Math 123, Practice Exam Solutions for Exam #1, October 13, 2008

1. Calculate the following:
(a)
x2—4$—5_1, (=5 +2)(1+x)

o g +1 P r+1 - xliniﬁ(_g) ) =6
(b)
2 2
U 1) R

a2t |2 — x| a-2t —(2—12) a-2t —(2—1x) xggl+ (z+2)

23 — 2.13—-3-145
hmwi’w+5:¢ 5 _ i
a—1 2 -1 2-1

x? if x >3
lim f(z) where f(z)=< 8 if v =3
o 12— ifz<3
Notice that lim, .3- f(x) = lim, 3-(12 — ) = 9 and lim, 3+ f(z) =

lim,_3+ 2% = 9. Since both one-sided limits agree with the value 9, lim,_.3 f(z) =
9.

(f)

. V8+h—-2 | BEh-8 ,
lim ———— = lim ——— = f/(8)
h—0 h h—0 h
where f(z) = ¥/ = 23 by the definition of derivative. Hence f'(z) = %x_%
and f/(8) = 1(875) = 1/12.
(8)
T T +3 I T +3 I 1
im —— = lim = lim —— = —x
e=3- 22 -9 23 (x—3)(z+3) +—3- -3
(h) The horizontal and vertical asymptotes of
43
YT VT 1 1
Since lim, _, o \/% = —% and lim, _, _ \/36_57;6“ = %, the horizontal
asymptotes are y = % and y = —%. There are no vertical asymptotes since

f&;ﬁ - exists for all = values.




(i) f'(z) where
f(z) = sin (mloo)
Applying the chain rule, we obtain

f'(x) = 100z* cos <x100)

(i) f'(z) where
flx) = Ve + Tr

Applying the chain rule, we obtain

Flz) = ;(e% b 72)H (262 4+ 7).

(k) f'(z) where
) = 10

Rewrite 109%5% = 52010 then applying the chain rule, we obtain
fl(z) = =10 _gin21n10) = —(sinz In 10)10°57,

(1) f'(x) where

Inx
flz) = T
Use the quotient rule to obtain
R l1—Inzx
f/(I) = 2 = 2
(m) f'(z) where
f(z) = a®

First, rewrite as f(z) = exp (2?Inx) then

f'(x) = exp (x2 In :E) (2;5 Inz + .732;) = 2" (2zInz + z)
(n) f'(x) where
f(z) = arctan(z®)
3z?
=T e

2. Consider the function

r—c, ifx>2;
f(x)_{?)g;?, if 2 <2

where ¢ is a real number.



(a) What value of ¢ makes the function f continuous everywhere? The only
place where the function f might not be continuous is at x = 2 but we can
avoid this if we choose ¢ so that the graphs of y = # — ¢ and y = 322 agree
at x = 2, i.e. so there is no jump across = 2. Solving 2 — ¢ = 3 - 22 means
that ¢ = —10.

(b) If z > 2 then f(z) =2 —c = fl(z)=1= f(7)=1

(c) If z < 2 then f(z) =32? = f'(x) =6z = f'(-1)=—6

(d) Call fi(z) =z — c and fo(x) = 322, Notice that f'(2) does not exist (even
when ¢ = —10) since f{(2) = 1 which does not agree with f}(2) =6-2 = 12.

3. Compute the derivative of the following functions:

(a)

f(z) =32 —2>4+9 = f'(z) = 152" — 22

(b)

N | o

fz) = 52 ~ 3V =227~ 3% = fl(x) = —4a73 —

()

fw) = 20 — 3 =
oy — 2EBEE) - P EEe=3) Qro3@n) Q) -G
B (22 — 3)2 B (22 — 3)2 (22 — 3)2
(d)
f(z) = 2% = f'(z) = exji:(xZ) +x2ddx(e‘”) = 2xe” + z%”

d d
f(t) =tsint = f'(t) = ta(sint) +sint%(t) = tcost +sint

4. Find the equation for the tangent line to the curve y = f(z) where through the
point (1, —3) where
f(z) = 2® — 4z,
f'(z) = 8z" — 4. The slope of the tangent line is f/(1) = 4. Therefore the

equation for this tangent line is

y—(=3)

r—1

=4

or, solving for y, y = 4x — 7.

5. Suppose an object is moving along the real line with its position at time ¢ given

by the function s(t) = 5t* — 3t* — 7t + 10.



(a) The object is at rest when the velocity v(t) = 0 but v(t) = s'(t) = t* — 6t —
7= ({t—"T)(t+1) =0. The solution is t = —1 or t = 7.

(b) The object is moving to the right whenever (t — 7)(t + 1) = v(t) > 0, i.e. it
is moving to the right if ¢ > 7 or t < —1.

(c¢) The acceleration a(t) = v'(t) = 2t — 6 > 0 whenever ¢ > 3.
(d) v(2) = —15.
6. Find the equation for the tangent line to the curve given by the equation cos(zy)—
3y® = e” + 1 through the point (0, —1).

We need to find %. Use implicit differentiation to obtain

d 3\ d T
@(COS(xy)—i%y)— dx(e +1)

which yields

d d
- sin(xy)(xd—i +y) — 9y2£ =e"
Now, solve to obtain
dy e +ysin(zy)
dr 9y + xsin(zy)
At the point (z,y) = (0,—1), g—g = —5 so the equation for the tangent line is
y—(-1) 1
z—0 9

ory = —1—%3:.

7. Consider the graph of y = f(x) on the next page (figure 1).
(a) Where is f undefined?
= —1,0,3
(b) Where is f not continuous?
¢ = -5-1,0,3

(c) Where is f not differentiable?

¢ = —5-3,-2,-1,0,3,5
(d) On what interval(s) is f’ positive? Where does f’ vanish? f’ is positive on

the intervals (=5, —4), (=2, —1), (2,3), (3,5). f’ vanishes at z = —4,2
(e) On what interval(s) is f concave down? (—oo,—5),(—5,—3), (—=1,0), (3,5).
(f) What are
1.
0—-3 3

!
6 = = —
J16) 7.25—5 2.25




ii.

1il.

1v.

lim f(z) = -2

r— —5t

L fle) =1
lim f(z) =0

Tr— —00



