LECTURE APRIL 10: INNER PRODUCT SPACES

1. REVIEW OF THE DOT PRODUCT IN EUCLIDEAN SPACE
Recall that for two vectors v = (a,b) and w = (c¢,d) in R?, the dot product is

v-w = ac+ bd

formula. There’s another formula for dot product:
v-w = |v||w|cosb

Here, |v| means the length of the vector v, namely |v] = v/a? + b2, and 6 means the angle between the two
vectors. This formula is valid in any dimension whatsoever, even R*!
The length of a vector is already given by the dot product,

vl = Vv
Thus both length and angle can be read off from the dot product. There is another related concept,
orthogonality: two vectors v and w are orthogonal if

v-w = 0.

This means that there is an angle of 7/2 between v and w.

2. INNER PRODUCT SPACES

Given an (abstract) vector space V, with scalar field the real numbers, there is no automatic concept of
length, angle, or orthogonality.
An inner product space is a vector space V together with a function
v,wy: V.xV — R.
It has to satisfy:
(1) o1 + vz, w) = (v, w) + vz, w)
(2) {ev,w)y = v, w).
(3) (w,v)y =<{v,w).
(4) {v,v) = 0, with equality if and only if v = 0.
These axioms are supposed to capture what the dot product does in Euclidean space. But they apply to
many other vector spaces, even ones of infinite dimensions.
You can prove theorems starting from these axioms. For instance, why is (0,v) = 0?7 Here’s a one line
proof:
{0,v) =00,v) = 00, vy = 0.

Given an inner product space, we can define a notion of length or magnitude of its vectors, like this:

[o]] = v/<v, v).

In the asbtract setting of vector spaces, |[v|| is called the norm of v. We have ||v|| > 0 for all nonzero vectors
v.
We can also say that v and w are orthogonal if
(v,wy =0
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We can also try to define the angle between two nonzero vectors v, w in an inner product space, using the
formula
(v, w) = [v[| lw]| cos &

0 = cos™! ((v,w} )
ol flwl]
In order for this to make sense, we need the expression in parentheses to be between —1 and 1.

Theorem 2.1 (The Cauchy-Schwarz inequality). In an inner product space, for all v,w we have

<o, wyl < ol [lw]] -

3. AN EXAMPLE: CONTINUOUS FUNCTIONS ON AN INTERVAL

An example: Let V be the vector space of all continuous functions f: [0,27] — R. Define an inner
product on it by
2m
= [fla)g(z)de

0
The last axiom would be verified by saying that

21
f(z)? dx >0,
0

with equality if and only if f is the zero function.
If f(x) = cos(x) and g(x) = sin(x), then f,g € V. We can compute:

27 1
{f,9)= L cos(z) sin(z)dz = 5 Sin(m)Q (2)7'r -0

In fact any two functions of the form cos(mz) and sin(nx) are going to be orthogonal to each other, as long
as they are different. This result is very important in Fourier analysis.
The norm of f is

171l =V F = j " cos?(z)dz = V7

4. PYTHAGOREAN THEOREM AND CAUCHY-SCHWARTZ INEQUALITY

The Pythagorean theorem says: if a,b,c are the sides of a right triangle, with ¢ the hypoteneuse, then
2,32 _ 2
a® +b° =c.
In terms of the Euclidean plane R?, it says: if v and w are vectors which are orthogonal to each other,
then
lof” + [w]? = v+ w]?.
This formula works in R? as well.

Theorem 4.1. Let V be an inner product space, and let v,w € V' be orthogonal vectors. Then
[0l + flw])* = [v+w].
Proof. Let v,w € V be orthogonal vectors. Then (v, w) = 0. We have
v+ w|?® =  +w,v +w)y ={v,v+w)+{w,v+wy ={v,vy+{v,w) + {w, vy + {w,w)

The inner two terms are 0, and so
2 2 2
[v+w|” = [lo]” + [lw|”.



