrix are real.

Proof. If Az = Az, then 7 Az = A\zfz, and since by Theorem 6.2 both 2 Az and

zHz are real so is A. End of proof.

Corollary 6.23. All eigenvalues and eigenvectors of a real symmetric matrix A are real.

Proof. The eigenvalues are real because A is Hermitian. The eigenvectors x are real

because both A and A in (A — A\ )z = o are real. End of proof.

Theorem 6.24 The eigenvectors of a Hermitian matriz corresponding to different eigen-

values are orthogonal.

Proof. Let Ax; = Mz and Azxg = Mgz be with A; # Ag. Premultiplying the first
equation by x4l produces z8 Azqy = Madlzy. Since A = A, X\ is real, (2l Az =
M (28 2) ) and 2T Azy = Moz, With Azg = Aaxo this becomes Aol zy = Azf s, and

since A1 # A2 2{{xy = 0. End of proof.

Theorem (spectral) 6.25. If A is Hermitian (symmetric), then there exists a unitary
(orthogonal) matriz U so that U AU = D, where D is diagonal with the real eigenvalues
A, Ao, ..., Ay of A on its diagonal.

Proof. By Schur’s theorem there is a unitary matrix U so that U? AU = T is upper-
triangular. Since A is Hermitian, A = A, TH = (UHAU)H = UHAU = T, and T is
diagonal, T'= D. Then AU = UD, the columns of U consisting of the n eigenvectors of A,
and Dj;; = \;. End of proof.
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Corollary 6.26. If A\ is an eigenvalue of symmetric matriz A of multiplicity k, then

there are k linearly independent eigenvectors corresponding to it.

Proof. Let the diagonalization of A be QTAQ = D with Dy = A i = 1,2,...,k
and Dy # X i =k+1,....n. Then QT(A—~AX)Q = D', D}, =0 i=1,2,...,k, and
D}, #+0 i> k. The rank of D’ is n — k, and because @ is nonsingular this is also the rank
of A — A\I. The nullity of A — A\I is k. End of proof.

Symmetric matrices have a complete set of orthogonal eigenvectors whether or not their

eigenvalues repeat. Let ui,us,...,u, be the n orthonormal eigenvectors of the symmetric

A = A(n xn). Then
I =wul +ugud + - +upul, A= Nugud + dougud + -+ + Nuul (6.133)

and

A7 = g + A ugud o 2 Tl (6.134)
Corollary 6.27. Symmetric matric A = A(n X n) is uniquely determined by its n

eigenvalues and n orthonormal eigenvectors uy,ug, . .., Uy.

Proof. In case the eigenvalues are distinct the eigenvectors are unique (up to sense)

and, unambiguously, A = AlululT + /\quug +...+ )\nunug. Say A1 = A2 # A3 so that
A=)\ (ulu{ + Ung) + )\3’&3’&% = )\1UUT + )\3U3ug (6.135)

with U = [u1 ug]. According to Corollary 6.26 any nonzero vector confined to the space
spanned by w1, ug is an eigenvector of A for eigenvalue \; = \g. Let u}, u5 be an orthonormal

pair in the plane of uy,us, and write
B = Al(u’lu'lT + u’Qu’QT) + A3uzul = MU+ Agusud (6.136)

for U' = [u} ub]. Matrices U and U’ are related by U’ = UQ), where @ is orthogonal, and
hence

B =MUQQTUT 4+ Mzuzul = MUUT + \zuzul = A. (6.137)
End of proof.
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Example. Consider the symmetric eigenproblem

1 1 1 1 ] I 1 I
1 1 1 1) |z2| 1 2
1 1 1 1| |ag| A 1 x3 (6.138)
1 1 1 1] |2 1] |24
transformed by elementary row operations into
1 1 1 1 -{E1 1 i X1
xT9 . -1 1 i)
| = \ . ] 3 (6.139)
2 —1 1] |4
The first equation of the homogeneous system is
(I =Nz +axa+a3+x4=0 (6.140)
while the last three are
)\($4 - xl) = 0, )\(.%‘3 — 331) = O, )\({L’Q — :L’l) =0. (6.141)

We verify that A = 0 is an eigenvalue with eigenvector = that has its components related by

r1 + x9 + 23+ x4 = 0, so that
(6.142)

Eigenvalue A = 0, we conclude, is of multiplicity three. Assuming next that A & 0, we have
from the last three homogeneous equations that z; = z9 = x3 = x4, and from the first
that (4 — A)z; = 0. To have a nonzero eigenvector, 1 must be nonzero, and A = 4 is an

eigenvalue with the corresponding eigenvector z = [1 1 1 1]T.

Let the eigenvalues be listed as Ay = 0, A2 = 0, A3 = 0, \y = 4. To set up an orthogonal
eigenvector system we choose the first eigenvector to be 23 = [1 0 0 — 1]7, and the second
9 = ar; +[0 10 — 1]7. The condition 327 = 0 determines that o = —1/2, and
r9 =[-120 —1]T. The third eigenvector corresponding to A = 0 is written as 3 = a1 +
Bro+[001 —1]T, and the conditions 7 z3 = xd 23 = 0 determine that a = —1/2, 8 = —1/6,
and v3 = [-1 —13 —1]T. Now

1 —1 —1 1
0 2 —1 1

N R R R E Te= |y (6.143)
—1 —1 —1 1
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with x1,z2, x3 being the eigenvectors of A = 0, and x4 the eigenvector of A\ = 4, and they

constitutes now an orthogonal set that spans R?.

Symmetric matrices have a complete set of orthogonal eigenvectors whether or not their
eigenvalues repeat, but they are not the only matrices that possess this property. Our next
task is to characterize the class of complex matrices that are unitarily similar to a diagonal

matrix.

Definition. Complex matriz A is normal if and only if AAH = AH A

Hermitian, skew-Hermitian, unitary, and diagonal are normal matrices.

Lemma 6.28. An upper-triangular normal matriz is diagonal.

Proof. Let N be the upper triangular normal matrix

Nii Nig Nig Nuiy Nu
Nog Noz  Noy H Ni2 Nag
N =  NH = |2 Do 6.144
N33 Nag Ni3 Naz Nzz ( )
Nyy Nis Nog N3zs Ny

Then

(NNH)H = N11N11 + NioNyg+ -+ + N1y Ny, = |N11|2 + |N12|2 + -+ |N12|2 (6.145)

while
(NF N = |Nu . (6.146)
The condition NEN = NNH dictates that Njg = Nig = --- Ny, = 0. Next
(NN)gy = [ Nog|? + [Nag|? + - + [ Noy|? (6.147)
and
(N N)gg = |Noa? (6.148)
so that No3 = Nog = ---Nog = 0. Proceeding in this manner, we conclude that N;; =

0, i =# j. End of proof.

Lemma 6.29. A matriz that is unitarily similar to a normal matriz is normal.
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Proof. If N is normal, U unitary, and N’ = U¥ NU, then N = UHNHY and

N'N" = UENUUENHU = UENNHU = UENENU = (UENHU)UENU) = NN,
(6.149)
End of proof.

Theorem (Toeplitz) 6.30. Complex matriz A is unitarily similar to a diagonal matriz

if and only if A is normal.

Proof. If UN AU = D, then A = UDUY, AH = UDHUH,

AA" =uypufup?uf =uppHUut = uD" pUut = (UDHUH)(UDUT) = AT A
(6.150)

and A is normal.

Conversely, let A be normal. By Schur’s theorem there exists a unitary U so that
UM AU = T is upper triangular. By Lemma 6.29 T is normal, and by Lemma 6.28 it is
diagonal. End of proof.

We have characterized now all matrices that can be diagonalized by a unitary similarity
transformation, but one question still lingers in our mind. Are there real unsymmetric
matrices with a full complement of n orthogonal eigenvectors and n real eigenvalues? The

answer 1is no.

First we notice that a square real matrix may be normal without being symmetric or

skew-symmetric. For instance

11 1 1 -1 11 1 2 -1 -1
A=1[1 1 1|+a | -1 1|, ATA=44T=31]1 1 1| +a?|-1 2 -1
1 1 1 1 -1 11 1 -1 -1 2
(6.151)

is such a matrix for arbitrary «. Real unsymmetric matrices exist that have n orthogonal
eigenvectors but their eigenvalues are complex. Indeed, let U + ¢V be unitary so that
(U +iV)D(UT —iVT) = A, where D is a real diagonal matrix and A a real square matrix.
Equating real parts we find that A = UDUT + VDVT which can happen only if A is

symmetric.
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Only real symmetric matrices have n real orthogonal eigenvectors.
exercises
6.10.1. If symmetric A and B have the same eigenvalues does this mean that A = B?
6.10.2. Prove the eigenvalues of A = AT are all equal to X if and only if A = AI.

6.10.3. Show that if A = AT and A? = A, then rank(A) = trace(A) = A1 + Agg +...+ Apy.

6.10.4. Let A = AT(m x m) have eigenvalues a1, as, ..., a, and corresponding orthonor-
mal eigenvectors ui,usg, ..., un. Let B = BT(n x n) have eigenvalues 31,2, ..., [, and
corresponding orthonormal eigenvectors vy, v, ..., v,. Show that the eigenvalues of

[ A qunf
¢= [’VU1U1T B ]

are a9, ...,Qm, P2, .., Bn, V1, V2, where v1 and 79 are the eigenvalues of
ar Y
T = [ } .
v 5

Hint: Look for an eigenvector of the form x = [61u] 6307 ]T.

6.10.5. Let matrix A-+iB be Hermitian so that A = AT &£ O, B = —BT & O. What are the
conditions on a and 3 so that C' = (o +i3)(A +iB) is Hermitian?

6.10.6. Show that the inverse of a Hermitian matrix is Hermitian.

6.10.7. Is circulant matrix
Qg a1 Q3
A= g o) 01
a1 Gy O

normal?

6.10.8. Prove that if A, B, and AB are normal, then so is BA. Also that if A is normal,

then so are A2 and AL
6.10.9. Show that if A is normal, then so is A™, for any integer m, positive or negative.

6.10.10. Show that A = I + a@ is normal if @) is orthogonal.
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6.10.11. Show that the sum of two normal matrices need not be normal, nor the product.
6.10.12. Show that if A and B are normal and AB = O, then also BA = O.

6.10.13. Show that if normal A is with eigenvalues A1, A2,..., A, and corresponding or-
thonormatl eigenvectors x1, x2, ..., x,, then A = Alxlel+)\2x2$§+- . -—i—Anxnx,{L{ and A7 =

Xlxlx{{ + nggng + -+ annzz:,{;[
6.10.14. Show that if A is normal and Az = Az, then A”z = \z.

6.10.15. Prove that A is normal if and only if

trace (AT A) = Z A%

Otherwise
n
trace AHA ) > Z A2
6.10.16. Show that if A and B are normal and AB = O, then also BA = O.

6.10.17. Let A and B in C = A 4 iB be both real. Show that the eigenvalues of

, [A -B
C_{B A}

are those of C' and C.

6.10.18. A unitary matrix is normal and is hence unitarily similar to a diagonal matrix.

Show that real orthogonal matrix A can be transformed by real orthogonal @) into

Aq
Qlag=|
An
where
A = [_CS i] LA+ =1

unless it is 1 or —1. Show that if the eigenvalues of an orthogonal matrix are real, then it is

necessarily symmetric.
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6.11 Positive definite matrices

Matrices that have their origin in physical problems where conservation of energy holds
are positive (semi) definite, and hence their special place in linear algebra. In this section we

consider some of the most important theorems on the positive (semi) definite eigenproblem.

Theorem 6.31. Matriz A = AT is positive (semi) definite if and only if all its eigen-

values are (non-negative) positive.

Proof. Since A = A(n x n) is symmetric it possesses a complete orthogonal set of
eigenvectors x1, x2, ..., x2, and any x € R"™ may be expanded as x = ayx1+asra+- - -+ anxy,.
With this

e Az = Mot 4+ Xaad + -+ \a? (6.152)

and 27 Az > 0 for any x # o if and only if \; > 0. If some eigenvalues are zero, then

o7 Az > 0 even with x # 0. End of proof.

Theorem 6.32. To every positive semidefinite and symmetric A = A(n X n) there

corresponds a unique positive semidefinite and symmetric matric B = A2, the positive square

root of A, such that A = BB.

Proof. If such B exists, then it must be of the form

B = ulululT + ,LLQUQUQT + et ,ununug (6.153)

where p; > 0 and where g, uo, ..., u, are orthonormal. Then
B? = 3wl + pdugud + -+ plugul = A (6.154)
implying that p?,..., u2 are the eigenvalues of A and uy,us, ..., u, are the eigenvectors of

A. According to Corollary 6.27 there is no other B. End of proof.

Theorem (polar decomposition) 6.33. Matriz A = A(m X n) with linearly inde-
pendent columns admits the unique factorization A = QS, in which @ = Q(m X n) has

orthonormal columns, and where S = S(n X n) is symmetric and positive definite.
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Proof. The factors are S = (ATA)/2 and Q = AS~!, and the factorization is unique

by the uniqueness of S. End of proof.

Every matrix of rank r can be written (Corollary 2.36) as the sum of r rank one matrices.
The spectral decomposition theorem gives such a sum for a symmetric A as A = \jujul +
)\quuzT + -+ )\nunug, where A1, \o,..., A\, are the (real) eigenvalues of A and where
x1,x2,...,Ty are the corresponding orthonormal eigenvectors. If nonsymetric A has distinct
eigenvalues Ai, g, ..., \, with corresponding eigenvectors i, us, ..., uy, then AT has the
same eigenvalues with corresponding eigenvectors vy, ve, ..., v, such that viTuj =0ifij
and viTui = 1. Then A = )xlulUlT + )\quUQT + -+ )\nunvg. The next theorem describes a

similar singular value decomposition for rectangular matrices.

