Gal(Qp /Q,) as a geometric fundamental group

Jared Weinstein*

February 1, 2016

Abstract

Let p be a prime number. In this article we present a theorem,
suggested by Peter Scholze, which states that Gal(Qp /Qp) is the étale
fundamental group of a certain object Z which is defined over an al-
gebraically closed field. This object is the quotient of the “punctured
perfectoid open disk” by an action of the group Q, . The proof of this
fact combines two themes: the tilting equivalence for perfectoid spaces,
and the Fargues-Fontaine curve.

1 Introduction

Let p be a prime number. In this article we present a theorem, sug-
gested by Peter Scholze, which states that Gal(Qp/ Q,) is the étale
fundamental group of certain object Z which is defined over an alge-
braically closed field. As a consequence, representations of Gal(ap /Qp)
correspond to local systems on Z.

The precise theorem involves perfectoid spaces [Sch12]. Let C'/Q,
be complete and algebraically closed. Let D be the open unit disk
centered at 1, considered as a rigid space over C, and given the struc-
ture of a Z,-module where the composition law is multiplication, and

a € Z, acts by x — x*. Let
D= lim D.
.t]%cp
Then D is no longer a classical rigid space, but it does exist in Huber’s
category of adic spaces, and is in fact a perfectoid space. Note that D

has the structure of a Q,-vector space. Let D* = D\ {1}; this admits
an action of Q.
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Theorem A. The category of Q) -equivariant finite étale covers of D*
is equivalent to the category of finite étale Qp-algebras.

_ The object Z of the first paragraph is then the quotient Z =
D*/ Q. This quotient doesn’t belong to the category of adic spaces.
Instead there is a sheaf-theoretic interpretation, which makes Z into
something like an algebraic space. The category Perfo of perfec-
toid spaces over C' carries a topology, the pro-étale topology, in which
(roughly speaking) a cover of an object X is a surjective morphism
from an inverse limit lim X;, with each X; — X an étale morphism.
See for details. Each object in Perfo becomes a sheaf on Perfes
via the Yoneda embedding (Proposition |4.2.5]).

In this larger category of sheaves on Perfo, there is a notion of
finite étale morphism, which agrees with the usual notion when the
target is representable. The category of finite étale morphisms onto a
given sheaf X on Perfo becomes (after choosing a base point) a Galois
category, with associated étale fundamental group m$*(X).

Theorem B. Let Z be the quotient 5*/Q;, where the quotient is
taken in the category of sheaves on Perfo. There is an equivalence of
categories between finite étale morphisms to Z and étale Qp-algebras.

Thus 7{'(Z) = Gal(Q,/Qy).

Theorems A and B can be generalized to a finite extension E/Q,.
Let 7 € E be a uniformizer, and let H be the corresponding Lubin-
Tate formal Op-module. Then D gets replaced by the generic fiber
H24; this is the open unit disc centered at 0, considered as an adic
space over C. H, gd is endowed with the Og-module structure coming
from H. Form the universal cover ﬁgd = @Hgd, where the inverse

limit is taken with respect to multiplication by « in H. Then ﬁgd is
an E-vector space object in the category of perfectoid spaces over C.
Let H3"* = H2N\ {0}. Form the quotient

g = ﬁgd’*/EX

in the category of sheaves on Perfo. Then the categories of finite étale
covers of Zp and Spec E are equivalent, so that 7¢*(Zg) = Gal(E/E).

The proof of Theorem A hinges on a combination of two themes:
the fundamental curve of p-adic Hodge theory, due to Fargues-Fontaine,
and the tilting equivalence, due to Scholze. Let us sketch the proof in
the case &/ = Q. Let C” be the tilt of C, a perfectoid field in charac-
teristic p. Consider the punctured open disc D7, (with parameter t)

and let Dy, =lim D, Then D}

G- &» is simultaneously a perfectoid



space over two perfectoid fields:

Spa B, (1/7)

e

SpaC”

Dy,

Scholze shows that if K is any perfectoid field, there is an equivalence of
categories (the tilting equivalence) X — X’ between perfectoid spaces
over K and K”, and that the categories of finite étale covers of X and
X’ are equivalent. Considered as a perfectoid space over C?, Dy, has
an obvious “un-tilt”, namely 5*0 But b*cb is also a perfectoid space
over F,((t'/P™)), which is the tilt of the cyclotomic field Qp(upoo).
Thus 5& also has an un-tilt to a perfectoid space over (/ip(,upoc)7 and
this is where the Fargues-Fontaine curve comes in.

The construction of the Fargues-Fontaine curve X is reviewed in
@ X is an integral noetherian scheme of dimension 1 over Q,, whose
closed points parametrize un-tilts of C” modulo Frobenius. For our
purposes we need the adic version X, which is the quotient of another
adic space ) by a Frobenius automorphism ¢. The extension of scalars
y@)Q,p(,upoo) is a perfectoid space; by a direct calculation (Proposition

3.5.4) we show that its tilt is isomorphic to b*cb In this isomorphism,
the action of Gal(Qy(pp=)/Qp) = Z, on the field of scalars @p(,upoo)

corresponds to the geometric action of Z5 on lND*C,,, and the automor-
pism ¢ corresponds (up to absolute Frobenius) to the action of p on
D§,.

Therefore under the tilting equivalence, finite étale covers of 155
and y@Qp(upm) are identified. The same goes for finite étale covers
of D, /p% and X®Q,(11p=). Now we apply the key fact that X is geo-
metrically simply connected. The same statement is proved in [FEF1]]
for the algebraic curve X; we have adapted the proof for & in Propo-
sition Thus finite étale covers of D¢ /p? are equivalent to finite
étale Qp(fup=)-algebras. Now we can descend to Q,: Z)-equivariant

finite étale covers of 155 /p? are equivalent to finite étale Q,-algebras,
which is Theorem A.

To derive Theorem B from Theorem A, we prove a descent state-
ment for finite étale morphisms relative to pro-étale covers in Perfs,
Proposition That is, whenever Y/ — X’ is a finite étale mor-
phism in Perfs equipped with a descent datum relative to X' — X,



then Y’ — X’ descends to a finite étale morphism Y — X. The same

descent statement holds in the category of sheaves on Perfs, Proposi-

tion [£:2.9] As a corollary, whenever Y — X is a pro-étale G-torsor in

the category of sheaves on Perfs, where G is a profinite group, there is

an equivalence of categories between G-equivariant finite étale covers

of Y and finite étale covers of X. After checking that D,/ p% — 7 is
a pro-étale ZX torsor, we can conclude Theorem B.

This entlre article is an elaboration of comments made to me by
Peter Scholze. I also thank Laurent Fargues and Kiran Kedlaya for
many helpful remarks. The author is supported by NSF Award DMS-
1303312.

2 Generalities on perfectoid spaces

Perfectoid spaces and the tilting equivalence play a crucial role in this
article, so we review some foundational results on them here. The main
result of this section is Theorem [2.5.5] which concerns affine formal
schemes Spf R over Spf Ok (where K is a perfectoid field). Under
certain hypotheses on R, the adic generic fiber of Spf R is a perfectoid
space over K. Theorem [2 shows that the tilt of this perfectoid
space is the adic generic ﬁber of Spf R?, where R® = lj m . B

This result will immediately allow us to identify the tilt of the
Fargues-Fontaine curve in Proposition [3.2.1] which plays an important
role in the proof of our main theorem. Proposition [3.2.1] had already
been proved in [Farl3] “by hand”, so the reader who is only interested
in the main theorem can proceed directly to §3.

2.1 Review of adic spaces

The category of adic spaces is introduced in [Hub94]. We quickly
review the main definitions.

Definition 2.1.1. A topological ring R is Huber (f-adic in [Hub94])
if it contains an open subring Ry whose topology is generated by a
finitely generated ideal I C Ry. Such an Ry (resp., an I) is called
a ring of definition (resp., ideal of definition) of R. A Huber pair
(affinoid ring in [Hub94]) is a pair (R, R™), where R is a Huber ring and
RT™ C R is an open and integrally closed subring consisting of power-
bounded elements. A morphism of Huber pairs (R, RT) — (5,5T) is
a continuous homomorphism R — S which sends R* — ST,

Let (R, RT) be a Huber pair, and let Ry (resp., I) be a ring of
definition (resp., ideal of definition) of R. Huber defines a topological
space X = Spa(R, RT) whose points z are equivalence classes of con-
tinuous valuations f +— | f(x)| on R which are <1 for all f € RT. The



topology on X is generated by rational subsets

U<Tl,...,T"> {xEX’|fi(x)§|si(z)|7é0, fieTz}

S1 Sn
where for each i = 1,...,n, T; C R is a finite subset which generates
an open ideal in R, and s; € R. Given such data TY,...,Ty,S1,..., Sn,

one can give R[T1/s1,...,Tn/sn] C R[1/s1,...,1/s,] a ring topology
making Ro[T1/5s1,-..,Tn/$n] an open subring equipped with the I-adic
topology. Let R(T1/s1,...,Tn/sn) be the completion of R[Ty/s1,. ..
,Tn/sn). Then one defines the structure presheaf (Oy,0%) on X =
Spa(R,RT). U = U(T1/s1,... ,Tn/sn), then Ox (U) = R(T}/s1,- - .,
T,./sn) and O% (U) is the completion of the integral closure of the sub-
ring RY[T1/s1,...,T,/sn] C Ox(U). For each z € X, the stalk Ox ,
is a local ring; the continuous valuation f — |f(z)| on R extends in a
natural way to a continuous valuation on Ox ..

