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Prìlogoc

To perieqìmeno thc paroÔsac diplwmatik c ergasÐac eÐnai h epèktash thc Ito
formula gia sunart seic me genikeumènec parag¸gouc f ∈ Wm,k

p . To apotèlesma
ofeÐletai ston N.V.Krylov kai ektÐjetai sto [6]. H apìdeixh basÐzetai sto L mma 7
thc selÐdac 56 tou [6] kai to opoÐo kat' ousÐa èqei wc akoloÔjwc:

An èqoume R > 0, f ∈ Ln+1(B(0, R) × [0, +∞)), f ≥ 0 kai f = 0 sto ∂B(0, R),
tìte up�rqei z ∈ K(B(0, R)× (0,∞)) ∩ C(B(0, R)× [0,∞]) tètoia ¸ste:

z(·, t) eÐnai kurt  sto B(0, R) ∀t ≥ 0
z(x, ·) eÐnai aÔxousa sto [0, +∞) ∀x ∈ B(0, R)
z ≤ 0 sto B(0, R)× [0, +∞)
‖z‖ ≤ N · ‖f‖n+1∑

aij
∂2z

∂xi∂xj
+ b∂z

∂t
≥ (n + 1)f , (me thn ènnoia twn katanom¸n)

gia k�je pragmatikì, mh-arnhtikì n×n summetrikì pÐnaka [aij] kai k�je pragma-
tikì jetikì arijmì b > 0 tètoio ¸ste b · det[aij] ≥ 1.

H apìdeixh tou l mmatoc autoÔ anaptÔssetai sto [5] kai eÐnai m�llon skotein 
sto krÐsimo shmeÐo thc. An ìmwc ekmetalleujoÔme metagenèstera thc apìdeixhc
tou Krylov apotelèsmata sqetik� me exÐswsh Monge-Ampere parabolikoÔ tÔpou,
ìpwc aut� tou [9], mporoÔme na exasfalÐsoume thn sun�rthsh z tou l mmatoc me
diafanèstero trìpo kai katallhlìterec gia ton skopì mac idiìthtec. 'Etsi mporoÔme
na epitÔqoume mia plhrèsterh kai m�llon komyìterh apìdeixh tou apotelèsmatoc
tou Krylov. Na shmei¸soume p�ntwc ìti den prìkeitai gia diaforetik  mèjodo kai h
beltÐwsh tou apotelèsmatoc eÐnai oriak .

Se k�je kef�laio èqei akoloujhjeÐ aÔxousa seir� arÐjmhshc orism¸n, prot�sewn,
jewrhm�twn kai porism�twn. 'Etsi gia par�deigma ìtan anaferìmaste sthn prìtash
2.2.5 ennooÔme thn prìtash 5 thc paragr�fou 2 tou deutèrou kefalaÐou.

Jèlw na euqarist sw ton EpÐkouro Kajhght  kai d�skalo thc Sqìlhc Efarmo-
smènwn Majhmatik¸n kai Fusik¸n Episthm¸n tou EjnikoÔ MetsobÐou PoluteqneÐou
kai epiblèponta thc ergasÐac Iw�nnh Sphli¸th gia thn bo jei� tou sthn apì mèrouc
mou kalÔterh katanìhsh tou probl matoc kai tic sumboulèc tou sthn sÔntaxh thc
paroÔsac. Ja  jela epÐshc na euqarist sw gia tic polÔtimec upodeÐxeic touc ta mèlh
thc epitrop c Ge¸rgio Kokol�kh kai BasÐlh Papanikol�ou. Tèloc jèlw na euqari-
st sw thn fÐlh mou AnastasÐa Boulgar�kh gia thn bo jei� thc, touc goneÐc kai to
adelfì mou Jan�sh gia thn sumparastas  touc.

Aj na 13 IounÐou 2004
KwnstantÐnoc Sphliìpouloc
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Abstract

The purpose of this diploma thesis is to present the extension of Ito formula to
functions with generalized derivatives f ∈ Wm,k

p . This result belongs to N.V.Krylov
and it is being presented at [6]. The proof is based on the lemma 7, page 56 at [6],
which in essence is the following:

Let R > 0, f ∈ Ln+1(B(0, R) × [0, +∞)), f ≥ 0 with f = 0 at ∂B(0, R). Then
there exists z ∈ K(B(0, R)× (0,∞)) ∩ C(B(0, R)× [0,∞]) such that:

z(·, t) is convex at B(0, R) ∀t ≥ 0
z(x, ·) is increasing at [0, +∞) ∀x ∈ B(0, R)
z ≤ 0 at B(0, R)× [0, +∞)
‖z‖ ≤ N · ‖f‖n+1∑

aij
∂2z

∂xi∂xj
+ b∂z

∂t
≥ (n + 1)f , (in the sense of distributions)

for any real, non negative n × n symmetric matrix [aij] and every real positive
number b > 0 such that b · det[aij] ≥ 1.

The proof of the lemma is being presented at [5] and it is probably not so clear at
the critical part of it. However, if we take advantage of results, newer of the Krylov’s
proof, regarding to Monge-Ampere parabolic type equations, such as the ones at [9],
we can obtain the function z of the lemma with better properties for our purpose.
Hence we can obtain a more complete and probably neater proof of the result of
Krylov. We have however to state that it is not about a different method and that
the improvement of the result is limited.

Athens 13 June 2004
Konstantinos Spiliopoulos
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Kef�laio 1

SumbolismoÐ

Se aut  thn par�grafo parousi�zontai k�poioi sumbolismoÐ oi opoÐoi kai ja qrh-
simopoioÔntai eurÔtata sthn sunèqeia.

• B(x,R) = {y : ‖y − x‖ < R}.
• D: to kleÐsimo tou D.

• ∂D: to sÔnoro tou D.

• Dc: to sumpl rwma tou D.

• R = R ∪ {−∞, +∞}.
• σ.π.   σ.β.: sqedìn pantoÔ   sqedìn bebaÐwc antÐstoiqa.

• |A|: to mètro Lebesque tou A.

• z∗: suzug c sun�rthsh thc u (dec orismì selÐda 5).

• Bτ : o an�strofoc pÐnakac tou B.

• ⇀: asjen c sÔgklish.

• f ∗ g: h sunèlixh twn f kai g.

• ∂f
∂xi

: h merik  par�gwgoc thc f wc proc xi.

• f ′(x): h par�gwgoc thc f sto x.

• [x], x ∈ R, o megalÔteroc akèraioc pou eÐnai mikrìteroc tou x.

• |x| = √∑n
i=1 x2

i , x = (x1, · · · , xn) ∈ Rn.
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• ‖f‖ = supx∈A |f(x)|, ìpou A to ek�stote pedÐo orismoÔ thc f .

• ‖f‖p = p

√∫
A
|f(x)|pdx, ìpou A to ek�stote pedÐo orismoÔ thc f .

• ‖f‖Lp = p

√∫
A
|f(x)|pdx, ìpou A to ek�stote pedÐo orismoÔ thc f .

• V ⊂ Rn, anoiktì.

• Ck(V ) = {f : f suneq c, me suneqeÐc parag¸gouc mèqri k-t�xhc sto V }.
• C1,2((0, T )×Rn) = {f : f suneq c, me suneqeÐc parag¸gouc 1hc-t�xhc wc proc

t kai 2hc t�xhc wc proc x sto (0, T )× Rn}.
• C∞(V ) = ∩k≥0C

k(V ).

• Cc(V ) = {f : f suneq c, me sumpag  forèa sto V }.
• Ck

c (V ) = Ck(V ) ∩ Cc(V ).

• C∞
c (V ) = C∞(V ) ∩ Cc(V ).

• Lp(V ) = {f : f metr simh sto V kai
∫

V
|f |p < ∞}, 1 ≤ p < ∞ .

• Lp
loc(V ) = {f : f ∈ Lp(K), K sumpagèc sto V }, 1 ≤ p < ∞ .

• L∞(V ) = {f : f metr simh sto V kai up�rqei C tètoio ¸ste |f(x)| < C σ.π.
sto V }.

• Wm
p ,Wm,k

p ,Wm,k
∞ : q¸roi Sobolev.

• Wm,k
p,loc(V ) = {f : f ∈ Wm,k

p (K), K sumpagèc sto V }.