Theorem (singular value decomposition) 6.34. Let matriv A = A(m x n) be of

rank r < min(m,n). Then A may be decomposed as
A= UlvlulT + agvquT 4ot arvru; (6.155)

where o; > 0, where ui,ua, ..., u, are orthonormal in R"™, and where v1,ve,...,v, are or-
1 J 17 2’ ) 2 ) ) )

thonormal in R™.

Proof. Matrices AT A(n x n) and AAT(m x m) are both positive semidefinite. Matrix
AT A has r nonzero eigenvalues. Let the eigenvalues of ATA be 0 < 0% < 02 < --. < 02,
02-2 =07=1r+41,...,n, with corresponding orthonormal eigenvectors wuy,ug, ..., uy,...uy.
According to Theorem 6.9, the eigenvalues of AAT are also 0 < a% < (T% < .0 < a,%,
and 012 =04¢=1r+1,...,m. Denote the corresponding orthonormal eigenvectors by
V1,02« « oy Up .. Upy.

Premultiplying AT Au; = o?u; by A we resolve that AAT (Au;) = 02(Au;). Since 62 > 0
for i < r, Au; #o0, i < r, are the orthogonal eigenvectors of AAT corresponding to 02-2,

uiTATAuj =01}y, uiTATAuZ- = aiz. Hence Au; = o;v; i < 7. Also Au; =oif i > r.

Postmultiplying Au; = o;v; by u;[ 1 =1,2,...,n and adding we obtain

A(ululT + uzug + -+ unug) = alvlulT + JQUQUQT + -+ anvnug (6.156)
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and since ujul +usud + -+ uyul = I, and o; = 0 i > r, the equation in the theorem is
established. End of proof.

Differently put, Theorem 6.34 states that A = A(m x n) may be written as A = VDU,
for V' = V(m x r) with orthonormal columns, for a positive definite diagonal D = D(r x ),

and for U = U(r x n) with orthonormal rows.

The singular value decomposition of A reminds us of the full rank factorization of A,
and in fact the one can be deduced from the other. According to Corollary 2.37 matrix
A = A(m x n) of rank r can be factored as A = BC with B = B(m x r) and C =
C(r x n), of full column rank and full row rank, respectively. Then according to Theorem
6.33, B = 151, C = S2Q2, and A = (Q151520Q)2. Matrix 5152 is nonsingular and admits
the factorization S152 = @S. Matrix S = S(r x r) is symmetric positive definite and is
diagonalized as S = XTDX, XTX = XXT = I, so that finally A = Q1QXTDXQo =
VDU.

exercises

6.11.1. Matrix A = A(n x n) is of rank . Can it have less than n — r zero eigenvalues?

More? Consider

O =
O =
O =

What if A is symmetric?
6.11.2. Prove that if A = A7 is positive semidefinite and =7 Az = 0,then Az = o.

6.11.3. Let A = P + S be with a positive definite and symmetric P, and a skew-symmetric
S, S = —ST. Show that A\(A) = a + i with a > 0.

6.11.4. Let u1, ug, us, and v1,v2,v3 be two orthonormal vector systems in R3. Show that

Q= 51u1v{ + 521@1}% + 53u3v§

is orthogonal provided that 62 = 1. Is this expansion unique? What happens when @ is
symmetric?
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6.11.5. Prove that if A = AT and B = B”, and at least one of them is also positive definite,
then the eigenvalues of AB are real. Moreover, if both matrices are positive definite then

MAB) > 0. Hint: Consider Ax = A\B™1x.

6.11.6. Prove that if A and B are positive semidefinite, then the eigenvalues of AB are real

and nonnegative, and that conequently e/ + AB is nonsingular for any ¢ > 0.

6.11.7. Prove that if positive definite and symmetric A and B are such that AB = BA, then

BA is also positive definite and symmetric.

6.11.8. Show that if matrix A = A7 is positive definite, then all coefficients of its character-

istic equation are nonzero and alternate in sign. Proof of the converse is more difficult.

6.11.9. Show that if A = AT is positive definite, then
det(A) = AAg -+ Ap < ApnAag - App
with equality holding for diagonal A only.

6.11.10. Let matrices A and B be symmetric and positive definite. What is the condition
on « and 3 so that oA + (B is positive definite.

6.11.11. Bring an upper-triangular matrix example to show that a nonsymmetric matrix

with positive eigenvalues need not be positive definite.

6.11.12. Prove that if A is positive semidefinite and B is normal then AB is normal if and

only if AB = BA.

6.11.13. Let complex A = B + iC be with real A and B. show that matrix

[ 3]

¢ B

is such that
1. If A is normal, then so is R.
2. If A is Hermitian, then R is symmetric.
3. If A is positive definite, then so is R.
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4. If A is unitary, then R is orthogonal.

6.11.14. For
1

—1
1

A:

—_ = =

compute the eigenvalues and eigenvectors of AT A and AAT, and write its singular value

decomposition.

6.11.15. Prove that nonsingular A = A(n x n) can be written (uniquely?) as A = Q1DQ2

where (01 and ()2 are orthogonal and D diagonal.

6.11.16. Show that if A and B are symmetric, then orthogonal Q exists such that Q7 AQ
and QT BQ are both diagonal if and only if AB = BA.

6.11.17. Show that if A = AT and B = BT, then \(AB) is real provided that at least one of

the matrices is positive semidefinite.

6.11.18. Let u1,uo be orthonormal in R™. Prove that P = ulu{ + uzug is of rank 2 and

that P = PT, P2 = P.

6.11.19. Let P = P2, P" = P,n > 2, be an idempotent (projection) matrix. Show that the
Jordan form of P is diagonal. Show further that if rank(P) = 7, then P = X DX ! where
diagonal D is such that D; =1if¢ <r,and D; =0 if ¢ > r.

6.11.20. Show that if P is an orthogonal projection matrix, P = P?, P = PT then o?P +

B%(I — P) is positive definite provided a and 3 are nonzero.

6.11.21. Prove that projection matrix P is normal if and only if P = PT.
6.12 Congruency-Sylvester’s law of inertia

Transformation of square matrix A into square matrix B = PT AP with nonsingular P is
common, particularly with symmetric matrices, and it leaves an interesting invariant. Obvi-
ously symmetry, rank, nullity and positive definiteness are preserved by the transformation,

but considerably more interesting is the fact that if A is symmetric, then A and B have
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the same number of positive, negative, and zero eigenvalues for any P. In the language of

mechanics, matrices A and B have the same inertia.

We remain formal.

Definition. Square matriz B is congruent to square matriz A if B = PTAP and P is

nonsingular.

Theorem 6.35. Congruency of matrices is reflexive, symmetric, and transitive.

Proof. Matrix A is self-congruent since A = I AI; congruency is reflexive. It is also
symmetric since if B = PTAP, then also A = P~TBP~!. To show that if A and B
are congruent, and if B and C are congruent, then A and C are also congruent we write
A= PT'BP, B=Q"CQ, and have by substitution that A = (QP)TC(QP). Congruency is
transitive. End of proof.

If congruency of symmetric matrices has invariants, then they are best seen on the
diagonal form of PTAP. The diagonal form itself is, of course, not unique; different P
matrices produce different diagonal matrices. We know that if A is symmetric then there
exists an orthogonal @ so that QT AQ = D is diagonal with D;; = );, the eigenvalues of A.
But diagonalization of a symmetric matrix by a congruent transformation is also possible

with symmetric elementary transformations.

Theorem 6.36. Every symmetric matriz of rank r is congruent to

dy

D = (6.157)

where dj # 0 if i <.

Proof. We shall give a constructive proof to this theorem. Assume that A+ O. If

A1 # 0, then it is used as first pivot d; = Aj; in the symmetric elimination

dq ol
E\AET = (6.158)
(] A1

64



but if Aj; = 0, then it is replaced through symmetric elementary operations by a nonzero
pivot. First the diagonal is searched to see if A; # 0 can be found on it. Any nonzero
diagonal A;; may be symmetrically interchanged with A;; by the interchange of rows 1 and
1 followed by the interchange of columns 1 and i. If, however, A; =0 foralli =1,2,... n,
then the whole matrix is searched for a nonzero entry. There is certainly at least one such
entry. To bring entry A;; = « =# 0 to the head of the diagonal, row ¢ is added to row j and

column i is added to column j so as to have

? J 2 J
! R @ (6.159)
7l « ] J 1l « 2av |

after which rows and columns are appropriately interchanged.

If submatrix A; # O, then the procedure is repeated on it, and on all subsequent nonzero
diagonal submatrices until a diagonal form is reached, and since P in D = PT AP is nonsin-

gular, rank(A) = rank(D). End of proof.

Corollary 6.37. Every symmetric matriz of rank r is congruent to the canonical

I(p x p)
D = —I(r—pxr—p) . (6.160)
On—rxn-—r)
Proof. Symmetric row and column permutations rearrange the diagonals dy,ds, ..., d,
so that positive entries come first, negative second, and zeroes last. Multiplication of the ith

row and column of D in Theorem 6.36 by ]di|_% produces the desired diagonal matrix. End

of proof.

The following important theorem states that not only is 7 invariant under congruent

transformations, but also index p.

Theorem (Sylvester’s law of inertia) 6.38. Index p in Corollary 6.37 is unique.
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Proof. Suppose not, and assume that symmetric matrix A = A(n x n) of rank r is
congruent to both diagonal Dj with p 1’s and (r —p) — 1’s, and to diagonal Dy with ¢ 1’s
and (r —q) — 1’s, and let p > g.

By the assumption that D and Ds are congruent to A there exist nonsingular P; and
Py so that D1 = PLAPy, Dy = P} APy, and Dy = PT Dy P where P = P[P,

For any = = [z1 x2 ... z,]7

\V]

6:xTD1:p:x%+x%+---+x?)—x§+1—x?H_Q—---—xT (6.161)
while if x = Py, y = [y1 y2 ... ya]?, then
S=y"'PDiPy=y Doy=9i+y5+ 4yl —yor1—  — i (6.162)

Since P is nonsingular, y = P~ lz.

Set
]T

To relate o' = [v1 w2 ... zp]T and ¥ = [yg+1 Ygi2 --- Yn)?, we solve y = P71z in the

partitioned form
/ / /
q {O]Z[Pn PlQ]{x] p o="P .2 o =Pl 6.164
n—qly P), Phlloln—p 1%, Y 21 ( )
The first homogeneous subsystem consists of ¢ equations in p unknowns, and since p > ¢ a

nontrivial solution z’ # o exists for it, and

5:x%+x§+--~—|—x2>0
L, , (6.165)
6:_yq+1_yq+2_"'_y7"§0

which is absurd, and p > ¢ is wrong. So is an assumption ¢ > p, and we conclude that p = q.
End of proof.
Sylvester’s theorem has important theoretical and computational consequences for the

algebraic eigenproblem. Here are two corollaries.

Corollary 6.39. Matrices A = AT and PT AP, for any nonsingular P, have the same
number of positive eigenvalues, the same number of negative eigenvalues, and the same num-

ber of zero eigenvalues.
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Proof. By virtue of being symmetric, both A and PTAP are diagonalizable by an
orthogonal similarity transformation. Let )1 and )2 be orthogonal matrices with which
QT AQ1 = Dy and QT PTAPQy = (PQ2)T A(PQ3) = Ds. Diagonal matrix D; holds on its
diagonal the eigenvalues of A, and diagonal matrix D5 holds on its diagonal the eigenvalues
of PTAP. By Sylvester’s theorem D; and Dy have the same rank r and the same index of

positive entries p. End of proof.

Corollary 6.40. If A is symmetric and B is symmetric and positive definite, then the
particular eigenproblem Ax = Az, and the general eigenproblem Ax = ABz have the same

number of positive, negative and zero eigenvalues.

Proof. Since B is positive definite it may be factored as B = LLT. With z =
LTy Az = ABx becomes L 1AL T2’ = Mo/, and since A and L~'AL™T are congru-

ent the previous corollary guarantees the result. End of proof.

A good use for Sylvester’s theorem is to count the number of eigenvalues of a symmetric

matrix that are larger than a given value.

example. To determine the number of eigenvalues of symmetric matrix
A=]-1 2 -1 (6.166)

larger than 1, and the number of those less than 1.

Matrix A — I has eigenvalues A\ — 1, Ao — 1, A3 — 1. A sequence of symmetric elementary

operations is performed below on A — I until it is transformed into a diagonal matrix

1 2 3 1 2 3 1 2 3
11 -1 11 —1 1)1
21-1 1 —1| — 2 1| = 2 1] =
3 -1 1 3 -1 1 3 -1 1

1 2 3 1 3 2 1 3 2 1 3 2

11 1)1 11 1)1

3 -1 1] — 3 1 —1| — 3 1 -1 — 3 1 . (6.167)

2 —1 2 ~1 2 —1 2 —1



Looking at the last diagonal matrix we conclude that two eigenvalues of A are larger than 1

and one eigenvalue is less than 1. Actually \; =2 — \/5, A =2 A3=2+ V2.
exercises

6.12.1. Use Corollary 6.37 to assure that only one eigenvalue of

1 -1
-1 4 =3
A= -3 8 =5
-5 12
is less than 1.
6.12.2. Show that every skew-symmetric, A = — A’ matrix of rank r is congruent to
S
S
T A
S
O

where the number of S principal submatrices equals r/2.
Perform symmetric row and column elementary operations to bring
2 —4
A=1]-2 —2
4 2

to that form.
6.13 Matrix polynomials
Every polynomial and power series of square matrix A is affected by

Theorem (Cayley-Hamilton) 6.41. Let the n roots A\, A2, -+, Ay of characteristic
equation

PaN) = = N2 = A)--- (A = A) =0 (6.168)

be the eigenvalues of matric A = A(n x n). Then also

Z = pp(A) = (\I — ANl — A) -~ (M — A) = O, (6.169)
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That is, a matrix fulfils its own characteristic equation.