It is important to note that Ox is not necessarily a sheaf. Let
us call a Huber pair (R, RT) sheafy if Ox is a sheaf. Huber shows
that (R, RT) is sheafy when R is “strongly noetherian”, meaning that
R{X1,...,X,) is noetherian for all n > 0. In brief, an adic space is
a topological space X equipped with a sheaf of complete topological
rings Ox whose stalks come with distinguished continuous valuations,
such that X is locally isomorphic to Spa(R, RT) for a sheafy Huber
pair (R, RT). We refer to [Hub94| for the precise definition.

In §2 of [SWI13] we constructed a larger category of “general” adic
spaces, whose objects are sheaves on the category of complete Huber
pairs. (This category can be given the structure of a site, in which
the coverings of (R, RT) correspond to coverings of Spa(R,R") by
rational subsets.) If (R, RT7) is a (not necessarily sheafy) affinoid ring,
then Spa(R, RT) belongs to this larger category. If X is an adic space
in the general sense, let us call X an honest adic space if it belongs to
the category of adic spaces in the sense of Huber; i.e. if it is locally
Spa(R, RT) for a sheafy (R, RT).

If R is a Huber ring, write R° for its subring of power-bounded ele-
ments. Then (R, R°) is a Huber pair, and we write Spa R = Spa(R, R°).

2.2 The adic generic fiber of a formal scheme over
Spt Ok

Let K be a nonarchimedean field, and let w € K be a pseudo-uniformizer
(a topologically nilpotent unit). Let Ok be the valuation ring of K.
Suppose R is an Og-algebra which is separated and complete with
respect to the topology induced by a finitely generated ideal. Then
Spf R is a formal scheme over Spf Ok. Also R = R°, and (R, R) is
a Huber pair over (Ok,Ok). One can form the adic space Spa R,
which is fibered over the two-point space Spa(Ok,Ok). By [SW13]|



Proposition 2.2.1], Spf R — Spa R extends to a fully faithful functor
M — M? from the category of formal schemes over Spf O locally
admitting a finitely generated ideal of definition, to the category of
adic spaces over (O, Ok).

Let n = Spa(K,Ok) be the generic point of Spa(Ok,Ok). The
adic generic fiber of Spf R is (Spa R), = (Spa R)\ {w = 0}. Suppose
that the elements fi,...,f, € R generate an ideal of definition for
R. Then for every z € (SpaR)\{w =0}, and each i = 1,...,n,
we have |fi(z)|™ — 0 as m — oo, whereas |w(x)| # 0. There-
fore there exists N > 1 such that |f;(z)|Y < |@| # 0, and thus
r € U(fN/w,...,fN/w). Note that (f{¥,...,fN) is also an ideal
of definition of R. We have proved:

Lemma 2.2.1. The adic generic fiber (Spa R)\ {w = 0} is covered by
rational subsets U(f1/w,..., fn/w), where (f1,..., fn) runs through
tuples of elements which generate an ideal of definition of R.

Example 2.2.2. The formal open unit disc is Spf O [T]. Its adic
generic fiber is covered by rational subsets U, = U((T",w)/w) =
{IT|" <|w| # 0} for n =1,2,.... This is the adic open unit disc over
K. Note that U, = Spa(Ry, R;}), where R,, = Og[T] (T /w) [1/=],
and R, is the integral closure of Ok [T](T"/w) in R,.

2.3 Perfectoid algebras and perfectoid spaces

We review here some definitions from [Sch12] concerning perfectoid
algebras and perfectoid spaces.

Definition 2.3.1. A perfectoid field is a complete nonarchimedean
field K with non-discrete rank 1 value group and characteristic p
residue field, such that the pth power Frobenius map ®: Og/p —
Ok /p is surjective.

Remark 2.3.2. It will be convenient to use the symbol ® to denote
the pth power Frobenius map A/I — A/J whenever A is a ring and
1,J C A are ideals such that J contains p and IP C J.

Let K be a perfectoid field with absolute value | | and valuation
ring Og = K°. One can always find an element w € Ok such that
Ip| < |w| < 1, with pth root w'/? € O. Then ®: O /w'/? — Ok /w
is an isomorphism.

If M is an Og-module, we say that M is almost zero if for all
m € M, we have @w!/?"m = 0 for all n. The category of Oj-modules
is obtained as the quotient of the category of Og-modules by the thick
subcategory of modules which are almost zero. Let M +— M? be the
localization functor from Op-modules to O%-modules; this admits a
right adjoint M — M,. One can define the category of O%-algebras,
as well as A-algebras, where A is an O%-algebra.



Definition 2.3.3. A Huber ring R is uniform if the subring R° C R
of power-bounded elements is bounded.

Definition 2.3.4. Let K be a perfectoid field.

1. A perfectoid K-algebra is Banach K-algebra R such that R is
uniform and such that ®: R°/w — R°/w is surjective.

2. A perfectoid O% -algebra is a w-adically complete flat O% -algebra
A such that ®: A/w!/? — A/w is an isomorphism.

3. A perfectoid O3 /ww-algebra is a flat O%-algebra A such that

®: A/w'/? — Ais an isomorphism.
Lemma 2.3.5 ([Sch12, Proposition 5.9])). Suppose K has characteris-
tic p, and let R be a uniform Banach K-algebra. Then R is a perfectoid
K-algebra if and only if R is perfect.

Definition 2.3.6. A perfectoid space over K is an honest adic space
over K which can be covered by rational subsets of the form Spa(R, R™),
where R is a perfectoid K-algebra.

2.4 Tilting

The following is a review of §5 of [Schi2].

Let K be a perfectoid field of characteristic 0. For a perfectoid
K-algebra R, the tilt R* is a ring whose underlying topological multi-
plicative semigroup is the set of sequences (fo, f1,...) of elements of
R satisfying f = f;_1 for all i > 1. The addition law on R’ is defined

by (fi) + (9:) = (hi), where
hi = lm (fagi + gnsi)” -
n—oo

Then R’ is a ring of characteristic p. If f = (fos f1,-..) € R’ we write
f* = fo.

In particular if R = K, then K" is a perfectoid field of characteristic
p. After replacing w € K with an element of the same norm, one can
find @’ € K° such that w = (@”)!. In general, R’ is a perfectoid
K’-algebra, and R°/w” = R°/w. We remark that we could also have
defined R’ as R2?°[1/w], where

Roab _ @Roa/w;
oo

the two definitions of R are equivalent by [Sch12 Proposition 5.17].

Theorem 2.4.1 ([Schi2, Theorem 5.2]). The functor R + R’ is an
equivalence between the category of perfectoid K -algebras and the cat-
egory of perfectoid K’-algebras. In fact, all of the following categories
are equivalent:



Perfectoid K-algebras,
Perfectoid O% -algebras,
Perfectoid O% /w-algebras,
Perfectoid O'}‘(b/wb—algebms,
Perfectoid OF,,-algebras,
Perfectoid K°-algebras.

In Theorem the equivalence between (1) and (2) is R+~ R°?®
in one direction, and A — A,[1/w] in the other. The equivalence be-
tween (2) and (3) follows from the vanishing of the cotangent complex
for a perfectoid O% /w-algebra, which contains obstructions for lifting
0% /w-algebras to O%. The equivalence between (3) and (4) is imme-
diate from Ok /w = O /w’. The remaining equivalences involving
K’ are parallel to the ones involving K.

Definition 2.4.2. A perfectoid affinoid K-algebra is a Huber pair
(R, RT"), where R is a perfectoid K-algebra.

Lemma 2.4.3 (|[Sch12l Lemma 6.2]). The categories of perfectoid affi-

noid K -algebras and perfectoid affinoid K°-algebras are equivalent. If
(R, R1) corresponds to (R?, R*) under this equivalence, then R** Jw® =
R /w.

Theorem 2.4.4 ([Sch12|, Theorem 6.3). Let (R, R") be a perfectoid
affinoid K-algebra. Then (R, RT) is sheafy. Let R°t C R’ be the
subring consisting of sequences in RT. There is a homeomorphism

S S o v o=

{Spa(R7R+)| — ’Spa(Rb,R"J“)‘

a:»—)xb,

defined by the relation |f(xb)‘ = ‘fu(a:)‘ for f € R®. Furthermore, ra-
tional subsets of Spa(R, Rt) and Spa(R’, R**) are identified. Finally,
the categories of finite étale algebras over R and R’ are equivalent.

