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Introduction

In this talk, we will

@ recall the definition of the stacks of shtukas and the cohomology
sheaves

@ prove the smoothness property of the cohomology sheaves (to appear
soon)

Let X be a smooth projective geometrically connected curve over Iy,
charlF, = p. Let F be its function field.
Let G be a reductive group over F.

In the talk : to simplify, we only consider the case without level structure
and we suppose that G is split.

Let G be the Langlands dual group of G over g, where £ # p.
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Stacks of shtukas : an example

I ={1,2}, W = S5t X St*, St standard representation of GL,, St* the dual

of St. For any S affine scheme over F, we denote by Frobs : S — S the
absolute Frobenius morphism over [F,.

Drinfeld’s stack of right shtukas :

Cht(Gly’,%%/V(S) = {x1,x2 € X(S), 90,91 : rk n vector bundles on X xp_ S,
G0 & 61 & (1dx x Frobs)*So stt.
G1/90 is an invertible sheaf on the graph of xq,
G1/(ldx x Frobs)*Go is an invertible sheaf on the graph of x»}.
Drinfeld’s stack of left shtukas :
Chtely(S) = {xl,X2 € X(S), S5, G} : rk n vector bundles on X x, S,

90 91 (IdX x Frobs)*gg s.t.
96/93 is an invertible sheaf on the graph of x;,
(Idx x Frobs)*Gp/G] is an invertible sheaf on the graph of x; }.
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Stacks of shtukas : in general

Let / ={1,2,--- ,Ak} be a finite set. Let W be a finite dim Qg-linear
representation of g’. Suppose W = X;c;W;, with W; irreducible
representation of G of highest weight A;.

Varshavsky defined the stack of shtukas associated to I/, W and order
(1727"' ak) :
1,2,k
Chtd 71y (S) = {(x)ies € X'(S),
S0,91, -+, Gk—1: G-bundles on X xp, S,

So —qzl—) 91 —(15—29 R | —(b—k+ (|dX X Fl’obs)*90 where

¢; isom outside x;, relative position of §;_1 and G; at x; bounded by \;}

A shtuka is a S-point of the stack of shtukas. The x; are called the paws
of the shtuka.
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We can also define stack of shtukas associated to order (2,3,--- , k, 1),
(3,4, ,k,1,2) etc... In the following, we will omit the index
(1,2,---, k) when there is no confusion. In any way, the cohomology
sheaves is independent of the order.

Chtg ;w is a Deligne-Mumford stack locally of finite type.

For those familiar with Bung, an equivalent definition : the stack of
shtukas is the following fiber product

ChtG7/7W — Bung

| \L(Id,Frob)
HeckeGJ,W — BunG X BunG

((x),90 -=> -+ == Gk1--2S) = (50,5
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Satake sheaf over stack of shtukas

We have the morphism of paws

p: ChtGJ’W — XI

In general, the stack of shtukas Chtg v is not smooth. We have a
canonical perverse sheaf Satg ; w over Chtg jy, which comes from the
geometric Satake equivalence (Mirkovic-Vilonen).

When W is irreducible, Satg j v is isomorphic to the Q-coefficient
|C-sheaf of Chtg j w (relative to X’). Example : when Chtg ;v is smooth,
SatG,,_W = @([d], where d = dim ChtG‘/’W —dim X/,

ChtG7/7W@WI = ChtG7/7W U ChtG,I,W/
Satg,,wew := Satg,,w @D Satc ,w
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Harder-Narasimhan stratification
To simply the notation, suppose that G is semisimple. The stack of

shtukas Chtg ; w is locally of finite type but not necessarily of finite type.

We have the Harder-Narasimhan stratification

: for any p dominant
coweight of G, we have

Chtgﬁ7 WC—>0pen Chtgyl, w

|

open
Buné“cp—> Bung

where BunZ* = {Gp, the slope of G < u}.
The open substack Chté’j y is of finite type. And we have

<
ChtG7/7W = U Chtaiw
BEN
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Cohomology sheaves of the stack of shtukas

Recall that we have the morphism of paws p : Chtg ; ww — X!, We define
the truncated cohomology sheaf on degree j € Z

" S . i
:HJG,I,‘\‘/V = RJp!(SatG’/,W |Cht§’l‘w)