Proof. First we notice that \;/ — A and A\;I — A commute and that the factors of Z
can be written in any order.
Let U be the unitary matrix that according to Schur’s theorem causes the transformation
U~'AU = T, where T is upper-triangular with Tj; = \;. We use this to write
Z =M1 —AUU Y I - AUU - UUT (M I - A) (6.170)
and obtain
U ZU=(MI=T) NI =T)--- (M = T). (6.171)
If U='ZU = O, then also Z = O.

The last equation has the form

0 X %X X X X X X X X X X

1 X X X 0 x X X X X
U 27U = < % v % < % (6.172)

X X 0

that we concisely write as U “lzUu =Ty Ty, T; being upper-triangular and such that
(T;)ii = 0. We prove that U~1ZU = O by showing that U1 ZUe; = o, U 1 ZUey =
o,...,U'ZUe, = o. It is enough that we show it for the last equation. Indeed, if e, =

000 ... 1]7, then
Then =[x ... x x x 0], Tpo1Tpen =[x ... x x 00]7,
(6.173)
Ty oDy 1 Tpen=1[x ... x 000/F,... . T\Ty--- T 1Tpe, =10 ... 00007

End of proof.

Corollary 6.42. If A = A(n x n), then A¥, k > n is a polynomial function of A of

degree less than n.
Proof. Matrix A satisfies the nth degree polynomial equation
(A" +ap1 (A" - +al =0 (6.174)

and therefore A" = p,,_1(A), and A" = p,,(A). Substitution of A" into p,(A) leads back to
A1 = p. 1(A) and then to A"2 = p,(A). Proceeding in this way we reach A* = p,,_1(A).

End of proof.
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What this corollary means is that there is no truly infinite power series with matrices.

We have encountered before
(I—A) T '=T+A+ A2+ A3+ + A"+ Ry, (6.175)
where if [|A|| < 1, then R,, — O as n — 0o. Suppose that A is a 3 x 3 matrix satisfying
— A% 4 a9 A? — A+ Tag = O, A% = aA? — a1 A + Tay. (6.176)
Repeated substitution of this equation into eq. (6.175) results in
(I — A = (a2)mA? + (a1)mA + (@0)ml + R (6.177)

for any m.

Another interesting application of the Cayley-Hamilton theorem: If ag # 0, then

1
A7 = — (A2 — A+ ay ). (6.178)

ag
It may happen that A = A(n x n) satisfies a polynomial equation of degree less than n.

The lowest degree polynomial that A equates to zero is the minimum polynomial of A.

Theorem 6.43. FEvery matriz A = A(n X n) satisfies a unique polynomial equation
pm(A) = (A" + a1 (A T+ 4 agl =0 (6.179)
of minimum degree m < n.

Proof. To prove uniqueness assume that p,,(A) = O and p/,(A) = O are different
minimal polynomial equations. But then py,(A) —pl,,(A) = pm—1(A) is in contradiction with

the assumption that m is the lowest degree. Hence p,,(A) = O is unique. End of proof.

Theorem 6.44. The degree of the minimum polynomial of matriz A of rank r is at most

r+1.

Proof. Write the minimum rank factorization A = BC of A with B = B(n x r),C =
C(r x n). It results from A¥! = BM*C M = M(r x r) = OB, and the fact that the

characteristic equation A" + a1 A" "' 4+ -+ + ag = 0 of M is of degree r, that

B(M" + ap M™ 14 4 apl)C = At g, AT+ -+ apA = O. (6.180)
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End of proof.

We shall leave it as an exercise to prove

Theorem 6.45. If A1, A\a, ..., \; are the distinct eigenvalues of A(n X n), k <mn, then

the minimum polynomial of A has the form
Pm(A) = (A1 = A)™M (A2 = A)"2 oo (N — A)T* (6.181)

where m; > 1, i =1,2,... k.
In other words, the roots of the minimum polynomial of A are exactly the distinct
eigenvalues of A, with multiplicities that may differ from those of the corresponding roots of

the characteristic equation.

The following is a fundamental theorem of matrix iterative analysis.

Theorem 6.46. A" — oo as n — oo if for some i |\;| > 1, while A — O asn — ©
only if |Ni| < 1 for all i. A™ tends to a limit as n — oo only if |A| < 1, with the only
eigenvalue of modulus 1 being 1,and such that the algebraic multiplicity of A = 1 equals its

geometric multiplicity.

Proof. Since (XAX~1)" = X A" X~ we may consider instead of A any other convenient
matrix similar to it. Schur’s Theorem 6.15 and Theorem 6.17 assure us of the existance of a
block diagonal matrix similar to A with diagonal submatrices of the form Al + N, where A
is an eigenvalue of A, and where N is strictly upper triangular and hence nilpotent. Since
raising the block diagonal matrix to power n amounts to raising each block to that power

we need consider only one typical block. Say that nilpotent N is such that N* = O. Then

1
(M4 N)" =AM 4 =ty 4 2D

2! 3!

ATTINS (6.182)
If |[A| > 1, then A" — o0 as n — oo and (A + N)™ grows out of all bounds. If |A| < 1, then
A" — 0, nA" — 0, n®A" — 0 asn — oo and (Al + N)"* — O as n — oo.

In case |[A\| < 1, at least one eigenvalue of A" is of unit modulus for any n, which is
impossible for a matrix with arbitrarily small entries. The reader should carefully work out

the details of this last assertion.
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For |A\| =1 a limit to (Al + N)™ is attained only if A =1 and N = O. End of proof.

The modulus of the eigenvalue largest in magnitude is the spectral radius of A. Notice
that since nonzero matrix A may have a null spectrum, the spectral radius does not qualify

to serve as a norm for A.
exercises

6.13.1. Write the minimum polynomials of

D = 1 and R = 1 1

6.13.2. Write the minimum polynomial of

1 11
A=11 1 1
1 1 1
6.13.3. Write the minimum polynomials of
Al A0 Al A0
Al Al A0 A0
A= A1 PE A1 oF 1| PE A

1 1
A A
6.13.4. Show that Matrix A = A(n x n) with eigenvalue A of multiplicity n cannot have n
linearly independent eigenvectors if A — Al # O.

6.13.5. Let matrix A have the single eigenvalue A1 with a corresponding eigenvector v;. Show
that if vy, ve,v3 are are linearly independent then so are the two vectors vy = (A — A\ 1)vg

and v = (A — A 1)vs.

6.13.6. Let matrix A = A(3x 3) with eigenvalues A\, A2 of multiplicities 1 and 2, respectively,
be such that (A — A\I)(A— Xol) = (A — XI)(A— A1) = O. Let v; be the eigenvector of
A corresponding to Aq, and vo, v3 two vectors such that vy, v9,v3 are linearly independent.
Show that (A — A\jI)vy and (A — A1])vs are two linearly independent eigenvectors of A for

A2. Matrix A has thus three linearly independent eigenvectors and is diagonalizable.
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6.13.7. Let matrix A = A(n x n) have two eigenvalues A; and A2 repeating ki and ko times,
respectively, so that ki + k3 = n. Show that if nonsingular matrix X exists so that X AX 1

is diagonal, then
X(A-MDXIX(A=XDX 1 =0, and (A — M) (A= XI) =O.

Consequently show that every nonzero vector ' = (A — Aol)x is in the nullspace of

A — M\, that is, is such that (A — A\;I)2’ = o, and hence is an eigenvector of A for ;.

Use all this to prove that if the distinct eigenvalues of A = A(n x n), discounting

multiplicities, are A, A2, ..., \r then A is diagonalizable. if
(A=XMDA=XI)...(A= X ) =0,

and conversely.

6.13.8. Show that if A*¥ = I for some positive integer k, then A is diagonalizable.

6.13.9. Show that a nonzero nilpotent matrix is not diagonalizable.

6.13.10. Show that matrix A is diagonalizable if and only if its minimum polynomial does

not have repeating roots.

6.13.11. Show that A and P~'AP have the same minimum polynomial.

Y Y I P (R R

tend to no limit as n — oo.

6.13.12. Show that

6.13.13. If A% = I A= I what is the limit of A” as n — 00?
6.13.14. What are the conditions on the eigenvalues of A = AT for A" — B %+ O asn — 00?
6.13.15. When is the degree of the minimum polynomial of A = A(n x n) equal to n ?

6.13.16. For matrix

6 4 -1
A= 3 7 -1
-6 -8 5
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find the smallest m such that I, A, A% ... A™ are linearly dependent. If for A = A(n x

n) m < n, then matrix A is said to be derogatory.
6.14. Systems of differential equations

The non-stationary behavior of a multiparameter physical system is often described by

a square system of linear differential equations with constant coefficients. The 3 x 3

T A A Az | m
To| = | Aor Ao Asg xo |, == Ax, (6.183)
&3 Ag1 Azz Asz| |3

where overdot means differentiation with respect to time ¢, is such a system. Realistic
systems can become considerably larger making their solution by hand impractical.

If matrix A in typical example (6.183) happens to have three linearly independent eigen-
vectors vy, v2, v3 with three corresponding eigenvalues A1, A2, A3, then matrix V' = [v1 v v3]
diagonalizes A to the effect that VAV = D is such that D11 = A1, Das = Ao, D33 = \s3.
Linear transformation x = Vy decouples system (6.183) into i = V- 1AVy,

(1 A1 Y1
U2 | = A2 Y2 (6.184)
U3 A3 Y3

in which A1, A, A3 may be real or complex, distinct or repeating. Each differential equation
in system (6.184) is solved separately to yield y; = c1eM?, yo = coe?!, y3 = c3e™! for the
three arbitrary constants of integration cy, co, c3. If \; is real, then y; is exponential, but if \;
is complex, then y; turns trigonometric. In case real eigenvalue \; > 0, or complex eigenvalue
Ai = «; + if3; is with a positive real part, a; > 0, component y; = y;(t) of solution vector y
inexorably grows with the passage of time. When this happens to at least one eigenvalue of
A, the system is said to be unstable, whereas if ; < 0 for all i, solution y = y(t) subsides

with time and the system is stable.

Returning to x we determine that

At Aot

7 = crv1eMt + covee?t + cvge? (6.185)

and z(0) = z¢g = c1v1 + cov2 + c3v3. What we just did for the 3 x 3 system can be done for

any n X n system as long as matrix A has n linearly independent eigenvectors.
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Matters become more difficult when A fails to have n linearly independent eigenvectors.

Consider the Jordan system

il A1 I
iy | = A 1| x|, 2=Jz (6.186)
T3 A | z3

with matrix J that has three equal eigenvalues but only one eigenvector, v; = e;. Because
the last equation is in x3 only it may be immediately solved. Substitution of the computed x3
into the second equation turns it into a nonhomogeneous linear equation that is immediately
solved for z3. Unknown function x; = x1(t) is likewise obtained from the first equation and
we end up with

1 = (c1 + cot + ;c;),tz)e’\t

z9 = (cg + cst)eM (6.187)

xr3 = CgeM

in which ¢y, ¢, c3 are arbitrary constants. Equation (6.187) can be written in vector fashion

as .
C1 2 5C3
= ey | M+ |es|teM+ | 0 | 2eM = wieM + wote + wytZeM (6.188)
C3 0 0

and wy; = zg = z(0).
But there is no real need to compute generalized eigenvectors, nor bring matrix A into

Jordan form before proceeding to solve system (6.183). Repeated differentiation of & = Az

with back substitutions yields
=1z, &= Az, i= A% =A% (6.189)

and according to the Cayley-Hamilton theorem, Theorem 6.41, numbers «q, a1, g exist so
that
T+ a9l +ad + apxr = (A3 + OéQA2 + oA+ Oé()[)]} = 0. (6.190)

Each of the unknown functions of system (6.183) satisfies by itself a third-order linear dif-

ferential equation with the same coefficients as those of the characteristic equation

AN+ o\ +ath+ag =0 (6.191)
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of matrix A.

Suppose that all roots of eq.(6.191) are equal. Then
T = wle’\t + wgtekt + w3t2e/\t

i = wire™ 4+ wo(eM 4 AteM) + w3 (2teM + At2eMN) (6.192)

i = wi A2eM 4 wo(20eM 4+ A2teM) + w3 (2N + AxteM + A\22)eM

and
z(0) =20 = wy

(0) = Azg = Aw; + we (6.193)
i(0) = A%zg = Nwy + 20wy + 2ws.
Constant vectors wy, we, w3 are readily expressed in terms of the initial condition vector x

as

1
wy = 9, wy = (A — A)zg, w3z = i(A — )2 (6.194)

and the solution of the 3 x 3 system is thereby completed.

Examples.