2.5 Formal schemes over Ok with perfectoid generic
fiber

Let K be a perfectoid field, and let w € K be an element with |p| <
|| < 1. Assume that w = (w”)* for some @’ € O, so that w!/?" €
Ok for alln > 1.

Definition 2.5.1. Let S be a ring in characteristic p. S is semiperfect
if the Frobenius map ®: .S — S is surjective. If S is semiperfect, let
Sh = 1‘m¢ S, a perfect ring which surjects onto S.

If R is a topological Ok-algebra with R/w semiperfect, then write
R’ = (R/w)", a perfect topological O»-algebra. Note that R’/w” —
R/w is surjective.



Lemma 2.5.2. Suppose that an Ok -algebra R is w-adically separated
and complete, and that R/w is semiperfect. The natural map

lim R - limR/w =R’

TP o]
is an isomorphism of multiplicative monoids.

Proof. Injectivity follows from R being w-adically separated, and sur-
jectivity follows from R being w-adically complete, cf. the argument
in [Sch12 Lemma 3.4]. O

Given f € R’, we may use Lemma m to identify f with a se-
quence (fo, f1,...) € fm o R. Let f* = fo. Then f — ftisa
continuous map of multiplicative monoids R”> — R. Note that the
image of f under R> — R’/w” — R/w equals f* (mod w).

Proposition 2.5.3. Let R be a topological O -algebra which is sepa-
rated and complete for the topology induced by a finitely generated ideal
of definition. Assume that:

1. wR C R is closed,
2. R/w is semiperfect,
3. If f € R satisfies f*" € wR for some n > 1, then f € w'/?"R.

Then R’ is also separated and complete for the topology induced by
a finitely generated ideal of definition, and it satisfies the same con-
ditions (1)-(3) (with R’ and =’ replacing R and w.) Furthermore
if fi,...,fn € R® generate an ideal of definition, then the elements
ff, ..., [i @ generate an ideal of definition of R.

Remark 2.5.4. A systematic setting in which Prop. holds has
been developed in |[GRI5, Defn. 14.1.14 and Prop. 14.1.22].

Proof. We denote by pr,: R — R/w the projection onto the rth
coordinate: pr,.(zg,z1,...) = x,. Thus we have pr,(z) = pro(z'/?").
Note that condition (3) implies that ker pry(z) = w”R’. Indeed, if
f = (fo, f1,...) € R and pry(fo, f1,...) = 0, then for all n > 1,
f2" € @R, and so by condition (3) f, € @w!/?" R, which means that
fewx’R.

Let J = (g1,.--,9m) be an ideal of definition for R, and let J
denote its image in R/w. We claim that R/w is J-adically separated
and complete. Completeness follows from the completeness of R, and
separatedness is the statement that (), (J* + @R) = wR, which is
equivalent to condition (1). B

By condition (2), the projection pry: R” — R/w is surjective, and
we can find elements ¢},...,¢% € R® which lift ¢1,..., ¢, (mod w).
For ease of notation we assume that g,, = 0 and gfn = w”. We claim



that J* = (¢3,...,¢°,) induces the topology on R’. By definition of
the inverse limit topology, a system of neighborhoods of the origin

in R is given by {prr_ 1(jk)} . We will show that each of these

r,k>0
neighborhoods contains some (7b)N , and vice versa.

Given r,k > 0, let N be large enough so that (J°)¥ is contained in
((gD)*", ..., (97,)""). We have pr,(g;)"" = g} (mod @), and there-
fore (J°)N C pr;l(jk).

In the other direction, let N > 1. Let r be large enough so that p™ >
N. Suppose z € pr; *(J). Write pr,(z) = > i" | g;h; with h; € R/w.
Let h? € R lift h;, and let y = >°7" | g?h? € J°. Then pry(z/P" —y) =
pr,(z) — pro(y) = 0. Therefore z'/?" —y € @R, and so /7" € J°,
which implies = € (J°)?" € JN. We conclude that pr;*(J) C (J*)V.

Thus J° is an ideal of definition for R’. We claim that R’ is .J°-
adically separated and complete, which is to say that the map a: R> —
l}ﬂlR"/(Jb)N is an isomorphism.

For injectivity of a: Suppose x € R’ lies in the kernel. Let
k,7 > 1 be arbitrary. Let N be large enough so that (J*)V is con-
tained in ((¢3)**",...,(¢%,)*"). Since x € (J°)V we can write z =
S (g2)* hy, with h; € R°. Then pr,(z) = 31, gFpr,(hi) € 7"
Since k was arbitrary, and R/w is J-adically separated, we have pr,.(z) =
0. Since r was arbitrary, x = 0.

For surjectivity of a: The mod w@” reduction of « is surjective, since
we have an isomorphism R’/w’ = R/w carrying the image of J® onto
J, and R/w is J-adically complete. By an inductive argument, we are
reduced to showing that R” is w’-adically complete. This follows from
the isomorphism of inverse systems

R’ =1lim R’ /@’ = lim R’/ (=")N,

> N
: p p
which sends (zg, 1, Z2,...) to (zo, 2], 25 ,...).

Now suppose that I = (fi,...,f,) C R’ is an ideal of definition.
We claim that It = (ff, .. .,fﬁ,wﬁ) is an ideal of definition for R.
Since J is an ideal of definition of R, this claim means that there
exists N > 1 such that (I*)N C J and JV C I*. The existence of an N
for which (I*)N c J follows from the fact that the f; are topologically
nilpotent, and f — f% is continuous. For the other containment, it
suffices to show that g¥ € I* for large N. Let 7 > 1 be large enough
so that (¢?)?" € I for i = 1,...,m (this can be done because the g’
are topologically nilpotent and I is an ideal of definition). Since R’ is
perfect,

ge R .

10



Since g; = gfu (mod @), we have

e (DY (I ).

From here it is easy to see that some power of g; lies in I# = (f17 o R ).
Now we can check conditions (1)-(3) for R’. The map R’ —> R
sending f — f* is continuous and pulls back wR to w’R’, which is
therefore closed. R’/w” is semiperfect because R’ is perfect. Finally if
f=(fo, f1,...) € R satisfies f?" € w”R’, then we have fipn cw!/P'R
for all i > 0, so that f; € @'/?""' R and therefore f € (=”)Y/?"R. O

We now come to the main theorem of the section.

Theorem 2.5.5. Let R be an Ok -algebra which is separated and com-
plete for the topology induced by a finitely generated ideal. Assume
conditions (1) and (2) of Proposition [2.5.3 Also assume that R is
w-torsion free and that R is integrally closed in R[1/w]| (this implies
condition (3) of Proposition [2.5.3). Then (Spa R)\ {w =0} is a per-
fectoid space over K, with tzlt Spa Rb {w = O}

Example 2.5.6. Let R = Og[T"/?”] be the (w, T)-adic completion
of O [TYP™]; then R’ = Oy [T'/P7]. Then (Spa R)\ {w = 0} is the
“perfectoid open unit disc” over K. It is the union of rational subsets
U((T™,w)/w) = Spa(Ry, R}) forn =1,2,..., where R,, = R{T"/w).
We have R} = RS = R{(T™/w)/P™ ). In this case it is easy to verify
Theoremm the tilt of (Spa R)\ {w = 0} is the perfectoid open unit
disc over K”, which is (Spa R’)\ {=” = 0}.

Remark 2.5.7. It is possible to remove the condition that R is inte-
grally closed in R[1/w], but keeping it simplifies the proof considerably.

Proof. Condition (2) implies that the pth power map R/w'/? — R/w
is surjective, and condition (3) implies that it is injective. Let R
be the ring R endowed with the w-adic topology. Then R is w-
adically separated and complete, and so by definition R% is a perfectoid
O%-algebra. Therefore by Theorem R [1/w] is a perfectoid K-
algebra. Since R is integrally closed in R[1/w], we may define X =
Spa(Rx[1/w|, Rw), a perfectoid affinoid over K.
Let Xo C X be the subset consisting of those x € X for which
f | f(z)| is continuous for the original topology on R. Let f1,..., f
generate an ideal of definition for R. Then for all x € X, there exists
N > 1 such that ’fN ’ < |w(x)| for i = 1,...,n, so that z lies
in the rational subset U((f{,...,fN)/w) C X. Conversely if z €
U((fN, ..., fN)/w), then for all € > 0, the ideal {f € R||f(x)| <e}is
open, since it contains the ideal (f, ..., fM) for M sufficiently large.
Thus x € Xj.