2



Kef�laio 2

Mia parabolik  tÔpou Monge
−Ampere (M.A.) exÐswsh

2.1 Eisagwg 

Sto kef�laio autì parajètoume thn ènnoia thc genikeumènhc exÐswshc Monge −
Ampere parabolikoÔ tÔpou:

∂z

∂t
det[

∂2z

∂xi∂xj

] = f (2.1)

Ja orisjeÐ o antÐstoiqoc telest c, ja diatupwjoÔn algebrikèc kai topologikèc
idiìthtec tou ìpwc kai to kat�llhlo apotèlesma arq c megÐstou. En suneqeÐa ja
paratejoÔn apotelèsmata Ôparxhc kai monadikìthtac thc genikeumènhc lÔshc.

Me thn bo jeia twn parap�nw apodeiknÔontai a priori fr�gmata thc genikeumènhc
lÔshc thc (2.1) kai apì aut� prokÔptei to L mma 7, selÐdac 56 tou [6] sto opoÐo
anaferj kame ston prìlogo.

Gia leptomerèsterh an�ptuxh dec [9].

O q¸roc sunart sewn pou jewroÔme, gia τ > 0 kai D èna anoiktì, kurtì kai
fragmèno uposÔnolo tou Rn eÐnai o k¸noc K(D × (0, τ)) twn sunart sewn z : D ×
(0, τ) → R, ìpou oi z ikanopoioÔn tic akìloujec idiìthtec:

• z ∈ C(D × (0, τ)).

• gia k�je t ∈ (0, τ), h sun�rthsh z(·, t) eÐnai kurt  sto D.

• gia k�je x ∈ D, h sun�rthsh z(x, ·) eÐnai aÔxousa sto (0, τ) .

• gia k�je sumpagèc K ⊂ D kai gia k�je kleistì di�sthma I ⊂ (0, τ), up�rqei
stajer� c > 0 tètoia ¸ste

sup
x∈K

|z(x, s)− z(x, t)| ≤ c|t− s| ∀s, t ∈ I

3



H ìlh an�ptuxh aposkopeÐ ston orismì kai th melèth enìc telest 

T : K(D × (0, τ)) → m(D × (0, τ))

, ìpou m(D × (0, τ)) to sÔnolo twn mètrwn Borel sto D × (0, τ), kai o opoÐoc gia
z ∈ C2,1(D × (0, τ)) gr�fetai

Tz(A) =

∫

A

∂z

∂t
det[

∂2z

∂xi∂xj

]dxdt

ìpou to A eÐnai èna Borel uposÔnolo tou D × (0, τ) (dhlad  A ∈ B(D × (0, τ)) ).
Me autì ton trìpo prosdÐdetai genikeumènh ènnoia sthn (2.1).
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2.2 'Enac telest c Monge-Ampere parabolikoÔ tÔ-
pou.

Sthn par�grafo aut  parousi�zontai sÔntoma k�poioi orismoÐ, sumbolismoÐ kai
mètra pou sqetÐzontai me kurtèc sunart seic me meg�lh qrhsimìthta sth sunèqeia.
EpÐshc gia eukolÐa ston sumbolismì ja sumbolÐzoume me V to mètro Lebesque ston
Rn kai me m to mètro Lebesque ston Rn+1.

Orismìc 1

DojeÐshc mÐac sun�rthshc z : D → R, me ton ìro kanonik  eikìna enìc uposunìlou
B ⊂ D ennooÔme to sÔnolo Pz(B) =

⋃
y∈B ∂z(y) ìpou bèbaia wc gnwstìn ∂z(y) =

{p ∈ R : z(x) ≥ z(y) + p(x− y) ∀x ∈ D}, to upodiaforikì thc z sto y ∈ D.

'Opwc eÐnai gnwstì ([11]) ìtan to B eÐnai èna Borel uposÔnolo tou D, tìte to
Pz(B) eÐnai Lebesque metr simo kai h fìrmoula Mz(B) = V (Pz(B)) orÐzei èna
Borel mètro sta Borel uposÔnola tou D, to gnwstì wc Monge- Ampere mètro thc z.
Sthn perÐptwsh ìmwc pou z ∈ C2(D) kai afoÔ Pz(B) = (gradu)(B) èqoume

Mz(B) =

∫

B

det[
∂2z

∂xi∂xj

]dx

Parìmoia t¸ra an z ∈ C(D × (0, τ)) tètoia ¸ste h z(·, s), s ∈ (0, τ) na eÐnai kurt 
sto D, ja èqoume ta ex c:

∂z(y, s) = {p ∈ Rn : z(x, s) ≥ z(y, s) + p(x− y) ∀x ∈ D} (2.2)
Pz(s)(B) =

⋃
y∈B

∂z(y, s) (2.3)

Mz(s)(B) = V (Pz(s)(B)), B ⊂ D Borel (2.4)

EpÐshc gia k�je A ⊂ D × (0, τ), orÐzoume

Qz(A) =
⋃
s

(Pz(s)(As)× {s}) (2.5)

ìpou As = {x : (x, s) ∈ A}

Dojèishc mi�c sun�rthshc z ∈ K(D × (0, τ)), ìpou τ ènac jetikìc arijmìc, jew-
roÔme thn sun�rthsh z∗ orismènh sto Rn × (0, τ) pou dÐnetai apì thn

z∗(p, s) = sup
x∈D

(px− z(x, s))
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H sun�rthsh z∗ onom�zetai suzhg c sun�rthsh thc z kai eÔkola diapist¸netai ìti
z∗ < +∞ toul�qiston sto Qz(D × (0, τ)). EpÐshc isqÔei h akìloujh idiìthta:

p ∈ ∂z(y, s) gia k�poio (y, s) ∈ D × (0, τ) ⇔ z∗(p, s) = yp − z(y, s) (dec [7] kai
[13]).

DojeÐshc t¸ra miac z ∈ K(D × (0, τ)), jètoume

L(p, s) = (p,−z∗(p, s)), s ∈ (0, τ), p ∈ {z∗(·, s) < +∞}

Prìtash 1

An z ∈ K(D × (0, τ)), L o prì olÐgou orisjeÐc metasqhmatismìc kai A èna Borel
uposÔnolo tou D × (0, τ), tìte to L(Qz(A)) eÐnai Lebesque metr simo ston Rn+1.
Epiplèon h sunolosun�rthsh Tz(A) = mL(Qz(A)) orÐzei èna kanonikì Borel mètro
sta Borel uposÔnola tou D × (0, τ). Tèloc sthn perÐptwsh kat� thn opoÐa z ∈
C2,1(D × (0, τ)), to mètro Tz paÐrnei thn akìloujh morf :

Tz(A) =

∫

A

∂z

∂t
det[

∂2z

∂xi∂xj

]dxdt (2.6)

Parat rhsh

Gia thn teleutaÐa anapar�stash tou mètrou Tz parathroÔme ìti sthn perÐptwsh
kat� thn opoÐa z ∈ C2,1(D × (0, τ)), ja èqoume ìti ∂z(y, s) = {gradz(y, s)} kai �ra
L(Qz(A)) = Φz(A), ìpou

Φz(x, t) = (gradz(x, t), z(x, t)− x · gradz(x, t))

Lamb�nontac up' ìyin ìmwc ìti h Iakwbian  tou metasqhmatismoÔ Φz isoÔtai me
∂z
∂t

det[ ∂2z
∂xi∂xj

] (ìpwc upodeiknÔetai apì ton K.Tso sto [12] ) èqoume to zhtoÔmeno.

Prìtash 2

'Estw zn ∈ K(D × (0, τ)) mÐa akoloujÐa sunart sewn pou sugklÐnoun me omoiì-
morfo trìpo se sumpag , se mÐa sun�rthsh z ∈ K(D × (0, τ)). 'Estw epÐshc ìti gia
k�je sumpagèc K ⊂ D kai gia k�je kleistì di�sthma I ⊂ (0, τ) up�rqei mÐa stajer�
c > 0 tètoia ¸ste

sup
n

sup
x∈K

|zn(x, t)− zn(x, s)| ≤ c|t− s| ∀t, s ∈ I

tìte Tzn ⇀ Tz, dhlad : ∫
fdTzn →

∫
fdTz (2.7)
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gia k�je suneq  sun�rthsh f me sumpag  forèa sto D × (0, τ).