1. Consider the system

1 1
10 .
L | = Az (6.195)
1
but ignore the fact that A is in Jordan form. All eigenvalues of A are equal to 1, the
characteristic equation of A being (A —1)* =0, and

z = wiet + wate! + wst?e! + watdel. (6.196)

Repeating the procedure that led to equations (6.192) and (6.193) but with the inclusion of

T we obtain

1 1
wy = zp, wy = (A — A)xg, w3 = §(A — M2z, wy = 6(A — \)3xg (6.197)

and if xOT = [c1 ¢2 c3 ¢q] for the arbitrary constants ¢y, cg, c3, ¢4, then

C1 Cc2
C2
w) = Wy = w3 = 0, W4 = O. 6.198
1 o | 2 ey | WB =05 W ( )
C4
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and . ;
r1 = c1e + cote

Tro = CQet

(6.199)
Ty = Cg@t + C4t€t
T4 = C4€t

disclosing to us, in effect, the Jordan form of A.
2. Suppose that the solution x = z(t) to & = Az, A= A(5 x 5), is
1 [ (17

1
r=c el + o el + te') +e3 |1 €

(6.200)

1
+ cq( e+ [ 1] te!) + es( el + tel + |1 §t2et)

or

T = civrel + CQ(’UQ@t + vltet) + cavget (6.201)
1
+cq(vae’ + vste') + c5(vse’ + vgte’ + 03§t2et)

so that
z(0) = c1v1 + cov2 + c3v3 + c4v4 + C5U5
(6.202)
2(0) = c1vg + c2(v1 4+ v2) + c3v3 + ca(vs + v4) + c5(vg + v5).

Writing (0) = Az(0) we obtain from eq.(6.2042) that

c1(Avy — v1) + ca(Avg — vg — v1) + c3(Avs — v3)
(6.203)
+ c4(Avy —vg — v3) + c5(Avs —vs —v4) = 0

and since cq, ¢, ¢3, ¢4, c5 are arbitrary it must so be that

(A—[)'Ul =0, (A—I)vz =1
(6.204)
(A—TDvs =0, (A— vy =v3, (A—1I)vs = 14.

Vectors v; and vz are two linearly independent eigenvectors of A, corresponding to A = 1
of multiplicity five, while vg, v4, v5 are generalized eigenvectors; vo emanating from vy, and

7



v4, v5 emanating out of v3. Hence the Jordan form of A consists of two blocks: a 2 x 2 block

on top of a 3 x 3 block.

3. If it so happens that the minimum polynomial of A = A(n x n) is A2 — I = O, then
vector © = x(t) of & = Aux satisfies the equation & — x = o, and x = wie! + wae™, with
w, = 1/2(]—|—A)x0,w2 = 1/2([ — A).ro.

4. Consider the system

r=-1 2 1|z (6.205)
written in full as .
T =21 — X2
To = —x1 + 219 — 73 . (6.206)
T3 = —T9 + I3
Repeated differentiation of the first equation with substitution of @9, 23 from the other two

equations produces
1 = I

1 =21 — T2

(6.207)
T1 =221 — 312 + X3
%1 = bxr1 — 929 + 413

that we linearly combine as
T1+aoZ + ot +apry = 21(5+ 202 + a1 + ag) +22(—9 — 3ag — aq) + 23(4+ az). (6.208)

Equating the coefficients of 1, x9, 3 on the right-hand side of the above equation to zero
we obtain the third-order differential equation 77 — 41 + 321 = 0 for z7 without explicit
recourse to the Cayley-Hamilton theorem. It results that z1 = ¢ + coe! + c3e3! which we

may now put into x9 = —x1 + x1,r3 = &1 — 311 + x1 to have the two other solutions.
exercises

6.14.1. Solve the linear differential systems



and examine the behavior of each = = x(t) as t — oc.

6.14.2. The solution of the initial value problem

=1 ) [n] =11
is 11 = (1 +t)et, 2y = €.
Solve

w7 ed el o= ]

and examine the solution as ¢ — 0.

6.15 Difference and tridiagonal matrices

The highly structured tridiagonal finite difference matrices of Chapter 3 allow the explicit

computation of their eigenvalues and eigenvectors. Consider the n x n stiffness matrix

for the string fixed at both ends.

Writing (A — Al)x = o equation by equation,
T 1+ 2—=A)ap —2101=0 k=1,2,....n

o = Tp+1 = 0

(6.209)

(6.210)

we observe that the interior difference equations are solved by zj, = ¢, i = /=1, provided

that
Ah = 2(1 — cos ).

(6.211)

Because the finite difference equations are solved by both cos kf and sin k6, and since the

equations are linear they are also solved by the linear combination

) = aq cos k) + ag sin k6.
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Boundary condition g = 0 is satisfied with a; = 0. To satisfy the second boundary condition

Tp41 = 0 we must have

agsin(n+1)0 =0 (6.213)

and we avoid the trivial solution by taking

(n+1)0=m, 2m,...,nm (6.214)
so that
Ajh =2(1 —cosmjh) h=1/(n+1) (6.215)
or
-1 .92 wjh
Aj=4h" sin® —=— j=12,...,n (6.216)

which are the n eigenvalues of A. No new ones appear with j > n. The corresponding

eigenvectors are the columns of the n x n matrix X

mj

(n+1)

Xij = sin (6.217)

that we verify to be orthogonal.

As the string is divided into smaller and smaller segments to improve the approximation
accuracy, matrix A increases in size. When h << 1, sin(wh/2) = 7h/2, \j = 72h, A\, =
4h=1, and

A 4

Ko(A) = 3= ph*? (6.218)

Matrix A becomes ill-conditioned as n increases. This is a basic computational fact of life

for finite difference and finite element matrices.

Matrix A we dealt with above is for a fixed-fixed string and we expect no zero eigenvalues.
Releasing one end point of the string still leaves the matrix nonsingular, but release of also
the second end point gives rise to a zero eigenvalue corresponding to the up and down rigid
body motion of the string. In all three cases matrix A has n distinct eigenvalues with possibly
one zero eigenvalue. We shall presently show that this property is shared by all symmetric

tridiagonal matrices.
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We refer to the n x n tridiagonal matrix

a1 72
P2 a2 73
T — Pz a3 v (6.219)

B4

and enter the following

Definition. Tridiagonal matriz T is irreducible if B2, 33, ..., By and y2,73, ...,y are

all nonzero, otherwise it is reducible.

Theorem 6.47.

1. For any wrreducible tridiagonal matriz T' there exists a monsingular diagonal matrix

D so that DT = T" is an irreducible symmetric tridiagonal matriz.

2. For any tridiagonal matriz T with B;y; >0 ©=2,3,...,n there exists a nonsingular
diagonal matriz D so that T' in the similarity transformation T' = DTD™' is a symmetric

tridiagonal matriz.

3. For any irreducible symmetric tridiagonal matrix T’ there exists a nonsingular diagonal

matriz D so that DTD =T is of the form

a1
1 |
T = “z (6.220)
1 1

Proof.

1. Djy; = dj,dy = 1,div1 = (vig1/Bit1)d;.

2. Dij =di,dy = 1,d = (yay3... 7/ PaBs ... Bi) /2.
3. Djj = djydy =1, didiy1 = 1/Bi11.

End of proof.

Theorem 6.48. If tridiagonal matriz T is irreducible, then nullity (T') is either 0 or 1,

and consequently rank (T') > n — 1.
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Proof. Elementary eliminations that use the (nonzero) «’s on the upper diagonal as

pivots, followed by row interchanges produce

T'=|x 1 (6.221)

X 1
that is equivalent to 7. If T{; = 0, then rank (7”) = rank (T') = n — 1, nullity (7”) = nullity
(T) =1, and if T{; # 0, then rank (7”) = rank (7") = n, nullity (7”) = nullity (7') = 0. End

of proof.

Theorem 6.49. [rreducible symmetric tridiagonal matriz T = T(n x n) has n distinct

real eigenvalues.

Proof. The nullity of T—\I is zero when A is not an eigenvalue of T', and is 1 when \ = )\;
is an eigenvalue of T'. This means that there is only one eigenvector corresponding to A\;. By
the assumption that 7 is symmetric there is an orthogonal @ so that QT(T — A\I)Q = D,
where Dj; = A\j — A. Hence, rank (T'— AI) = rank (D) = n—1if A = )\;, and the eigenvalues
of T are distinct. End of proof.

Theorem 6.49 does not say how distinct the eigenvalues of symmetric irreducible T" are,

depending on the relative size of the off-diagonal entries (o, (3, ..., 3,. Matrix
31 -
1 2 1
1 1 1
T = 1 0 1 , (6.222)
1 1 1
1 21
_ 1 3]
in whichoa; =m+1—-ii=1,2,... m+1,ap—i+1 =a; 1 =1,2,...,mof order n =2m + 1

looks innocent, but it is known to have eigenvalues that may differ by a mere (m!)=2.
exercises

6.15.1. Show that the eigenvalues of the n x n

_ | B o
A= N a, >0



are

[ JT
Aj=2 =1,2,...,n.
] aﬁcosn_'_la .] » < y 10

6.15.2. Show that the eigenvalues of

a1 o a1 |
P2 az B3 p_ 1Bl a2 |Bs
T= and T =
B3 az P4 B3] a3z [B4
Bs g 84|
are the same.
6.15.3. Show that z = [0 x x ... x]T cannot be an eigenvector of a symmetric, irreducible
tridiagonal matrix, nor z =[x x x ... x 0].

6.15.4. Show that if # = [z1 0 29...1,]" is an eigenvector of irreducible tridiagonal T, Tx =
Az, then A = Tj; = ay. Also, that if x =[x 22 0 23.. .xn]T is an eigenvector of T', then A\

is an eigenvalue of

Ty — [Ozl 52}

P2
Continue in this manner and prove that the eigenvector corresponding to an extreme eigen-

value of T has no zero components.

Notice that this does not preclude the possibility of z; — 0 as n — oo for some entry of

normalized eigenvector x.
6.16 Variational principles

We return to matters considered in the opening section of this chapter.
When z; is an eigenvector corresponding to eigenvalue \; of symmetric matrix A, then
A= x?Ax]- /ﬂl:JTyz;J The rational function

2T Az

Aw) = 2! Bx

(6.223)

where A = AT, and where B is positive definite and symmetric is Rayleigh’s quotient. Apart
from the obvious A(z;) = A;, Rayleigh’s quotient has remarkable properties that we shall

discuss here for the special, but not too restrictive, case B = I.
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Theorem (Rayleigh) 6.50. Let the eigenvalues of A = AT be arranged in the ascending

order A\ < Ay < -+ < Ay, with orthogonal eigenvectors x1,xa,...,T,. Then
T
xt Ax
Met1 S —7— < M\ if ety =alay = =22, =0, 240 (6.224)
xtx

with the lower equality holding if and only if v = x4, and the upper inequality holding if

and only if v = x,,. Also

2T Az

A < <A if elap=aTap 1= =ala, 111=0, +0 (6.225)

with the lower equality holding if and only if x = x1, and the upper if and only if x = x,_}.

The two inequalities reduce to

T
xt Ax
M < (6.226)
for arbitrary x € R™.
Proof. Vector x € R", orthogonal to x1, x2, ..., x; has the unique expansion
T = Qp1Tkt1 + Qpp2Tpro + -+ anTy (6.227)
with which
2T Ax = N 103 41 + Moo + - + Ao (6.228)
We normalize x by
ele=al  +ajat+--+al=1 (6.229)

and use this equation to eliminate 04,% 41 from T Az so as to have
Aw) =o' Az = N1 + af oAk = Akg1) + -+ + 0 (An — M) (6.230)
By assumption Aj; — A1 > 0if 7 > k + 1 and hence
Az) = A\p11 + non-negative quantity (6.231)
or A\(x) > Ap11, with equality holding if and only if

afro(Mera — Mer1) + -+ a2 (A — Agg1) = 0. (6.232)
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In case of distinct eigenvalues, A\j — A\gy1 #0 j =k +2,...,n, equality holds if and only if
Qpt2 = Qg3 = - = oy = 0, and AN(@g41) = Ap41. If eigenvalues repeat and A\j — A1 =0,
then o need not be zero, but equality still holds if and only if  is in the invariant subspace

spanned by the eigenvectors of \g 1.

To prove the upper bound we use

an =1—aj —afy = —an_ (6.233)
to eliminate it from A(z), so as to be left with

A@) = An — a%ﬂ()‘n — A1) == ap_ (A = A1) (6.234)

and A(z) < A, with equality holding if and only if z = x,.

The proof to the second part of the theorem is the same. End of proof.

Corollary 6.51. If A = AT, then the (k + 1)th and (n — k)th eigenvalues of A are

variationally given by

Mepr = min\Nz), 27z =alag = =272, =0 (6.235)
x/=o
An—k = max A\(x), ola, =2ty 1= = xTxn_kH =0.
x/=o

The two extremum statements reduce to

A1 =min A(z), A\, = maxA(x) (6.236)

for arbitrary x € R™.

Proof. This is an immediate consequence of the previous theorem. If \; is isolated, then
the minimizing (maximizing) element of A(x) is unique, but if \; repeats, then the minimizing
(maximizing) element of A(x) is any vector in the invariant subspace corresponding to A;.

End of proof.

Minimization of A(z) may be subject to the k linear constraints z'p; = 27py = --- =

T p, = 0, where p1,po, ..., pi are any k constant vectors in R™. Because of the constraints
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the minimum of A(z) is raised, and the maximum of A(z) is lowered. The question is by how

much.