Theorem 4.2 (Cauchy-Schwartz inequality). Let v,w € V be vectors in an inner product space. Then
[<v, wyl < [l fJw]l,

with equality if and only if the two vectors are parallel.

The theorem means that if
_ lo,wy
[oll [Jw])”

then |¢| < 1. In other words, —1 < ¢ < 1. Then it makes sense to define an angle 8 by cosf = ¢, and then,

Cc

(0, w) = [Jv]| [[wl]| cos 6.

We consider 6 to be the angle between v and w. If v and w are parallel, then § = 0. If v and w are orthogonal,
then 0 = 7/2.

Proof. Let v,w € V be vectors. If w = 0, then the inequality is obvious. So assume that w # 0, which
implies by axiom 4 that (w,w) # 0. Let
(v, w)

Z=0— w
(w, w)

The inner product between z and w is

= v—<v’w>ww = {v,w) —
<Z7w>_< <w7w> ’ > <7 > <

So z and w are orthogonal. Then

(v, w)
(w, w)

v, w)
(w, w)

w,wy = {v,wy —

{w,wy = 0.

2

Ioll® = ||z + <<;j j;>>w
By the Pythagorean theorem, this is
o] = [|2]|* + w,w) 2 [ N ACEDNN ol — (v, w)?
R (w, w) = w, w) - \(w, w) - 2
7 ’ ’ [|wl]

We get
2 2
w,w)? < Joll” flwl*.

Take the square root of both sides to get

[Cv, wpl < ol fJw]l -

5. COMPLEX INNER PRODUCT SPACES

We can certainly talk about a vector space over the complex numbers C. We can also talk about an inner
product on such a vector space.
An complex inner product space is a vector space V' together with a function

(v,wy: V.xV — C.
It has to satisfy:

(1) (vy + v9,w)y = (v, w) + {va, w)
(2) {ev,w)y = (v, w).
(3) {w,v) = (v, w).

(4) {w,v) = 0, with equality if and only if v = 0.

The complex conjugate of & = a + bi is @ = a — bi (here a,b € R). If @ = @, then o € R. Axiom 3 says
that for any v € V, we have {(v,v) = (v,v), and therefore (v, v) € R.
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In the complex Euclidean plane C2, let’s say we have two vectors

v o= (aq,a9)
w = (B1,P2)
with «;, 8; € C. The inner product is
(v, wy = 1 By + a2fy
Then
(v, v) = @18 + azds = o |* + |ag]* = 0

This verifies axiom 4.

6. ORTHONORMAL BASES

Theorem 6.1. Let V' be an inner product space, and let vy,...,v, € V be all nonzero vectors which are
orthogonal to each other. Then vy,...,v, are linearly independent.
Proof. Let vy,...,v, € V be nonzero orthogonal vectors. Assume we have a linear combination of them

which equals 0:
aivy + agug + - + apvy, =0
For each j =1,...,n, we look at
{arvr + agua + -+ + apvy,v5) =0
This becomes
a1{v1,vj) + a2lva, vj) + - - - + aplvp, vj) = 0.

We have (v;,v;) = 0 whenever ¢ # j, so that the only surviving term is

aj<vj, Uj> = 0.

Since v; # 0, Axiom 4 says that {(v;,v;) # 0. Therefore a; = 0. We get that a; = as =--- =a, = 0. O

Definition 6.2. A vector v in an inner product space is normal if ||v|| = 1. If v is any nonzero vector, its
normalization if v/ ||v||; this is a normal vector. An orthonormal basis for an inner product space is a basis
consisting of normal vectors which are mutually orthogonal.