It is a constructible Qg-sheaf over X!. Cohomology sheaves are
concentrated in degree j € [~d, d] where d = dim Chtg jy —dim X/

For u1 < po, we have an open immension

<p <2
ChtG,I,W — ChtG,I,W

It induces a morphism of sheaves

j, SH1 )
ciw = HeTw-

We define the degree j cohomology sheaf
j H -7S
f]’CJG,/,W = “_r“>9'cjc;/l\j\/
o
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Let 7, be the generic point of X'. Let 77; be a geometric point over 7;.
We define the cohomology group

J N ]
Heiw = Hew

i

When | = () (empty set), W =1 (trivial representation), we have
Chtg g1 = Bung(Fg) and Hgﬂ)’l = Cc(Bung(Fq), Q).

In general, HJ(.;J’W is a (Qg-vector space of possibly infinite dimension,
equiped with

@ an action of the Hecke algebra ¢ := C.(G(0Q)\G(A)/G(0),Qy) by
the Hecke correspondences
@ an action of Weil(n;,7;) (evident)

@ an action of the partial Frobenius morphisms (one of the key
properties of stack of shtukas, will be defined in the next page)
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Partial Frobenius morphisms : an example

Consider Drinfeld's stacks of shtukas. Let / = {1,2}, W = St K St*.

Denote by 7§ := (ldx x Frobs)*G and Frob : X — X the absolute
Frobenius.

1 Q2 -

(G0 55 G1 & 7G0) = (51 & 7Gg <3 7G1) 5 (TG0 B TGy 3

Frob{l}

(12) (1)  Frobpy (1,2)
Chtgiw Chtgiw ———=Chtglw
Frob 1 Frob 2
X2 i X2 2 X2

(x1,x2) — (Frob(x1), x2) — (Frob(x1), Frob(x2))

Frob,y o Frobyy = Frobenius total sur Chtgj’f:{/v
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Partial Frobenius morphisms : in general
In general, let | ={1,2,---, k}.

(1,2,,k) _ Frobgy (2, k,
ChtG,l,W ﬁChtG,I,W

|» J»
Frob 1
X! ” x!
We have a canonical morphism :

Frob’fl} Sat(Gz’,"i/;/k’l) 5 Sat(Gl’,z")\'/”k)

Cohomological correspondence induces a partial Frobenius morphism :

. j, < j, <p+
No index (1,2, - , k), because of the fact : the cohomology sheaves are
independent of the order, because the following morphism 7 is small.

ChtSyy ™ T Chtly y — X!

((xi)ier; G0 ==» G1 -=» -+ ==» "G0) — ((xi)ier; Go --* "S0) — (Xi)iel
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Similarly, we have Fyay,- -+, Fyjy. The composition Fiy o -+ 0 Fgy is the
total Frobenius morphism (composed with an augmentation of p).

On the inductive limite, we have

Remark : the action of Weil(n,,7;) preserves iHG /'w|_. however, the
)

action of Hecke algebra and the action of the partial Frobenius morphisms
do NOT preserve H?; ,W‘
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Work of V. Lafforgue

X' +m w1 () — Z
X—n+7q mi(n, ) — 2!

A lemma of Drinfeld : finite type Z,-module equiped with an action of
71(ny,77) and an action of the partial Frobenius morphisms = action of
71(n,7)! = Gal(F/F)' (where F is the function field of X)

V. Lafforgue defined Hecke-finite cohomology H%''\,, C H% /. By the

Eichler-Shimura relation, HJGI;”W is an inductive limite of finite type
Zg-modules. By Drinfeld's lemma, it is equipped with an action of
Gal(F/F)".

Using this, and the creation and annihilation operators, V. Lafforgue
constructed the excursion operators on the space of cuspidal automorphic
forms and proved the "automorphic to Galois" direction of the Langlands
correspondence.
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Smoothness

In the following part of the talk, we will
(1) use a variant of Drinfeld's lemma to prove

Proposition
(a) J{Jé | W’_ is equiped with an action of Weil(n,7)! = Weil(F/F)'.
T

I j . N
(b) the restriction 3¢ ; is constant over (77)' :=7 Xgr o XE

@'

(2) use this proposition, the creation and annihilation operators to prove

Theorem

The Qg-sheaf iHjGJ’W is ind-smooth over X/

Corollary

The action of Weil(F/F)' on J—CjG . w|_ factors through Weil(X, n)’
20y 7],
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lllustration for Proposition

(This is not our case, just to see what happens in a simple case.)