11



This shows that Xg C X is open, and is thus a perfectoid space
over K. We claim that there is an isomorphism of adic spaces X =
(Spa R)\ {w = 0} which sends x to z. This map is bijective, because
any x € SpaR with |w(z)| # 0 induces a continuous valuation on
R%[1/w] which lies in X,. It is a homeomorphism because it carries
the rational subset U((f,..., fN)/w) in X, onto the same rational
subset in Spa R. Finally, it is an isomorphism of adic spaces, because
on either side the sections of the structure sheaf on U((f{,..., fN) /=)
are R(f{"/wm,..., [N /=) [1/=].

We had defined R” = lim R/w. Let R’ be the ring R* endowed
with the w’-adic topology. The tilt of the perfectoid O3.-algebra R%
is Jim R /o = R, which shows that R’ [1/w"] is a perfectoid alge-
bra. By [Schi2, Lemma 6.2], R’ is integrally closed in R’[1/w"] and
X" = Spa(R’[1/="], R%). As before, let (X")g C X" be the subset
consisting of those x € X° for which f ~ |f(x)| is continuous for the
original topology on R’. Since R’ satisfies the same hypotheses as R,
the argument above shows that (X”)o = Spa R°\ {w” = 0}.

We claim that the tilt of Xy is (X”)o. This will follow from the
claim that the homeomorphism |X| & ‘X"| carries Xy onto Xj. In-
deed, choose generators fi,..., f, € R’ for the ideal of definition. By
Proposition ff, ..., f} generate an ideal of definition for R. Then

z € X belongs to X if and only if ff(x)’ <lfori=1,...,n. But

’ff(x)’ = |fi(:cb)’, so this is true if and only if 2° belongs to (X*)o.
This finishes the proof. O

3 The adic Fargues-Fontaine curve

3.1 The adic spaces Vrpr and Xpp

Here we review the construction of the adic Fargues-Fontaine curve.
The construction requires the following two inputs:
e A finite extension E/Q,, with uniformizer 7 and residue field
Fy/Fp,
e An algebraically closed nonarchimedean field F' whose residue
field contains F.

Let || be a valuation inducing the topology on F, and let wp € F
be a pseudo-uniformizer. For a € Q we let @} denote any element of
F with |@w%| = |op|”.

Let W(Op) denote the ring of Witt vectors of Op. Let Wo,, (OF) =
W(Or) @ww,) Or. Thus a typical element of Wo,, (OF) is a series

T = Z [z,]7",

n=>>—oo
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where z,, € Op. We equip Wo,(OF) with the (7, [wr])-adic topology.
Definition 3.1.1. Let Yp g = SpaWo, (Op)\ {r[wr] = 0}.
We claim that Vp g is the union of rational subsets

a 7, [w?
U({m[wﬂ},{ 3! F}}> = {l=H] < Inl < ll=ll}  (31)

(@] ™

as a and b range through positive rational numbers with a < b. In-
deed, suppose x € SpaWop,(OF) satisfies |r[wr](z)| # 0. Since
[wr] € Wo, (OF) is topologically nilpotent, |[wp]®(z)| — 0 as b — oo.
Since |m(z)| # 0, there exists b > 0 with |[@}](2)| < |7(x)|. Similar
reasoning shows that there exists a > 0 with |7 (z)| < |[w%](2)].

For a subinterval I = [a,b] C (0,00) with a,b € Q, let Vf, 5, be the
rational subset defined in Eq. . Explicitly, y{?y r = Spa(Br, BY),
where By and BI+ are obtained as follows. Let R be the m-adic com-

pletion of Wo,, (OF) [ ™ @} Then By = R[1/x], and By is the

[@p]” =

integral closure of R in B;. We have

YrE = hgyf:E = ligSpa(B[,B;L).
I I

This shows that our definition of YV g agrees with the definition in
[Far13], Définition 2.5.

Theorem 3.1.2 ([Ked, Theorem 3.10]). By is strongly noetherian.
(In particular Yr g is an honest adic space.)

Since F' is perfect, the gth power map ¢: F' — F' is an automor-
phism. We use the same symbol ¢ to denote the induced automorphism
of Yr g. Note that ¢(y§E) = y}{E. For I narrow enough, I and gl
are disjoint. Thus ¢ is totally discontinuous.

Definition 3.1.3. The adic space X g is the quotient of Y i by the
automorphism ¢.

Let B = H°(Vr,p, Oy, ;). We remark that the (schematic) Fargues-
Fontaine curve Xp g defined in [FF11] is defined as Proj P, where
P =@ B?="". (There is no schematic version of Yr z.)

3.2 The adic Fargues-Fontaine curve in equal char-
acteristic

Analogous spaces Yp g and Xp g can be constructed when E = F (7))
is a local field in positive characteristic. The construction is very sim-
ilar, except that Wo, (OF) is replaced by Op®p,Op = Op[r]. Put

Yr g = SpaOp[r]\ {rwr = 0}.

13



This is nothing but the punctured rigid open disc D%, with parameter
m. As before, Xp g is defined as the quotient of Vg g by the automor-
phism ¢ coming from the Frobenius on F. Note that since ¢ does not
act F-linearly, Xr g does not make sense as a rigid space over F.

Suppose once again that E has characteristic 0. Let K be a perfec-
toid field containing F, and let wx € K be an element with |wg| = |7|,
such that wg = w;g for some wg( € K. Let yF7E®EK be the base
change to K of YV g. That is:

yRE@EK = Spa(WoE (OF)(/X\)OEOK)\ {[YDF] R = 0} .

Proposition 3.2.1 ([Farl3l Theorem 2.2 and Theorem 2.7]). The adic
space Yr Qg K is perfectoid, and

~ b ~
(yF)E®EK) = Spa(oF®quKb>\ {ZDF 4 w% = 0} .
Proof. This follows from Theorem [2.5.5 applied to the Ok-algebra
R=Wo,(0r)®0,0k.

The ring R/wgk = (’)F@Fq Ok /wk is semiperfect, and

R’ =lim R/wy = Op®r, O [wi.
3

It is easy to check that the hypotheses of Theorem [2.5.5| are satisfied.

Therefore X = (Spa R)\ {wx = 0} is a perfectoid space over K with

tilt X* = (Spa R)\ {wK = 0}. Under the homeomorphism | X| & {Xb}

the locus {[wr] # 0} in X gets identified with {wp # 0}. The latter is

yFE(X)EK and the former is Spa(OF®F Oxv) \{wF ® wK O} O

As a special case, let E,, be the field obtained by adjoining the 7"-
torsion in a Lubin-Tate formal group over E, and let F,, = Un21 E,.

Then E. is a perfectoid field. Let L(E) be the imperfect field of norms
for the arithmetically profinite extension E.,/E. As a multiplicative

monoid we have
L(E)=1lmE,,
P

where the inverse limit is taken with respect to the norm maps E,, ;1 —
E,. L(E) = F(t) is a local field, and E., = F,((t'/97) is the
completed perfection of L(E).

It follows from Theorem that we have an isomorphism

~ ~ \P ~ ~
(yF,E®EEoo) %yF,L(E@L(E)Eio. (3.2.1)
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3.3 Classification of vector bundles

From now on we fix I of characteristic 0 and we abbreviate Y = Vr g,
X = Xp . Since X is the quotient of ) by the totally discontinuous
action of ¢Z, a vector bundle on X is the same thing as pair (£, ¢¢),
where € is a vector bundle on ) and ¢¢: ¢*E = £ is an isomorphism.

Let k be the residue field of F, and let L = We, (k)[1/7]. Note
that Y is fibered over Spa L, and the automorphism ¢ of ) lies over
the automorphism ¢ of L. Recall that an isocrystal over L is a finite-
dimensional L-vector space M equipped with an isomorphism ¢, :
¢*M 5 M. The category of isocrystals over L is semisimple, and there
is a bijection A — M () between rational numbers and isomorphism
classes of simple objects. Explicitly, if A = d/h for relatively prime d
and h with h > 0, then M (\) = Le; & - - - @ Ley,, with

i1, i=1,2,...  h—1
¢M()\)(ei):{ e .

m%ey, i=nh

For an isocrystal M over L we let £y be the vector bundle on
X corresponding to the pair (Oy ®p M, ¢ ® ¢pr). For A € Q we let

Theorem 3.3.1 ([Farl3, Theorem 3.1)). Every vector bundle & on X
is isomorphic to a vector bundle of the form @, O(\;), for a unique
sequence of rational numbers (“slopes”) Ay < -+ < \,,.

Remark 3.3.2. Before [Ked] appeared, it was not known that the
rings By were strongly noetherian, which makes it difficult to define a
good notion of coherent sheaf or vector bundle on X. Fargues gives
ad hoc definitions of these, and shows that the categories of coherent
sheaves on X’ and its schematic version X are equivalent (“GAGA for
the curve”, [Farl3, Theorem 3.5]). The classification of vector bundles
on X is the main theorem of [FF11]. A posteriori, Fargues’ definition
of vector bundles agrees with the expected one. We also remark that a
generalization of the GAGA principle has been proved in [KL, Theorem
8.7.7] in the context of the relative Fargues-Fontaine curve. Finally, the
analogue of Theorem for the equal characteristic curve appears
in [HP0O4].

