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1 Sequences and infinite series: an introduction

Briggs-Cochran-Gillett-Schulz §10.1 pp. 639 - 647

A sequence {a,} is an ordered list of numbers of the form

{a17a27a37 ) }
——

Each number in the sequence is called a term of the sequence. A sequence may be generated
by a recurrence relation of the form a,,; = f(a,) for n = 1,2,3,..., where a; is given.
A sequence may also be defined with an explicit formula of the form a, = f(n), for n =
1,2,3,....

Example 1 (§10.1 Ex. 24). Write the first four terms of the sequence {a,} defined by the
recurrence relation a, 1 = a?l —1;a; = 1.

Q,ZI
g =0 -l<1=1=0

Oy=0, -1= 07— = -1

——

= 05 -1 =(-1)"=[=0

Perhaps the most important question about a sequence is this: if you go father and farther
out in the sequence aiopg, - - - » 1000005 - - - » 100000000005 - - - 5 how do the terms of the sequence
behave? Is there a limiting value, or do they grow without bound?

Definition 2. If the terms of a sequence {a,} approach a unique number L as n increases
— that is, if a, can be made arbitrarily close to L _by taking n sufficiently large — then we
say lim,_ oo ay, = L exists, and the sequence converges to L. If the terms of the sequence do
——
1
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not approach a single number as n increases, the sequence has no limit, and the SeuEnce
diverges. B (/\,J—OQ f-eé],\'L
— LVJ,,O \«}K L
Given a sequence {a,ag, as, ...}, the sum of its term tht 0
() RIS UGS
- SQq\A
ay,

a1+a2+a3+-~=

neh@
is called an infinite series. The sequence of partial sums {95, } associeﬁe with this series has
the terms

51:a1
nga1+a2
S3za1+a2+a3

S’n:al—l—ag—l-ag—l—---—i—an:Zak, forn=1,2,3,...
k=1

If the sequence of partial sums {S,} has a limit L, the infinite series converges to that limit,

and we write J nH p(/«ff\ (/J cum

n

[o.¢]
E ap = lim g a, = lim S,, = L.
k_l n—o0 n—0o0

k=1

If the sequence of partial sums diverges, the infinite series also diverges.

Example 3 (§10.1 Ex. 63). For the infinite series 4+ 0.9+ 0.09 4+ 0.009 + - - -, find the first
four terms of the sequence of partial sums. Then mrake a conjecture about the value of the
infinite series.

S = 4
gyf $+0.9= 449
Sy = #4094 0.09 = 441

Cy= 4 +0.940.09+0.009 u 4494
Cojecture 7 we comjectvre that the limit of
the nfinte Seuten 6 5
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Example 4 (§10.1 Ex. 68). Consider the infinite series > po, 27

1. Write out the first four terms of the sequence of partial sums.

2. Find a formula for the nth partial sum S, of the infinite series. Use this formula to

~~ find the next four partial sums Ss, Sg, S7, Ss.

3. Make a conjecture for the values of the series (the limit of {S,}) or state that it does

not exist.
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Briggs-Cochran-Gillett-Schulz §10.2 pp. 650 - 657

-~

A fundamental question about sequences concerns the behavior of the terms as we go out
farther and farther in the sequence. Below we state a few theorems regarding limits of

sequences:

Theorem 5 (Limits of sequences from limits of functions). Suppose f is a function such
that f(n) = ay for all positive integers n. If lim, o f(x) = L, then the limit of the sequence

{a,} is also L.

Theorem 6 (Limit laws for sequences). Assume that the sequences {a,}

limits A and B, respectively. Then
1. lim,, yoo(a, £0,) = A+ B

P

2. lim,,_. ca,, = cA, where c is a real number

3. lim, o apb, = AB

L. .

nd {b,} have





MA 124 (Calculus II) Lecture 14: March 17, 2020 Section A3

4. lim,_od &2/= 4. provided B # 0

Example 7 (§10.2 Ex. 14). Find the limit of the sequence {%} or determine that the

limit does not exist. -~ .
I li n_ _ tm l = 1
I m L - = M L” T e 3
n- 0o 3t
N> oo +4 i
LY, 3

Example 8 (§10.2 Ex. 20). Find the limit of the sequence {In(n® + 1) — In(3n® + 10n)} or
determine that the limit does not exist.

