
MA 843 Assignment 2, due Sept. 24

September 13, 2013

1. Let f : X → Y be a finite morphism of degree d between smooth pro-
jective curves over a field K.

(a) Show that if D is a divisor on Y of degree d, then deg f ∗(D) =
d degD.

(b) If D is a principal divisor on Y , show that f ∗(D) is also principal.

(c) Show that if D is a divisor on X of degree d, then deg f∗(D) =
degD. (Very easy.)

(d) If D is a principal divisor on X, show that f∗(D) is also principal.
(The morphism f induces a map of function fields K(Y )→ K(X)
which presents K(X) as a finite extension of K(Y ). Thus there is
a norm map K(X)∗ → K(Y )∗, which is key to this part.)

From this we can conclude that a correspondence from X to Y induces
a well-defined map Pic0(X)→ Pic0(Y ).

2. Let A be an abelian variety over Fq. Let P (T ) ∈ Z[T ] be the char-
acteristic polynomial of the qth power Frobenius map acting on `-adic
Tate module of A (` - q). Let α1, . . . , α2g be its complex roots. Show
that for all n ≥ 1, #A(Fqn) =

∏2g
i=1(1− αni ).

3. For abelian varieties A, A′, show that the dimension of the Q-vector
space Hom(A,A′) ⊗ Q is at most 4 dimA dimA′. (If you like, assume
that the base field is C, so that A and A′ are complex tori. In general,
one uses Tate modules.)

4. Let A be an abelian variety of dimension g over a field F . A is said to be
of GL2-type if the Q-algebra EndA⊗Q contains a subfield K of degree
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g over Q. In this case, for every prime ` unequal to the characteristic of
the base field of A, we get an action of K` := K ⊗Q Q` on the rational
Tate module V`A = T`A⊗Z` Q`. Show that V`A is a free K`-module of
rank 2. If λ is a prime of K above `, we get a surjective map K` → Kλ.
Show that Vλ = V`A⊗K`Kλ is a free Kλ-module of rank 2. We therefore
get a Galois representation Gal(F/F )→ AutKλ Vλ ≈ GL2Kλ.

5. Let f =
∑∞

n=1 anq
n be a cuspidal eigenform of weight 2 for Γ0(N). Its

coefficients lie in some totally real number field K. Let S be the set of
real embeddings of K, so that {fσ}σ∈S is the Galois orbit of f . Let A
be the modular abelian variety associated to {fσ}σ∈S. Look up what
the L-function of an abelian variety over Q is, and show that

L(A, s) =
∏
σ∈S

L(f, s),

at least up to finitely many bad places. (It turns out that the L-
functions are equal on the nose, but this is harder.)
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