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Global Langlands correspondence

Notation:
e F = global function field, e.g. Fy(t)

@ G = reductive group over F, e.g. SL,
o k =TF, (coefficients), p # char(F)

Vincent Lafforgue constructed

irreducible cuspidal
automorphic representations _){ Langlands pazameters }
s [
of G over k Gal(F*/F) — ~G(k)/

Does it have expected properties?
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Langlands functoriality:
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irreducible
automorphic representations —>{ Langlands parameters }
S L o
of G over k Gal(F*/F) — ~G(k)/

Global base change functoriality: Suppose @

@ H reductive over F,
o E/F field extension, G := Resg,r(HE).
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Previous proofs of base change (for GL,) are based on the trace formula.

(eq. SLa n71)

Novelty for general G: can have

f,f’ generating isomorphic .
, 1 BEnerating PIIC ., different [-parameters.
automorphic representations R
~T\-€\ T\.f(
Indistinguishable by the trace formulal



Local Langlands correspondence

Notation:
° Fy, = local function field of char # p, e.g. Fy((t)).

@ H = reductive group over F,.
=

Genestier-Lafforgue constructed:

_y semi-simple
}/ ~—> ¢ Langlands parameters

{irreducible representations
Weil(F,) — LH(k)/ ~

of H(F,) over k

Does it have expected properties?



We will investigate local base change: %
e E,/F, extension, Gal(E,/F,) ~Z/p = (o).

E=4

o G = ReSEV/FV(HEv) —

(r < |

O [irreducible representations |[ BC \[irreducible representations
{ of H(F,) over k — { of G(F,) over k }

—

G : Gzéﬁw(ﬁ)




Tate cohomology
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Treumann-Venkatesh Conjecture

Conjecture (Treumann-Venkatesh)

Let M be an irreducible o-fixed representation of G(F,). Then any
irreducible subquotient of T'() transfers under LLC to
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Treumann-Venkatesh Conjecture

Conjecture (Treumann-Venkatesh)

Let T be an irreducible o-fixed representation of G(F,). Then any
irreducible subquotient of T'(IN) transfers under LLC to

NP = 1M @4 Frob, k-

Assume p is odd and good for G. Then any irreducible subquotient of
T'(N) transfers under the Genestier-Lafforgue correspondence to nep).

== : =
T ¢ gl

@ Previously proved by Ronchetti for depth zero supercuspidals of GL,
induced from cuspidal Deligne-Lusztig representations. -



@ Statement of the results. v

7

@ Summary of Lafforgue'’s idea.
© Equivariant localization. —

@ Modular representation theory. —



The excursion algebra

Let [ be a group, G a reductive group over k.
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Can present Exc(I, 6) explicitly by generators and relations.

Generators: Sn,,r,(%.),:1
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Relations are complicated:

4.2.2. Relations. Next we describe the relations. (Compare |Lafl8al §10]|.)

(1) So.r. = f(lc).
(ii) The map f +> St f.(4.).c; 18 a k-algebra homomorphism in f, i.e.

Sl-f+f'-(‘h‘).‘et = Sl-f~(‘7'.‘).‘el + Sl-f'-(‘h‘).‘en
SLifier = SLAGer  SLE (v

and

S’-'\f~(’7i)iel = ’\Sl.f.('y.-).-e, for all A € k.

(iii) For all maps of finite sets (: I — J, all f € O(Gk\(LGZ]g)’/@k), and all (v,)jes € T/,
we have

S50 560 = SLE(vec)ier

where f¢ € O(Gi\(“Gi*)” /Gy) is defined by f((9;);e) = f((9¢(i))ier)-
(iv) For all f € O(Gi\(“G®)" /Gi) and (vi)ier, (V)ier, (¥ )ier € T, we have

Slulul,f.(»y.).e,x('y;).-e,x(»,;').e, = Sl-f-('y.('r.’)“'v:’).en
where f € O(Gi\(LG#)IWIYT /Gy) is defined by

f((gi)ier x (gh)ier x (9!')ier) = f((g:(9}) 9! )ien)-



Actions of the excursion algebra

How to construct Exc(l, G) ~ V A
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Summary of Lafforgue’s correspondence

Where does this structure come from? [1= T (™)

F <> X smooth projective curve.
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Summary of Lafforgue’s correspondence

Where does this structure come from?