Proposition 3.3.3. Let A € Q. Then H°(X,O()\)) # 0 if and only if
A>0.

Proof. GAGA for the curve shows that HO(X,O(\)) & H°(X,0())),
and then [FE1Il Theorem 12.2(2)] shows that this is nonzero if and
only if A > 0. O
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3.4 X is geometrically simply connected
Let us recall the following definition from [Sch12l Definition 7.1].

Definition 3.4.1. Let K be a nonarchimedean field. A morphism
(R,RT) — (S,ST) of affinoid K-algebras is called finite étale if S is a
finite étale R-algebra with the induced topology, and S7 is the integral
closure of RT in S. A morphism f: X — Y of adic spaces over K is
called finite étale if there is a cover of Y by open affinoids V C Y
such that the preimage U = f~1(V) is affinoid, and the associated
morphism of affinoid K-algebras

(Oy(V), 05 (V)) = (0x(U), 0% (U))

is finite étale.

If R — S is finite étale, then S is flat and of finite presenta-
tion, hence locally free (“locally” referring to the Zariski topology on
Spec R). Thus there exist fi,...,f, € R which generate the unit
ideal, such that S[1/f;] is a free R[1/f;]-module for all i. Since f;
is invertible in R{f1/fi,..., fn/fi), we find that S (f1/fi,. ., fn/fi)
is a free R{f1/fi,..., fn/fi)-module for all i. The rational subsets
U(fi/fi,---, fn/fi) cover SpaR. We conclude that R — S is locally
free for the topology on Spa R as well.

Globalizing, we see that if f: Y — X is a finite étale morphism of
adic spaces over K, then f,Oy is alocally free O x-module. It therefore

makes sense to talk about the degree of f as a locally constant function
on X.

Lemma 3.4.2. Let f: Y — X be a finite étale morphism of adic
spaces of degree d, and let F = f.Oy. Then

(A) " <ox

Proof. If R is a ring, and if S is a finite étale R-algebra, then the trace
map
trg)r: S®rS = R

is perfect, so that S is self-dual as an R-module. Globalizing, we get
that F = F* = Hom(F, Ox). Taking top exterior powers shows that

/\d F = /\d Fr = (/\d ]-") is a self-dual line bundle, so that the tensor
square of /\d}" must be trivial. O

Theorem 3.4.3. The functor E' — X ® E’ is an equivalence between
the category of finite étale E-algebras and the category of finite étale
covers of X.
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Proof. Tt suffices to show that if f: Y — X is a finite étale cover of
degree n with Y geometrically irreducible, then n = 1. Given such a
cover, let F = f.Oy. This is a sheaf of Oy-algebras, so we have a
multiplication morphism p: F ® F — F.

By Theorem F =@, O(\), for a collection of slopes A; €
Q (possibly with multiplicity). Assume that Ay > --- > A,.

The proof now follows that of [FF11], Theorem 18.1. After replac-
ing F with a finite unramified extension we may assume that \; € Z
for all 2. We claim that A\; < 0. Assume otherwise, so that Ay > 0.
The restriction of p to O(A1) ® O(A1) is the direct sum of morphisms

H11k: O()\l) X O(/\l) — O()\k)

for k =1,...,n. The morphism p; 1 1 is tantamount to a global section
of O(\;) ® O(—X1)®2, whose slopes are all negative. Proposition m
shows that 1,1 5 = 0. Thus the multiplication map O(A1)®O(A1) — 0
is 0. This means that H°(Y,Oy) contains zero divisors, which is a
contradiction because Y is irreducible.

Thus A\; < 0, and thus A; < 0 for all 7. By Lemma 2 (A" F)¥? =
Oy, from which we deduce Y. ; A\; = 0. This shows that Ai=0 for
all 4, and therefore F 2 O%. We find that E' = H°(Y, Oy ) is an étale
E-algebra of degree n. Since Y is geometrically irreducible, E' @ g E”
must be a field for every separable field extension E”/E, which implies
that B/ = F and n = 1. O

Corollary 3.4.4. Let K/E be an algebraic extension. The functor
K'— X®K' is an equivalence between the category of finite étale K-
algebras and the category ofﬁmte étale covers of X®K . In particular,

every finite étale cover of X&F is split.

Proof. The result will follow from Thm. 3.4.3] as soon as we can show
that every finite étale cover of X ®K descends to some X ® E’, where
FE'/FE is finite subextension of K. Since X is quasi-compact, we can
reduce this to the following statement about affinoids: if (R;, R;) is a
filtered directed system of affinoid algebras, and (R, R") is the com-
pletion of lig(Ri, R;), then every finite étale cover of Spa(R, R*) de-
scends to some Spa(R;, R;"). This is [Sch12, Lemma 7.5(i)]. O

3.5 Proof of Theorem A

As in the introduction, let Hg be the Lubin-Tate formal Og-module
attached to the uniformizer 7. Let us recall the construction of Hg.
Choose a power series f(T) € TOg[T] with f(T) = T9 (mod ).
Then Hp is the unique formal Og-module satisfying [7] g, (T) = f(T).
We think of H as the formal scheme Spf Og[[T] endowed with an Og-
module structure. Let ¢ = ¢1,t2,... be a compatible family of roots
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of f(T), f(f(T)),...,and let E, = E(t,). For each n > 1, Hg[r"] is
a free (Og/n™)-module of rank 1, and the action of Galois induces an
isomorphism Gal(E,/E) = (Og/7™)*.

Let Hpo = Hg ®o, Fy.

Lemma 3.5.1. For all n > 2 we have an isomorphism HE,O[W

nfl} o~

Spec O, /t. The inclusion Hg o[n" "] — Hp o[m"] corresponds to the
qth power Frobenius map Og, ., /t = Og, /t.

Proof. We have Hp o[7" '] = Spec F[T]/f"~Y(T) = Spec F,[T]/T?""

n—1

1

Meanwhile O, = Og, [T]/(f"~Y(T)~t), so that Og, /t = F,[T]/T" .
Thus Hgo[n" 1] & Spec O, /t. The second claim in the lemma fol-
lows from [7]g, ,(T) = T9.

Let I;'E be the universal cover:

—

T

O

Then H g is an E-vector space object in the category of formal schemes

over Op. We will call such an object a formal E-vector space.

Let Hgo = Hg ®o, Fq, a formal E-vector space over F;. Since
Hg o = SptFy[T] and [7]g, ,(T) = T, we have

Hg

In fact we also have H E
2.4.2(2).

1'&1 SptFy [7]

Spf( hAq

T—T4

rim)

Spf F,[TY77].

Spf Op[T/97], see [Weild], Proposition

Lemma 3.5.2. We have an isomorphism of formal E-vector spaces

over Fy:

ﬁE,O = hél’l@lHEp[ﬂ'n]

Proof. For each n > 1 we have the closed immersion Hgo[1"] —

Hpg . Taking inverse limits gives a map @n Hgo[n"] — ﬁE,O, and

taking injective limits gives a map li ﬂl'&ln Hgo[r"] — ﬁE,O- The

corresponding homomorphism of topological rings is

Fq[[Tl/qoo]]% ]{El thq[Tl/q”]/T: @1 Fq[Tl/qw]/Ta

T—T4a

which is an isomorphism.
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Proposition 3.5.3. There exists an isomorphism of formal schemes
over F:

Hp,o = Spf O, .

This isomorphism is E* -equivariant, where the action of E* on Og,

is defined as follows: OF, acts through the isomorphism O = Gal(Ew /E)
of class field theory, and m € E* acts as the qth power Frobenius map.

Proof. Combining Lemmas and we get

Hpo = limlimHpo[r"]

= lim Spec Og/t

x—xd

The compatibility of this isomorphism with the O} follows from the
definition of the isomorphism O = Gal(E/E) of local class field
theory. The compatibility of the action of 7 follows from the second
statement in Lemma B.5.11 O

Let C' be an algebraically closed nonarchimedean field containing
E. Let we € C be an element with |we| = |7|; write we = wzg for
some w"c €.
Write H ?;dc for the adic generic fiber of H ®OEOC over Spf O¢.
That is: _
Hiflo = SpaOc[TV?" ]\ {wc = 0} .

Proposition 3.5.4. ﬁ%‘?c 1s a perfectoid space. Furthermore we have
an isomorphism

(E%C,IC\ {0})b = (3’8‘3@®Ew)b

which is equivariant for the action of E* (which acts on Eo by local
class field theory). The action of m € E* on the left corresponds to
the action of @1 ® 1 on the right, up to composition with the absolute

o~ b
Frobenius morphism on (ycb,E®Eoo) .