As an example, what would an orthonormal basis for R? look like? One of the vectors can be v; = (a,b),
the other vy = (¢c,d). We have |jv1]|*> = a2 + b2 = 1 and |lua]|> = ¢ + d*> = 1. In polar coordinates:
v1 = (cos @, sin #) for some angle 6. There are two possibilities for vs: either it is (cos(8 + 7/2),sin(0 + 7/2)),
or (cos(6 — 7/2),sin(f — w/2). Thus either vo = (—sinf,cosf) or else vy = (sinf, —cosf). The change of
basis matrix for this basis {v1,v2} is of the form

cosf) —sinf or [ @ sinf
sinf  cosf sinf —cosf
The first matrix represents a rotation by the angle 8, and the second matrix represents a reflection through

a line, which makes an angle of 6/2 with the z-axis. Considered as linear transformations, both of these
matrices preserve lengths and angles, both only the first one preserves orientation.

Theorem 6.3 (Graham-Schmidt). Let V be a finite-dimensional inner product space. Then there exists an
orthonormal basis for V.

Let’s say V has such a basis, call it {vy,...,v,}. Then any two vectors in v, call them z and y, would be
linear combinations of the vs:
T = aivp + -+ apty

y = b +---+byu,
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What is (z,y)? It is:
(z,yy = {a1v1 + =+ + ApUn, b1v1 + -+ + bpvp) = arby + - -+ + anby,

This is the ordinary dot product for Euclidean space! In other words,

@,y = 7]yl

where B is the orthonormal basis. This means that every inner product space resembles Euclidean space
with its dot product.

Proof. The proof is an algorithm, the Graham-Schmidt orthogonalization procedure. It turns an arbitrary
basis wy, ..., w,, into an orthonormal basis vy, ...,v,. We're going to insert an intermediate step, where we
construct first a basis z1,...,x, which is merely orthogonal (not necessarily orthonormal).

The pattern goes:

X1 = wa
oy = <w2,x1>

<IB1, I]'J1>

<w3,$1> <'LU3,1'2>
r3 = — —

<CB17931> ! <$2,$2>

n—1
Ty = W — Z 7<wn’z_l>z

Let’s compute some inner products:

Wa, T
(xo,m1) = {wa,x1)— ixle>><331,$1> =0
w3, T w3, T
(x3, 1) = (w3, 1)~ 2353 xl>>< 1,T1) — ixs :c2>>< 2,71) =0
w3, T W3, T
Coavay = )= S oy ) = I G ) — 0
We find that the zq,...,z, are all orthogonal to each other. In fact their span is the same as the span of
the wy,...,w, (why?), so that they are a basis. Finally, the orthonormal basis is obtained by normalizing;:

vi = zi/ ||| -

Let’s do an example. Let V = P5(R), the vector space of polynomials with degree < 2. Let’s define an
inner product on this by

1
ooy f@e) da

Find an orthonormal basis for V.



Let’s start with the basis {1,96,3:2} for V. We’ll apply Graham-Schmidt to this. It’ll be useful to pre-
compute the inner products among these vectors:

1
a1y = f 1ds =2
-1

1
f zdr=0
-1

! 2
(1,2?)y = f 2 dr ==
-1 3

1,2

1
(r,x?) = f 3 dr =0
-1
Applying Graham-Schmidt to {1, x, xz} produces these orthogonal vectors:

r, = 1

@1

Ty = T =z

ot

21 2 1
r3 = 2_<x7>1_<m7x>x:$2_7
1,1 (z,2) 3
Normalizing these vectors produces the orthonormal basis
1 3 5
— A= “(3z%2—-1) .
{ 7 NERm )}
7. FOURIER COEFFICIENTS
Let V be a finite-dimensional inner product space. Let B = {v1,va,...,v,} be an orthonormal basis.

This means
1 i=3
0 2#j

(i, vj) = 0i = {
Theorem 7.1. Let y € V be any vector, then
y = .y, vipvi
i=1

Proof. We know already that y must be a linear combination of basis vectors:

n
y= Z @;V;
i=1

Now consider (y,v;) for each j =1,...,n:
n n n
o0y = aivi, vy = > aivi, vy = Y aidi; = a;
i=1 i=1 i=1
Plug this in to our expression for y, and we’re done. O

The coefficients {y, v;y are called the Fourier coefficients of y with respect to the orthonormal basis B.

