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MA 129 Discussion 10/25/2004
Takashi Kimura
The divergence of Taylor Series of ArcTangent
about O when x =2

m Here is the Taylor Polynomial of ArcTangent function up to order 2m+1
about 0

Inf2]:= £[x_,m_] := Sum[ (-1)"n x~(2 n+l)/(2 n + 1),{n,0,m}]

In[3]:= £[x,5]

out[3]= X -

Inf4]:= £[%x,20]

Out[4]= X -

m Define a function which plugs in x=2 into the Taylor Polynomial of degree
2n+1 about 0 and then numerically evaluates it up to 100 decimal places

In[5]:= g[n_] := N[£f[2,n],100]

m Here's the result after plugging into the degree 21 Taylor Polynomial

Inf6]:= g[1l0]

Out[6]= 78284.16853885708374872461559768061316048932148003355433695990971532767198401873324473-
943668990108619

m Here's the result after plugging into the degree 201 Taylor Polynomial --
it's getting big!

In[7]:= g[100]

out[7]= 1.276593874499700669586995315374907374408875637949193200273884920196728516905331515207"
225233952977875 x 10°®
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m Here's the result after plugging into the degree 2001 Taylor Polynomial --
it's getting really, really huge!

In[8]:= g[1000]

out[8]= 9.178619060420475585091935144968522558012371260463826523090220591477221418034160040198".
012628921199731 x 10°°®

m Meanwhile, the ArcTangent of 2 is...

Inf9]:= ArcTan[2]
Out[9]= ArcTan[2]
In[10]:= N[%]

Out[10]= 1.10715

m ... which is not even close! So the Taylor Series of ArcTangent about 0 of
degree 2n+1 becomes arbitrarily large (diverges) when one plugs in 2 as
n becomes arbitrarily large.

m Now let's calculate the first few digits of Pi using the ArcTangent Taylor
Series

In[l11]:= g[n_] := N[4 £[1,n],100]
Infl2]:= g[3]

Oout[12]= 2.89523809523809523809523809523809523809523809523809523809523809523809523809523809523-
8095238095238095

Inf13]:= g[1l0]

3.23231580940559268732643345646441621673819816234676915791466875058206327556172757411-
1475040267609927

out[13]

In[14]:= g[100]

Out[14]= 3.15149340107099057525268787011771653630355189684438659666329391729754450959846530217-
6768256120698494
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In[15]:= g[10000000]

Out[15]= 3.14159275358978323846339338325450288232216933687520425847478833690547265589607738729-
9908782794192263

m As you can see, it converges to the correct answer slowly which is, out
to 100 digits:

In[fl6]:= N[Pi,100]

Oout[l6]= 3.14159265358979323846264338327950288419716939937510582097494459230781640628620899862-
8034825342117068