Proof. Write Hg®0,Oc = SpfR. Then R = O¢[T'/?™]. Then
R’ /w is semiperfect, and let R” = lim R/wc; then R = O [TYP7].
Theoremwapplies once again; we find that H %‘fo = (Spa R)\ {wc = 0}
is a perfectoid space, with tilt (Spa R?)\ {wbc = 0}.

By Proposition we have an isomorphism IA{IE,O = Spf Op, , so
that R/wc = Oc/webr,Op, . Therefore R = Oy &p, O, . After
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removing the “origin” from both sides of the isomorphism between
(Spa R)\ {wc = 0}|7 and (Spa R")\ {wl, = 0}, we get a series of Op-
equivariant isomorphisms:

(ﬁ%dc\ {0})b >~ Spa (OCb@FqOEg) \{wec®@t =0}

o~ b
(ycb)E®Eoo) )

where in the last step we used Proposition [3.2.1

The adic space Spa (ch®Fq0Eb ) \{wbc ®t=0} has two gth
power “Frobenii”: one coming from O@cb and the other coming from
O By Their composition is the absolute gth power Frobenius. The ac-

tion of 7 on f[gd’b corresponds to the Frobenius on O, . This proves
the last claim of the proposition. O

Lemma 3.5.5. Let X be a perfectoid space which is fibered over SpaF,
and suppose f: X — X is an Fy-linear automorphism. Let Frobg: X —
X be the absolute Frobenius automorphism of X. Then the category of
f-equivariant finite étale covers of X is equivalent to the category of
f o Frobg,-equivariant finite étale covers of X.

Proof. First observe that a perfectoid algebra in characteristic p is nec-
essarily perfect ([Sch12], Proposition 5.9), which implies that absolute
Frobenius is an automorphism of any perfectoid space X in charac-
teristic p. Then note that if Y — X is a finite étale cover, then Y is
also perfectoid ([Schl2], Theorem 7.9(iii)), so that Frob, is an auto-
morphism of Y.

The proof of the lemma is now formal: if Y — X is a finite étale
cover and fy:Y — Y lies over f: X — X, then fy oFrob,: Y — Y
lies over foFroby: X — X. Thus we have a functor from f-equivariant
covers to f o Frob, equivariant covers. Since Frob, is invertible on Y,
the functor is invertible. O

We can now prove the following theorem, which specializes to The-
orem A when E = Q,,.

Theorem 3.5.6. There is an equivalence between the category of E -
equivariant étale covers of H%‘}C\ {0} and the category of finite étale
FE-algebras.

Proof. In the following chain of equivalences, “G-cover of X” is an
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abbreviation for “G-equivariant finite étale cover of X”.

E*-covers of ﬁ%dc\ {0}

>~ { EX-covers of ﬁgdg\ {0} [Schi2], Theorem 7.12
>~ LOf x (¢t o Frob,)%-covers of ycb,EQ?)Em } Proposition [3.5.4]

> LOf x ¢p%-covers of ycb,E®Eoo } Lemma [3.5.5]

=~ JOg-covers of ch7E®EOC} Defn. of Xo» g

Oj-equivariant finite étale E‘Oo—algebras} Proposition [3.4.3]
{Finite étale E-algebras} A A%k,

1%

O

Remark 3.5.7. It would also have been possible to prove Theorem
m using only the Fargues-Fontaine curve in characteristic p (even
though we are interested in a Galois group of a field of characteristic
0!). Indeed, in the chain of equivalences above, the tilting equivalence
could be applied to yC>7E<§>EOO, whose tilt is be’L(E)@)L(E)EgO (13.2.1).
Then we could have used only the classification of vector bundles on the
characteristic p curve, which already appears in [HP04], and avoided
appealing to [EF11].

4 Sheaves on the pro-étale site

4.1 Descent of finite étale morphisms through étale
covers

Let X be a perfectoid space, and let X’ — X be a surjective étale
morphism. Let Y/ — X’ be a finite étale morphism. A descent datum
for Y/ — X' relative to X’ — X is an isomorphism ¢: V' xx X' =
X' xx Y’ lying over X’ x x X' satisfying the cocycle condition. The
descent datum ¢ is effective if there exists a finite étale morphism
Y — X and an isomorphism Y’ &Y x x X’ such that the composite

Y/XxXlg(Y XxX/) XxXI%/X/ Xx (YXXXI)%X, XXyI
equals ¢.

Proposition 4.1.1. Descent data for finite étale morphisms relative
to étale surjections of perfectoid spaces are effective.

In other words, if X is a perfectoid space, then Y +— {Y’/Y finite étale}

is a stack on Xg;.

Proof. We claim that it is enough to show that descent data are effec-
tive relative to the following kinds of étale surjections:
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1. X' = [[,X; — X, where {X;} is an open cover of X in its
analytic topology, and
2. Finite étale morphisms of affinoids.

This reduction step is explained in the proof of [dJvdP96, Proposition
3.2.2]. (It applies to rigid spaces there, but the proof proceeds verbatim
in our case.)

The effectiveness of a descent datum relative to an open cover {X;}
in the analytic topology is immediate: a family of finite étale covers
Y; — X; equipped with gluing data over the X; N X; glues together to
produce a finite étale cover Y — X.

Now suppose X = Spa(4, A1) is an affinoid perfectoid space, and
X' — X is a finite étale cover. By [Schl2l Theorem 7.9(ii)], X’ =
Spa(A’, (A")1), where A — A’ is finite étale and (A’)7 is the integral
closure of A" in A’. (Theorem 7.9(ii) applies to “strongly finite étale
morphisms”, but these are equivalent to finite étale morphisms by The-
orem 7.9.) Suppose that Y/ — X’ is a finite étale morphism equipped
with a descent datum relative to X’ — X. By the same reasoning,
Y’ = Spa(B’, (B’)t), where A’ — B’ is finite étale and (B’)" is the
integral closure of (A")* in B’. The descent datum for the finite étale
morphism Y’ — X' relative to X’ — X induces a descent datum for
the finite étale morphism of rings A" — B’ relative to A — A’, which
is effective by classical descent theorems. Thus B’ = A’ ® 4 B for a
finite étale A — B. Let BT be the integral closure of A" in B, and let
Y = Spa(B, B"). By [Sch12, Theorem 7.9(iii)], B is a perfectoid alge-
bra, and so Y is a perfectoid affinoid. We claim that Y’ =Y xx X'.
This is immediate from B’ = A’ x 4 B and the fact that (B’)* is the in-
tegal closure of (A’)T ® 4 BT in B’ (since both are the integral closure
of AT in B). O

We remark that Proposition applies not just to perfectoid
spaces but to general analytic adic spaces, using the descent theorems
found in [KLl §2.6].

4.2 Pro-étale morphisms and the pro-étale topol-
ogy on Perfs

Recall that Perf« is the category of perfectoid spaces over the complete
algebraically closed field C/Q,.

Definition 4.2.1. A morphism Spa(B, BT) — Spa(4, A™) of affinoid
perfectoid spaces is affinoid pro-étale if

(B,BY) = [lim(4;, A7)] ’

for a filtered directed system of pairs (A;, A;r)7 where A; is perfectoid,
and Spa(A;, A) — Spa(A, AT) is étale. A morphism f: Y — X of
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perfectoid spaces is pro-étale if for every y € Y there exists an affinoid
V C Y containing y and an affinoid U C X such that f(V) C U and
such that f: V — U is affinoid pro-étale. Finally, a morphism f: Y —
X is a pro-étale cover if it is pro-étale and if for all quasi-compact
U C X there exists a quasi-compact V C Y such that U = f(V).

Remark 4.2.2. In the context of Definition if X; = Spa(4, A™)

and Y = Spa(B, B"), then Y = lim X; in the category of perfectoid
. —

affinoids over C.

Remark 4.2.3. We can also define what it means for family of mor-
phisms Y; — X to be a pro-étale cover: it just means that [, ¥; = X
is a pro-étale cover. Since it usually simplifies notation, we will always
consider covers consisting of only one morphism.

The pro-étale covers endow Perfs with the structure of a site, the
pro-étale site. For a perfectoid space X over C, let Xpio¢¢ be the
category of morphisms Y — X in Perfo with the pro-étale topology.

Proposition 4.2.4. Descent data are effective for finite étale mor-
phisms in Perfo relative to pro-étale covers.

Proof. Let f: X' — X be a pro-étale cover, and let Y/ — X’ be a finite
étale morphism equipped with a descent datum relative to X' — X.
We want to show that Y/ — X’ descends to a finite étale morphism
X'. We can cover X by affinoids U;. For each i, there exists a quasi-
compact open U] C X’ such that f(U/) = U;. Then Y’ xx, U/ — U]/
comes equipped with a descent datum relative to U] — U;. If we can
show that these descend to a finite étale morphism Y; — U;, then the
Y, glue together to form the desired morphism ¥ — X.