8. ORTHOGONAL COMPLEMENTS

Definition 8.1. Let V' be an inner product space, and let S <V be a subset. I define

SLZ{UEV

{v,8) =0, allseS}

This is called the orthogonal complement of S in V.
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Then S is a subspace of V.
Example 8.2. {0} = V. Also, V1 = {0}.
Example 8.3. Let V = R2 with its dot product, and let v = e; = (1,0). Then {v}" is the span of e5 = (0,1).
In general, if (a,b) # (0,0) then {(a,b)}" is the span of (b, —a), because
(a,b) - (b,—a) = ab —ba = 0.

Example 8.4. The orthogonal complement of a line in R> is a plane.

In general, if W < V is a subspace of a finite-dimensional inner product space, then dim W + dim W+ =
dim V.

9. THE CLOSEST VECTOR PROBLEM

Given a finite-dimensional inner product space V', and two vectors x,y € V, the norm ||z — y|| can be
interpreted as the distance between = and y. If V = R"™ with its dot product, then ||z — y|| is simply the
Euclidean distance that you would calculate with the distance formula.

Given a subspace W < V and a vector y € V (probably not in W), find the vector u € V' which is closest
to y.

Theorem 9.1. Given a subspace W < V and a vector y € V, there exist unique vectors u € W and z € W+,
such that y = u + z. Furthermore, u is the closest vector in W to y.

Proof. Let vy, ...,v, be an orthonormal basis for W. Let
n
u= Z<y,vi>vi.
i=1

Then u € W, because it is a linear combination of the vectors v; € W. Let z = y — u. I claim that z € W=.
It is enough to check that (z,v;) = 0 for all j. We have

<Z’Uj> = <y —u, Uj>

w15~ QY wdu )

<y7 Uj> - Z<y7 Ui><vi7 Uj>

i=1
W,vj) — Z<y7 ;)05
i=1

WY, v5) =Y, v5) =0
Thus y = u + 2 for some v € W and z € W+. (Uniqueness left as exercise.)

Why is u the closest to y? Suppose u’' € W is any other vector. I claim that u is closer to y than u'. The
distance between y and v’ is

ly =l = NIty = w) = (&' = W) = ||z = (" = W)
We have that u',u € W, so v’ —u € W. Therefore z is perpendicular to ' — u, so by Pythagoras:
ly—wl” = |z = @' = w)* = 12l + fJu = ul]* = lly = ull® + o’ = ul|* > 1y —ul?,

with equality holding if and only if v = /.



10. TRANSPOSES AND ADJOINTS

Remember that for an m x n matrix A, the transpose A? is defined by swapping the rows and columns of
A. Thus, A! is an n x m matrix.

It’s related to the dot product in the following way. If v = <Z) and w = (2), then
v-w=ac+bd = (a b) (Z) = vw

Recall this property of transposes:

(AB)! = B' A"
So now say we have a matrix A, a vector v, a vector w, so that Av is defined and in the same vector space
as w.
Then
Av-w = (Av)'w = v  A'w = v - Alw.
Therefore:

Av-w=v-Alw
If V is a real inner product space, and T is a linear operator on V', an adjoint of T is a linear operator T*
satisfying the property:
(Tv,w)y = {v, T*w)y, for all v,w e W
In real Euclidean space, the adjoint is the transpose.
It’s a little more general than this: For two inner product spaces V and W, and a linear transformation
T:V — W, the adjoint of T is a linear transformation T*: W — V| satisfying:

(Tv,wyw = (v, T*w)y, for all ve V,we W.

In the situation of complex Euclidean spaces, T' is a matrix A with complex entries, and then
—t

A=A
Thus %
T 2 =t 3
3 4+i)  \-2i 4—i
Importantly, we always have
A* = A,

11. LEAST SQUARES REGRESSION

Geometrically, you may want to fit a line that matches some data points in the plane. Say, you have
points (z;,y;) = (1,2),(2,3),(3,5), (4,7). We want to find the line y = max + b that fits the data best.

