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Professor Jennifer Balakrishnan, jbala@bu.edu
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Here are some techniques to compute volumes:

Integration with respect to x Disk/washer method about the x —axis

, f “x (feo? - ex)?)ax
C]E y=f®
y =g

¥ Disks/washers are perpendicular to the x—axis.

Shell method about the y-axis
yT Shells are parallel to the y—axis.

b
| f 2ax (f(x) - g(x) dx
a

d
f 27y (p(y) - q(y) dy
c

i RN y=/f
R = g(x)
0 ;\#i»
b x
Integration with respect to y Disk/washer method about the y-axis
yT Disks/washers are perpendicular to the y—axis.
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Shell method about the x-axis
y x=g(y) Shells are parallel to the x—axis.
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Here is a table of commonly used antiderivatives:

1. Jkdx = kx + C, kreal
) 1
4. Jsmaxdx = ——cosax + C
a

1
7. Jsec axtanaxdx = —secax + C
a

I
10. Jﬁ= In|x| +C
X

p+1

2. Jx’“ dx = !
p

+ C,p # —lreal
+ 1

1
5. J’sec2 axdx = —tanax + C
a

1
8. JCSC axcotaxdx = ——cscax + C
a
dx 1 X
ll.J'1 ~=—tan"'=+ C
a + x° a a

A 1
3. Jcos axdx = —sinax + C
a

R 1
6. Jcsc“a.r dx = ——cotax + C
a

L
9. f dx = =" + C
a

[ dx X
12. Ji =sin”'=+C,a>0
Va* — x° a

dx 1 1 1
13. J—x = —sec” +Ca>0 14. J'tan axdx = —In|secax| + C 15. Jcot axdx = =In|sinax| + C
Vit — a a a
1 1
16. Jsec ax dx = =In|sec ax + tanax| + C 17. Jcsc axdx = *Eln|csc ax + cotax| + C
a
Example 1 (§8.-5.67). Find the area of the region bounded by the curve y = ——-—;, the
x-axis, and the lines x = —2 and x = 2.
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Here is a table of all convergence tests:

Table 10.4 Special Series and Convergence Tests

Series or Test

Geometric series

Divergence Test

Integral Test

p-series

Ratio Test

Root Test

Comparison Test

Limit Comparison Test

Alternating Series Test

Absolute Convergence

Form of Series

Ear"'. a#0
k=0

e
E“k
k=1

‘x
> a,, where a, = f(k)
k=1

and f is continuous,

positive, and decreasing

Eak, where a, > 0
k=1

> a,. where
k=1

a,>0,b, >0

> (—1)*a,, where
k=1

a. >0

2 a,, a, arbitrary
k=1

Condition for
Convergence
\r| <1

Does not apply

Jll_f(x) dx converges.

p=>1

iy

lim

k—»2e

a

lim W la,| <1
k—>o

- -]
=
a, = b and 2"’;\-
k=1
converges.

. %
0= Ilmb—< = and

k—x &
-
> b, converges.
k=1
lima, = 0and
k—»x

=

0<a,, =g

@

> |a,| converges.
k=1

Condition for
Divergence

Irl =1

lima, # 0
k—>5

JII_I(A‘) dx diverges.
p=1

lim |~ > 1
k= | ay

ilim V la,| > 1
re

b, = a, and Ehk
diverges. =

ﬂ*
lim — > 0 and

k== by

Ebk diverges.

k=1

lima, # 0
k—>2

Comments

a

If || < 1, then Eurk = ,
k=0 IL=r

Cannot be used to prove
convergence

The value of the integral is not the
value of the series.

Useful for comparison tests

A+1

Inconclusive if lim
k

—so

a,

Inconclusive if lim V la,| =1
k—rae

Eak is given; you supply E b,.

k=1 k=1

E”& is given; you supply 2 by.
k=1 k=1

Remainder R, satisfies

‘I%J = Ayt

Applies to arbitrary series

Example 2 (Midterm 2 #8f, #8h). Do the following converge or diverge?

o 2
1) s k(2—F)

9 (3K +2k+1) sin(k) o
: K3 +k 1
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Here is a list of commonly used Taylor series:
1 2 k Sy
——=1+x+x"+ - +X +---=Zx , for|x| <1
1-x pry
l o0
— =1l-x+xt e+ (=D xR+ :Z(—l)kxk, for x| <1
1+x 0
52 o ok
€ =1+x+—+-+—+ :Z—, for |x| < o
2! k! = k!
' x3 xS (_l)kx2k+l oo (_l)kx2k+l
sinx=x—-— —+ — —+++ ——— + :Z—, for |x| < o0
31 5! 2k+1)! = Qk+1)!
xz x4 ( l)k 2k oo ( l)k 2k
cosx=1- —+ —— Z , for|x| <oo
2! 4! (2k)' = @2k
xz x3 ( l)k+l oo ( l)k+1
nE+D)=x- —+ — -+ + Z , for —1<x=<1
k=
x X3 xk > xk
—ln(l—x):x+—+—+---+—+---:Z—, for -1<x<1
2 3 =k
x3 xS (_l)kx2k+l oo (- l)k 2k+1
tan lx=x- —+ — — b Z , forx|<1
5 2k+1 = 2k+1
U 2 k+1 o 2k+l
sinhx=x+ — + — + — :Z—, for |x| < oo
15! Qk+ 1) — 2k+1)!
P a— 2k oo
coshx=1+ —+ —
' 4! (2k)' 0(2k
< (P .k py pPp-D(@-2)-(p-k+1) (p
P _ - _
(1+x) —Z[k]x, for|x|] <1 and [k]_ r ,[0 =

k=0
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Example 3 (§11.4 Ex. 33). Consider the differential equation y'(t) —y = 0 with initial
condition y(0) = 2. Find a power series for the solution of the differential equation and
identify the function represented by the power series.
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