Theorem (Fischer) 6.52. If A = AT then

aTpr=alpy=---=aTp, =0. (6.237)

Proof. We order the eigenvalues of A in the ascending order A\ < Ay < --- < )\, with
the corresponding orthogonal eigenvectors i, xo,...,z,. Any vector x € R" is uniquely
expanded in the form x = ajx1 + asws + - - - + @z, We shall start with the one constraint

zTp; = 0 that in terms of ay, ag, ..., ap is
0= arzlp1 +agxdpy + -+ apalp;. (6.238)

This is one homogeneous equation in the n unknowns aq, as, . .., a, and possesses a nontrivial
solution. We may even set ag = ay = - -+ = «a,, = 0 and still be left with 041:1:{]91 +a2$gp1 =0
that has a nontrivial solution. Thus, when a3 = a4 = --- = a, = 0, AMz) = (Ma? +
A2ad)/(a? + a3), by Rayleigh’s theorem A\(z) < A2, and obviously min A(z) < As.

On the other hand if we choose ay = a9 = -+ = a5,_9 = 0, then we are left with
the constraint equation an_lxg_lpl + anxgpl = 0, which we know posesses a nontrivial
solution. Now \(2) = (Ap_1a2_; +A\a?)/(a2_; +a?), by Rayleigh’s theorem \(z) > \,_1,
and obviously max A\(z) > A,—1.

Extension of the proof to k constraints is straightforward and is left as an exercise. End

of proof.

The following interlace theorem is the first important consequence of Fischer’s theorem.

Theorem 6.53. Let the eigenvalues of A = AT be My < Ny < -+ < N\, with correspond-

ing eigenvectors x1,x2,...,Ty. If
Toi = aTgo =... = 2T —
;szinA(x),{xTxl—”’ 2= Trp1=0 oy ck<nom (6.239)
/o tTpr =+ =aTpy =0
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then
Ak < Ak < Mg (6.240)

In particular, form =1
A <A <X, A <A< A3, e, A S AL < g (6.241)

Proof. The lower bound on )} is a consequence of Rayleigh’s theorem, and the upper

bound of Fischer’s with k + m — 1 constraints. End of proof.

Theorem (Cauchy) 6.54. Let A = AT with eigenvalues \1 < Ao < -+ < Ay, be

partitioned as

n—m m
A= ng Z ”;ﬂb'm (6.242)

If Ny < Mo <--- <X, are the eigenvalues of A’ then
Me SN < Moy K=1,2,...,n —m. (6.243)

. T T _ . L
Proof. minz” A'2’/2’ 2, 2’ € R"™™ can be interpreted as minimization of 7 Az /2",
z € R™ under the m constraints xTen_mH = ... =zT¢, = 0. Theorem 6.53 then assures

the inequalities. End of proof.

Theorem 6.55. Let x be a unit vector, A a real scalar variable, and define for A = AT

the residual vector r(\) = r = Az — Ax. Then X\ = X\(z) = 2T Az minimizes r'r.

T

Proof. If z happens to be an eigenvector, then r*r = 0 if and only if A is the corre-

sponding eigenvalue. Otherwise
rTr(\) =rTr = (2T A = Xal)(Az — dx) = X2 — 20aT Az + 2T A%, (6.244)

The vertex of this parabola is at A = z7 Az and mgn rTr = 2T A%z — (21 Az)?. End of proof.

If = is given as an approximation to an eigenvector, then Rayleigh’s quotient A = A\(x) is
the best approximation, in the sense of min»?7r, to the corresponding eigenvalue. We shall

look more closely at this approximation.
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Theorem 6.56. Let \; be an eigenvalue of A = AT with corresponding unit eigenvector
xj. Consider unit vector x as an approzimation to x; and A = X(x) as an approzimation to

Aj. Then
1A — Al < (A — A\1)4sin? % (6.245)

where ¢ is the angle between x; and x, and where A1 and A\, are the extreme eigenvalues of

A.

Proof. Decompose x into z = x; +e. Since 27z =2z, =1, ele +2e¢Lx; =0, and
p j 5L ) j )

A= (zj+e)l A(zj +e) =) +el (A—)\De. (6.246)
But
lef(A—\jD)e| < max Ak — AjleTe < (A — A)eTe (6.247)
and therefore
A=A <ele(h, — M) (6.248)

which with e = 2(1 — cos ¢) = 4sin? % establishes the inequality. End of proof.

To see that the factor A, — A1 in Theorem 6.56 is realistic take r = z1 +€x,,, Ly = 1+€2,

so as to have

€2

)\—Alzm

(An = A1). (6.249)

Theorem 6.56 is theoretical. It tells us that a reasonable approximation to an eigen-
vector should produce an excellent Rayleigh quotient approximation to the corresponding

eigenvalue. To actually know how good the approximation is requires yet a good deal of

hard work.

Theorem 6.57. Let \; < Ay < -+ <\, be the eigenvalues of A = AT with correspond-

ing orthonormal eigenvectors xi,xo, ..., Ty. Given unit vector x and scalar A, then
min|A; — A < || (6.250)
J

if r=Ax — A\x.
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Proof. In terms of the n eigenvectors of A, x = a1x1 + asws + - - - + apxy, so that

r=a1(A\ — ANz +as(Aa — N)xa+ -+ an(Ay — Ny, (6.251)
Consequently
rTr=a2( A = N2+ a3(Ma = A2+ + a2\, — N2 (6.252)
and
rTr > min(\; — N)2(af + a3 + -+ a2). (6.253)

J

Recalling that o? + a3 + --- + oz% = 1, and taking the positive square root on both sides

yields the inequality. End of proof.

Theorem 6.57 does not refer specifically to A = A(x), but it is reasonable to choose this
)\, that we know minimizes 77 7. It is of considerable computational interest because of its
numerical nature. The theorem states that given A and |[|r|| there is at least one eigenvalue
Aj in the interval A — ||7]| < Xj < X+ [|r||.

At first sight Theorem 6.57 appears disappointing in having a right-hand side that is
only ||7||. Theorem 6.56 raises the expectation of a power to ||7| higher than 1, but as we
shall see in the example below, if an eigenvalue repeats, then the bound in Theorem 6.57 is

sharp; equality does actually happen with it.

Example. For

2
/\1:1—|—€, x2:£

Il = 5

2l

[_11] Ao=1—¢ (6.254)

we choose = = [1 07 and obtain A(z) = 1, and 7 = €[0 1]7. The actual error in both A\; and

A2 is €, and also ||r|| = e.

For
A:[i ;],)\1:1—62, ho=2+¢€ << (6.255)
we choose = [1 0] and get A(z) = 1, and r = €0 1]7. Here ||7|| = ¢, but the actual error
in A\ is €2.

A better inequality can be had, but only at the heavy price in practicality of knowing

the eigenvalues’ separation. See Fig.6.3 that refers to the following
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Al Az A3

Fig. 6.3

Theorem (Kato) 6.58. Let A= AT 2Tz =1, A\ = \z) = 2T Az, and suppose that o
and 3 are two real numbers such that o < X\ < 3 and such that no eigenvalue of A is found

in the interval o < A < 5.

Then
B-NN—a)<rlr=¢ r=Ar— )z (6.256)

and the inequality is sharp.

Proof. Write z = ajz1 4+ agxo + agrs + - - - + anx, to have

Az — fx = (/\1 - ﬁ)alml + (>‘2 - 5)042372 + -+ ()‘n - 5)0%55%

Az —az = (A — a)aqz1 + (A2 — a)aszs + - + (A — @)anzn. (6:257)
Then
(Az — pz)" (Az — az) = (M — B) (M — a)af + (A2 = B)(h2 — @)a3
o (= B)(An = a)ag > 0 (6.258)

because (A\j — ) and (A\; — o) are either both negative or both positive, or their product is

Zero.
But
Av—arx=Az— e+ (A—a)r=r+(A—a)z
(6.259)
A —fr=Az— X e+ (A=Flz=r+ (A= f)x
and therefore
(r4+ O\ —a)z) ' (r+ (A= p)z) > 0. (6.260)
Since z7r = 0, 72 = 1, multiplying out yields
rTr+(A—a)A=06) >0 (6.261)
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and the inequality is proved.

To show that equality does occur in Kato’s theorem assume that x = a1 + a2, oz% +

a? = 1. Then

A= Ozl/\l + 042>\2, A — A= 042()\ /\2) A— Ay = Ozl(/\l )\2),

) ) ) 5 ) (6.262)
€ = Oél()\ - )\) + 042()\2 - )\) = 061@2()\1 — )\2)
and in fact €2 = (A3 — A\)(A — A1). End of proof.
Example. The three eigenvalues of matrix
1 -1
A=|-1 2 -1 (6.263)
-1 2
are \; = 4sin(0;/2), 0; = (2j — 1)7/7 j = 1,2,3, or numerically
A1 = 0.1980623, Ao = 1.5549581, A3 = 3.2469796. (6.264)
We take
3 2 1
=12, 25=|-1],af=1]-2 (6.265)
1 -2 2

as approximations to the three eigenvectors of A and compute the corresponding Rayleigh

quotients
3

14 29
N = - =0.2143, N, = 5= 1.5556, N\ = 9= 3.2222. (6.266)

These are seen to be excellent approximations, and we expect them to be so in view of

Theorem 6.56, even with eigenvectors that are only crudely approximated. But we shall not

know how good A}, A5, A5 are until the approximations to the eigenvalues are separated.
We write r; = Ax — )\; ;, compute the three relative residuals
5 2 5
il V5 _o.1507, y = drall V2 01571, e = Irsll_ V5 _ .2485 (6.267)
[EA Tt [zl 9 ]l 9

and have from Theorem 6.57 that

0.0546 < A\ <0.374, 1.398 < Ay < 1.713, 2.974 < A3 < 3.471. (6.268)
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00546| 0374 1398 1713 2.974
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0 | 2 3
Ai Ae A3
Fig. 6.4

Figure 6.4 has the exact A1, A2, A3, the approximate A}, A5, A5, and the three intervals marked

on 1it.

Even if the bounds on A1, A2, A3 are not very tight, they at least separate the eigenvalue

approximations. Rayleigh and Kato’s theorems will help us do much better than this.

Rayleigh’s theorem assures us that Ay < A}, and hence we select a = A1, 3 = 1.398 in

Kato’s inequality so as to have
(M) = A1)(1.398 — X)) < €

and

0.1927 < A\ <0.2143.

If Xy < A9, then we select « = N}, = Ao in Kato’s inequality and obtain

2

Ny <A <My 2
PRSI N

while if Ay > Ag, then we select @ = A2, = A§ in Kato’s inequality and
Ay — RN
Ny — Ny =72 =2
Hence, wherever the location of X, relative to Ay
2 2

€ €
)\’2— 2 < )\ < /2-0—72
Ny — X Ay — N

or numerically

1.5407 < A9 < 1.5740.
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The last approximate Aj is, by Rayleigh’s theorem, less than the exact, A5 < A3, and we
select o = 1.5740, B = A3 in Kato’s inequality,

(A3 — M5)( N — 1.5740) < €3 (6.275)
to obtain

3.222 < A3 < 3.260. (6.276)

Now that better approximations to the eigenvalues are available to us, can we use them
to improve the approximations to the eigenvectors? Consider Aj,z1 and N}, z]. Assuming

the approximations are good we write

1) =) +dry, A =N +d)\ (6.277)
and, upon neglecting the product dA\idx1, obtain

(A= XDz = (A= N I)(2| +dz1) —d\r] =0
from which the approximation
z1 = d (A= N I)" 1) (6.278)

readily results. Factor d)\; is irrelevant, but its smallness is a warning that (A — A 1)~'2}
can be of a considerable magnitude because (A — A\1I) may well be nearly singular.

The enterprising reader should undertake the numerical correction of a, x5, 5.

Now that supposedly better eigenvector approximations are available, they can be used in
turn to produce better Rayleigh approximations to the eigenvalues, and the corrective cycle
may be repeated, even without recourse to the complicated Rayleigh-Kato bound tightening.
This is in fact the essence of the method of shifted inverse iterations, or linear corrections,

described in Sec. 8.5.

Error bounds on the eigenvectors are discussed next.

Theorem 6.59. Let the eigenvalues of A = AT pe N\ < Ng < --- < An, with corre-
sponding orthonormal eigenvectors x1,x2,...,Ty, and x a unit vector approzimating ;. If
ej =2 —xj, and A = 2T Ax, then

AN2N1/20 12
lles ]| < (2 - 2(1 - <€—J> ) ) L9 (6.279)
Q@ Q
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where €; = ||rj||, 7; = Az — Az, and where
a =min [\ — Al
k=i

If lej/a| << 1, then

€
Jesll <

Proof. Write
T=o1a1 + aara o+ @zt apTy, of + a3+ +ad =1

so as to have

ej=x—2; =11+ v+ -+ (o — Dzj + -+ apay
and
elej=af+a3+ - +(j—1)+ - +al.
Because 27z =1
1
T T
ejej =2(1 —aj), ajzl—iejej.
Also,
6? = Tf?"j = Oé%()\l — /\)2 + Oé%()\z — )\)2 + -+ a?()v — )\) + -+ Oé%()\n — )\)2
and
& >af( M — A +as(Aa— AP+ 04+ ap (A — A)?
Moreover
€5 > g}'n(Ak ~ M} af+a3+--04 - +a?)
=j
or

(6.280)

(6.281)

(6.282)

(6.283)

(6.284)

(6.285)

(6.286)

(6.287)

(6.288)

(6.289)

(6.290)



With the proper sign choice for z, %e?ej < 1, and taking the positive square root on both

sides yields the first inequality. The simpler inequality comes from

€:\ 2 % 1/€:\2
1— i)) :1——(—J> 291
( (a 2\« (6:291)
for (ej/a) << 1. End of proof.