Therefore it suffices to assume that X is affinoid and X' is quasi-
compact. By definition of pro-étale cover, there exists a cover of X'
by affinoids V; = Spa(A;, A]") and for each i an affinoid V; C X such
that f(V/) C V; and such that f: V/ — V; is affinoid pro-étale. Since
X' is quasi-compact, we may assume there are only finitely many V/,
say with indices ¢ = 1,...,n. For each ¢ write V;/ ~ limV;;, where
j runs through a directed system I;, V;; is affinoid and V;; — V; is
étale. Then for each tuple j = (ji1,...,Jn), V; = [[; Vij, is affinoid and
V; — X is surjective. We have [[, V; = r&n*v;-, where j runs over all
such tuples. Let X” = [[,V/. Note that X” — X factors through
X’ — X. Tt suffices to solve the descent problem for X" — X.

After replacing X’ with X", it suffices to assume that X’ is affinoid
and that X’ ~ I'LnXi, where X; is affinoid and X; — X is an étale
surjection. Write X = Spa(A, A7), X’ = Spa(A’,(4")"), and X; =
Spa(A;, AF). Then Y’ = Spa(B’,(B’')") is affinoid, and A’ — B’ is
finite étale. By [Sch12l Lemma 7.5(i)], the category of finite étale A’-
algebras is the 2-limit of the categories of finite étale A;-algebras. Thus
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Y’ — X' descends to a finite étale morphism Y; — X; = Spa(4;, A]),
as does the descent datum. By Proposition Y; descends to a
finite étale morphism ¥ — X. [

Proposition 4.2.5. The presheaf Ox on Xpo- defined by Y —
Oy (Y) is a sheaf.

Proof. Given X € Perfc and a pro-étale cover X’ — X, we need to
show that the descent complex

0— Ox(X) — Ox(X/) — Ox(X/) ®OX(X) Ox(X/) —

is exact. Without loss of generality X = Spa(A, AT) is a perfectoid
affinoid, and X’ = Spa(A’, (A’)T) with (A’,(A)T) = [lig(Ai,Aj)]/\,
with Spa(4;, A7) — Spa(A4, A1) an étale surjection. Let @ € C be a
pseudo-uniformizer. For all 4, the complex

0— AT = AF - Af @40 A — -+

is almost exact, because H'(X¢y, OF) is almost zero for 4 > 0 [Schi2,
Proposition 7.13]. Taking direct limits shows that

0— AT — (A" = (AT @4+ (AT — -+
is almost exact. Invert w to get the result. O

Proposition 4.2.6. For each X € Perfe, let hx be the presheaf on
Perfe defined by hx (Y) = Hom(Y, X), Y € Perfo. Then hx is a sheaf
on the pro-étale site.

Proof. Given a pro-étale cover Y/ — Y, and a morphism Y’ — X
such that the two pull-backs to Y’ xy Y’ agree, we need to show
that Y/ — X factors through a morphism ¥ — X. We may assume
that X = Spa(4,A") is affinoid. The morphism Y’ — X induces
a homomorphism A — Oy (Y”’), which by hypothesis factors through
H°(Yg,Oy). By Proposition H°(Yg, Oy) = Oy (Y); thus we get
a homomorphism A — Oy (Y), which induces the desired morphism
Y - X. O

Definition 4.2.7. A morphism Y — X of sheaves on Perfy is finite
étale (resp., pro-étale, a pro-étale cover) if for all objects X’ € Perfs
and all morphisms hx: — X, the fiber product hx: xx Y is repre-
sentable by an object Y’ € Perfs, where the morphism Y’ — X'
(corresponding to the projection hy: = hyx' xx Y — hx/) is finite
étale (resp., pro-étale, a pro-étale cover).

From now on we will confuse an object X € Perfo with its image
hx under the Yoneda embedding. The following lemma shows that no
ambiguity arises when it comes to finite étale covers.
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Lemma 4.2.8. Let X be an object of Perf. The categories of finite
étale covers of X and hx are equivalent, via Y — hy .

Proof. Indeed, if Y — hx is a finite étale cover, then by definition
its fiber product by the identity morphism hx — hx is representable.
But this fiber product is just Y — hx, which therefore is representable
by a finite étale cover of X in Perfs. O

Lemma 4.2.9. Descent data are effective for finite étale morphisms
relative to pro-étale covers of sheaves on Perfco.

Proof. Let X’ — X be a pro-étale cover of sheaves on Perfe. Let Y —
X’ be a finite étale morphism equipped with a descent datum relative
to X’ — X. Sheaves always descend, so there exists a morphism of
sheaves Y — X such that Y/ 2 Y xx X'.

We just need to show that ¥ — X is finite étale. Suppose we
are given a morphism Z — X, with Z representable. We claim that
Y X x Z is representable by a finite étale cover of Z. Since X' — X is
a pro-étale cover, X’ x x Z = Z' for a pro-étale cover Z' — Z in Perf¢.
The pull-back of the finite étale morphism Y’ — X’ through 7’ — X'
is representable: Y’ xx/ Z' = W', where W’/ — Z’ is a finite étale
cover. The descent datum for Y/ — X' relative to X’ — X induces
a descent datum for W/ — Z’ relative to Z' — Z. Now we apply
Proposition W' — Z' descends to a finite étale cover W — Z,
with W/ = W x z Z'. Furthermore, the morphism of sheaves W/ — Y’
descends to a morphism W — Y. In the diagram

w’ zZ'

S S

Y

it is known that every square but the bottom one is cartesian. The
morphism W — Y X x Z becomes an isomorphism after base change
along the the pro-étale cover X’ — X; hence it is itself an isomorphism.
This shows that Y — X is finite étale as required. O

Lemma 4.2.10. Let X' — X be a morphism of sheaves on Perfc.
Assume there exists a pro-étale cover X" — X such that X' x x X" —
X" is a pro-étale cover. Then descent data are effective for finite étale
covers of X' relative to X' — X.
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Proof. Let Y’ — X' be a finite étale morphism equipped with a descent
datum relative to X’ — X. Then Y’/ xx X" — X’ xx X" is a finite
étale morphism equipped with a descent datum relative to X’ x x X"/ —
X". Since the latter is a pro-étale cover, Lemma applies to give
a finite étale morphism W — X”. But Y/ xx X" — X’ xx X" also
comes equipped with a descent datum relative to X” — X, which
(by functoriality of descents) induces a descent datum for W — X"
relative to X’/ — X. Lemma [4.2.9| applies to give the required descent
to a finite étale cover Y — X. O

4.3 Pro-étale torsors
Let G be a group object in the category of sheaves on Perfs.

Definition 4.3.1. A pro-étale G-torsor is a morphism X’ — X of
sheaves on Perfc equipped with an action of G on X’ lying over the
trivial action on X, such that pro-étale locally on X there is an iso-
morphism X' = G x X.

The condition means that there exists a pro-étale cover ¥ — X
such that X' xx Y =g x Y.

For a profinite group G, let G be the corresponding constant group
object in Perfc. Explicitly, G = Spa(A, AT), where A (resp., A™T)
is the ring of continuous functions on G with values in C (resp.,
Oc¢). Then the underlying topological group of G is G itself. For
each open subgroup H C G, let Ay and AE be the corresponding
rings of functions which are right-invariant under H; i.e., the func-
tions factoring through the finite quotient G/H. It is easy to see that
(A, A1) = [ligH(AH,AE)]A. Since Spa(Ap, Af;) is just G/H copies
of Spa C, this shows that G — Spa C' is a pro-étale cover.

The following proposition shows that if an action of a profinite
group on a perfectoid space is “nontrivial enough”, then the quotient
by that group is a pro-étale torsor.

Proposition 4.3.2. Let G be a profinite group, let X' € Perfc, and
let Gx X' — X' be an action. Let X = X'/G, considered as a sheaf on
Perfs. Assume that for every complete algebraically closed field C'/C,
the action of G on X'(C") = X'(Spa(C’,O¢)) is free. Then X' — X
is a pro-étale G-torsor.

We remind the reader that X = X’/G is the sheafification of the
pre-sheaf Y — hx/(Y)/G(Y). Thus to give a section of X over Y is
to give a pro-étale cover Y/ — Y, together with a section of X’ over
Y’ modulo the action of G. Two such sections Y/ — X’ and V" —
X’ determine the same section of X if there is a common refinement
Y — X’ on which the two pull-backs differ by the action of G.
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Proof. First we claim that the morphism G x X’ — X’ x x X’ given by
(9,z) — (gz,x) is an isomorphism. It suffices to construct a “division
map” v: X' xx X’ — G, which satisfies g(x,y)z = y for (z,y) €
X' xx X'. (We abuse notation slightly here and throughout the proof.
The equation “g(z,y)x = y” is meant to indicate that the appropriate
diagram commutes.)