Qrhsimopoi¸ntac t¸ra tic sqèseic det[A + B] ≥ detA + detB, det[λ · A] = λn+1 ·
det[A] ìpou A,B mh arnhtikoÐ kai summetrikoÐ (n + 1)× (n + 1), èqoume to akìloujo
apotèlesma gia ton telest :

T : K(D × (0, τ)) → m+(D × (0, τ))

Prìtash 3

'Estw z, v ∈ K(D × (0, τ)) kai λ > 0, tìte

Tz + v ≥ Tz + Tv (2.8)
Tλz = λn+1Tz (2.9)

Prìtash 4

'Estw t¸ra z ∈ K(D × (0, τ)) ∩W 2,1
∞,loc(D × (0, τ)), tìte

Tz(A) =

∫

A

∂z

∂t
det[

∂2z

∂xi∂xj

]dxdt (2.10)

gia A ⊂ D × (0, τ).
Anafèroume tèloc thn ex c polÔ shmantik  gia th sunèqeia prìtash:

Prìtash 5
An dTz = hn+1dm+dT sz, hn+1 ∈ L1

loc(D×(0, τ)) eÐnai h Lebesque-Radon-Nicodym
an�lush tou mètrou Tz, tìte ja èqoume sto D× (0, τ) me thn ènnoia twn katanom¸n

∑
aij

∂2z

∂xi∂xj

+ b
∂z

∂t
≥ (n + 1)h (2.11)

gia k�je pragmatikì, summetrikì, mh-arnhtikì n×n pÐnaka [aij] kai k�je pragmatikì
jetikì arijmì b tètoio ¸ste b · det[aij] ≥ 1.
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2.3 H genikeumènh lÔsh thc Monge-Ampere para-
bolik c exÐswshc

Dojèntoc enìc anoiktoÔ, kurtoÔ kai fragmènou sunìlou D ⊂ Rn kai enìc arijmoÔ
τ > 0, me ton ìro parabolikì sÔnoro tou D × (0, τ), ennooÔme to sÔnolo:

Γ = ∂(D × (0, τ))− {(x, 0) : x ∈ D}

Ja exet�soume th lÔsh tou akìloujou probl matoc: Na brejeÐ sun�rthsh z ∈
K(D × (0, τ)) tètoia ¸ste

Tz = f στo D × (0, τ)

z = g στo Γ (2.12)

ìpou f, g dojeÐsec sunart seic sto D × (0, τ) kai G antÐstoiqa.
Prin diatup¸soume to je¸rhma, to opoÐo dÐnei ap�nthsh se autì to prìblhma, pa-

rousi�zoume dÔo l mmata, ta opoÐa kai prosjètoun dÔo akìma idiìthtec ston telest 
mac.

L mma 1

Dojeis¸n dÔo sunart sewn z, v ∈ K(D× (0, τ))∩C(D× [0, τ ]) kai enìc anoiktoÔ
sunìlou E ⊂ D × (0, τ), ac upojèsoume ìti isqÔoun ta akìlouja:

z ≤ v στo E

z = v στo ∂E ∩ {t > 0}, {t > 0} = {(x, t) : t > 0}
sup|z(x, t)− z(x, s)| ≤ c|t− s| ∀t, s ∈ (0, τ)

gia k�poia stajer� c > 0. Tìte isqÔei ìti:

Tv(E) ≤ Tz(E) (2.13)

L mma 2

Dojeis¸n dÔo sunart sewn z, v ∈ K(D × (0, τ)) ∩ C(D × [0, τ ]) ac upojèsoume
ìti Tz ≤ Tv sto D × (0, τ) kai z ≥ v sto G. Tìte isqÔei ìti:

z ≥ v στo D × (0, τ) (2.14)

Sth sunèqeia parousi�zoume to kÔrio je¸rhma, to opoÐo mac dÐnei th lÔsh tou
probl matoc mac:
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Je¸rhma 3
'Estw D èna fragmèno uposÔnolo tou Rn tètoio ¸ste D = {x ∈ Rn : w(x) < 0}

gia k�poia sun�rthsh w ∈ C2(Rn) me

[
∂2w

∂xi∂xj

] ≥ aIn

gia a > 0, upì thn ènnoia twn pin�kwn. DojeÐshc miac mh arnhtik c sun�rthshc
f ∈ C(D × [0, τ ]) me f = 0 sto parabolikì sÔnoro G kai

sup
D
|f(x, t)− f(x, s)| ≤ c|t− s| ∀t, s ∈ (0, τ)

up�rqei monadik  lÔsh z ∈ K(D× (0, τ))∩C(D× [0, τ ]) tou akìloujou probl matoc
:

Tz = fn+1 στo D × (0, τ)

z = 0 στo Γ (2.15)

Epiplèon, gia k�poia stajer� λ > 0 isqÔei ìti:

sup
D
|z(x, t)− z(x, s)| ≤ λ · |t− s| ∀t, s ∈ (0, τ)

9



2.4 A priori fr�gmata kai to L mma tou Krylov

2.4.1 A priori fr�gmata

Ac jewr soume mÐa z ∈ K(D × (0, τ)) ∩ C(D × [0, τ ]) me z = 0 sto G kai tètoia
¸ste na ikanopoieÐ thn

sup
D
|z(x, t)− z(x, s)| ≤ c · |t− s| ∀t, s ∈ (0, τ)

gia k�poia stajer� c > 0.
Sthn paroÔsa par�grafo ja broÔme mÐa ektÐmhsh tou megÐstou thc sun�rthshc

|z|.
Me trìpo an�logo me autìn tou l mmatoc 3.5 sto [11] jewroÔme mia w : D ×

[0, τ ] → R gia thn opoÐa isqÔoun ta ex c: ∀t ∈ [0, τ ], w(·, t) anaparÐstatai sto Rn+1

apì ton kurtì k¸no b�sewc D × {0}, b�jouc |z(0, t)| kai me kìrufh sto (0, z(0, t)).
Profan¸c w ∈ K(D × (0, τ)) ∩ C(D × [0, τ ]) kai parathroÔme ìti oi sunj kec tou
l mmatoc 3.1 me E = D × (0, τ) ikanopoioÔntai. Sunep¸c ja isqÔei:

Tz(D × (0, τ)) ≥ Tw(D × (0, τ)) (2.16)

Jètontac t¸ra I = {0} × (0, τ), èqoume:

Tw(D × (0, τ)) ≥ Tw(I) = mL(G) (2.17)

ìpou ex' orismoÔ G = Qw(I) =
⋃

s∈(0,τ) ∂w(0, s)× {s} kai L(p, s) = (p,−w∗(p, s)) =

(p, z(0, s)).
Epeid  ìmwc

L(G) = ∪s∈(0,τ){(p, z(0, s)), p ∈ ∂w(0, s)}
kai afoÔ

mL(G) =

∫ τ

0

(

∫

G

∂z

∂t
(0, s)dp)ds =

∫ τ

0

V (∂w(0, s))
∂z

∂t
(0, s)ds

èqoume ìti:

mL(G) =

∫ τ

0

Mw(s)(D)
∂z

∂t
(0, s)ds (2.18)

epeid  Pw(s)(D) = Pw(s){0} = ∂w(0, s). Qrhsimopoi¸ntac t¸ra ta Ðdia epiqeir mata
ìpwc sto l mma 3.5 sto ([11]) gia ton k¸no w(·, s), èqoume ìti

Mw(s)(D) ≥ λ
|z(0, s)|n
dqn−1

, s ∈ (0, τ) (2.19)
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ìpou λ = 2n−1

n!
, d = dist(0, ∂D) = infx∈∂D{dist(0, x)} kai q = diamD.

Apì tic parap�nw anisìthtec (2.16-2.19) prokÔptei ìti:

Tz(D × (0, τ)) ≥ λ

qn

∫ τ

0

|z(0, s)|n ∂z

∂t
(0, s)ds (2.20)

'Omwc epeid  h z(x, ·) eÐnai aÔxousa èqoume:
∫ τ

0

|z(0, s)|n ∂z

∂t
(0, s)ds =

−1

n + 1
[|z(0, τ)|n+1| − |z(0, 0)|n+1|] (2.21)

EpÐshc afoÔ z(0, τ) = 0, z = 0 sto parabolikì sÔnoro G kai afoÔ h z(·, t) eÐnai kurt 
ja èqoume ìti:

Tz(D × (0, τ)) ≥ λ

qn · (n + 1)
· |z(u)|n+1 ∀u ∈ D × (0, τ) (2.22)

kai �ra katal xame sthn anisìthta:

N · Tz(D × (0, τ)) ≥ sup|z(u)|n+1 (2.23)

ìpou N = qn·(n+1)
λ

.
Tèloc an (x, t) ∈ D×(0, τ) kai h ∈ Rn−{0} tètoio ¸ste x+h ∈ D me gewmetrik�

epiqeir mata èqoume ìti

|z(x + h, t)− z(x, t)| ≤ |h| · |z(x, t)| · [dist(x, ∂D)]−1

kai lìgw thc prohgoÔmenhc anisìthtac ja èqoume ìti:

sup
(0,τ)

|z(x + h, t)− z(x, t)| ≤ |h|N · [dist(x, ∂D]−1 · (Tz(D × (0, τ)))
1

n+1 (2.24)
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2.4.2 To L mma tou Krylov

Parak�tw ja doÔme thn qrhsimìthta thc parap�nw jewrÐac sthn apìdeixh enìc
l mmatoc tou N.V.Krylov sto ([6]).

