Math 124, Practice Exam Solutions for Exam #1, February 25, 2002
1. Calculate the following:

(a) Let u =sinx then du = %dm = cosxdz and

101 . 101
;1100 _ 100 5, _ U _ sin (z)
/Sln () cos(z) dx = /u du = 101 +C = o1 +C

(b) Let u = 2% — 822 + 5z + 3 then du = ‘;—Zd:c = (322 — 16z + 5) dx then

322 —16x+5 .
Va3 —8z2+5x+3

/(3x2 — 162 + 5)(2® — 82% + bx + 3) "2 dx
/u_% du = 2u? +C=2a®—8%+52+3)7+C

(2¢ —3) or %Z—Z

_ du
(¢) Let u=2? — 3z then 9%

(x—%)dx and
/(x— g)sin(x2_3x)da::/sin(u)%duz L

1
5(—cosu) +C = ~5 cos(z? — 3z) + C

/xlnm3d$ = /x(3lnx)dm = S/mlna:dx = 3/ udv

where 4 = Inz and v = % Using integration by parts, we obtain

2 2 2 2
gy = 3(Cne - [T 4 =3 e = 3
/xlnx dx = 3<2 Inx / gg(lnz)dx) == Inx 1 +C

(e) Let’s use the substitution method. Let @ = y/z then du = %x*%dx or, in other words,

dr = 222 di = 2adi

/eﬁdx = /eﬂ%dﬁ = 2/eﬁada.

Now we use integration by parts by setting v = @& and v = e® then

then

Q/e%da = 2(te® — /eﬂda) = 2(ae® — ) + C = 2\/zeV" — 2eV" 4 C.

(f) Choose u = tanz then du = sec? zdx. Also, when z = 0 then v = tan0 = 0 and when
x =7 then u=tan 7 =1 so

% 1 u6
tan® zsec® x dx = w?dr =
0 0 6

1

0

(g) Let u = f(z) then du = 2*dz = f’(z)dx. Therefore,

/24 f(x) sin(f(x))da = /f

f(4)

7
sin(u) du = sin(u) du = — cos(7) + cos(1).
) = [ sinGw (7) + cos(1)



(h)

Notice that

/(2x—8)e_mdx = Z/xe_f”da:—S/e_zdx = Q/xe_xdm + 8¢7*

but by integration by parts,
/me*w de = —e % —ze”*+C

therefore,
/(233 —8)e ¥dx = 6e” ¥ —2ze " + C

and

3 4
/ (2z —8)e Pdx = ——
1 (&

3 3
1 1
/700 T2 dx = tli{noo T dx = tliznoo(arctan(B)farctan(t)) = arctan(?))f(fg) = arctan(3)+g.

This is an improper integral since the integrand is undefined when x = +2 since 22 — 4 =
(z —2)(z + 2). Therefore,

5
dx

5 t
x x
———dz=1li —d li
/1 22— 4T 1 22 —4 x+t—lg1+ . x2—4

where the original integral converges if and only if both of the terms on the right hand side

converge. Now,

t
T

lim
t—2- J; 22 —4

1 1
— lim (|2 —4]— =1
dx tig17(2 n |t | 2n3)

but this diverges. Therefore, the original integral diverges.
The integral fol z®Inx dz is an improper integral. Thus,
1 1
/ z*Inxdr = lim z®Inxde.
0 t—0t+ t

The indefinite integral is evaluated by integration by parts where u = Inx and dv = z°dz,
1

or, v = 2:1 . (Notice we have used s # —1 here.) Thus,

/ms Inzdx = (Inz)(

(ES+1 ;1;5"'1 1 5ES+1 x5+1
) — +C

—dr=——Iner - ——
s+1 s+1lx s+1 (s+1)2
Therefore, plugging in the limits of integration, we have

/1 —1+t1s — (14 s) t1+2 In(¢)
0

z°lnxdr = lim 5
t—07F (1+s)

If s < —1 then the limit fails to exist and the original integral diverges. If s > —1 then the
limit converges since the right hand side becomes

1 1

— —— lim t!™*Int
(s+1)2 s+1 o0 "

but "
nt t°
lim £ Int = lim ——— = lim —~% — — lim -0
t—0+ t—0t t717s oot (=1 —8)t7275 it —1— s

o=

where L’Hopital’s rule has been used in the first equality and s > —1 has been used in the
last equality.



(1) The average value by definition is

- 1 5, 97
= — d = —.
! 8—3/3”” T3

2. First, note that that two graphs intersect when x® —2° = 0 or, equivalently, when (1 —22) = 0
which occurs when x = 0, £1. Therefore, since > 0, R lies between £ = 0 and =z = 1.

(a) The area, A, of R is
1

A= M = —.

/o (7 — x°)dx 1

(b) The area of an equilateral triangle with a side of length s is

1(‘@)(8):5\/3

2\ 2° 4

The length of an edge of the triangle located at the position z (where 0 < x < 1) is 2 —°.

Therefore, the area of such a triangle is thus

The volume of S is
1 1 1
V= / A(z)de = / £($3 —a°)?de = @ (2% — 228 + 21%)dz.
0 0

Performing the latter integral, one obtains

3.1 1 1 2v/3

PoVEL (1), 1) 2

4 7 9 11 693

3. Sincey =9 — 22 = (3 —x)(3+ ), y =0 when z = £3. The area of R is thus
3
A:/ (9 — 2?) dx = 36.
-3
Thus

T = 1/3 (9—2%)dx =0
7= _33: x°)dr =
where the last equality is because z(9 — 2?) is an odd function. However,
I I 18
7=-— [ (9—2*)de=— [ (81—182%+a")dx=—.
Y 2A/,3( @) da 72/,3( v tat)de =3

Therefore, the centroid of R is (Z,7) = (0, ).

4 2
L:/ 1+<@> dx
1 dl'

dy
dr
Plugging this into the arc length formula, we need to calculate the integral

4. The arc length L is given by

but

=

3z

4
L:/ vV1+ 9z dx
1



but by using substitution, we can see that
2 p
/\/1 +0wdr = o (1+ 92)2

Plugging in, we obtain
I —20v10 . T4/ 37
27 27

5. The graphs intersect when 0 = (z — 2)2 — 2 = 22 — 5z + 4 = (x — 4)(z — 1); in otherwords, at
rz=1,4.

The volume V of the region is

but

/(7rx2 —71((x —2)?)?¥de = -167z + 16 2% — 2

Plugging in the limits, we obtain
v 72
= —m.
5

6. (a) Just calculate the following:

d 1 1 1
—(Ce ™ 4 Ze® ) +2(Ce ™ + =¥ | = —20e 2" + —e® 4+ 2Ce ™2 + Z¢* r
dx 3 3 3

Wl o

(b) Just plug into the general solution

1
then 1 93
C=8—--=—
3 3
7. (a) The equation can be rewritten as
dy _ ,cosx
dr Y2

which is separable. Therefore, one obtains

/ygdy:/—?)cosxdx

=— = —3si K
3 sinx +

where K is a constant. Solving for y, one obtains

or

y=(C—9sinz)s.

where C' is a constant.

(b)

ol

2=y(m)=C
Hence, C' = 8. The particular solution is

y=(8—9sinz)s.