Notice that Theorem 6.57 does not require A to be 27 Az, but in view of Theorem 6.55 it
is reasonable to choose it this way. Notice also that as # — x;, A may be replaced with A;,
and « becomes the least of A\j11 —Aj and A; — A\;_1. To compute a good bound on ||z — x|
we need to know how well A; is separated from its left and right neighbors. To see that the

bounds are sharp take x = z1 + exg, €2 << 1, 50 as to get ||z — 21| = [|7]|/(A2 — A1)

Lemma 6.60. If z € R" and 27z = 1, then
21|24 o> 4+ x> =1 and || + || + - + |za| < V0 (6.292)

proof. Select vector s with components +1 so that s”x = |z1| + |zo| + -+ + |z4].

Obviously ||s|| = y/n. By the Caucy—Schwarz inequality
sTe < |sllflz] = v (6.293)

since ||z|| = 1, and hence the inequality of the lemma. Equality occurs in eq.(6.292) for

vector x with all components equal in magnitude. End of proof.

Theorem (Hirsch) 6.61. Let matriv A = A(n x n) have a complex eigenvalue A =

a—+i6. Then
1 1
Al < nmax|Aijl, o < nmax o]Aij + Ajil, |0] < nmax S| Aij — Ajil (6.294)

proof. Let = be a unit, 272 = 1, eigenvector corresponding to eigenvalue \ so that

Az = Az. Then
A= a:HAx = AT + A19T122 + Ao121T2 + -+ - + ApnTnTn (6.295)

and

Al < max Al (J1|? + 2lza[[a] + - + |za]?) (6.296)
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or

Al < max [Adj| (21| + |w2] + - + |2a])? (6.297)
12¥)

and since |z1|2 + 22> + - + |z,]? = 1, Lemma 6.60 guarantees the first inequality of the

T

theorem. To prove the other two inequalities we write z = u + v, u’u = 1 vTv = 1, and

separate the eigenproblem into
Au = au — v, Av=av+ [u (6.298)
from which we get through premultiplication by u” and v”
20 = Su"(A+ ATyut 2o (A4 AT, 20 = uT(A— AT, (6.299)
From the second equation we derive the inequality
26 < max [Aij — Ajil (Jual[or] + [ual[vz] + uaffor] + -+ + fun||vn]) (6.300)

or

20 < max [Aj — Ajil(Jua] + Juz| + -+ fun])(Jor] + vz] + -+ fon). (6.301)

Recalling lemma 6.60 we acertain the third inequality of the theorem. The second enequality
of the theorem is proved likewise. End of proof.

For matrix A = A(n x n), A;; = 1, the estimate |A\| < n of Theorem 6.61 is sharp; here
in fact A\, = n. For upper-triangular matrix U, U;; = 1, |A| < n is a terrible over estimate;
all eigenvalues of U are here only 1. Theorem 6.61 is nevertheless of theoretical interest. It
informs us that a matrix with small entries has small eigenvalues, and that a matrix only

slightly asymmetric has eigenvalues that are only slightly complex.

We close this section with a monotonicity theorem and an application.

Theorem (Weyl) 6.62. Let A and B in C = A+ B be symmetric. If ag < ag < -+ <
oy, are the eigenvalues of A, B1 < Pa < -+ < [y, the eigenvalues of B, andv1 < v9 < -+ <y,

the eigenvalues of C, then

a; + B < Vitj—1, Yitj—n < @ + 0. (6.302)
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In particular

a; + 01 < v < a; + Bn. (6.303)

Proof. Let aj,as9,...,a, be the n orthonormal eigenvectors of A, and by, bs, ..., b, the

orthonormal eigenvectors of B. Obviously

e S 2T Ax n - 2T'Bx
min min min ———
- Ty - o gTy - Ty

(6.304)
By Fischer’s theorem the left-hand side of the above inequality does not exceed 7;4;-1,
while by Rayleigh’s theorem the right-hand side is equal to «; + (3;. Hence the first set of

inequalities.

The second set of inequalities are obtained from

zI'Cx ol Az =T Bx
max — < max —= + max —
r gty r  gly r  xlx
.Z'T&iJrl:"':SCTGn:O xTaiJrl:...:xTan:O bejJrl:...:ben:O
bej+1 == l’Tbn =0.

(6.305)
By Fischer’s theorem the left-hand side of the above inequality is not less than ;4 j_p, while

by Rayleigh’s theorem the right-hand side is equal to a; + ;.

The particular case is obtained with j = 1 on the one hand and j = n on the other hand.

End of proof.

Theorem 6.62 places no limit on the size of the eigenvalues but it may be put into a

perturbation form. Let positive € be such that —e < (1, 3, < e. Then

lvi — | <e (6.306)

and if € is small |y; — ;| is smaller. The above inequality together with Theorem 6.61 carry
an important implication: if the entries of symmetric matriz A are symmetrically perturbed

slightly, then the change in each eigenvalue is slight.
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One of the more interesting applications of Weyl’s theorem is the following. If in the
symmetric

(6.307)

[ 2

R M
matrix R = O, then A reduces to block diagonal and the eigenvalues of A become those of
K together with those of M. We expect that if matrix R is small, then the eigenvalues of

K and M will not be far from the eigenvalues of A, and indeed we have

Corollary 6.63. If

T R B ST e

then
IAi = Xl < [pal (6.309)

where \; and N, are the ith eigenvalue of A and A’, respectively, and where p? is the largest
i g n

eigenvalue of RT'R, or RR”.

Proof. Write
RT T

I/

X

x/

{ B (6.310)

Then RTRx = p?x or RRT2' = p2a/, provided that p = 0. If p2 is the largest eigenvalue
of RT'R (or equally RRT), then the eigenvalues of E are between —p, and +p,, and the

inequality in the corollary follows from the previous theorem. End of proof.
exercises

6.16.1. Let A = AT. Show that if Az — Az =r, A = 27 Az/aTz, then 27r = 0. Also, that
Bx = Az for
B=A—(zrT +ral) /2T a.

6.16.2. Use Fischer’s and Rayleigh’s theorems to show that

Ay = mgx(glllg)\(a:)), An—1 = mpm(r;lf?)\(x))

where \(z) = 2T Az /27 .
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6.16.3. Let A and B be symmetric positive definite. Show that
An(AB) < A(A)An(B)

and

M(A+ B) > M(A)+ M(B) , M(A+ B) < \(A) + \(B).

6.16.4. Show that for square A
=T Az
arp <

< ayp
A

where a; and «,, are the extremal eigenvalues of %(A + AT,

6.16.5. Let A= AT and A’ = A" have eigenvalues A\ < Ao <--- < Apand \] <\, < -

A/, such that )\;- > )\; for all j. Is it true that 2T Az > 2T Az for any 2?7 Consider

IA

-1 -1 , [ -11 Vo8
A=T D) ma 4= o Vo)

6.16.6. Prove that if for symmetric A’ and A, 27 A’z > 2T Az for any z, then pairwise

A (A/) >N\ (A) .

6.16.7. Let A = AT be such that Aj; > 0. Show that for any z,z; > 0,

(2T Az)? < (2T x) (2T A22).

6.16.8. Use corollary 6.63 to prove that symmetric

S

a A

has an eigenvalue in the interval
ja = Al < (aTa)'/?

Generalize the bound to other diagonal elements of A using a symmetric interchange of rows

and columns.
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6.16.9. Let o; = (A\(ATA))Y2 be the singular values of A = A(n x n), and let o/ be the

singular values of A’ obtained from A through the deletion of one row (column). Show that
oi<o,<oi1i=1,2...,n—1.

Generalize to more deletions.

6.16.10. Let oy = (Ai(ATA))Y/2 be the singular values of A = A(n x n). Show, after Weyl,
that

01090 < ’)\1“)\2’-“ ‘)\k’, and o ...0n_10, > |)\k:|---’)\n71”)\n’7 k=1,2,...,n

where A\ = A\i(A) are such that [A1] < A2 < -+ < |\,
6.16.11. Recall that

[AllF = (3 42)"
Z’]

is the Frobenius norm of A. Show that among all symmetric matrices, S = (A + AT)/2

minimizes ||A — 9| r.

6.16.12. Let nonsingular A have the polar decomposition A = (AAT)l/ 2(). Show that among
all orthogonal matrices, Q = (AAT)~1/2 A is the unique minimizer of |A— Q||r. Discuss the

case of singular A.
6.17 Bounds and perturbations

Computation of even approximate eigenvalues and their accuracy assessment is a seri-
ous computational affair and we appreciate any quick procedure for their enclosure. Ger-

schgorin’s theorem on eigenvalue bounds is surprisingly simple, yet general and practical.

Theorem (Gerschgorin) 6.64. Let A = A(n xn). If A= D+ A’, where D is the

diagonal D;; = A;;, then every eigenvalue of A lies in at least one of the discs
N — Ag| < AL+ A+ + ALl i=1,2,....n (6.311)

in the complex plane.
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Proof. Even if A is real its eigenvalues and eigenvectors may be complex. Let A be any
eigenvalue of A and & = [x1 23 ... 2,7 the corresponding eigenvector so that Az = Az z = o.
Assume that the kth component of z, zy, is largest in magnitude (modulus) and normalize

x so that |zg| =1 and |z;| < 1. The kth equation of Az = Az then becomes
Apirr + Agoxo + -+ App + -+ Appxy = A (6.312)

and . . .
N — Apr| = [Af121 + Ajpa + - - - + A

< A 21| 4 [Akal 22| + - + | Ak |20 (6.313)
< A ] + | Ajal 4+ -+ - + ALl

We do not know what k is, but we are sure that A lies in one of these discs. End of proof.

Example. Matrix

2 =3 1
A=1-2 1 3 (6.314)
1 -4 2
has the characteristic equation
AN 4+5N 130 +14=0 (6.315)
with the three roots
3 19 — 3 19
Al = 3 + \/Q_i, A=\ = 5 - \/2_i, A3 = 2. (6.316)

Gerschgorin’s theorem encloses the eigenvalues in the three discs
01:2=A <4, b2: |1 =N <5, 83:12—A <5 (6.317)
shown in Fig. 6.5. Not even a square root is needed to have these bounds.
Corollary 6.65. If \ is an eigenvalue of symmetric A, then
min(Agg — [Ajy| = -+ = [Aja|) < A <max(Agg + [Af [+ - + [AL]) (6.318)

where A;j = Ajj and Al; = 0.
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* Ai=L5+218i

As=2

/

* X2=1.5-218i

Fig. 6.5

Proof. When A is symmetric A is real and the Gershgorin discs become intervals on the

real axis. End of proof.

Gerschgorin’s eigenvalue bounds are utterly simple, but on difference matrices the theo-
rem fails where we need it most. The difference matrices of mathematical physics are, as we
noticed in Chapter 3, most commonly symmetric and positive definite. We know that for
these matrices all eigenvalues are positive, 0 < A\ < g < -+ < A\, but we would like to have
a lower bound \j in order to secure an upper bound on A, /A;. In this respect Gerschgorin’s

theorem is a disappointment.

For matrix

A= -1 2 -1 (6.319)

-1 2

Gerschgorin’s theorem yields the eigenvalue interval 0 < A < 4 for any n, failing to predict
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the positive definiteness of A. For matrix

5 —4 1
-4 6 -4 1
A2=11 -4 6 -4 1 (6.320)
1 —4 6 —4
1 —4 5

Gerschgorin’s theorem yields —4 < A < 16, however large n is, where in fact A > 0.
Similarity transformations can save Gerschgorin’s estimates for these matrices. First

we notice that D™'AD and D~'A?D, with the diagonal D, Dy = (—1)% turns all entries

of the transformed matrices nonnegative. Matrices with nonnegative or positive entries are

common; A~ and (A2?)~! are with entries that are all positive.

Definition. Matriz A is nonnegative, A > O, if A;; > 0 for all ¢ and j. It is positive,
A>O0, ifAij > 0.

Discussion of good similarity transformations to improve the lower bound on the eigen-
values is not restricted to the finite difference matrix A, and we shall look at a broader class

of these matrices.

Theorem 6.66. Let symmetric tridiagonal matrix

a1 + a9 —Q9
—Qy as +a3 —ag
T = ) (6.321)
—Q3 e —Qn
—Qp  Op + Qpyl
be such that oy > 0, ag >0, a3 > 0,..., 0 >0, apy1 > 0. Then eigenvector x correspond-

ing to its minimal eigenvalue is positive, x > o.

Proof. If z = [x1 29 ... 2,)7 is the eigenvector corresponding to the lowest eigenvalue

A, then

_ 173 + ag(ze — 11)% + ag(zg — 12)% + - + ap(Tn — Tp-1)? + apy12?
a3+ 4k

Az) (6.322)

and matrix 7' is seen to be positive semidefinite. Matrix T is singular only if both a3 =

apt1 =0,and thenz =11 ... 1]T. Suppose therefore that a; and a,,+1 are not both zero.
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Looking at the equation Az = Az we readily observe that no two consecutive components
of x, including x; and x2, may be zero, for this would imply x = 0. No interior component of
x can be zero either; speaking physically the string may have no interior node, for this would
contradict the fact, by Theorem 6.49, that z is the unique minimizer of A\(z’). Say n = 4
and 9 = 0. Then the numerator of A(z) is (1 + ag)z} + agzi + (w3 — 74)* + apz?, and
replacing x1 by —x1 leaves A(z) un affected. The components of  cannot be of different signs
because sign reversals would lower the numerator of A\(x) without changing the denominator
contradicting the assumption that z is a minimizer of A(z’). Hence we may choose all
components of x positive. End of proof.