Ac upojèsoume loipìn ìti èqoume R > 0, f ∈ Ln+1(B(0, R)× [0, +∞)), f ≥ 0 kai
f = 0 sto ∂B(0, R). SÔmfwna me ta ([1]) kai ([3]), mporoÔme na jewr soume mia
akoloujÐa mh arnhtik¸n sunart sewn {fk} (h legìmenh omalopoihtik  akoloujÐa thc
f), ìpou isqÔoun ta akìlouja:

fk ∈ C∞(B × [0, +∞))

fk ≤ fk+1

lim
k

∫
fn+1

k dm =

∫
fn+1dm

kai fk = 0 èxw apì to B(0, Rk) × [0, τk), gia k�poia akoloujÐa {Rk} kai k�poio
τk < +∞.

SÔmfwna t¸ra me to je¸rhma 2.3.3 gia k�je k up�rqei zk ∈ K(B(0, R)× (0, τk))∩
C(B(0, R)× [0, τk])) tètoia ¸ste:

Tzk = fn+1
k στo B(0, R)× (0, τk) (2.25)

kai zk = 0 sto parabolikì sÔnoro tou B(0, R)× (0, τ).
Epiplèon sÔmfwna me thn prohgoÔmenh par�grafo (2.4.1), èqoume ìti isqÔei:

|zk(u)| ≤ N · ‖f‖n+1∀u ∈ B(0, R)× (0, τk) (2.26)

ìpou to N exart�tai apì to R kai thn di�metro n. EpÐshc apì to l mma 2.3.2
èqoume ìti:

zk+1 ≤ zk (2.27)

Akìma apì thn prìtash 2.2.5 tou parìntoc kefalaÐou prokÔptei, me thn ènnoia twn
katanom¸n p�nta, ìti

∑
aij

∂2zk

∂xi∂xj

+ b
∂zk

∂t
≥ (n + 1)fk (2.28)

gia k�je pragmatikì, mh-arnhtikì n×n summetrikì pÐnaka [aij] kai k�je pragmatikì
jetikì arijmì b > 0 tètoio ¸ste b · det[aij] ≥ 1.

Oi prohgoÔmenec 3 anisìthtec (2.26-2.28) mac dÐnoun gia z = limk zk ta ex c, pou
sthn ousÐa eÐnai to l mma tou Krylov:

z(·, t) eÐnai kurt  sto B(0, R) ∀t ≥ 0
z(x, ·) eÐnai aÔxousa sto [0, +∞) ∀x ∈ B(0, R)
z ≤ 0 sto B(0, R)× [0, +∞)
‖z‖ ≤ N · ‖f‖n+1∑

aij
∂2z

∂xi∂xj
+ b∂z

∂t
≥ (n + 1)f (*)
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gia k�je pragmatikì, mh-arnhtikì n×n summetrikì pÐnaka [aij] kai k�je pragma-
tikì jetikì arijmì b > 0 tètoio ¸ste b · det[aij] ≥ 1.

Parat rhsh
Sthn genik  perÐptwsh t¸ra kat� thn opoÐa èqoume ènan tuqaÐo mh-arnhtikì kai

summetrikì n×n pÐnaka [aij] kai ènan pragmatikì jetikì arijmì b > 0 tètoio ¸ste na
mhn isqÔei aparaÐthta b·det[aij] ≥ 1 (ìpwc kai sthn ekf¸nhsh tou en lìgw l mmatoc),
tìte me to metasqhmatismì a

′
ij =

aij

(b·det(aij))
1
n
èqoume ìti o [a

′
ij] ikanopoieÐ thn parap�nw

apaÐthsh kai epomènwc antÐ gia thn (*) ja èqoume, me thn ènnoia twn katanom¸n, thn:

∑
aij

∂2z

∂xi∂xj

+ b
′ ∂z

∂t
≥ (n + 1) · (b · det(aij))

1
n f (2.29)

ìpou b
′
= b · (b · det(aij))

1
n

Pìrisma 1

Gia th z pou kataskeu�sthke prohgoumènwc isqÔei:

sup
t
|z(x + h, t)− z(x, t)| ≤ |h|N · ‖f‖n+1 (2.30)

∀x ∈ B(0, R), x + h ∈ Rn tètoio ¸ste x + h ∈ B(0, R).
Apìdeixh
EÐnai profan c apì thn teleutaÐa sqèsh (2.24) thc prohgoÔmenhc paragr�fou .

Q.E.D.

Parat rhsh

Epeid  h z eÐnai kurt  ja eÐnai kai mÐa for� sqedìn pantoÔ paragwgÐsimh. To proh-
goÔmeno pìrisma epomènwc mac dÐnei sthn ousÐa èna fr�gma gia thn pr¸th par�gwgo
thc z wc proc x ìpou aut  up�rqei.
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Kef�laio 3

H Genikeumènh Ito formula

3.1 Eisagwg 
Sto kef�laio autì parousi�zetai kai apodeiknÔetai h genikeumènh Ito formula.

Sthn par�grafo 3.2 met� apì k�poiouc orismoÔc, paratÐjetai h Ito formula gia
sunart seic pou eÐnai paragwgÐsimec me thn klasik  ènnoia, qwrÐc apìdeixh miac kai
aut  mporeÐ na brejeÐ gia par�deigma sto ([16]). Sthn 3.3 anafèrontai sÔntoma k�poia
stoiqeÐa apì touc q¸rouc Sobolev, aparaÐthta gia th sunèqeia. Sthn 3.4 apodeiknÔetai
leptomereiak� h genikeumènh Ito formula. O anagn¸sthc mporeÐ eÔkola na dei thn
omoiìthta thc genikeumènhc Ito formula me thn klasik  Ito formula.
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3.2 H Ito formula gia paragwgÐsimec sunart seic
JewroÔme ènan q¸ro pijanìthtac (W,F ,R) efodiasmèno me mÐa diÔlish Ft , t ≥ 0

gia thn opoÐa isqÔei ìti N ⊂ Ft ∀t ≥ 0 ìpou:
N = {L⊂W: ∃N ∈ F me L⊂N kai R(N)=0}. EpÐshc {Bt,t ≥ 0}eÐnai mÐa Ft mono-

di�stath kÐnhsh Brown orismènh ston (W,F ,R).

Orismìc 1

Gia arijmoÔc a < b sto [0,∞) lème ìti h stoqastik  anèlixh f : [a, b] × Ω → R
an kei sthn kl�sh L(a, b) ìtan ikanopoioÔntai oi parak�tw apait seic:

1. H f eÐnai B[a,b] ⊗F -metr simh

2. Gia k�je t ∈ [a, b] h tuqaÐa metablht  f(t, ·) eÐnai Ft-metr simh

3.
∫ b

a
E[f 2(t, ·)]dt < ∞

Orismìc 2

Gia arijmì T > 0 lème ìti h stoqastik  anèlixh f : [0, T ] × Ω → R an kei sthn
kl�sh P (0, T ) ìtan ikanopoioÔntai oi parak�tw apait seic:

1. H f eÐnai B[0,T ] ⊗F -metr simh

2. Gia k�je t ∈ [0, T ] h tuqaÐa metablht  f(t, ·) eÐnai Ft-metr simh

3. P (
∫ T

0
[f 2(t)]dt < ∞) = 1

Orismìc 3

Lème ìti h stoqastik  anèlixh f : [0, T ]× Ω → R an kei sthn kl�sh L   P ìtan
kai mìno ìtan f ∈ L(0, T )   f ∈ P (0, T ) antÐstoiqa ∀T > 0.

Apì ed¸ kai sto ex c (ektìc kai an tonÐzetai diaforetik�) h {Bt,t ≥ 0} ja eÐnai
mÐa m -di�stath (m ∈ N) Ft-kÐnhsh Brown orismènh ston (W,F ,R).