What should this mean? For each i = 1,2, 3,4, the observed data point is (z;,y;), and the predicted data
point is (x;, mz; + b). The error is |y; — (ma; + b)].

We want to minimize the squared errors:

> 0 — (mai + B))?

We rewrite this in terms of vectors and their norms. Let

11 2
2 1 m 3
A=lg 1" (b)y 5
401 7



Then
m+b

2m + b
3m+b
idm + b
4

1Az — ylI* = Y. (ys — (ma; +b))?
i=1

is the squared error. We are given A and y, and want to find x. This is a bit like trying to solve Az = y,
but there might not be an exact solution — that would be if the line fit the data perfectly.

Instead, we are looking for the x that makes ||Az — y|| smallest.

This is a closest vector problem! Let

W = R(A)

be the range of the 4 x 2 matrix A, so that W is a subspace of R*. Remember that the range R(A) is the
set of all vectors Az. We want to find the vector in W which is closest to y.

By our theorem about the closest vector, there exist vectors u € W and z € W+ such that

y=1u+z,

and then u is the closest vector in W to y. Since u € W = R(A), we must have u = Ax for some z € R.

Let’s spell out what it means for z € W+ = R(A)L. This means, for all v € R2, we have (Av, z) = 0.
Therefore (v, A*z) = 0 for all v € R2. This means that A*z € (R?)* = {0}. We have then A*z = 0.

We want to solve for = in

y=Ax + z.
Multiply both sides by A*:
A¥y = A* Az + A%z = A* Ax.

As long as A* A is invertible, we could solve for x:

= (A*A)"LA*y.

We have
A (30 10
10 4
and
(A*A)—l—i 4 -10y _1/2 -5
“20\-10 30/) 10\-5 15
and finally

1 /2 —5\/1 2 3 4
:A*A—lA* —
v = WA AT = 15 (—5 15) (1 11 1>

Therefore the line y = 1.7x best fits the data.
To make this work, we needed A* A to be an invertible matrix.

-~ Ut W N
Il
/—D
Sy
N~~~

Theorem 11.1. Let A be an m x n matriz, so that A*A is an n x n matriz. Then A*A and A have the
same rank.

As a corollary to this, if A has rank n, then A* A has rank n, and so it is invertible.

Proof. By the dimension theorem, it suffices to show that the nullities of A and A* A are the same. In fact
we claim that N(A) = N(A*A).
For N(A) c N(A*A): let ve N(A), so that Av =0, then A*Av =0, so v e N(A*A).
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For N(A*A) c N(A): let ve N(A*A), so that A* Av = 0. Then {(A*Av,v) = 0. Thus (Av, Av) = 0. By
Axiom 4, Av = 0, which means that v € N(A). |

12. NORMAL AND SELF-ADJOINT OPERATORS

Let F = R or F = C. Remember that for an m x n matrix A with coefficients in F, its adjoint is its
conjugate transpose:
A* =4
(So if F' = R, the adjoint is just the transpose.) The adjoint is characterized by the property that
Av-w=v - A*w

for any v e R™, w e R™.

In general, if we have two inner product spaces V and W over F' (F =R or F = C), and a linear trans-
formation T: V' — W, we say that a linear transformation T%: W — V is the adjoint of T is characterized
by the equation

(Tv,wyw = (v, T*wHy .

In today’s lecture we focus on the case that A is a square matrix. We're going to see how inner product

spaces interact with the ideas from the previous chapter about eigenvectors and eigenvalues.

Definition 12.1. Let T be a linear operator on a vector space V. We say that T is diagonalizable if there
exists a basis for V' consisting of eigenvectors for T.

If V is finite-dimensional, this is the same as asking that there exist a basis B for V such that [T]p is a
diagonal matrix.

In the case that T' comes from a square matrix A, it means that there exists an invertible matrix ) such
that Q1 AQ is diagonal.