For the finite difference matrix A of eq.(6.319), or for that matter for any symmetric
matrix A such that A; > 0 and A;; < 0, the lower Gerschgorin bound on first eigenvalue A\

may be written as

A1 > min(Ae); (6.323)
1
fore=[111 ...,1)T. If D is a positive diagonal matrix, D > O, then also
A1 > min(D ™' ADe); (6.324)

1
where equality holds for De = z1 if 1 > o.
Matrix A of eq.(6.319) has a first eigenvector with components that are all positive,

that is, approximately z} = [0.50 0.87 1.00 0.87 0.50]”. Taking the diagonal matrix D with
Di; = (2); yields

2 —1.740
—0.575 2 —~1.15
D7YAD = —0.87 2 —0.87 (6.325)
-1.15 2 —0.575
—1.74 2

and from its five rows we obtain the five, almost equal, inequalities
A1 > 0.260, Ay > 0.275, Ay > 0.260, A1 > 0.275, A1 > 0.260 (6.326)

so that certainly A; > 0.260, whereas actually Ay = 4sin® 15° = 0.26795.

On the other hand according to Rayleigh’s theorem A\; < Aj(2}) = 0.26797, and 0.260 <
A1 < 0.26797.
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Gerschgorin’s theorem does not require the knowledge that 2 is a good approximation
to x1, but suppose that we know that A] = A(z]) = 0.26797 is nearest to A\;. Then from
r = Az} — Nz} = 1073[3.984 6.868 7.967 6.868 3.984]7 we get that 0.260 < A\; < 0.276.

Similarly, if symmetric A is nonnegative A > O, then Gerschgorin’s upper bound on the

eigenvalues of A becomes

An < max(D ™1 ADe); (6.327)
(2
for any D > O.

The following is a symmetric version of Perron’s theorem on positive matrices.

Theorem (Perron) 6.67. If A is a symmetric positive matriz, then the eigenvector

corresponding to the largest (positive) eigenvalue of A is positive and unique.

Proof. If 2, is a unit eigenvector corresponding to \,, and z # z,, is such that 27z = 1,
then
T _ _ T
xt Ar < Ay = Nay) =z, Axy, (6.328)

and A, is certainly positive. Moreover, since A;; > 0 the components of x;, cannot have
different signs, for this would contradict the assumption that x, maximizes A(x). Say then
that (x,); > 0. But none of the (z,,); components can be zero since Ax, = A\ z,, and

obviously Az, > o. Hence x,, > o.

There can be no other positive vector orthogonal to z,, and hence the eigenvector, and

also the largest eigenvalue )\, are unique. End of proof.

Theorem 6.68. Suppose that A has a positive inverse, A=Y > O. Let x be any vector
satisfying Ar —e =r,e=[11 ... 1]T, ||r]looc < 1. Then

% <A o < % (6.329)
Proof. Obviously z = A~te + A~ !r so that
2]l < A7 elloo + 1A P lloe < AT loo + A7 oo 17l (6.330)
and
m@ <A™ so- (6.331)
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To prove the other bound write z = A~ 'e — (—A~!r), observe that A7 e|loo = ||A7 |00,
and have that . .
[#lloc = A €lloc = [A7 7 [loo
1 1 (6.332)
2 [[A™ oo = 1A ool oo

Hence, if [|r||c < 1, then
[ ]loc

1 —[7floo

> [ A7 . (6.333)
End of proof.

Gerschgorin’s theorem has some additional interesting consequences.

Theorem 6.69. The eigenvalues of a symmetric matrix depend continuously on its

entries.

Proof. Let matrix B = BT be such that |B;j| < e. The theorems of Gerschgorin and
Hirsch assure us that the eigenvalues of B are in the interval —ne < § < ne. If C = A+ B,
then according to Theorem 6.62 |; — ;| < ne where a; < ag < --+ < a, are the eigenvalues
of Aand 73 < 79 < -+ < 7, are the eigenvalues of C. As ¢ — 0 so does |y; — |, and

|7 — au|/€ is finite for all € > 0. End of proof.

The eigenvalues of any matrix depend continuously on its entries. It is a basic result
of polynomial equation theory that the roots of the equation depend continuously on the
coefficients (which does not mean that roots cannot be very sensitive to small changes in
the coefficients.) We shall not prove it here, but will accept this fact to prove the second
Gerschgorin theorem on the distribution of the eigenvalues in the discs. It is this theorem

that makes Gerschgorin’s theorem invaluable for nearly diagonal symmetric matrices.

Theorem (Gerschgorin) 6.70. If k Gerschgorin discs of matriz A are disjoint from

the other discs, then precisely k eigenvalues of A are found in the union of the k discs.

Proof. Write A = D+ A’ with diagonal D;; = A;;, and consider matrix A(1) = D+ 1A’
0 <7 < 1. Obviously A(0) = D and A(1) = A. For clarity we shall continue the proof for a
real 3 X 3 matrix, but the argument is general.

Suppose that the three Gerschgorin discs 61 = 61(1), 62 = 62(1), 63 = d3(1) for A = A(1)
are as shown in Fig. 6.6 For 7 = 0 the three circles contract to points A\;(0) = Aq1, A2(0) =
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Agg, A3(0) = Ags. As 7 is increased the three discs 61(7), 62(7), 63(7) for A(7) expand and
the three eigenvalues A1(7), A2(7), A3(7) of A vary inside them. Never is an eigenvalue of
A(T) outside the union of the three discs. Disc 61(7) is disjoint from the other two discs for
any 0 <7 < 1. Since A\ (7) varies continuously with 7 it cannot jump over to the other two
discs, and the same is true for Aa(7) and A3(7). Hence ¢; contains one eigenvalue of A and

61 U b9

)

M) MO

Fig. 6.6

Example. Straightforward application of Gerschgorin’s theorem to

1 —1072 2102
A=|-510"3 2 102 (6.334)
1072 —102 3
yields

A —1]<3.01072, A2 —2| < 151072, |A\3 — 3| <2.01072 (6.335)

and we conclude that the three eigenvalues are real. A better bound on, say, A; is obtained
with a similarity transformation that maximally contracts the disc around A but leaves it
disjoint of the other discs. Multiplication of the first row of A by 1072 and the first column
of A by 10? amounts to the similarity transformation

1 —107* 2107*

D'AD=1{-05 2 102 (6.336)
1 -10%2 3
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from which we obtain the better [A\; — 1| < 3.0 107

Corollary 6.71. A disjoint Gerschgorin disc of a real matrix contains one real eigen-

value.

Proof. For a real matrix all discs are centered on the real axis and there are no two

disjoint discs that contain A = a +i8 and A = a — i3, 3+ 0. Hence 8 = 0. End of proof.

With a good similarity transformation Gerschgorin’s theorem may be made to do well

even on a triangular matrix. Consider the upper-triangular U,U;; = 1. Using diagonal
D, D;; = € we have
1 e & €
pupt=| b ¢ (6.337)
1

and we can make the discs have arbitrarily small radii around \ = 1.

Gerschgorin’s theorem does not know to distinguish between a matrix that is only slightly
asymmetric and a matrix that is grossly asymmetric, and it is might be desirable to decouple

the real and imaginary parts of the eigenvalue bounds. For this we have

Theorem (Bendixon) 6.72. If real A = A(n X n) has complez eigenvalue A = o+ i[5,
then « is meither more nor less than any eigenvalue of %(A + AT, and 8 is neither more

nor less than any eigenvalue of 2%(A — AT,

Proof. As we did in the proof to Theorem 6.61 we write Az = Az with © = u+iv, u’u =

vy =1, and decouple the complex eigenproblem into the pair of equations
1 1
2a = éuT(A + ATy + §UT(A + ATy, 28 =uT(A— AT ). (6.338)

Now we think of v and v as being variable unit vectors. Matrix A+ AT is symmetric, and it
readily results from Rayleigh’s Theorem 6.50 that « in eq.(6.338) can neither dip lower than
the minimum nor can it rise higher than the maximum eigenvalues of %(A + AT). Matrix
A — AT is skew-symmetric and has purely imaginary eigenvalues of the form \ = 4i20.
Also, uT (A — AT)u = 0 whatever u is. Therefore we restrict v to being orthogonal to u,

and propose to accomplish this by v = —1/23(A — AT), with factor —1/23 guaranteeing
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vy = 1. Presently,

46% = —uT(A — AT)?u. (6.339)

Matrix —(A — AT)? is symmetric and has nonnegative eigenvalues all of the form \ = o2.
Rayleigh’s theorem assures us again that 442 is invariably located between the least and

most values of 462, and the proof is done.
exercises

6.17.1. Show that the roots of A> — a1\ 4+ ag = 0 depend continuously on the coefficients.

Give a geometrical interpretation to A\.

6.17.2. Use Gerschgorin’s theorem to show that the n x n

— = =9
— = Q9
O R =

1
1
o
1
is positive definite if & > n — 1. Compute all eigenvalues of A.

6.17.3. Use Gerschgorin’s theorem to show that

5 -1
-1 4 2
A= 1 -3 1
1 =2
is nonsingular.
6.17.4. Does
2 1
-1 6 1
A= -1 10 1
-1 14 1
-1 18
have complex eigenvalues?
6.17.5. Consider
1 -1 1
-1 4 =3 «
A= 3 g 5| wdD= 0.7
-5 12 0.4
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Show that the spectrum of A is nonnegative. Form D' AD and apply Gerschgorin’s theorem
to this matrix. Determine « so that the lower bound on the lowest eigenvalue of A is as high

as possible.

6.17.6. Nonnegative matrix A with row sums all being equal to 1 is said to be a stochastic
matrix. Positive, A;; > 0, stochastic matrix A is said to be a transition matrix. Obviously
e=[11 ... 1] is an eigenvector of transition matrix A for eigenvalue A\ = 1. Use the
Gerschgorin circles of Theorem 6.64 to show that all eigenvalues of transition matrix A are
such that |A| < 1, with equality holding only for A = 1. The proof that eigenvalue A = 1
is of algebraic multiplicity 1 is more difficult, but it establishes a crucial property of A that

assures, by Theorem 6.46, that the Markov process A, = A™ has a limit as n — oo.

6.17.7. Let S = S(3 x 3) be a stochastic matrix with row sums all equal to A\. Show that

elementary operations matrix

1 1 1 —1
E = 1 1|, E'= 1 -1
1 1

is such that E~1SE deflates matrix S to the effect that
An — Az Aip— Az 0
E'SE = | Agyg — A31 Agg — Aza 0
Az Az A
Apply this to
2 3 2
A=11 2 4
5 1 1
for which A = 7. Then apply Gerschgorin’s Theorem 6.64 to the leading 2 x 2 diagonal block

of E71SE to bound the rest of the eigenvalues of S. Explain how to generally deflate a

square matrix with a known eigenvalue and corresponding eigenvector.

6.17.8. Referring to Theorem 6.68 take

1 -1
-1 4 =3
A= -3 8 =5
-5 12 -7
-7 16
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and x = af5 4 3 2 1]7. Fix a so that ||r||s is lowest and make sure it is less than 1. Bound

|A™ oo = [|[Ate]|oo and compare the bounds with the computed ||A™!| .

6.17.9. The characteristic equation of companion matrix

—ag
1 —al
1 —ag

1 —as

is 24 + a32® + a9z® + a1z + ag = 0. With diagonal matrix D, D;; = «; > 0, obtain

—apay /oy

DloD — ai/an —arag /o
az/as —ag0 /o

azfoy  —aszoy/ay

Recall Gerschgorin’s theorem to deduce from it that root z of a polynomial equation of

degree n is of modulus

o
— + |a]

|z| < maz(
Q41 QG+1

), i=0,1,...,n—1

if g =0 and a,, = 1.

6.17.10. For matrix A define o; = |Ai| — Py |A;j|. Show that if o; > 0 for all ¢, then
A~! = B is such that |B;| < o; .

6.17.11. Prove Schur’s inequality:

n n
>IN < DT Ay
i=1 ij=1

where \; i =1,2,...,n are the eigenvalues of A.

6.17.12. Prove Browne’s theorem: If A = A(n x n) is real, then |[A(A)[? lies between the

smallest and largest eigenvalues of AAT .

6.17.13. Show that if A is symmetric and positive definite, then its largest eigenvalue is
bounded by

max |Ay;| < Ay < nmax |Agl.
K3 1
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6.17.14. Show that if A is diagonalizable, A = XDX ! with D;; = );, then for any given

scalar A and unit vector =
min [A; — Al < [|X]] 1X ) 11l

where r = Az — \x. Hint: Write z = X2/.

6.17.15. Prove the Bauer-Fike theorem: If A is diagonalizable, A = XDX ™!, D;; = \; then
for any eigenvalue \ of A’ = A+ F,

min |A; — X < [|XTLEX| < X)X 2]

6.17.16. Show that if A and B are positive definite, then C,C;; = A;;B;j, is also positive
definite.

6.17.17. Show that every A = A(nxn) with det(A) = 1 can be written as A = (BC)(CB)~!.

6.17.18. Prove that real A(n x n) = —AT, n > 2, has an even number of zero eigenvalues if

n is even and an odd number of zero eigenvalues if n is odd.