Orismìc 4

'Estw T > 0. Me to sÔmbolo Ln×m(0, T ) (antÐstoiqa P n×m(0, T )) ja ennooÔme
thn kl�sh twn n×m pin�kwn thc morf c f = [fij] ìpou gia k�je i ∈ {1, · · · , n}, j ∈
{1, · · · ,m} to stoiqeÐo fij : [0, T ]× Ω → R eÐnai stoqastik  anèlixh pou an kei sthn
kl�sh L(0, T ) (antÐstoiqa P (0, T )).

Orismìc 5
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Stoqastik  anèlixh Ito sto [0,T) me timèc sto Rn, onom�zetai mÐa suneq c
stoqastik  anèlixh {Xt, t ∈ [0, T )} gia thn opoÐa isqÔei: ∀t ∈ [0, T )

Xt = x +

∫ t

0

a(s)ds +

∫ t

0

b(s)dBs P − σ.π. (3.1)

ìpou x = (x1, ..., xn) èna tuqaÐo di�nusma F0 -metr simo , b ∈ P n×m(0, T ) kai h
stoqastik  anèlixh a(s) = (a1(s), ..., an(s)), s ≥ 0 eÐnai B[0,T ) ⊗ F -metr simh, Fs

-prosarmosmènh kai ikanopoieÐ thn apaÐthsh:

P (
n∑

j=1

∫ r

0

|aj(s)|ds < ∞) = 1 ∀r ≤ T

Parat rhsh :

Profan¸c mia m -di�stath kÐnhsh Brown {Bt, t ≥ 0} eÐnai mia anèlixh Ito me
a=O kai b = I. EpÐshc ìpou sth sunèqeia anaferìmaste sth stoqastik  anèlixh Xt,
ja ennooÔme thn prohgoÔmenh, ektìc bèbaia kai an tonÐzetai diaforetik�.

Parousi�zoume t¸ra, qwrÐc apìdeixh (h apìdeixh mporeÐ na brejeÐ sto ([16]) ) thn
Ito formula sthn perÐptwsh ìpou h sun�rthsh f ∈ C1,2([0,∞) × R) kai h Bt eÐnai
monodi�stath.

Prìtash 6: 'Estw

Xt = x +

∫ t

0

a(s)ds +

∫ t

0

b(s)dBs P − σ.π.

mia stoqastik  anèlixh Ito kai f ∈ C1,2([0,∞) × R). Tìte gia ìla ta t > 0 kai gia
m = n = 1 isqÔei:

f(t,Xt) = f(0, x) +

∫ t

0

[
∂f

∂t
(s,Xs) + a(s) · ∂f

∂x
(s, Xs) +

1

2
· b2(s)

∂2f

∂x2
(s,Xs)]ds

+

∫ t

0

b(s) · ∂f

∂x
(s, Xs)dBs P − σ.π. (3.2)

H Ito formula isqÔei kai gia perissìterec thc mÐac di�stashc kai èqei wc ex c:
Prìtash 7: 'Estw

Xt = x +

∫ t

0

a(s)ds +

∫ t

0

b(s)dBs P − σ.π.

mia stoqastik  anèlixh Ito me timèc sto Rn ìpou a(s) = (a1(s), ..., an(s)) kai b(s) =
[bij(s)] me i = 1, .., n, j = 1, ...m kai f ∈ C1,2([0,∞) × Rn). Tìte gia ìla ta t > 0
isqÔei:
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f(t,Xt) = f(0, x) +

∫ t

0

[
∂f

∂t
(s,Xs) +

n∑
i=1

ai(s) · ∂f

∂xi

(s,Xs)

+
1

2
·

m∑
j=1

n∑

i,k=1

bij(s)bkj(s)
∂2f

∂xi∂xk

(s,Xs)]ds

+
m∑

j=1

∫ t

0

n∑
i=1

bij(s) · ∂f

∂xi

(s,Xs)dBj
s P − σ.π. (3.3)

Parat rhsh :

Me tic kat�llhlec sumptÔxeic h parap�nw formula gr�fetai

f(t,Xt) = f(0, x) +

∫ t

0

Lsf(s,Xs)ds +

∫ t

0

∇f(s, Xs) · b(s)dBs P − σ.π. (3.4)

ìpou

Lsf =
∂f

∂t
+

n∑
i=1

ai(s) · ∂f

∂xi

+
1

2
·

m∑
j=1

n∑

i,k=1

bij(s)bkj(s)
∂2f

∂xi∂xk

(3.5)

∇f = (
∂f

∂x1

, ...,
∂f

∂xn

). (3.6)

EpÐshc jètoume gia eukolÐa sto sumbolismì:

Ls
1f =

n∑
i=1

ai(s) · ∂f

∂xi

+
1

2
·

m∑
j=1

n∑

i,k=1

bij(s)bkj(s)
∂2f

∂xi∂xk

(3.7)

Prìtash 8:
'Estw ìti èqoume mia f ∈ Ln×m, tìte h stoqastik  anèlixh Yt =

∫ t

0
f(s)dBs eÐnai

èna Ft −martingale kai epiplèon isqÔei gia 0 ≤ r ≤ t ìti (dec [16]):

E{
∫ t

r

f(s)dBs|Fr} = 0 P − σ.π. (3.8)

17



Tèloc h sumperifor� thc Ito formula gia qrìnouc diakop c dÐnetai apì thn akì-
loujh prìtash:

Prìtash 9:

'Estw ìti èqoume th stoqastik  anèlixh tou orismoÔ 5 (me b ∈ P n×m), upojètoume
ìti U, V ⊂ Rn anoikt� uposÔnola me U ⊂ V kai jètoume τ = inf{t ≥ 0 : Xt ∈ U c}
me inf∅ = ∞. Upojètoume akìma ìti x ∈ U, f ∈ C2(V ). Tìte isqÔei:

f(Xt∧τ ) = f(x) +

∫ t∧τ

0

Ls
1f(s, Xs)ds +

∫ t

0

∇f(Xs∧τ ) · b(s)Iτ≥sdBs P − σ.π. (3.9)

An m�lista b ∈ Ln×m kai h ∇f eÐnai fragmènh sto U tìte isqÔei

Ef(Xt∧τ ) = f(x) + E

∫ t∧τ

0

Ls
1f(s,Xs)ds (3.10)
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3.3 StoiqeÐa q¸rwn Sobolev

Sto shmeÐo autì ja parousi�soume sÔntoma stoiqeÐa apì touc q¸rouc Sobolev
kaj¸c kai èna kentrikì je¸rhma thc ìmorfhc aut c jewrÐac: to je¸rhma egkleismoÔ,
tou opoÐou h qrhsimìthta eÐnai kentrik c shmasÐac gia th sunèqeia.

'Estw V ⊆ Rn èna anoiqtì kai èstw p ∈ R, 1 ≤ p ≤ ∞.

Orismìc 1:O q¸roc SobolevW 1
p (V )

O q¸roc Sobolev W 1
p (V ) orÐzetai wc ex c:

W 1
p (V ) = {u ∈ Lp(V ) | ∃g1, ..., gn ∈ Lp(V ) :∫

V

u
∂h

∂xi

= −
∫

V

gih ∀h ∈ C∞c (V ), i = 1, 2, ..., n}

Parat rhsh :Gia u ∈ W 1
p (V ) gr�foume ∂u

∂xi
= gi. To sÔnolo W 1

p efodiasmèno
me th nìrma

‖u‖W 1
p

= ‖u‖Lp +
n∑

i=1

‖ ∂u

∂xi

‖Lp

apoteleÐ q¸ro Banach.

Tèloc orÐzoume ton Wm
p (V ). Proc toÔto èqoume:

Orismìc 2: O q¸roc SobolevWm
p (V )

O q¸roc Sobolev Wm
p (V ) orÐzetai wc ex c 1:

Wm
p (V ) = {u ∈ Lp(V ) | ∀a µε |a| ≤ m∃ga ∈ Lp(V ) :∫

V

uDah = (−1)|a|
∫

V

gah ∀h ∈ C∞c (V )}

Parat rhsh :Gia u ∈ Wm
p (V ) gr�foume Dau = ga. O q¸roc Wm

p efodiasmènoc
me th nìrma

‖u‖W m
p

=
∑

0≤|a|≤m

‖Dau‖Lp

apoteleÐ q¸ro Banach.