Now suppose that V is an inner product space, and T: V — V is a linear operator. We have already seen
(Gram-Schmidt!) that (if V is finite-dimensional) V" has a basis consisting of orthonormal vectors.

An orthonormal basis for V' is a basis v1, ..., v, such that

(i, v5) = ij

Definition 12.2. Let T be a linear operator on an inner product space space V. We say that T is orthogonally
diagonalizable if there exists an orthonormal basis for V' consisting of eigenvectors for T.

This means that there exists an orthonormal basis B for V such that [T]p is diagonal.

If T comes from a square matrix A, then for T to be orthogonally diagonalizable, it would mean that
there exists an invertible matrix @ with Q~!'AQ diagonal, but require that () have orthonormal columns.
This means that QQ* = I. We call such a @ an orthogonal matrix.

Definition 12.3. Let T: V — V be a linear operator on a finite-dimensional inner product space V. We
say that T is normal if T and T* commute: TT* = T*T.

We also say that a square matrix A is normal if AA* = A*A.
How could we ever find such a matrix?

Definition 12.4. A matriz A is self-adjoint if A* = A.

Obviously, a self-adjoint matrix is normal.

If the scalar field is R, then a self-adjoint matrix is one satisfying A* = A. This is called a symmetric
matriz.

An example would be the matrix



Geometrically, this is a reflection about y = 2. The characteristic polynomial is t> — 1 = (t — 1)(t + 1). So
the eigenvalues are 1, —1.

1 1
The vector v; = < 1) is an eigenvector with value 1, and vy = ( 1) is an eigenvector with value —1.

Notice that v; - vo = 0, so these are orthogonal. An orthonormal basis consisting of eigenvectors is
()5 ()
e\ v a
0 -1
A=
()

Geometrically, this is rotation by 7/2. This matrix is anti-symmetric: A* = A*¥ = —A. But this is enough
to conclude that A is normal, since A and —A always commute. The characteristic polynomial is tT1 =

(t —))(t + 1), which only has complex roots. So as a real matrix, this is normal but not diagonalizable. As
a complex matrix though, it is orthogonally diagonalizable.

e () 0-()-+0)

Another example is

1 1
The two eigenvectors for A are vy = <> and vy = ( ,>, with eigenvalues —i and i, respectively. Then vy
i —1i

and vy are orthogonal.

Theorem 12.5. Let T be a linear operator on an inner product space V. which is normal. For any v eV,
we have
1T ()| = T ()]l
Proof. Let ve V. We have
2 2
[T (W)|I” =T (v),T(v)) = v, T*T'(v)) = (v, TT*(v)) = (T*(v), T*(v)) = |T*(v)|
O

Theorem 12.6. Let T be a linear operator on an inner product space which is normal. Let v be an eigenvector
of T, with value X. Then v is also an eigenvector of T*, with value X.

Proof. Let v be an eigenvector of T' with value A. Then Tv = Av. We have Tv—A v = 0, and soif U = T — I,
then Uv = 0. I claim that U is also a normal matrix (exercise), and so
0=[U@I = IU*Il,

so that U*(v) = 0. We have U* = T* — M. The fact that U*(v) = 0 means that T*(v) = Av, so that v is
an eigenvector for T* with value \. a

We have two big theorems about normal operators. The first concerns complex scalars, and the second
concerns real scalars.

Theorem 12.7. Let T be a linear operator on a finite-dimensional complex inner product space V.. Then T
is orthogonally diagonalizable if and only if it is normal.

Remember that normal means that 7' and T* commute, and orthogonally diagonalizable means that V'
has a orthonormal basis consisting of eigenvectors for 7.

Proof. For the “if” direction, assume that T is normal.” Let’s first observe what happens in the case that

dim V' = 2. Since we’re over C, there exists one eigenvector vy, for T, say with value A\;. Normalize this so
11



that [|v1]| = 1. Now consider {v;}": this has to be one-dimensional, with normal vector vy. By the previous
theorem we have T*v; = A\v1, and so

0 = A {v1,va) = (T*v1,v9) = (w1, Ta),

so that Tvg € {vl}l lies in the span of vo: Twas = Ayvy. We now have a basis for V' consisting of eigenvectors,
namely {v1,vs}.

