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Local Langlands
E -

non .
arch

.

local field
,
residue char p > O

G = Glen

Frobenius semisimple Smooth Irr
n

' din 'd complex Weil - → reps of G CE)
Deligne reps ↳ studied with

local Hecke

algebras
Two modifications ?

1) p-adic Langlands program : use Qp coefficientsmod p coefficients

2) geometric Langlands : replace automorphic
functions w/ automorphic
sheaves on Bung

.



Main Results

① Mod p version of geometric Satake

② Geometric construction of central ett's
in Iwahori mod p Hecke algebra

Future : - Cw .

C Pepin) restriction to Levi
for ①

- (w
.

C Pepin .

T
.
Schmidt) relate to

mod
p kazhdan

- Lusztig theory e

mod p Galois rep's .

Geometric Satake

OE = ring of integers K= GCOE )

Un ramified local Langlands reduces to Satake iso,
which describes

Hk
,
c,
= { f : G CE)→ e

,
f has compact
Supp .

,

K bi - invariant }
.

Suppose E has char p
>0

,

residue field
q .



Affine Grassmannian LG : R → GCREED)
Gr = LGILTG

LTG: R→ G.CREED

Gr is ind - projective / Fg .

Grc Fg) = GCEHK
Certain 4G - equivariant
perverse shears on Gr

F Rep ( Glen)
Qe

Qe
Mod p Geometric Satake

E' take Ftp shears on Xlttq
1) Rf ! , Rf * , d preserve construct bility
Rf*, Rf

!
,
Rhom do not

.

2) No duality
3) Have function - sheaf dictionary

Puy (Cr , Ftp) - monoidal category of LTG -

equivariant perverse Ffs - sheaves
on Gr

.



Than CC) ! There exists an affine
,
pro -solvable

monoid scheme I Ttp ,
MG

,
such that

PUG (Gr
, Fp) Is Rep Ep ( MG ) .

Proof uses BD - Grassmann ians
,
but

exploits more facts about affine Schubert
varieties

Me → Spec ftp.cxxct5]
F
.. .

T c BCG LTG orbits in or ← X*G5
'

Gru ←M
Ex : G = Sh X*CT)

t I Ezo

⇐ → ( " t- n) ) → n

Gr has one connected component
dim Corn = 2n .

'

'

¥.

V ,



Ern -- Gsu = ¥uGx
Them cc ) :
1) Simple objects in theGCE , Ftp )
are the constant sheaves

Icu = Ep ( dim Gym] on Gren
.

2) Icu ,
* Icma = ICM , tmz .

3) ftp.cxx-CTT ) → Ko (Puder, Ftp)) ② Fp

me ⇐u ]
Proof of s ) uses F - singularities
2) Says that constant sheaf preserved

under convolution
~

To
Grenier-Gram

Rm ! ( Ftp ) = Fp
e - i

Artin Schreier sequence O → Ffp → Ox →Ox -0

+ Grave has rational singularities
Kovacs

( Pappas - Rapoport . Faltings)



Relation to mod p Satake

Herzig ,
Henriart - Vigneras

S : Hk
, #p
-5 Ffp [X*Ct5]

Fp Exact 57 ⇒ Ko ( Pu GCG , Kp) )0 Ftp
↳ I function - sheaf

St Hk
, Ttp

Iwahori mod p Hecke algebra
IC K Iwahori

Vigne ras ,

Ollivier

T : Z ( HI, Ep)
I the

, Fp

ft f * Ilk
Thor . Sen .

of
K

Affine flag variety Fe = 2612¥

Fl ( Eq ) = GCEXI



IT : Fl →Gr Rt ! lifts * The to the
level of sheaves

PLEGCG , Fp )
"

semisimple objects

p >2 ,
Gder is absolutely almost simple

Tama) ! There exists a functor
Z : Theo CG , Fp)

"

→ Pt (Fl, Fp)
such that

D Rt ! ( 2- ( F )) E F

2) 2- ( F , *Fa) I ZCF.) * ECE)

3) 2-(Fi ) * Fz E Fz * ZCF) .

Z lifts T
"
to sheaves .

Can describe 2- (Itu) in terms of the
µ
-admissible set . ( it is a constant sheaf)

Proof
uses F - singularities t equal char .

analogues of local models of Shimura varieties
( Pappas - Zhu)



Perversity of constant sheaf
(A , m) strictly henselian local ring

char p ,

din d .

I : Spec kcm) → Spec CA ) .

Perversity of Fp Cd] requires
Rni ! Fp = o for n - d

.

Rni ! Fp can be computed in terms of local

cohomology modules
H*m CA) = Htt - ' Lu

,
da)

U = SpecA - Speck cm)
.

Ex : B =kCx7 , m
-

- Cx)
H 'm (b) = kcx

,
x-D Ibex]

Than Cc) ? If A is Cohen -Macaulay ,

then Fpcd] is perverse .

Uses that Him CA) =0 for iced



j : u → Spec A

Rit Fp→ Fp → Rj * Fp
↳ has
coh .

in degree

To compute Rj * Ffp ,
use

Artin - Schreier sequence .

A CFT
, polynomial ring Fa = aPF .

Him CA) is an A [ FT -module .

Simplicity of Fpcd) requires Rdi ! Fp Id]
-

- O
.

If d32
, need (Hmi (A) )

"
= O

.

lemma : ( Hmdct) ) Eo if Hdmi Al is a simple
ACF] - module

.

Defa( Smith
,
Hocheskr -Huneke) :

A is F-rational if Hdnet) is a

simple A CF] - module
.



Than Cc) : If p X it , Corder) I then the

local rings of Greer are F
- rational .

In fact
,
Gsu is globally F-regular .

The Local models are F - regular , as one

certain Schubert varieties in BD Grassmannians
.

F- regularity
An F - splitting of Xl Fg is an Ox- linear

splitting of Ox → F* Ox
a (→ ap

Global F - regularity is a condition which
guarantees many F

- spiriting s compatible
with effective Cartier divisors

. (Smith)
normal

,

Globally F-regular ⇒ F - rational ⇒ Cohen-Macaulay
,

rational
singularities(Smith

,

Hocheskr - Huneke)



Proof of global F - regularity uses that

affine Denature resolutions of
Gren , one split along an ample

effective Cartier divisor
.

FatTings , Pappas - Rapoport

Zhu constructed splittings of
local models

.

pier
in in → Mm← GenSkives
Fk we

genericfiber
Riohaz - Haines - local models are

normal
,
Cohen -

Macaulay .

Mehta - Ramanathan - classical Schubert
varieties in GIB

.

X Globally F - regular ⇒ Hi CX , 0×3=0
i > 0

.


