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This paper will be devoted to investigating certain geometric properties
of the zeros of polynomials over local field and some applications of these
properties. Our main result generalizes (and simplifies the proof of) a theorem
of Tate [1], Theorem 1, concerning the fixed field of the Galois action on the
completion of the algebraic closure of a local field. This is an application of a
geometric theory to be developed in a sequel; the special facts required are
proved in an ad hoc fashion when they are used. We have chosen this approach
because there is a gap between the geometric properties which can be neatly
encompassed in a general theory and the actual properties required for the
matn result.

Throughout this paper £ will denote a local field, a term which we use in a
loose sense: a field with a non-trivial valuation ord (in an ordered abelian
group) with respect to which % is henselian. It is convenient to introduce
the following terminology:

k = algebraic closure of k;
k* — separable algebraic closure;
vk = perfect closure, i.e., k7 if char k = p;
k == completion of &;
k - residue class field of k;
kt = h where h — k.

THEOREM. Let K be a local field. If we let G,, = %(k/|k), the galois group of
N
k, operate on k' by uniform continuity then the fixed field is A/ k. We have k' = k*.

The first assertion i1s our main result. Tate proved it in the case where
char £ = 0 and the value group is archimedean. While the removal of this
* This work was partially done while the author was a summer faculty employee
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 Sloan Fellow.
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last restriction is of no real interest it points out the relative simplicity of our
methods: Tate’s proof depends ultimately on class field theoretical informa-
tion in ramification theory which is, therefore, applicable only in certain
classical situations; our proof, relying as it does on very basic geometric
properties of zeros of polynomials, works equally well for big value groups.

The removal of the restriction on the characteristic of £ is of some interest.
It 1s accomplished by another direct but different argument from that
employed when char & - 0.

The idea behind the proof of our main result 1s quite simple (it 1s this idea
to which Tate alludes in his third remark after Theorem 1 of [1]). If A e &
is fixed under G, , then X is the limit of A; € £ which are almost fixed by G, ;
hence, there is a small disk D; such that oA, ¢ D2, for all oG, Now a
classical theorem! of Gauss [2], p. 112, states that a disk in the complex
numbers containing all roots of a polynomial contains all roots of its derivative.
We prove enough of an analogue of Gauss’s theorem to establish that if f is
the monic irreducible polynomial for A; over V&, then f' has enough zeroes
in a slightly larger disk, ;. An inductive argument now shows that A; must
be elose to Vk. Hence, A — lim A; is in V.

1. THE LoOCATION OF THE ZEROS OF THE DERIVATIVES OF A POLYNOMIAL

The main argument arc those of a Newton-polygon type which 1s
essentially contained in the following well-known fact. Let € denote an
algebraically closed valued field.

LEMMA 1. Let
t

M) = [L(X — 7) = ¥ a7 CIX]
=1 i=0
Assume ord y; 2z ord y, - = ord y, . Then for 0 <1 < t,
ord a; == ord(y,.1 =" ) ()
If ord y, = ord y, 4 , then equality holds and, in fact,
ord(l — (=1 ayly;q - y) = 0O
Proof. We have
o= (DY ()

Ty< o <Ti
! For further historical references to this result which is sometimes credited to
Lucas and for some simple proofs, see Polya and Szegd, ‘‘Aufgaben und Lehrsitze aus
der Analysis,” Vol. 1, Solution to Problem 31 of ITL.
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and this yields (*) sinceord y, ..., > ord y,,4 " y,and if ordy; >ordy,,,
then equality holds only if 7, = ¢+ for 1 <{j <<t — 1 so that y,., =y,
is the unique summand in (**) of smallest ord value.

DeFINITION, Iff = Z:,;O a; X' e C[X], then fUl = ZLO (3 a; X,
We note:

(a) fUl has coefficients in any subring of C containing the coefficients

of f;
(b) jIfUI = fO) the j-th derivative of f;

(c) the (linear) operator f—> fll commutes with translations, i.e., if
ae C and g(X) = f(X + a), then gVI(X) = fUNX -+ a);
(d) ifaeC, then f(X) = Yio fUNa)(X — a).

DeriNiTION. A subset D of C will be called a disk if there exists ¢ € C and
Ain the value group such that

D ={xeClord(x —¢) = Al
The diameter of D is A.