Suppose we are given a section of X’ xx X’ over an object Y of
Perfc. This means we have two morphisms f1, fo: Y — X', such that
there exists a pro-étale cover g: Y/ — Y and a morphism v: Y’ — G
such that for all y € Y, fa(g(y)) = v(y) f1(g(y)). We claim that v is
constant on fibers of Y/ — Y. This can be checked on geometric fibers,
so without loss of generality we may assume that Y = Spa(C’, O¢)
for a complete and algebraically closed field C’/C. Then f; and fo
determine two elements of X’(C’). By hypothesis there can be at
most one v € G which translates one to the other. This proves the
existence of the morphism -, and consequently establishes that G X
X' — X' xx X' is an isomorphism.

Now we claim that X’ — X is a pro-étale cover. This will finish the
proof of the proposition, because then X’ — X becomes trivial after
passing to a pro-étale cover, namely X’ — X itself. Let Y — X be a
morphism from a representable sheaf. We claim that X' xx Y — Y is
a pro-étale morphism in Perfs. It suffices to assume that Y is affinoid.

The morphism Y — X is given by a pro-étale cover Y/ — X'
together with a morphism f: Y’ — X’. We have an isomorphism
X'xxY' — G xY’, where the map to G is the composition of X’ x x
Y’ — X' xx X’ with v, and the map to Y is the projection. Consider
the diagram

X' xxY —Y’

L

X' xxY —=Y,

in which all objects but X’ x x Y are known to be representable. The
top arrow factors as X’ xx Y’/ 5 G x Y’ = Y'. If G is finite, then the
top arrow is a finite étale morphism between affinoids, and then X’ x x
Y is representable by an affinoid finite étale over Y by Proposition
[427] If G is profinite, then

X’xXY:%nX’/ﬁxXY,

where H runs over open normal subgroups of G. The same argument
as above shows that each X’ xx X'/H is representable by an affinoid
which is finite étale over Y, and so X’ xx Y — Y pro-étale. O

Let G be profinite, and let X’ — X be a pro-étale G-torsor. Let
X" — X be a pro-étale cover such that X’ xx X" = G x X”. Then
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X" xx X" — X" is a pro-étale cover. By Lemma [£.2.10} descent data
are effective for finite étale covers of X’ relative to X' — X.

In particular, suppose f: Y’ — X’ is a G-equivariant finite étale
cover. Let (y,x) + g(y,x) be the morphism Y’ x x X' — X' xx X' &
G x X' — G. Then the isomorphism Y’ x x X’ — X’ x x Y defined by
(y,z) — (f(y), g(y,x)y) defines a descent datum for Y’ — X' relative
to X’ — X, and so Y/ — X’ descends to a finite étale morphism
Y — X. Therefore:

Proposition 4.3.3. Let G be a profinite group. Let X' — X be a
pro-étale G-torsor. The following categories are equivalent:

1. Finite étale covers of X, and

2. G-equivariant finite étale covers of X'.

4.4 The object Zg, and the proof of Theorem B

Let f[%dc’f —H 215\ {0}, and form the quotient
Zp = Hy |E”

as a sheaf on Perfo. For any algebraically closed C'/C, H %‘?C(C” ) =
ﬁIE(Oc/) is an E-vector space. In particular O acts freely on ﬁ[%dg (c"/x%.
By Propositionm ﬁg‘fg/ﬁz — Zp is a pro-étale O $-torsor. Propo-
sition shows that finite étale covers of Zg are equivalent to QE—

3k

equivariant finite étale covers of ﬁ?ﬁc /7%, which (since the action of

7 is totally discontinuous) are in turn equivalent to E™-equivariant
covers of H}}dg. Applying Theorem we deduce the following.

Theorem 4.4.1. The following categories are equivalent:

1. Finite étale covers of Zg, and
2. Etale E-algebras.

4.5 Functoriality in F.

In this final section we establish the functoriality of Zg in E. First
let us check that Zg really only depends on E. The construction de-
pends on the choice of Lubin-Tate formal Og-module H = Hg, which
depends in turn on the choice of uniformizer 7. If 7’ € E is a different
uniformizer, with corresponding Og-module H’, then H and H’ be-
come isomorphic after base extension to Og.,., the ring of integers in
the completion of the maximal unramified extension of F. Such an iso-
morphism is unique up to multiplication by E*. Thus the adic spaces
Had and (H')¥! are isomorphic, and we get a canonical isomorphism
(H&\ {0})/E* — (H2\ {0})/E*. Thus Zg only depends on E.
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Now suppose E’'/E is an extension of degree d. There is a “norm”
morphism Ng/ g Zg: — Zg, which makes the following diagram com-
mute:

- N 7
' (Zp) —— 71" (ZE) (45.1)

Ni lN
Gal(E/E') — Gal(E/E).

This morphism is induced from the determinant morphism on the level
of m-divisible Og-modules. The existence of exterior powers of such
modules is the subject of [Hed10]. Here is the main result we need]]
(Theorem 4.34 of [Hed10]): let G be a m-divisible Og-module of height
h (relative to E) and dimension 1 over a noetherian ring R. Then
for all » > 1 there exists a mw-divisible Og-module /\TOE G of height

(if) and dimension (’;:}), together with a morphism A\: G™ — Ay, G
which satisfies the appropriate universal property. In particular the
determinant /\ZE G has height 1 and dimension 1.

Let 7’ be a uniformizer of E’, and let H' be a Lubin-Tate formal
Opg-module. Then H'[(7')*°] is a 7’'-divisible Op-module over Og:
of height 1 and dimension 1. By restriction of scalars, it becomes a
w-divisible Og-module H'[7*°] of height d and dimension 1. Then
/\éE H'[7*] is a w-divisible Og-module of height 1 and dimension 1,
so that it is the m-power torsion in a Lubin-Tate formal Og-module
/\d H' defined over Op/. For all n > 1 we have an Og/n"-alternating
morphism

d
A H'[7"* = /\ H'[x"]

of m-divisible Og-modules over Opr. Let Hy = H' @ O/ /7’. Reducing
mod 7', taking inverse limits with respect to n and applying Lemma
[3:5:2] gives a morphism

—_~—

d
. (\d /
M(%)%AHO

of formal vector spaces over Ogs/n’. By the crystalline property of
formal vector spaces ([SW13|, Proposition 3.1.3(ii)), this morphism
lifts uniquely to a morphism

—_~

d
X (HNY = \H

!This result requires the residue characteristic to be odd, but we strongly suspect this
is unnecessary. See [SW13|, §6.4 for a construction of the determinant map (on the level
of universal covers of formal modules) without any such hypothesis.
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of formal vector space over Opy.

Since /\d H’ and H are both height 1 and dimension 1, they become
isomorphic after passing to O¢. Let ay,...,a, be a basis for F'/E,
and define a morphism of formal schemes

d
~ L o
Hp, — /\HOC_HOC
z = Maz,...,0q)

After passing to the generic fiber we get a well-defined map Ng//g: Zpr —
Z g which does not depend on the choice of basis for F’/E.

The commutativity of the diagram in Eq. is equivalent to
the following proposition.

Proposition 4.5.1. The following diagram commutes:

{Etale E-algebms} Az Aepl {Etale E’-algebms}

| |

{Finite étale covers of Zg} — {Finite étale covers of Z} .

Here the bottom arrow is pullback via Ng/ /.

Proof. Ultimately, the proposition will follow from the functoriality
of the isomorphism in Lemma m For n > 1, let E! be the field
obtained by adjoining the 7™-torsion in H' to E’. (Note that the 7"-
torsion is the same as the (7')¢" torsion, where e is the ramification
degree of E'/E.) The existence of A shows that E,, contains the field
obtained by adjoining the 7"-torsion in /\d H' to E,. Namely, let
xr € H[r"|(Op; ) be a primitive element, in the sense that = generates
H'[7"|(OF; ) as an Og/ /7"-module. If oy, ..., aq is a basis for Op/ /Op
then A(aix,...,aqr) generates /\ H'[1"](OF: ) as an Og/7"-module.
Since /\d H’ and H become isomorphic over E"1", we get a compatible
family of embeddings ET < E/nr,

By construction, these embeddings are compatible with the isomor-
phisms in Lemma [3.5.1] so that the following diagram commutes:

Spf OE,ﬁgr“/t' — I:j(') [ ® Fq

e

Spf Opnrjp ——= Hy[s" 1 @ F,
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Here t' € Op, is a uniformizer. From here we get the commutativity
of the following diagram:

Spf (Ogéob @oE//ﬂ/ch) —_— ﬁéﬁbc

N

Spf (O, &r,0cs ) ——= H,.

One can now trace this compatibility with the chain of equivalences in
the proof of Theorem to get the proposition. The details are left
to the reader. O
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