Let F be a constructible Qg-sheaf over X! equiped with an action of the
partial Frobenius morphisms.

Lemma 1 (Drinfeld)

The finite dim Qg-vector space 3'"|m is equiped with an action of
Weil(1, 7).

= the action of Weil((7)’,77) on ?‘W is trivial.

Lemma 2 (Drinfeld, Eike Lau)

F is smooth over U’ for some dense open subscheme U of X.

Lemma 1 + Lemma 2 = 35‘(77)1 is constant over (77)’.
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Proof of Proposition

Recall that U—Cjc W= I|m U{G W The inductive limite J-CG LW has an

action of the partlal Frobenlus morphisms but may not be constructible.
Each fH ,W is constructible but does not have an action of the partial
Frobenius morphlsms

Solution : we have J{GJfW‘wT = I|_mm M, with

Mm, = Z (®ie1Ha,y) - (H FrObg;} g{é%'jv)
(ni)ieIENl iel n

where v; are closed pomts of X (chosen such that x;cv; is included in the
smooth locus of ﬂ-CG, W) and J7; ., is the local Hecke algebra on v;.

By the Eichler-Shimura relations, the sum is in fact over a finite number of
(ni)ier. Thus each M, is a module of finite type over a Hecke algebra.
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Lemma 1’ (Drinfeld)

The Hecke algebra module of finite type ‘)Jtu|m is equiped with an action
of Weil(n,7)".

= the action of Weil((77)’,77) on Dﬁﬂ% is trivial.

However, we do not have a generalisation of Lemma 2. We prove by other
reasons that H’ | ,, is smooth over (7)’. The proof is similar to V.

Lafforgue's proof that iH{; / W‘A(*) — J{Jé, w|_ is an isomorphism.
o n T

= ijG LW is constant over (77)’.
bl 17
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Proof of smoothness : example of / singleton

Let / = {1} be a singleton. Let W be a representation of G. We have a
cohomology sheaf i}{JG’{l}’W over X.

For any geometric point v of X (over a closed point v) and any
specialization map sp : 7 — V, we have an induced morphism

sp* JG’{1}7W — H.

12

7{1}’W’ﬁ

We want to prove that sp* is an isomorphism. This is what we mean
"ind-smooth" over X.

Idea : construct an inverse of sp* using some creation and annihilation
operators.
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Reminder about creation operator

Let W* be the dual representation of W. Denote by 1 the trivial

representation of G.let§:1— W*® W,1 = >, ep @ ex. Denote by
Q¢x the constant sheaf over X.

The creation operator Gg’{2’3} is defined to be the composition of
morphisms of sheaves over X x X

; H(ldw 85)
_—
{1,0}, WK1  fynctoriality =~ 11,0}, WR(W*@W)

]

J
fJ'C{1,2,3},wamw

Hipy w X Qux ——

XxA{23}(X)

where X x A23}(X) is the image of

(1d,a2

3}
X s X WA w o X x X
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An example : G = GLy, Drinfeld’s stacks of shtukas, x € X

91 — (S0 = G1 — "Y0)

(2.3)
P! Cht(3) semst ‘A(X)

| :

Bung(Fq) x x = Chtgy 1 ‘X% Cht{o},st-@st ‘X —— Chty23} s*wst ‘A(X)

(S0 = "So) — (S0 --» "Go, s.t. 391...)
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Reminder about annihilation operator
Let ev: W ® W* — 1 be the evaluation map.

The annihilation operator 629{1,2} is defined to be the composition of
morphisms of sheaves over X x X

3¢ |
{1,2,3}, WRW*XW A{1.2} (X)xX

J—C l ﬂ-f(elelIdW) J

{03}, (Wew* "W functoriality {0,3},1¥W QZX kg 9{{3} w

where A{12}(X) x X is the image of

{1,2}
Xx x LBy X x X
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Construction of an inverse of sp*

We construct

g{jc,{l},w‘ﬁ(@ Qf‘v

eg’{2’3} creation operator restricted to TxXV

j
%{1,2,3},wa=*xw

x A3} (V)