1ènac poludeÐkthc a eÐnai mÐa akoloujÐa a = (a1, ..., an) ìpou ai ∈ N kai kai Dau = ∂|a|

∂x
a1
1 ···∂xan

n
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Parousi�zoume t¸ra èna apì ta jewr mata egkleismoÔ twn q¸rwn Sobolev megÐ-
sthc shmasÐac gia th sunèqeia. H apìdeixh tou mporeÐ na brejeÐ se opoiod pote kalì
biblÐo sunarthsiak c an�lushc (endeiktik� anafèroume to [1] ).

JE'WRHMA 3 (Je¸rhma EgkleismoÔ)
'Estw m ≥ 1 ènac akèraioc kai 1 ≤ p ≤ ∞. An m− n/p > 0 tìte isqÔei:

Wm
p (Rn) ⊂ Ck(Rn)

ìpou k = [m− n/p], me suneqeÐc ensfhn¸seic.

Dhlad  sthn ousÐa an mia sun�rthsh u an kei ston q¸ro Wm
p (Rn) tìte upì kat�l-

lhlec sunj kec èqei èna suneq  antiprìswpo me suneqeÐc parag¸gouc mèqri k-t�xhc,
dhlad  up�rqei mia suneq c sun�rthsh me suneqeÐc parag¸gouc mèqri k-t�xhc v pou
an kei sthn kl�sh isodunamÐac thc u gia th sqèsh u ∼ v an u = v sqedìn pantoÔ.
Apì ed¸ kai pèra ìtan ja qrei�zetai na qrhsimopoi soume to je¸rhma egkleismoÔ,
ja antikajistoÔme susthmatik� thn u me to suneq  antiprìswpo thc. Gia na mhn
barÔnoume to sumbolismì, ja shmei¸noume epÐshc me u to suneq  antiprìswpo thc
u.
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3.4 H genikeumènh Ito formula

Parak�tw parousi�zontai k�poia apotelèsmata me stìqo thn apìdeixh thc ge-
nikeumènhc Ito formula, ìtan dhlad  oi sunart seic mac an koun se k�poio q¸ro
Sobolev. Gia na gÐnei ìmwc autì qreiazìmaste mia anisìthta , h opoÐa ofeÐletai ston
Krylov ([4]) kai ([6]) kai onom�zetai anisìthta Krylov.

Se ìlh thn par�grafo ja jewroÔme dÔo akeraÐouc m,n, (W,F ,P ,Bt,Ft) mia m-
di�stath kÐnhsh Brown, bt(ω) ènan n×m pÐnaka kai at(ω) èna n-di�stashc di�nusma.
Upojètoume epÐshc ìti oi at, bt eÐnai proodeutik� metr simec gia th diÔlish Ft, ìti
èqoume λ > 0, p ≥ n dÔo arijmoÔc kai mia n-di�stath stoqastik  anèlixh Ito

Xt = x +

∫ t

0

a(s)ds +

∫ t

0

b(s)dBs P − σ.π. (3.11)

tètoia ¸ste an ht = 1
2
btb

τ
t na up�rqoun arijmoÐ K1, K2 < ∞, d > 0 ètsi ¸ste

∀t ≥ 0, ω ∈ Ω, y ∈ Rn na isqÔoun:

• |at| ≤ K1.

• ∑n
i=1 hii

t (ω) ≤ K2.

• (hty, y) ≥ d|y|2.

L mma 1

Me touc �nw sumbolismoÔc kai upojèseic kai gia k�poion arijmì 0 ≤ r ≤ t up�rqei
stajer� N exart¸menh mìno apì ta K1, λ tètoia ¸ste na isqÔei R-sqedìn bebaÐwc:

E{
∫ t

r

e−λ(u−r) · |au|du|Fr} ≤ N (3.12)

Apìdeixh
'Eqoume ta ex c

I ≡ E{
∫ t

r

e−λ(u−r) · |au|du|Fr} ≤ K1 · E{
∫ t

r

e−λ(u−r)du|Fr}

'Omwc afoÔ

∫ t

r

e−λ(u−r)du = [−1

λ
· e−λ(u−r)]tr = −1

λ
· e−λ(t−r) +

1

λ
≤ 1

λ

profan¸c ja isqÔei ìti

I ≤ K1 · 1

λ
≡ N

k�ti pou apodeiknÔei kai to l mma mac.
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Q.E.D.

Je¸rhma 2

Me touc �nw sumbolismoÔc kai upojèseic kai gia k�poion arijmì 0 ≤ r ≤ t
up�rqei stajer� N exart¸menh mìno apì ta K1, λ, d, n tètoia ¸ste gia k�je Borel
oloklhr¸simh sun�rthsh f(t, x) sto [0,∞)× Rn na isqÔei R-sqedìn bebaÐwc:

E{
∫ t

r

e−λ(u−r)|f(u− r,Xu)|du|Fr} ≤ N‖f‖n+1 (3.13)

Apìdeixh
Xekin�me me thn parat rhsh ìti arkeÐ na to apodeÐxoume gia fragmènec, suneqeÐc

kai mh arnhtikèc sunart seic f(t, x). JewroÔme tuqaÐa èna fragmèno A = [r, t] ⊂
[0,∞) kai èna tuqaÐo jetikì arijmì R > 0.

QrhsimopoioÔme t¸ra thn par�grafo 2.4.2 gia thn g, ìpou g(y, x) = f(y, x), y ∈
A, x ∈ B(0, R) kai g = 0 opoud pote alloÔ kai brÐskoume mÐa kat�llhlh sun�rthsh
z ∈ K(B(0, R)× [0,∞)).

JewroÔme epÐshc mia mh-arnhtik , diaforÐsimh, fjÐnousa sun�rthsh q, orismènh
sto [0, +∞), Ðsh me k�poia stajer� kont� sto mhdèn, mhdèn ektìc tou [0, 1], tètoia
¸ste

∫
Rn q(|x|)dx = 1 kai orÐzoume mia akoloujÐa omalopoihtik¸n pur nwn (gia pe-

rissìtera dec [1] kai [9] )

wm(x, t) = mn+1q(m|x|)q(m|t|), (x, t) ∈ Rn+1

SÔmfwna t¸ra me gnwst� apotelèsmata (dec [1] kai [9] ) h akoloujÐa {zm} ìpou
zm = z ∗ wm eÐnai epark¸c suneq¸c diaforÐsimh kai diathreÐ ìlec tic kalèc idiìthtec
thc z, afoÔ z ∗ wm → z omoiìmorfa se k�je sumpagèc uposÔnolo K ⊂ B(0, R) kai
I ⊂ [0, +∞).

Efarmìzoume epomènwc thn klasik  Ito formula sth sun�rthsh e−λ(t−r)zm(t −
r,Xt) kai me stoqastik  anèlixh thn {t − r,Xt} ja èqoume met� apì aplèc pr�xeic
R-sb.:

e−λ(t−r)zm(t− r,Xt) = zm(0, Xr) +

∫ t

r

[
∂zm(u− r,Xu)

∂u

− λ · zm(u− r,Xu) + L1zm(u− r,Xu)]e
−λ(u−r)du

+

∫ t

r

e−λ(u−r)[∇zm(u− r,Xu) · budBu

'Omwc apì 2.4.2 oi pr¸tec par�gwgoi thc zm eÐnai fragmènec kai afoÔ
∑n

i=1 hii
t (ω) ≤

K2 èpetai apì thn prìtash 3.2.8 kai met� apì aplèc pr�xeic ìti R-sqedìn bebaÐwc i-
sqÔei:

−zm(0, Xr) = E{
∫ t

r

[
∂zm(u− r,Xu)

∂u
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− λ · zm(u− r,Xu) + L1zm(u− r,Xu)]e
−λ(u−r)du

− e−λ(t−r)zm(t− r,Xt)|Fr}
P�li t¸ra lìgw thc 2.4.2 kai gnwst¸n idiot twn tou diaforikoÔ sunart sewn ja

èqoume ìti:

∂zm

∂u
+ L1zm = [

∂zm

∂u
+

n∑
i,j=1

hij
u

∂2zm

∂xi∂xj

] +
n∑

i=1

ai
u ·

∂zm

∂xi

≥ (n + 1) · (det hu)
1
n · gm −N |au|‖gm‖n+1

≥ (n + 1) · dn
n · gm −N |au|‖gm‖n+1

ìpou gm = g ∗ wm. Lamb�nontac t¸ra up' ìyin ìti zm ≤ 0, èqoume R-sb.:

−zm(0, Xr) ≥ E{
∫ t

r

[(n + 1) · d · gm(u− r,Xu)