Lemma 2. Let fe C[X] be of exact degree d = p°d, = qd,, where

== char C if char C > 0 and p = 1 if char C = 0, and where (p, d,) == 1.
Assume q <2 d and that D is a disk containing all the roots of f. Then fU1] has
a zero in D.

Proof. We can assume f is monic and by (c), above, that 0 € D. Let

d

d
) = H (X — o) = Z a Xl ordy, = - zordy, =r.
i=1

i=0
Then by Lemma 1,

orda;, = (d—1)r for 0 <7 -<d.
Set

d—q

flal == é ( ; ) a X1 =Y bXI,

j=0
Then
bj:(]gq)aj+q for 0<j<d—q

In particular,

ordbd_q:ord(j)+ordad:0rd(;l) =0
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and
ordby = ordg, = (d — q)r.
Set
‘ d d—yq
flal e X —B8).
()T =8
Then
d d—q
(q ) El (/3]) = b,
which yields
d—q
> ordf; = (d — gy
i=1

Hence, there exists j, such that 1 < j, <. d — g and ord ; > r; this is the
desired conclusion.

Lemma 3. Let char C = 0 and let f € C[X] be of exact degree d - = p° > |
where p = char C = 0. Let ¢ == p*~" and assume f has all its zeros in a disk D.
Then [t has a zero in the disk D' with center in D and diameter equal to the
diameter of D enlarged by (ord p){(d — q).

Proof. We can assume f 1s monic and 0 e D.

Set
d o
f= Z a; X! = II] (X — o),
i=0 e
. LA A = o jdy g
=3 Jaxe = (§) T ow = () T - 5)
Now
ord ( ) = ord (p{::) =ordp #
Also,
djz(: ord B; = ord b, — ord (aq/( ;{ ))

= ord g, -~ ord p = (d — g) min ord o; — ord p.
7



THE GALOIS ACTION 421

Hence, there exists j, such that 1 <7 j; <7 d — g and

ord 8; = min ord «; — (ord p)/(d — ¢).
j

Jn =

2. Tur DiaMETER OF THE CONJUGATES

Let k be a local field with algebraic closure 2 == C. Then the valuation of &
extends uniquely to C since this property characterizes henselian fields.

DerintTion. I a e O, we set
A, (a) == d(a) -+ minford(a’ — x) ! o’ € C, k conjugate to a}.

If o & Vk, then we set A(a) = 0.

We are interested in comparing the diameter, 4(a), of the conjugates of «
with the distance from « to k or, since this may not exist, the set of ord(c. — a)
with a € k. We have for all @ € £ and all k-conjugates o’ of «

ord(a/ — a) = ord(a’ — @ — (x — a))
> min{ord(«’ — @), ord(a — a)) == ord(a — a).

Hence, for all a € k, 4(«) 2= ord(e — a). Our main result depends on showing
that there exists a € k such that ord(a — a) is almost equal to 4(x).

LeMMA 4. Assume chark = 0 and chark = p > 0. Let acC. Set
n -~ [k(x) 2 k]. Then there exists a € k such that

AMn)
ord(a — a) == d(e) — ¥ (p* -~ p) "t ord p,
i=1

where X(n) == max{e | p° = nj.

Proof. Let f be the monic irreducible polynomial for o over k. We
establish our result by induction on n, the case n = | being trivial. If
n = p’d, = qd, with (p, d,) := 1 and dy > 1, then by Lemma 2 applied to D,
the disk centered at « of radius 4(«), we see that there exists a root § of fI7
such that ord(a — B) > 4(«). Let B’ be any k conjugate of 8 and let o be a
k automorphism of C such that 68 == 8’. Then

ord(f’ -~ B) == ord(sf — B) = ord(c8 — oa + oo —a -+ a — )
== min(ord o(8 — a), ord(oca — «), ord(x — B)).

We have ord o8 — x) = ord(f — a) and ord(8 — «), ord(ca — o) = A(x).

