Math 721A1, Homework #4
Differential Topology I

1. Show that n functions fi,...,f, : M — R form a coordinate system in a

neighborhood of p in M if and only if
(dfy N dfy -+ N dfy), # 0.

. Let vq,...,v, be a basis for V and v ... ,v} be its dual basis, and wy,... ,w,
be another basis for V' with its dual basis wj, ... ,w; such that

n
w; = E ajivj
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for all s =1,... ,n. Show that

det( oy )wi A -~ Aw) = v A -+ A vy
Mfwisa (k+1)-form (k > 0) then tx w is the k-form defined by
(txw)(Xq,..., Xg) = w(X, Xq,..., Xg).

tx w is called the interior product (or contraction) of w with X. (Define tx f := 0
for any smooth function f.) Show the following.
(a) Show that for any X, k-form w, and [-form ws,

tx (w1 Awsy) = (txwr) Awsy 4+ (—1)Fwi A (Lxws)
(b) Show that

Lx (w A ws) = (Lxwi) A ws + wp A (Lxws)
(¢) Show that

Lxw = d(ixw) + tx (dw).
(d) Using the previous, show that
d(Lyw) = Lx (dw).

. Consider R? with the standard Euclidean metric so that 7,R? is identified with

TR Let X = >7_, a' 52 be a vector field on R® and f : R® — R a function.

Define the gradient of f by
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the divergence of X by
"\ da’
divX = —
iv Er

i=1
and the curl of X by
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Define the differential forms on R3,

curl X = (

wx = a'dx' + o®da® + a® da?
1



and
nx = a'dz® A da® + a®da® A dat +addat A da?
(a) Show that
df = wgradf,
d(wx) = Neurx
d(nx) = (divX) dz* A da* A da®.

(b) Conclude that

curl (grad f) = 0

and
div (curl X)) = 0.

. Prove that any smooth manifold M has a Riemannian metric. Hint: Use the
existence of partitions of unity and the existence of the standard dot product on
open subsets of R™ to construct a Riemannian metric on M.



