
Endoscopic point on the SLK) - eigenemre

①

Big goal : Unterstand Langlands tuuctorialilg
in the p

-adic Langlands programme
② eater .

① In a nutshell :

→ Ö
,

= dual groupG conn . red.JP/q a- againconn.at .
Split

Trat datum 4,4 ,
# id")

Hip it (X* ,du , d)→ G)

eg GI = Gln
SI = Pan

Ä is the fangt of Galois reps (L
- parameters)

associated

toautomorphicreps.ofGlA1.NowletGiHy@split.kauglaudsfmctoialiyconjectw.es :

A morphism ET → Ä goes rise



to a transfer

ii.÷: } - i::}
meenbers
have some Fg : C-packt of Glen
Galois aß '

are singleton .

Etage : (Labesse - Langlands transfer)

The natural map GI = GL, → PGLEÄZ

corresponds to a Transfer

E- = ① Ee -IT=L.

-packet of ups
anton

. rep of SKA )
of Ghz

= Te
Local C-pakets Üeocal
-
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c-packt .
• l finite prime

Ee smooth irred . of 6412)

finite abelian .Note Gk Yzcq) Stiche)



→ ⇒ Isaac,
±

,

Ei , indisch
& a- {42,43 .

The Ee;
's form the local L- packt

Te associated to Ee .

• % = Da diente Series
,
wt k > 2 .

To = {Di ,Di } diente series L-packet
of Size 2.

[
holomorphiautihdomorphic.FI: It Ee emramified ( ie . EEG

'
to)

there is a unique Ei €Te s.tn .

"¥0
.

F- { * = e) ⇒Tee ÷:3:3
.

2 Kids of Packet : • IT stable
,
i.e.

HIELT
,
mE) =/

j
multiplicity in the anton.

spectrum .



• IT uustable / eudosoopic :

arise as transfer of E with complex

multiplikation .

If IE IT then ME) --20,13 &

roughly half of the T's are automorphic , i - e .

Satisfy mlä)
=/

.

Fix IT eudosapic ,
s.tn

. To = }Die ,
Die }
KZE

.

Fix t.IT s.k.to = Dä
„

①Ee & T automorphic .

Then T) ⑦üe ① Dj has ME-3=0 .

e. finite

T
-

is an adm
. xp . of SKA) .

Quest :
Find E in the p- adie world!



② SLK) - eigenes
-

• Eigenvarieties are adic spaces intnpdak systems

of Hede ägeuvalues of automorphismus p-adicallg.

For SLK) can be construckd using einer

⑦ complete cohomology (Euratom)

⑤ ornconvegeut cohomdogy (Hansen)

⑦ K = KPKPC Slz (As)
Compact open

YLK) =
KA)

Sha)
#SOUR) .

Ä "

(KP) - ein ¥!
HYYUGKP) ,%)@p

←

↳ s

IT
"
Hede-algebra llspaee of Fadic

automorphic forms
"
.



finite slopeconstructions
Jacquet

-module EIKP) -

eigener.ae of
tame level KP

:c:/ ÷:c:P:
on the Hede eigenersource .

✓ of finde Slope
W p - adic aeetomorphic

farms
\

weißt space
finik udiesjoint union

of open mit
discs .

Notation :

¢! Krone . Kur
= ITKE . Falke) .
LESLKP )

EIKP) comes eguipped with cohaeutsheaf

M of p
-
adic forms

K ze ELKPJCOTP) is a classical pt .

i.e. z ← b : IT - Öp system of Hede
EVG appearing in

a classical cusp.aut.gs .



J 0¥ µ! c ME subspaa of classical
forms . f.egeaspa

"

←

concrete : nö . HOMIJBIHYK!SIEH ' ;D- IN
res. HeldJacquet -module

fing HYYIKPKP) , W)

& IBLHYK! W))
"
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⇐ 9am
.

"⇒ Esm)
":IBKTÄPH!

.ie#dFe=THIeV-lESlKP)u3p
}

D= 4
"

⑦ Xp

• It's an intesestig gueszion to state
the difference between ME & ME

.

If z is of non - critical slope then

equality ME = MI ( Coleman aassicalitg ) . .



Recall VT eudosopic ,
EEIT 5=4 primesl
c-
- Termite)

Asswue .
¥

has (M by F , p split in
F

• Tp is singleton & uuramified

• LES ⇒ Te = supescuspidah
• 2dg .

L- Packet of Size .2

Fix KP "minimal
"

s.h.FI )
"

-40
.

T → × classical pt of critical on EIKP ) .

Then For x as above we have

Mäh! to .

B) :
① In small nbhd . of × all classical

pts are stable .



coherent 
sheaf
of p-adic 
forms

eigenvariety
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> ¥ % •
.

das
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ELKP)

② Stable packet contibute twice as much

to Libre as cudosopic pts :

a- stable Ehen boten MPS tudou.ae

⇐ & E) = ② Ee ⑦ Die

will contäbuk
. Kram

creed to contol dim ( Eap) .

③ The fibre rank of coheseutsheaf is upper



Saniert . sie .
the dim cannot drop at X .

Mae

Reina
Then ⇒ J f p-

adic eigentum

with saure Hecke EV's as a

classical form g ET .

The eigencarve carrie
a family of projective Galois

reps & f auf c- have some proj. Galois

rep .

Hypothetisch global padie L
-packt that container

also eontain (the . gewatet by) f .

Open questions :

• local geometry around X :

Is ELKP) smooth at × ?

• In above story f is only implicikly connected

* E
.
Is there an explizit connection

?



Ongoiug
work w . C . Johansson :

Explain the S4 - picture via Glz

& answer Diese questions .
We work w . ovescouvngeut cohomdoegy .

E aut.rep.w.CM giving to IT

} critical slope rcfineueut .

↳ 4
-

p -adic 4

4- traust 44)
Gtz-eigener

Ö
slz-eigenen

E
-

As I has CM 7 X quadr . das . of Äsk .

F- = E ⑦X

Twishig wortes on the eigenen , i. e.

haue an action of 742<=31 , X } .

on Ö

that seeds classical pt ← E

to pt e-s ⇐⑦X .



Note y is a fixed pt ,

y is isolated aenongst CM forms .

We show : loeally around × & y ,

E is the quotient of E by Fez
.

Bellaiche ⇒ [ is smooth at Y .

so Ö
,
E- EGLI
[ appropriate poadic base

field .

& XE %z seeds t ts -t .

2/22
in particulier ⇐ ELI

± EGID is smooth .

In fach .

we work with Slz # ,
F tot. real

.

and smoothness is the exception .