Let’s also do the case dim V' = 3 (the general case is by induction). Once again let v; € V be a normalized
eigenvector, with value A\;. Now consider W = {vl}J‘, a 2-dimensional inner product space. Given w € W,
we have

0 = A\ (vy,w) = (T*vy,w) = (vy, Tw),
so that Tw € W again. Thus T stabilizes W. We can now apply the 2-dimensional case to W to get a basis
{va,v3} of W consisting of orthonormal eigenvectors for T. Then {vy,vs,v3} is a basis of V consisting of
orthonormal eigenvectors for 7.

For the converse of the theorem, suppose B is an orthonormal basis consisting of eigenvectors for 7. Then
[T]5 is a diagonal matrix. Then so is [T*]g = [T']%. We know that diagonal matrices commute with each
other, and therefore so do T and T*.

|

The last theorem concerns real inner product spaces. Recall that an operator T is self-adjoint if T = T*.
(For a real matrix A to be self-adjoint, it just means that A = A%, so that A is symmetric about its diagonal.
Such matrices are often called “symmetric”.)

Theorem 12.8. Let T be a linear operator on a finite-dimensional real inner product space V.. Then T is
orthogonally diagonalizable if and only if it is self-adjoint.

Remember that self-adjoint means that T' = T*. For a real matrix A to be self-adjoint, it means that
A = A!, so that A is an n x n symmetric matrix.

b d
A is real, so that a,b,d € R. The theorem says that A is diagonalizable, let’s verify this.
The characteristic polynomial of A is

Example 12.9. Let A = (a Z) be a symmetric 2 x 2 matriz. Then b =c¢, so A = <a b). Assume that
c

t? — (a+ d)t + (ad — b?)
To investigate the nature of the roots, I look at the discriminant of this polynomial:
(a4 d)* —4(ad — b*) = a* + 2ad + d* — 4ad + 4b* = a® — 2ad + d* + 4b* = (a — d)* + (2b)? = 0.
The discriminant is positive as long as a—d and 2b are not both zero. In that case, the roots of this polynomial

are distinct and real, and therefore A is diagonalizable. Otherwise, a = d and b = 0, but then A = (g 2)

is already diagonal.

Proof. For the “if” direction, assume that T is self-adjoint. After choosing a basis for V', let’s represent T as
an n X n matrix A, with real entries. Thus A = A? is symmetric. It will be enough to show that there is an
orthonormal basis for R™ consisting of eigenvectors for A.

Even though A has real entries, it still makes sense to apply A to vectors in C", thereby getting a linear
operator on C". So we may talk about a complex eigenvector v € C™ with eigenvalue A € C. We have

Mv,v) = (Av,v) = (v, A*¥V) = (v, Av) = (Av,v) = X{v,v) = X, V).

Since (v, v) # 0, we must have \ = A, so that A € R. We have shown that all eigenvalues of A are real; that
is, the characteristic polynomial of A has only real roots.
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Let A1 be one of those roots, and let v; € R™ be an eigenvector: Av; = A\jvi. Let W = {Ul}L. Then
A preserves W (same proof as before, uses the fact that A is normal). Proceed inductively to find an
orthonormal basis of eigenvectors for A.

For the “only if” direction: Assume that V has an orthonormal basis B consisting of eigenvectors of T'.

Then [T]p is a diagonal matrix. Such matrices are always self-adjoint: [T'|p = [T']%. This implies that

T = T%*, so that T is self-adjoint. |

13. OTHOGONAL AND UNITARY OPERATORS

Let’s review some of our vocab words from this chapter:
(1) T is normal if TT* = T*T.
(2) T is self-adjoint if T' = T*.
(3) T is orthogonal (in the real case) or unitary (in the complex case) if TT* = I.