481/15/3-9
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Thus, ord(f’ - 8) = 4(«), i.c., 4(B) = 4(a). Now, [k(B) : k] —m <in—g <. n

and so by inductive hypothesis there exists a € & such that

Ao}

ord(8 — a) = 4(B) -~ Z (p' - pV) lord p

21

Aln)

o Aw) — 3 (pr—pt ) Tord p.

Hence,
ord(e — a) = min(ord(x - j3), ord(B - a))

Alw)

o= Aoy — Z (pP —p' Yy tord p.

In the remaining case, we have # == p* = 1. We apply Lemma 3 to obtain
a root B of fld g = p* such that ord(8 —«a) == A(x) — (ord p)/(n — ¢). As
before, 4(8) = A(«) — (ord p/n — g). Thus, by inductive hypothesis, there
exists @ € k such that

Mn—q)

ord(B —a) = AB) — Y (p' - p) Nordp

'

01

=A@ = e g Y (p - p)Tordp

i=

Aln)

=A@ = 3 (Y ord p.

Since
Aln)
ord( — o) > 4(x) — 3. (¢ — P Fordp,
i1
we conclude

An)
ord(a —a) = A(2) — 3. (p' — p1)t ord p.
i1

This completes the proof.

PROPOSITION . Let k be a local field with char k = 0, chark - p = 0.
Then for all « € k, there exists a € k such that

ord(a — @) = A(x) — (pl(p — 1)) ord p.
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Proof. 'This follows from Lemma 4, and the summation

Z(pl P = pl(p — 1)
LEmMA 5. Let k be a local field with chark = p > 0. If ack and
p = [k(«) : k], then there exists 8 € kY such that

ord(e — B) = ((p — 1)jp) ord o + A{a)/p

Proof. We may assume « is separable over & Let o = af), a®,..., al?
denote the k& conjugates of a. Set @ —= «) - a and

p o= \]( 9 1—[ & = l’I (a o 77(z)) N b at =l e 4 [,IH
where b, is the i-th symmetric function of the . Since ord ) = A(x), we
have

ord b; = id(a).
Thus,

ord(v — a?) = 1min ord bt
S L] )

;lmm (id(e) + (p —i)ord o) = A(a) - (p — 1) ord

since
A(x) = ord «.
Thus,
pliv e RUY
and

ord(?" — a) = 1/p[A(x) + (p — 1) ord a]

as desired.

LEMMA 6. Let « €k be of degree p over k. Then for all positive integers j
there exists f3; € V'k such that

ord(a = 8;) = ((p - D/pY ord a+(1/p + (p = D)[p* -+ 4+ (p - 1)/p)4(x)

Proof. We prove this by induction on j, the case j == | being covered by
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Lemma 5. Applying this lemmato o — 8, \/k, we obtain 8, | € VR -V
with the property that
ord(a — Bi41) = (p = Dipl((p — DjpY ord a4~ (1ip + (p - 1):p?
S (e 1Y) AR - S
(= Dipy Forda 4= (Lip 1 (p = 1y ) d(),

as desired.

COROLLARY 1. Assuming ord o 2 0, we have that for all integers | - |

there exists B € V'E such that

ord(a - B) = (I — 1/I) M).

COROLLARY 2. If the wvalue group is archimedean we have, without the

assumption  that ord « 2= 0, that there exists fe V'R such that order
(x — B) = 4(o).

ProposiTION 2. Let k be a local field with char k = p > 0. Then for all

a e kwith ord o = 0 and for all integers | > 1 there exists f € V'k such that
ord(a -- 8) = (I — 1) A(<).

Proof. First, assume that every finite extension of & has degree a power
of p and k is perfect. Then there exists a tower of fields & = &k, Ck, .- Ck,
with [k k] =p for 1 =0,..,m — 1 and ack,. By Corollary 1 to
L.emma 6, there exists y € \/k,l 1 == k,_y such that

ord(a — ) = (1 — 120 4, (a) = (1 - 1/20) 4y(w).

If 4" is a k conjugate of y, then for a suitable £ conjugate o’ of « we have
(cf. proof of Lemma 4)

ord(y” —y) = ord(y’ — &' o —a +a—y) = (1 — 1/2]) 4,(a).

Thus, d,(y) = (1 — 1/2]) 4,(«). By induction on n we can find B & vk = k
for which

ord(y — B) = (I — 120) A,(y) = (1 — 1201 — 1]20) 4,(a).