6.17.19. Diagonal matrix I’ is such that I/; = £1. Show that whatever A, I'A + I is
nonsingular for some I’. Show that every orthogonal @ can be written as @ = I'(1 — S)(I +
S)~1 where S = —S7.

6.17.20. Let A1 and A, be the extreme eigenvalues of positive definite and symmetric matrix

A. Show that
vl Az 2T A e < (A1 + Ap)?

1<
2Ty 2Tx = AN\,

6.18 The Ritz reduction

Matrices raised by such practices as computational mechanics are of immense order n,
but usually only few eigenvalues at the lower end of the spectrum are of interest. We may
know a subspace of dimension m, much smaller than n, in which good approximations to

the first m’ < m eigenvectors of the symmetric A = A(n X n) can be found.

112



The Ritz reduction method tells us how to find optimal approximations to the first m/
eigenvalues of A with eigenvector approximations confined to the m-dimensional subspace

of R", by solving an m x m eigenproblem only.

Let vy, v9,..., vy be an orthonormal basis for subspace V™ of R™. In reality the basis
for V™ may not be originally orthogonal but in theory we may always assume it to be so.
Suppose that we are interested in the lowest eigenvalue A\; of A = AT only, and know that a
good approximation to the corresponding eigenvector x; lurks in V™. To find z € V'™ that

produces the eigenvalue approximation closest to A\; we follow Ritz in writing

T =y101 + Y202 + -+ YmUm = Vy (6.340)

T

where V' = [vjv2...vp], and where y = [y1 y2 ... ym]", and seek y # o in R that minimizes

aTAz yTVTAVy
= = : 341
p(y) T yTy (63 )

Setting gradp(y) = o produces
(VIAV)y = py (6.342)
which is only an m x m eigenproblem.

Symmetric matrix VT AV has m eigenvalues p; < pa < --- < py, and m corresponding
orthogonal eigenvectors y1,¥2,...,ym. According to Rayleigh’s theorem p; > A\ and is as
near as it can get to A\; with z € V™. What about the other m — 1 eigenvalues? The next

two theorems clear up this question.

Theorem (Poincaré) 6.73. Let the eigenvalues of the symmetric n X n matriz A be
A< o < oo < Ay Ifmatriz V=V (n xm), m < n, is with m orthonormal columns,

VTV =1, then the m eigenvalues p1 < pa < --- < pm of the m x m eigenproblem
VIAVY = py (6.343)
are such that

A <01 S Aem s A2 <02 S ety Am—1 < pme1 S Aam1, A < pm < A (6344)
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Proof. Let V = [vjvg,...,vy] and call V™ the column space of V. Augment the basis

for V"™ to the effect that vy, va, ..., vm,..., v, is an orthonormal basis for R and start with
Tyt av
Pm = Max yTiy , yeR™ (6.345)
Y Yy
or
T
xt Az

This, in turn, is equivalent to

TA
xT'—x , .TT'Um+1 — e e — xT’Un = O (6347)
Tr= T

pm = max
and Fischer’s theorem tells us that p,, > A,. The next Ritz eigenvalue p,,—1 is obtained

from the maximization under the additional constraint y’y; = 27 Vy; = 272, 2 € V™,

ol Az T.1 T

Pm—1 = maéaxﬂ , rha) = CIJTUm+1 =..=qg'v,=0 (6.348)

and by Fischer’s theorem p,,—1 > A\p—1. Continuing this way we prove the m left-hand

inequalities of the theorem.

The second part of the theorem is proved starting with

T
xt Ax
T, o = =2Tv, (6.349)

= min
P1 pr

and with the assurance by Fischer’s theorem that p; < A\,_;,+1, and so on. End of proof.
If subspace V™ is given by the linearly independent vy, ve, ..., v, and if a Gram-Schmidt

orthogonalization is impractical, then we still write x = Vy and have that

2TAx  yTVTAVYy
p(y) = T = T Ti/T
't yt VIivVy

(6.350)

with a positive definite and symmetric VTV, Setting gradp(y) = o yields now the more
general

(VTAV)y = p(VIV)y. (6.351)

The first Ritz eigenvalue p; is obtained from the minimization of p(y), the last p,, from

the maximization of p(y), and hence the extreme Ritz eigenvalues are optimal in the sense
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that p; comes as near as possible to A1, and p,, comes as close as possible to \,. All the

Ritz eigenvalues have a similar property and are optimal in the sense of

Theorem 6.74. Let A be symmetric and have eigenvalues A\ < Ao < --- < \,. If

p1 < pa < --- < pyy oare the Ritz eigenvalues with corresponding orthonormal eigenvectors
xy,aby, ... @l then for k=1,2,....m
T
't Ax
— \x = mi — A Ty = =alaf_, =0 6.352
Pk — Ak Jé%( T k) z' ) S (6.352)
and
T
. xt Ax
Antl—k — Pmtl—k = xlél‘l/lgln (An—i—l—k - W)’ xTxlm == xTx;n+2—k =0. (6.353)

Proof. For a proof to the first part of the theorem we consider the Ritz eigenvalues as

obtained through the minimization

yTVTAVy T

: T
P = min s Y ==y Yp-1=0 6.354
P — (6.354)
where V' =V (n x m) = [v1va, ..., vy] has m orthonormal columns. Equivalently
T
. xt Ax
pr=min —r— alap = =alag g =0 (6.355)

where z = Vy, and xg = Vy;. By Poincaré’s theorem p, > A, and hence the minimization
lowers pp as much as possible to bring it as close as possible to A\; under the restriction that

zeVmand 2Tz = =2l

The second part of the theorem is proved similarly by considering the Ritz eigenvalues

as obtained by the maximization

T
x’ Ax 2T T

Pm+1—k = Max Ty = =T Ty, (6.356)

zevm gly
the details of which are left as an exercise. End of proof.

For any given Ritz eigenvalue p; and corresponding approximate eigenvector x; we may
compute the residual vector r; = Ax;’ — p;jz;’ and are assured that the interval [p; — A| <

|75]|/|l;'|| contains an eigenvalue of A. The bounds are not sharp but they require no
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knowledge of the eigenvalue distribution, nor that z;’ be any special vector and p; any
special number. If such intervals for different Ritz eigenvalues and eigenvectors overlap, then
we know that the union of overlapping intervals contain an eigenvalue of A. Whether or not
more than one eigenvalue is found in the union is not revealed to us by this simple error

analysis.

An error analysis based on Corollary 6.63 involving a residual matrix rather than residual

vectors removes the uncertainty on the number of eigenvalues in overlapping intervals.

Let X' = X'(n x m) = [2]z...2),], D the diagonal D;; = p;, and define the residual
matrix

R=AX'—X'D. (6.357)

Obviously X "R=X"AX'-D = O, since the columns of X’ are orthonormal. Augment
X' so that @ = [X’X ] is an orthogonal matrix and form

D X""R

A | XTAX X" AX"]
Q AQ— ‘| = RTXH X”TAX” . (6358)

x"ax’ x" AX"

The maximal eigenvalue of X" "RRTX" is less than the maximal eigenvalue of RRT or RTR.
Hence by Corollary 6.63 if €2 is the largest eigenvalue of RT R, then the union of intervals

lpi — A < le| i =1,2,...,m contains m eigenvalues of A.

Example. Let = be an arbitrary vector in R", and let A = A(n X n) be a symmetric
matrix. In this example we want to examine the Krylov sequence x, Az,..., A" !z as a
basis for V. An obvious difficulty with this sequence is that the degree of the minimal
polynomial of A can be less than n and the sequence may become linearly dependent for

m—1 < n. Near-linear dependence among the Krylov vectors is more insidious, and we shall

look also at this unpleasant prospect.

To simplify the computation we choose A = A(100x 100) to be diagonal, with eigenvalues
1
Nijj = 2—5(i2 +1.552) i=1,2,...,10 j=1,2,...,10 (6.359)

so that the first five are 1., 2.2, 2.8, 4.0, 4.2; and the last one is 100.0. It occurs to us
to take z = /n/n[1 1 ... 1]7, and we normalize Az, A%z,..., A" 1z to avoid very large

vector magnitudes.
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The table below lists the four lowest Ritz eigenvalues computed from V" with a Krylov

basis, as a function of m.

m p1 P2 p3 2
4 7.615 31.47 61.83 91.85
6 4.141 17.08 36.78 58.94
8 2.680 10.57 23.42 39.38

12 1.469 5.049 11.19 19.63.

Since the basis of V™ is not orthogonal, the Ritz eigenproblem is here the general VT AVy =
pVTVy and we solved it with a commercial procedure. For m larger than 12 the eigenvalue
procedure returns meaningless results. Computation of the eigenvalues of VIV itself revealed
a spectral condition number x(V7V) = (1.5m)! which means x = 6-5 10'® for m = 12, and

all the high accuracy used could not save VTV from singularity.
exercises

6.18.1. For matrix A
1 -1
-1 4 =3
A= -3 8 =5
-5 12

determine a; and as in x = a1[1 10 0] 4+ az[0 0 1 1]7 so that 27 Az /2T x is minimal.
6.19 Round-off errors

In this section we consider the basic round-off perturbation effects on eigenvalues, mainly
for difference matrices that have large eigenvalue spreads.

Even if a matrix is exactly given the mere act of writing it into the computer perturbs it
slightly, and the same happens to any symbolically given eigenvector. Formation of Az; is
also done in finite arithmetic and is not exact. The perturbations may be minute but their
effect is easily magnified to disasterous proportions.

Suppose first that matrix A = A7 is written exactly, that the arithmetic is exact, and

that the only change in eigenvector z; is due to round-off: #; = z; +ew, |lw|| =1, Je| << 1.
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Then

No— Ny = EwlAw = \;), N, =2 Al & (6.360)

is very small if € is small. Round-off error damage does not come from eigenvector pertur-

bations but rather from the perturbation of A and the inaccurate formation of the product

Axj.

Both effects are accounted for by assuming exact arithmetic on the perturbed A + A’.

Now

Ni=al (A+ Az =N —al Az (6.361)

and it is reasonable to assume here that :EJTA' xj = e\ for any z; so that

’)‘9 B /\]| An\ A1
SO RIS 6.362
by 6<A1)Aj (6.362)

This is the ultimate accuracy barrier of the round-off errors, and it can be serious in finite

difference matrices that have large \,,/\; ratios.

The finite difference matrices

2 -1 5 —4 1
-1 2 -1 —4 6 -4 1
A= -1 2 -1 and A2=|1 —4 6 -4 1 (6.363)
-1 2 -1 1 —4 6 —4
-1 2 1 —4 5

are with A,/A1 = n? and \,/\; = n?, respectively. Figures 6.7 and 6.8 show the round-
off error in the eigenvalues of A and A2, respectively, computed from Rayleigh’s quotient
)\; = a:;Fij /xépxj with analytically correct eigenvectors and with machine accuracy ¢ =
10~7. The most serious relative round-off error is in the lower eigenvalues, and is nearly

proportional to n? for A and nearly proportional to n* for A2.
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Answers

section 6.1

6.1.1. A\=2,01 = —ag = £v/2/2 or A =4, a1 = ag = +/2/2.
6.1.2. Yes, A = —2.

6.1.3. Yes, A =1/3.

section 6.2

6.2.1. A\ =X = A3 =X =0, v = aqe; + azes for arbitrary aq, as.

6.2.2.




2
for C': M =X =1,2=ome+ager; A3 =2,23= {3]

section 6.3
6.3.1.
1—A 1+)\]_>[1—>\ 1+)\]_>[—)\ 0 ]
—1+2\ —-1-—X\ 1 1+ A 1 1+
6.3.2. = X3+ X2 —aq A+ a9 =0.

6.3.5. f(A) =\ + )\

6.3.6.
forA: \i=1 a:lz[ 1 } Ay =4 mzz[l]
. ’ _2 ) ’ 1 .
for B: A=1+i —[1]
(0) : = 1,1 = +il-
1 1
for C': )\120,:U1= [2}’ )\2:2,332:[_2.].
for D : )\1:/\2:0,1’1:[_1%}.
6.3.7.

0 1
for A : )\1 -1 , 1 = )\2—01‘2 1 ;/\321,1‘32 0] .
0 1
0 1
1 0
0

for B : )\1—0:171 |:] )\

6.3.8. a; = ag = 2.
6.3.9 a? < 1/4.
6.3.10. a = 1,A = 0.
6.3.11. A\ = 2.

6.3.12. A =1.
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6.3.13. An eigenvector of A for A = 1.

section 6.4

6.4.1. Yes. oy = -3+ 4i,a9 =2 — 31,3 = 5 — 3i.
6.4.2. Yes. No, vo = (1 +1)vy.

6.4.3. a=1+1.

6.4.4. g¢o =1 —1 2il.

section 6.7

6.7.1. a1 = ag = —1.

section 6.9

6.93. 1 x1, 2x2, 3x3, 3x3, 3x3, 4x4 blocks.

6.9.5. (A— I)xl = 0, (A — [).TQ =, (A— I)xg = .CEQ,X = [331 ) :133].

2 1 -2 11
X=11 0 0], X'Ax= 1 1.
0 -1 -3 1
6.9.8.
a B v
X = a f
«

section 6.10

6.10.5. 5 = 0.

section 6.13

6.13.1. D>~ I =0,(R—1)>(R+1) = 0.
6.13.2. A2 -3A=0.

6.13.3. (A—=X*=0, (B—-M)}=0, (C-X)?>=0, D-X =0.
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