Think about an operator T: R? — R? geometrically, as moving points in spaces. Let’s ask the question:
is length preserved? Is angle preserved? Is area preserved? Is orientation preserved?

As far as the last two questions go, the answer involves the determinant: The area gets stretched out by
a factor of |det T'|, and orientation goes with the sign of det T'.

Definition 13.1. Let T be a linear operator on an inner product space V (assume finite dimensional).
Suppose that for all v eV we have
IT@)]| = [lv]-

Then we call T orthogonal if V' is real, and unitary if V' is complex.
Thus rotations and reflections are orthogonal, but dilations and shears are not.

Theorem 13.2. The following are equivalent.
(1) For all v,w eV, we have
(T'(v),T(w)) = {v,w)
(angle-preserving).
(2) T is orthogonal or unitary (length-preserving): for all v € V we have

1T ()l = vll-
3) TT* = 1.
Proof. Let’s start with (1) implies (2). Assume that T is angle-preserving. Then for any v € V', we have

IT(0)| = V<T(v), T(v)) = /v, v) = o]l

Next we’ll do (2) implies (3). Assume that T is length-preserving. This means that

(,v) =(T(v),T(v)) = (v, T*T(v))

This means that
(0, T*T(v)) — {v,v)y = (v, T*T(v) — vy = (v, (T*T — vy =0
Let U = T*T — I. Then (v,U(v)) = 0 for all v. We also know that
U* = (T*T — I)* = (T*T)* — I* = T*T** — [ = T*T — [ = U.

Therefore U is self-adjoint. By our previous theorem, we know that there’s a basis for V' consisting of
eigenvectors for U. Let v be one of those basis vectors, so that Uv = Av. We have

0= (v,U(v)) = (v, \w) = v, v)
Since v # 0, neither is (v, v) and therefore A = 0. So U(v) = 0. Since this is true for all vectors in a basis

for v, we must have that U = 0 identically. Thus T*T = I, and so T* = T~!, which also implies TT* = I.
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For (3) implies (1), assume that TT* = I. Therefore T*T = I. We have
(T(), T(w)) =TT (v), w) = (v, w).

Therefore T is angle-preserving. ]
Example 13.3. Let A be a 2 x 2 orthogonal or unitary matriz, A = (Z Z) We would have
S 2 2 5
aar (@ b (a ¢\ _ [la]”+b| ac+bd \ _ (1 0
¢ d)\b d ac+bd | +d] 0 1)’

so that

jal* + o> = 1

I +1d? = 1

ac+bd = 0

So if Ilet v = (a,b) and w = (¢, d), these equations say that

ol = 1
Jwl| =1
vywy = 0

Thus the rows of A are an orthonormal basis for F2. The same is true for the columns of A.

Example 13.4. Let A be a 2 x 2 orthogonal (real) matriz, so that AA* = I. Then A falls into one of two

categories:
cosf —sinf
A=
<sin0 cos )

cosf)  sinf
A= (sin@ —cos 9)

(reflection through the line which makes an angle of 0/2 with the x-axis).

(rotation by 0), or else:

Notice that in the first case, det A = 1, and in the second case, det A = —1. This matrix is not diagonal-

izable. The roots of the characteristic polynomial are complex, they are e'?, e,

cos(6/2) o have
sin(9/2))' We b

= cos(f) cos(0/2) + sin(0) sin(6/2)\ _ (cos(6/2)\ _ ;
A (sin(é‘) cos(0/2) — cos() sin(9/2)> <sin(9/2)) '

In the second case, consider v = (

sin(6/2)
Ifw=
v (— cos(0/2)
eigenvectors for A.
We conclude that A is a reflection through the line containing the vector v. We also conclude that A is

), then Aw = —w. We have that v and w are an orthonormal basis for R?, consisting of

orthogonally similar to the matrix ((1) _0 1) .

Theorem 13.5. The eigenvalues of an orthogonal or unitary matrix all have absolute value 1.
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