− N |au|‖gm‖n+1]e
−λ(u−r)du|Fr}

Xan� t¸ra lìgw thc 2.4.2 ja èqoume ìti |zm| ≤ supt,x zm ≤ N‖gm‖n+1 kai sunep¸c
prokÔptei ìti:

N‖gm‖n+1(1+E{
∫ t

r

|au|e−λ(u−r)du|Fr}) ≥ E{
∫ t

r

(n+1)·d·gm(u−r,Xu)e
−λ(u−r)du|Fr}

(3.14)
'Omwc g ∈ Ln+1 kai �ra sÔmfwna me gnwst� apotelèsmata thc sunarthsiak c

an�lushc ‖g−gm‖n+1 → 0 kaj¸c m →∞. Sunep¸c an qrhsimopoi soume to je¸rhma
kuriarqhmènhc sÔgklishc tou Lebesque ja èqoume

N‖g‖n+1(1+E{
∫ t

r

|au|e−λ(u−r)du|Fr}) ≥ E{
∫ t

r

(n+1) ·d ·g(u−r,Xu)e
−λ(u−r)du|Fr}

(3.15)
ìpou (u− r) ∈ [r, t] kai Xu ∈ B(0, R). Epomènwc h sun�rthsh g eÐnai suneq c sto

(u− r,Xu), g(u− r,Xu) = f(u− r,Xu) kai fusik� ‖g‖n+1 ≤ ‖f‖n+1.
EpÐshc apì to l mma 1 (sqèsh 3.12) prokÔptei ìti R-sb.:

E{
∫ t

r

e−λ(u−r) · |au|du|Fr} ≤ N1

kai �ra èqoume R-sb. ìti:

N2‖f‖n+1 ≥ E{
∫ t

r

e−λ(u−r) · f(u− r,Xu) · d(n + 1)du|Fr} (3.16)

k�ti pou bèbaia apodeiknÔei to jewrhm� mac an jewr soume
N = N2 · 1

(n+1)d
.
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Q.E.D.

Je¸rhma 3 (anisìthtec Krylov)

Me touc �nw sumbolismoÔc kai upojèseic kai gia k�poion arijmì 0 ≤ r ≤ t
up�rqoun stajerèc N1, N2 exart¸menec mìno apì ta K1, K2, λ, d, n, p tètoiec ¸ste gia
k�je Borel oloklhr¸simec sunart seic f(t, x), g(x) sta [0,∞) × Rn,Rn antÐstoiqa,
na isqÔei R-sqedìn bebaÐwc:

E{
∫ t

r

e−λ(u−r)|f(u− r,Xu)|du|Fr} ≤ N1‖f‖p+1 (3.17)

E{
∫ t

r

e−λ(u−r)|g(Xu)|du|Fr} ≤ N2‖g‖p (3.18)

ìpou bèbaia oi nìrmec ‖g‖p kai ‖f‖p+1 eÐnai orismènec sta Rn kai (0, +∞) × Rn

antÐstoiqa.
Apìdeixh
ParathroÔme ìti arkeÐ na to apodeÐxoume mìno sthn perÐptwsh ìpou p = n, afoÔ

gia p > n h anisìthta Holder 2 mac dÐnei:

E {
∫ t

r

e−λ(u−r) · |g(Xu)|du|Fr}

≤ (E{
∫ t

r

e−λ(u−r) · |g(Xu)|p/ndu|Fr})n/p · (E{
∫ t

r

e−λ(u−r)du|Fr})1−n/p

Tìte ìmwc
∫ t

r
e−λ(u−r)du = 1

λ
− 1

λ
e−λ(t−r) ≤ 1

λ
kai an apodeÐxoume thn anisìthta

gia p = n, ja èqoume:

E {
∫ t

r

e−λ(u−r) · |g(Xu)|du|Fr}

≤ (
1

λ
)1−n/p[N‖gp/n‖n]n/p = (

1

λ
)1−n/pNn/p‖g‖p ≤ N + 1

λ1−n/p
‖g‖p

H Ðdia diadikasÐa akoloujeÐtai gia thn f(t, x) ìpou bèbaia h antÐstoiqh anisìthta
èqei apodeiqjeÐ gia p = n sto je¸rhma 2. Sunep¸c mènei na apodeÐxoume ìti P − σ.π.
isqÔei:

E{
∫ t

r

e−λ(u−r) · |g(Xu)|du|Fr} ≤ N‖g‖n (3.19)

2dhlad  an gia 1 ≤ p ≤ ∞ me 1
p + 1

q = 1 kai f ∈ Lp, g ∈ Lq tìte
∫ |fg| ≤ ‖f‖p‖g‖q
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MporoÔme ìpwc kai sthn prohgoÔmenh apìdeixh na jewr soume qwrÐc bl�bh thc
genikìthtac ìti h g eÐnai mia mh arnhtik , fragmènh sun�rthsh kai afoÔ epiplèon
isqÔei ([7]):

∫ t

r

e−λ(u−r)g(Xu)du ≤ N

∫ t

r

e−λ(u−r)du ≤ N

λ
(3.20)

mporoÔme na poÔme ìti èqei nìhma o orismìc:

v1 = sup
r≥0

ess sup
ω

E{
∫ t

r

e−λ(u−r)g(Xu)du|Fr}

Ja jewr soume thn perÐptwsh v1 > 0 diìti an v1 = 0, h apìdeixh eÐnai profan c.
Tìte profan¸c up�rqei k�poia stajer� c > 0 tètoia ¸ste na isqÔei v1 > c > 0.

Qrhsimopoi¸ntac t¸ra paragontik  olokl rwsh èqoume gia opoiousd pote arij-
moÔc t1, t2 kai opoiesd pote mh arnhtikèc sunart seic w(t), r(t) oti,

∫ t2

t1

w(t)dt =

∫ t2

t1

w(t)exp{−
∫ t

t1

r(u)du}dt

+

∫ t2

t1

exp{−
∫ t

t1

r(u)du}r(t)(
∫ t2

t

w(u)du)dt

'Etsi gia u ≥ r, A ∈ Fr, wt = g(Xt) kai rt = 1 èqoume:

E {IA

∫ t

r

e−λ(u−r)wudu}

= E{IA

∫ t

r

wuexp{−λ(u− r)−
∫ u

r

rvdv}du}

+ E{IA

∫ t

r

exp{−
∫ u

r

rvdv − λ(u− r)}ru(

∫ t

u

e−λ(v−u)wvdv)du}

'Omwc gia ton teleutaÐo ìro èqoume ta akìlouja:

E{IA

∫ t

r

exp{−
∫ u

r

rvdv − λ(u− r)}ru(

∫ t

u

e−λ(v−u)wvdv)du}

=

∫ t

r

[E{IA exp{−
∫ u

r

rvdv − λ(u− r)}ru(

∫ t

u

e−λ(v−u)wvdv)}]du

=

∫ t

r

[E{IA exp{−
∫ u

r

rvdv − λ(u− r)}ruE(

∫ t

u

e−λ(v−u)wvdv|Fu)}]du

≤
∫ t

r

[E{IA exp{−
∫ u

r

rvdv − λ(u− r)}ruv1}]du
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Epomènwc prokÔptei ìti:

J = E{IA

∫ t

r

exp{−λ(u− r)}wudu}

≤ E{IA

∫ t

r

g(Xu)exp{−λ(u− r)− u + r}du}

+

∫ t

r

[E{IA exp{−(λ + 1)(u− r)}v1}]du

= J1 + J2

Gia to deÔtero mèroc, gia to J2 dhlad , parathroÔme ìti:
∫ t

r

e−(λ+1)(u−r)du = [− 1

(λ + 1)
· e−(λ+1)(u−r)]tr = − 1

(λ + 1)
· e−λ(t−r) +

1

(λ + 1)
≤ 1

λ + 1

kai sunep¸c katal goume sto ìti:

J2 ≤ v1 · P (A)

λ + 1
≤ v1 · 1

λ + 1

Gia ton pr¸to par�gonta t¸ra J1 èqoume ta ex c:

J1 = E{IA

∫ t

r

g(Xu)exp{−λ(u− r)− u + r}du}

≤ E{IA

∫ t

r

exp{−λ(u− r)}exp{−(u− r)}g(Xu)
n

n+1 g(Xu)
1

n+1 du}

= E{IA

∫ t

r

exp{−λ(u− r)}f(u− r,Xu)g(Xu)
1

n+1 du}

= v
1

n+1

1 E{IA

∫ t

r

exp{−λ(u− r)}f(u− r,Xu)g(Xu)
1

n+1 v
−1

n+1

1 du}

≤ v
1

n+1

1 K5E{IA

∫ t

r

exp{−λ(u− r)}f(u− r,Xu)du}

ìpou bèbaia f(u, x) = e−ug
n

n+1 (x) kai afoÔ g
1

n+1 ≤ K3 wc fragmènh kai ( 1
v1

)
1

n+1 ≤
(1

c
)