513’{‘2} canonical morphism

1
{1,2,3},W®W*X|W A{l'z}(T_])XV

CZ\’,{I’z} annihilation operator restricted to XV

Q1€|ﬁ ® HJG,{3},W

v
Now explain the construction of the canonical morphism 5p’f2}.
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A general lemma

Let S be a trait. Fix
S=5s—>S5S<n+7

Lemma (S)
Let G be a (ind-constructible Q;—) sheaf over S. Then § is given by

(S5 9|T_7, ¢:5|.— S}ﬁ Gal(7/n) -equivariant)
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Lemma(S x S)

Let G be a (ind-constructible Q;—) sheaf over S x S. Suppose that 9|ﬁXﬁ

is constant. Then §G is given by a Gal(77/n)?-equivariant commutative
diagram

< Wl
P

sXn
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Lemma(S x S x S)

Let G be a (ind-constructible Qg ) sheaf over S x S x S. Suppose that

9|ﬁ><ﬁ><77’ 9|Ty><ﬁ><§' 9|7_]ng77 9|§X_x_ are constant. Then G is given by

a Gal(7/n)3-equivariant commutative diagram

9|§><§><§ 9|ﬁ><§><§
/ /
Sles | r( x5 x7,9) |%}
9|§><ﬁ><§ r(ﬁ X7 XS, 9)

F(Exnx7,5) ——————=T(@{x7 x7,5)

Examples : § = G1 X G, X G3, with G; a sheaf over S.
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Construction of morphism sp7,,

Recall that we have

Proposition

For any I = I U I and any v, the restriction J{J'GJ,W is constant

(M) x ()"
over (M) x (V).

(When I, is empty, it is the proposition that we saw before. For general
the argument is samilar.)

Applying the Lemma(S x S x S) to S = strict henselisation of X on v and
§= %1{1,2,3},W®W*IXW' we construct the canonical morphism 5pf2}.

In the following we want to show that the morphism

123 #,{2,3}
f]-(j Cev 05pFyy © Cs f]—(j
G7{1}7W ﬁ G7{3}7W 2

that we just constructed is the inverse of sp*.
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Reminder about the "Zorro" lemma

Note that the composition
W®Qg 1d®6 W®W*®W ev®ld QZ@W
is the identity.

By the functoriality, we have

"Zorro" lemma

The composition of morphisms of sheaves over X :

. eg,{2»3} ; eb {1,2}
J
}C{l},W ® Qe ’ 9{{1,2,3},W®W*®W A{123}(X) - Qe j’C{3} w

is the identity.
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Injectivity of sp*
The following diagram is commutative

sp*

J J
%{1},W‘7® Q€|v :H{l},W‘ﬁ@ Qf‘v
£.{2,3 12,3
et 23) et 23

. spT .
J ) g
H{1,2,3}, WXW*XW ’A{1,2,3} () H{1,2,3}, WRW*KW AxA{2:3}(7)

sp
* {2}
m

b,{1,2} i
Cev H{1,2,3},W®W*&W ‘A{I,Z}(ﬁ)xv
et
J Id -J
Qly ® Higy w, ~ Ql; ® 9y w,

By "Zorro" lemma, the composition of the left vertical morphisms is the
identity. Thus sp* is injective.
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Surjectivity of sp*
The following diagram is commutative

-J -
%{1},w’ﬁ® Qly = “{&W)ﬁ@ Qly
#,{2,3 {2,3
) et (23

Pz ‘
_—
TIXEA{ZS}(V) {1,2,3},WX|W*|XW A{l,Z,B}(ﬁ)

-J
j'c{l,z,e,},w&W*xW

spt
{2} .
Pi3y
J b,{1,2}
%{1,2,3},W®W*IXW‘A{l,z}(ﬁ)xw_v Cev
q

e,

sp*

j Jj
Qly ® Iy wl, el ® Kz w,
By "Zorro" lemma, the composition of the right vertical morphisms is the
identity. Thus sp* is surjective.
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Some general remarks

1. When there is level structure N C X, the cohomology sheaf }C{;,N,/,W is
ind-smooth over (X ~ N)'.

2. The same argument works for any reductive group over F.
3. The same argument works for cohomology with Z,-coefficients.

4. an application of the smoothness property : see
[Arinkin-Gaitsgory-Kazhdan-Raskin-Rozenblyum-Varshavsky]
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