This implies ord(« — 8) == (I — 1/I) 4,(«) completing the proof under our
first assumption.

Secondly, let us consider the case where £ is merely assumed to be perfect.
Let K be a maximal extension of 2 composed of finite extensions of degree
prime to p, i.e., K is the fixed field of a pro-p-Sylow subgroup of G, so that
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every finite extension of K has order a power of p. Hence, by our previous
considerations there exists y € ¥K = K such that
ord(e — y) = (1 — /1) dg{).
Denote K(y) by ] and the set of K monomorphisms [ — K = k by 4. We
have
ord([J : K]~" trace,;x(y) — ¥)
= ord([] : K] H(tracesix(y) — [J: K]y))

=ord y (oy —y) —ord[]: K]

gEA

=ord Y (oy —y) = dily) = (I — /1) ()

oceA

since (p, [/ : K]) == 1. This proves the result in the second case.
In the general case where & is arbitrary, it follows from what we have
already shown that there exists y € V& such that

ord (a —y) = (I — 1) Aya(e) = (1 — DAy

completing the proof of Proposition 2.

PROPOSITION 2. Let k be a local field such that either (a) char & = 0 or (b)
char & = p > 0 and ord k* is an archimedean ordered group. Then for all x c k
there exists B € Vk such that order (o — B) = A(a).

Proof. The proof in case (b) is similar to that of Proposition 2, the
reference to Corollary | of Lemma 6 being replaced by a corresponding
reference to Corollary 2 of Lemma 6. Case (a) is even simpler: Only the
argument employed in the second case of Proposition 2 need be used; it
applies since for all finite extensions J/K/k we have ord[]: K] = 0.

3. Proor ofF THE THEOREM

Let ¢ € &t be fixed under G,,. We may assume ord ¢ 2> 0. Then for all
A€ ord £* and for all integers / > 1, there exists a € & such that

ord(e — ¢) > w(k, A, 1)
where:
w(k, A, 1) — A if char k — 0;
=X+ (p/(p — 1)) ord p if char £ = 0 and char &£ = p > 0;
= (1 —1/)*Aif char k = p > 0.
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foeG,,

ord(ea — &) = ord{oa — o¢ + 0¢ — ¢ + ¢ — @)

= min ord(o{x — ¢), ¢ — «)

== ord(c — o) =2 w(k, o, I).

= Ord(oot —o¢ + ¢ — o)

By Propositions 1, 2, and 2', there exists « € V& such that ord(x -~ a) 2= A,
Thus, ord(c — a) > A. Since A was arbitrary, we must have ¢ & vk. This
proves our main result, the first assertion of the Theorem.

We now show that k¢ is dense in 2. We may assume &% — kso that b = V.
Let « € £ = Vk. Then there exists a power g of p — char k (assuming as we
may that p > 0) such that o -~ ac k. If be k* and if 6 is a root of

X —bX —a = 0, (")
then 6 € k* = k, by differentiating the left side of (*). Also, (# — o)t == b0 so
ord(# — o) = l/g(ord b + ord 0). (*)

Let A € ord £* be arbitrary. Choose b € k* so that!

(1) ordd > ((¢ — 1)/g) ord a and
(i) ord & > gX — (ord a)/q.
By (i) and (*), ord ¢ = (ord a)/gq (e.g., by Lemma I). By this and (**) we
obtain
ord(0 — «) = 1/g(ord b + (ord a)/q).
Therefore, we may apply (i1) to obtain
ord(f — «) > A

Hence, k¢ is dense in k. This complete proof of the Theorem.,

4. FURTHER RESULTS

Let & be a local field with char k - 0. By Proposition 2', for all « = & there
exists @ € k& such that ord(a« — @) = d(a). If we remove the assumption on the
characteristic of %k, then we have demonstrated modified versions of this
inequality. Indeed, let p be a prime. Let F, denote the set of fe Q such that
for all local fields & with char k - 0 and char £ = p and for all a £ % there
exists @ € k with

ord(ee — a) 2= A(a) — ford p. ()
Proposition 1 asserts that p/(p — 1)2€F,. By the opening remarks of
Section 2, it is clear that F,, consists of nonnegative rational numbers. We now

t Here we usc that ord is non-trivial.
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show by means of examples that 0 ¢F,, i.e., the last term of (*) is not
superfluous.