N}
Geometric Satake equivalence: J/ e
Repk((f) = Peo)( S;(FV)/G(@VZ ).
Lf<//—\rr -~

“affine Grassmannian” Grg
/

Viewed as sheaves on moduli spaces of shtukas:
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BN e #(SWt, k)= Fw ( 8w, (1))
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@ Source of Galois representations: cohomology of moduli spaces of

shtukas. C‘OQO\D“)“\\

@ Excursion operators: endomorphisms of automorphic forms coming
from “combinatorial” pattern of maps between cohomology groups.

@ Langlands parametrization comes from having sheaves indexed by

Rep(G). a

(Req Thesy)



Suppose we want Langlands functoriality between H and G:

@ (Topology) Need mechanism to relate cohomology of shtukas for G
and for H < equivariant localization.

o (Representation Theory) Need mechanism to relate sheaves indexed by
Rep(G) and by Rep(H) « sheaf-theoretic Smith theory.

-~ e OO _~



Equivariant localization

Equivariant localization =— relationship between the cohomology of a
space and its fixed point subspace under a group action.
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Base change situation: G = Resg/r(HE).
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For global base change, we need to transfer eigensystems for the excursion
operators.

® Need to study possible extensions of a character of Exc(T, G)' to all of
Exc(l', G).
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For local base change, we need to examine the construction of the
Genestier-Lafforgue correspondence.

o Study S, s (4, for {7i} € Weil(F,/F,) C Gal(F/F).
~ >

Details omitted here.



Equivariant localization and excursion operators

Excursion operators:

(- TOH(Shtg; Sat(1)) ——— T9(Shtg:f ) ——— ...
K TOHO(ShtH Sat(1)) —— TO(ShtH, at(Res(W))) — .7.

\7/

\'\c
Want to identify all steps of the excursion. Lowen - QHZ— > SWYH

e Topological aspect: relate (I%te) cohomology of a space with (Tate)
cohomology of its fixed points.

@ Representation-theoretic aspect: geometric interpretation of
. R
restriction functor Rep, (-G) —> Rep, (- H).



Tate cohomology

Suppose (o) =~ Z/p ~ X, F e D2(X; k).

- CU04%F)

T'(X; F):=
Hi(Tot(... Y c*(X: F) =2 c*(x; F) &Y o (x; 7) =2 ..))
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Equivariant localization (Smi
T'(X; F) = T/(X7; Flxo).

Can apply this to shtukas because (Lemmay:

uillen, Treumann)
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@ We have explained the topological input into functoriality.

@ Now zoom in on the representation-theoretic input:

Hecke category for ecke category for H

Rep(“G) > Repy("H)




Notation:
@ H = reductive group over F,.
E,/F, extension, Gal(E,/F,) =~ Z/p = (o).
o \\J/Jex ension, Gal(E,/F,) {ﬁ ég)
® G = Resg,/r,(He,)
o (Coefficients) k = F,.

Treumann-Venkatesh construct Brauer homomorphism
Q/_/\/_,\/\/\/-\/\/\

k-Hecke algebra for G — DIy k-Hecke algebra for H

J /-ﬂ

S | |
Ko Repi(“G) e » Ko Repy(“H)




With Gus Lonergan we construct a categorification

k-Hecke category for G —BC k-Hecke category for H

o 5 | |

Repy(“G) e > Repy("H)

using recent tools in geometric representation theory:

@ parity sheaves (Juteau-Mautner-Williamson),

@ Smith-Treumann theory (Treumann, Leslie-Lonergan,
Riche-Williamson).



Brauer homomorphism

Assume: [G((g))]" = [,ZI((g)] = (W)

=

Wy k-Hecke algebra for G bty k-Hecke alg‘ebra for H
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Base change functor

k-Hecke category for G —BC k-Hecke category for H
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Parity sheaves

Given a suitable stratification:

o (Juteau-Mautner-Williamson) Parity sheaves are K € D® whose
x-stalks and !-stalks have cohomology concentrated either even

degrees or odd degrees. -
o~

o (Leslie-Lonergan) Tate-Parity sheaves are K € D?/Perf whose
x-stalks and !-stalks ha\(e Tate cohomology concentrated in either
even degrees or odd degrees.

Feature: (Tate-)Parity sheaves enjoy strong rigidity properties.}



Res

Parity%(o)(GrG) — Parity%(o)m(Grg)
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This is interesting even for H = GL(1), for which Gry is (étale homotopic
to) a discrete union of points.
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