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Professor Jennifer Balakrishnan, jbala@bu.edu
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1 Volume by slicing

Briggs-Cochran-Gillett-Schulz §6.3 pp. 425 - 434

We consider a specific type of solid known as a solid of revolution. Suppose f is a
continuous function with f(x) > 0 on [a,b]. Let R be the region bounded by the graph of f,
the z-axis, the the lines x = @ and x = b. Now rotate R around the z-axis. As R revolves
once about the x-axis, it sweeps out a 3-dimensional solid of revolution.

Revolving the region R generates a solid
of revolution.
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We find the volume of this solid using the general slicing method. Here the cross-sectional
area function has a special form since all cross-sections perpendicular to the z-axis are circular
disks with radius f(z). Thus the area of a cross-section is

Alz) = 7(f(2))*.

Here we summarize what just happened, which we call the disk method:

Disk method about the z-axis

Let f be continuous with f(xz) > 0 on [a,b]. If the region R bounded by the graph of f,
the z-axis, and the lines x = a and x = b is revolved about the z-axis, the volume of the
resulting solid of revolution is

V= /abw(f(x))Qd:B.
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Example 1 (§6.3 Ex. 18). Let R be the region bounded by the curvesy = 2—2x,y = 0,2 = 0.
Use the disk method to find the volume of the solid generated when R is revolved about the
x-axis. (What shape is this? Can you match this with a volume formula that you know?)

YA

Example 2. In the problem above, what if we instead considered the region R bounded by
the curves y =2 — 2x,y = 1,2 = 0: could we find the volume of the solid generated when R
is revolved about the x-axis?

A slight variation on the disk method en-
ables us to compute the volume of more ex-  Revolving region R around the x-axis
otic solids of revolution. Suppose R is the  producesasolidwithahole. Y
region bounded by the graphs of f and g be- y
tween x = a and x = b, where f(z) > g(x) >
0. If R is revolved about the z-axis to create y=fe
a solid of revolution, the solid generally has a R
hole through it.
Here a cross-section through the solid per- y=gw
pendicular to the x-axis is a circular washer 7 x b
with an outer radius of R = f(z) and an in-
ner radius of r = g(x), where a < = < b.
The area of the cross section is the area of
the entire disk minus the area of the hole, or

Alw) = n(R* = %) = 7((f(2))* = (9(2))*).
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This gives the washer method:

Washer method about the z-axis

Let f and g be continuous functions with f(z) > g(z) > 0 on [a,b]. Let R be the region
bounded by y = f(z),y = g(z), and the lines * = @ and x = b. When R is revolved
about the z-axis, the volume of the resulting solid of revolution is

V= [ w((f@) - (g(a))ds

Note that when g(z) = 0 in the washer method, the result is the disk method!
One can also revolve solids about the y-axis, and the resulting formulas for volume are
as follows:

Disk and washer methods about the y-axis

Let p and ¢ be continuous functions with p(y) > ¢(y) > 0 on [c,d]. Let R be the region
bounded by = = p(y),z = q(y), and the lines y = ¢ and y = d. When R is revolved
about the y-axis, the volume of the resulting solid of revolution is given by

V= [ wlp) - )y

If ¢(y) = 0, the disk method results:

d
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Example 3 (§6.3 Ex. 37). Consider the region bounded by y = v/z,y = 0,2 = 4 revolved
about the y-axis. Find the volume of the solid of revolution.

Example 4 (§6.3 Ex. 42). Consider the region bounded by y = e *,y = ¢,z = 0, and
x = In4 revolved about the x-axis. Find the volume of the solid of revolution.
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2 Volume by shells

Briggs-Cochran-Gillett-Schulz §6.4 pp. 439 - 443

One can solve many challenging problems using the disk/washer method. There are, however,
some volume problems that are difficult to solve with this method. For this reason, we also
consider the shell method, which computes volumes via cylindrical shells.

Let R be a region bounded by the graph of f, the z-axis, and the lines x = a and x = b.
When R is revolved about the y-axis, a solid of revolution is formed. The idea is to compute
the volume by computing the sum of volumes of thin cylindrical shells. In the figure below,
you can imagine each cylindrical shell being unwrapped, giving a thin rectangular slab.

Radius = x}

Circumference = 2 r- radius ~ 2 7 x},

Revolving the kth rectangle about the
y—axis produces a cylindrical shell with
height f(x;) and thickness Ax.

N

;! X Height = f(x;)
3x

X — X
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2 mx;

Length ~ 2 7-radius =2 7 x;

The approximate length of the slab is the circumference of a circle with radius z, which
is 2mzy. The height of the slab is the height of the original rectangle f(z}) and its thickness
is Ax. Therefore, the volume of the kth shell is approximately 27wz} f(x})Ax.

If the region R is bounded by two curves, y = f(z) and y = g(z), where f(z) > g(x ) on
la, b], we have that the volume of the kth shell is approximately 2wz} (f(z}) — g(x}))Ax

Revolving the kth rectangle about the
y-axis produces a cylindrical shell with
height f(x‘,*c] - g(x};) and thickness Ax.

y
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Summing over all of the shells and taking the limit as Az — 0 gives the following formula:

Volume by the shell method

Let f and g be continuous functions with f(z) > g(x) on [a, b]. If R is the region bounded
by the curves y = f(z) and y = g(x) between the lines © = a and x = b, the volume of
the solid generated when R is revolved about the y-axis is

b
V= / 2nx(f(z) — g(x))dz.

Example 5 (§6.4 Ex. 9). Let R be the region bounded by the curves y = x — x* and y = 0.
Use the shell method to find the volume of the solid generated when R is revolved about the
Y-aT1S.
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Example 6 (§6.4 Ex. 15). Let R be the region bounded by the curves y =4 — x,y = 2, and
x = 0. Use the shell method to find the volume of the solid generated when R is revolved

about the x-axis.
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