Let & be discrete valued with ord p of minimal positive value, e.g., & == Q,,
the p-adic numbers. Set f(X) = X* + pX + p and let o be a zero of f. We
claim A(x) == 1/(p — 1). Indeed, f(X) = 1 ofUNa)(X —a) so that it
suffices to prove that for every nonzero root B of g(Z) — Zf:(,flf](a) YA
ord 8 = 1/(p — ).

) = () =0,

FU() = FO(0) = pXI | p,
JNe) = (‘?)a"‘f for 2 <{j < p.

Thus, g(Z) = Z'Z;:é cZiwith e, ; = 1, ord ¢, == ord p and ord ¢; > ord p
tor 0 << ¢ <2 p — 1. By a Newton polygon argument, we haveord 8= 1/(p — 1)
for every root of zi:; ¢;Z* which establishes our claim. Since ord « = ord p/p,
ord(a — a) << 0 for every ack, equality being achieved if, and only if,
orda => 0, i.e,, ord a = ord p, e.g., @ == 0. This shows that for f€ Q there
exists @ € Q such that

ord(ax — @) = A(a) — ford p

if, and only if, f = (ord p)j(p — 1).
We have just shown that f e F, implies f = 1/p — 1.

DEerINITION. @, = InfF, € R.

We have |/pi— @, < p/(p — 1)2 It is of some interest to determine @,
in view of its absolute character; our last result is to show that the uppper
bound we have obtained is not sharp.

LemMa, Let F = X"+ a, ;X' + -+ +a,¢€ E[X]. Assume ord o = r
for all voots o of f. Set

¢ S (glg - 2)f
=g — 1) as s —29a, ] X - @10, — 39/ — 2) 2,
Then there exists a root 8 of g or f19-1) for which ord B = r — ord p, provided
ord ¢ << 2 ord p.

Proof. Normaliing ord so that ord p = 1, we may assume ord(g — 1) = 0,
ord(g — 2) == 1. Since q,_; is the i-th elementary symmetric polynomial in
the roots of f, ord a,_; = ir. fle1l = ¢X + q,_;; if the root — a,_,/q does
not satisfy our conclusion, we have

orda, ; <<r — 1 -+ ordq.
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Hence,
ord(g ~ 1)a:_;, -2orda,, << 2¢r —2- 2ordg
while
ord 2ga, , > ord 2 — ord ¢ + 2,
S0

ord 2ga,_, - ord(g — 1)ai_, .
It follows that for the root 5 of g,

ord B = ord[a, a4, , — (3¢/(¢ — 2)) a, 3] — 2ord q,_,
> minford a,_, -~ ord a,_y , ord{g/(g — 2)) +- ord @,y — 2 ord a,_,}
=z min{r - 1 -~ ordg,ord g —ord(qg — 2) -7 -2 - 2ord g}
zmin{r — I,y —ord(g — 2)} =v — 1,

as desired.

CorOLLARY. Letcekandf - X0+ au N7v + - o aye k[X]. Assume
ord(a — ¢} = 7 for all voots x of f. Then there exists a root Be k of fl'"H or ¢
(as above) for which ord(B — ¢) = v — |.

Proof. We have only to use that the linear operator f — fle1 and the
nonlinear (!) operator f-— (g - 2) fle1fle-21 — 31231 commute with
translations.

ProrosITION 3.

[ <@, <32=) (27" -2
i

Proof. p == 2. It suffices to show that « € % of degree ¢ -= p? over k implies
that there exists a € £ with ord(e — @) = d(«) — [/(p — 1) = | (instead of
just ord(a —a) = A(a) — (1/(p— 1) - 1/(p* — p)) as we had before in proving
Lemma 4.) Let f be the monic irreducible polynomial for ¢ over k. Let
ff11 and g be as in the lemma and its corollary. Let ¢ == «. Then
ord{a’ — ¢) = d(a) for all roots o’ of f. Hence, there exists @ € & (a root of
fle-1 or g) for which ord(e — a) >> A(a) — 1, which establishes the proposi-
tion.
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