2 N3+ 1
In (ﬂ3+(>_, /V\[Sh +/0n): M(Sn3+10h> 0
’ E __'l’sJ'J—— . |
i -m(—”—*—L) i [ i b [ HD = nf§)
h- % 32 +10n 7t 3 +10n h w0 3+
> 7\3 ) n
0

w1 -1n3

—_— . T
(n (%): (n A-InD 0" TS

We now introduce some terminology for sequences:

e {a,} is increasing if a,1 > a,; for example, {0,1,2,3,...},

e {a,} is nondecreasing if a,1 > a,; for example, {1,1,2,2,3,3,...}.
e {a,} is decreasing if a, 1 < a,; for example, {2,1,0,—1,...}.

e {a,} is nonincreasing if a,4; < a,; for example, {0, -1, -1, -2, -2, -3, -3,...}.

e {a,} is monotonic if it is either nonincreasing or nondecreasing (it moves in one direc-

tion).

e {a,} is bounded if there is a number M such that |a,| < M, for all relevant values of
n
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Geometric sequences have the property that each term is obtained by multiplying the
previous term by a fixed constant, called the ratio. They have the form {dr")}, where the

ratio 7 and a # 0 are real numbers. e T
Theorem 9. Let r be a real number. Then aHo oo
0 if [r] <1
lim(r') = {1 ifr =1

n—00 - ) y ‘ C"{)‘: el
does not exist z orr > 1. )= 1

3
If r > 0, then {r"} is a monotonic sequence. If r < 0, then {r"} oscillates. E:Il))‘fz_ '
=

Theorem 10 (Squeeze Theorem for sequences). Let {a,},{b,}, and {c,} be sequence;’ with
a, < b, < ¢, for all integers n greater than some index N. ﬂmn_,oo_ﬂ: lim,, o Cp,

then I, oo b, = L. —

———

Example 11 (§10.2 Ex. 56). Find the limit of the sequence { 'Y or determine that the
sequence diverges. hat s Hhe

) —a . ’@_ " r;
K= N ——tt < X 2 Lowdd

he

- (" |
G)\~(_,|D): —;+-i Y ?

) s, ~1, %1,
ab\%_@.; hm 74):0 +Il-..)
M2 gm0

()

Qg:(ﬂs— _eL Sv by%f gﬁ"“’—af’- Thm,

h= »

Example 12 (§10.2 Ex. 65). Find the limit of the sequence {%} or determine that the
sequence diverges.

U)’W\p’b\:tl ( gqu%lzn& oM
> lim L =0 and Il A et :

' n-> o h3e h e

AN
-
-3
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Consider the following bounded monotonic sequences:

an

A A

@)_____________.___.__3__2__!__'___-._4_4_4._.__.__.__.__.__. —— )\]

Nonincreasing

bounded above bounded below

M}—————————————————.——;——;——;——;——;—-v-—-v——v——0——o——0——0——0——|
C . a9 M
. n n N_—

Nondecreasing

Indeed, it is a theorem that all such sequences converge:
Theorem 13. A bounded monotonic sequence converges.

We can use earlier results on growth rates of functions (§4.7) to compare growth rates of
sequences:

Theorem 14 (Growth Rates of Sequences). The following sequences are ordered according
to increasing growth rates as n — oo; that is, if {a,} appears before {b,} in the list, then
lim,, ‘;—: =0 and lim,,_, Z—: = 00:

{(Inn)?} < {nP} < {nP(Inn)"} < {n?*°} <[{b"} K {n!} < {n"}.

{"12100} or state that it diverges.

-~ ) 1000 << W
5 lim n” ) (smce, n 2> |
)





	Sequences and infinite series: an introduction
	Sequences