1
n+1 = K4 jètontac K5 = K3K4 , èqoume to parap�nw.
Sunep¸c apì to pr¸to mèroc tou jewr matoc (sqèsh 3.17) èqoume sqedìn bebaÐwc

J1 ≤ v
1

n+1

1 K5E{IA

∫ t

r

e−λ(u−r) · f(u− r,Xu)du}

≤ v
1

n+1

1 K5N1‖g‖
n

n+1
n
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'Omwc afoÔ v1 ≤ K5N1‖g‖
n

n+1
n v

1
n+1

1 + v1 · 1
λ+1

ja èqoume ìti v1 ≤ K6‖g‖n, ìpou
bèbaia K6 = (K5N1

λ+1
λ

)
n+1

n

kai sunep¸c apodeiknÔontac to je¸rhma ja èqoume R-sqedìn bebaÐwc:

E{
∫ t

r

e−λ(u−r) · |g(Xu)|du|Fr} ≤ N2‖g‖n (3.21)

ìpou bèbaia h N2 = K6 exart�tai mìno apì ta n, λ, d,K1, K2 kai oi stajerèc Ki

prokÔptoun an�loga k�je for�.

Q.E.D.

Pìrisma 4

Me tic �nwjen upojèseic kai gia tuqìn T > 0 èqoume ìti gia k�je t ∈ [0, T ], ω ∈ Ω
up�rqoun stajerèc N1, N2 exart¸menec mìno apì ta K1, K2, d, λ, n, p, T ètsi ¸ste gia
k�je Borel oloklhr¸simec sunart seic f(t, x), g(x) sta [0,∞) × Rn,Rn antÐstoiqa,
na isqÔei R-sqedìn bebaÐwc:

E{
∫ t

0

|f(r,Xr)|dr} ≤ N1‖f‖p+1 (3.22)

E{
∫ t

0

|g(Xr)|dr} ≤ N2‖g‖p (3.23)

ìpou bèbaia oi nìrmec ‖g‖p kai ‖f‖p+1 eÐnai orismènec sta Rn kai (0, +∞) × Rn

antÐstoiqa kai bèbaia p ≥ n.
Apìdeixh
PaÐrnontac mèsec timèc sto prohgoÔmeno je¸rhma, jètontac r = 0 kai afoÔ gia

k�je t ∈ [0, T ] isqÔei e−T ≤ e−t paÐrnoume ìti ja isqÔoun oi sqèseic

E{
∫ t

0

|f(r,Xr)|dr} ≤ N1e
T‖f‖p+1

E{
∫ t

0

|g(Xr)|dr} ≤ N2e
T‖g‖p

kai �ra an p�roume t¸ra wc Ni ta Nie
T èqoume to zhtoÔmeno gia k�je t ∈ [0, T ].

Q.E.D.

Sth sunèqeia anafèroume kai apodeiknÔoume to epìmeno je¸rhma, to opoÐo sthn
ousÐa eÐnai h Ito formula gia mh paragwgÐsimec sunart seic me thn klasik  ènnoia kai
pio sugkekrimèna gia sunart seic pou an koun se k�poio q¸ro Sobolev.
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Je¸rhma 5
'Estw ìti up�rqoun stajerèc K, d > 0 tètoiec ¸ste

1. |at(ω)|+ ‖bt(ω)‖ ≤ K

2. (hty, y) ≥ d|y|2∀y ∈ Rn.

Tìte gia k�je g ∈ W 2
p (Rn), f ∈ W 1,2

p+1([0,∞)×Rn), t ≥ 0, p ≥ n, λ > 0 ja isqÔoun ta
akìlouja sqedìn bebaÐwc:

e−λtf(t, Xt) = f(0, x) +

∫ t

0

e−λr[Lr − λ]f(r,Xr)dr

+

∫ t

0

e−λr∇f(r,Xr) · brdBr (3.24)

e−λtg(Xt) = g(x) +

∫ t

0

e−λr[Lr
1 − λ]g(Xr)dr

+

∫ t

0

e−λr∇g(Xr) · brdBr (3.25)

ìpou

Lrf =
∂f

∂t
+

n∑
i=1

ai(r) · ∂f

∂xi

+
1

2
·

m∑
j=1

n∑

i,k=1

bij(r)bkj(r)
∂2f

∂xi∂xk

Lr
1g =

n∑
i=1

ai(r) · ∂g

∂xi

+
1

2
·

m∑
j=1

n∑

i,k=1

bij(r)bkj(r)
∂2g

∂xi∂xk

Apìdeixh
ApodeiknÔoume arqik� thn pr¸th kai Ôstera thn deÔterh sqèsh. AfoÔ f ∈

W 1,2
p+1([0,∞) × Rn) èpetai apì to je¸rhma egkleismoÔ twn q¸rwn Sobolev (je¸rh-

ma 3.3.3), ìti W 1,2
p+1([0,∞)×Rn) ⊂ Ci,j([0,∞)×Rn) ìpou i = [1−n/p], j = [2−n/p],

pr�gma pou shmaÐnei ìti h f eÐnai suneq c (   swstìtera h f èqei suneq  antiprì-
swpo kai ton opoÐo qwrÐc bl�bh thc genikìthtac sumbolÐzoume p�li me f ), me ge-
nikeumènec parag¸gouc mèqri kai 1hc t�xhc wc proc t kai mèqri kai 2hc t�xhc wc
proc x. EpÐshc p�li lìgw egkleismoÔ kai lìgw puknìthtac ja up�rqei akoloujÐa
fm ∈ C1,2([0,∞)× Rn) tètoia ¸ste na isqÔoun:

‖f − fm‖ → 0, ‖f − fm‖W 1,2
p+1([0,∞)×Rn) → 0, ‖∇f −∇fm‖Lp+1 → 0.

Na shmei¸soume ed¸, ìti qrhsimopoioÔme to m gia na dhl¸soume thn akoloujÐa
{fm} kai argìtera thn {gm} qwrÐc ìmwc na gÐnetai sÔgqush me to m thc di�stashc
thc kÐnhshc Brown.
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JewroÔme ènan arijmì T > 0 kai gia t ∈ [0, T ] apodeiknÔoume sth sunèqeia ìti ta
oloklhr¸mata sto deÔtero mèloc thc 1hc proc apìdeixh sqèshc èqoun nìhma. 'Etsi
èqoume:

|[Lr − λ]f(r,Xr)| = |( ∂

∂r
+

n∑
i=1

ai(r) · ∂

∂xi

+
1

2
·

m∑
j=1

n∑

i,k=1

bij(r)bkj(r)
∂2

∂xi∂xk

− λ)f(r,Xr)|

≤ |∂f(r,Xr)

∂r
|+ |

n∑
i=1

ai(r) · ∂f(r,Xr)

∂xi

|

+ |1
2
·

m∑
j=1

n∑

i,k=1

bij(r)bkj(r)
∂2f(r,Xr)

∂xi∂xk

|+ |λ · f(r,Xr)|

≤ |∂f(r,Xr)

∂r
|+

n∑
i=1

|ai(r)| · |∂f(r,Xr)

∂xi

|

+
1

2
·

m∑
j=1

n∑

i,k=1

|bij(r)bkj(r)||∂
2f(r,Xr)

∂xi∂xk

|+ λ · |f(r,Xr)|

≤ N [|∂f(r,Xr)

∂r
|+

n∑
i=1

|∂f(r,Xr)

∂xi

|

+ ·
n∑

i,k=1

|∂
2f(r,Xr)

∂xi∂xk

|+ |f(r,Xr)|]

ìpou h stajer� N exart�tai apì ta K1, K2, n, λ. Epomènwc apì to pìrisma 4 (sqèsh
3.22) ja èqoume

E

∫ t

0

|[Lr − λ]f(r,Xr)|dr ≤ N‖f‖W 1,2
p+1([0,T ]×Rn) (3.26)

ìmoia èqoume epÐshc:

E|
∫ t

0

∇f(r,Xr) · brdBr|2 = E

∫ t

0

|∇f(r,Xr) · br|2dr

≤ M · E
∫ t

0

|∇f(r,Xr)|2dr

≤ M · ‖|∇f |2‖p+1 (3.27)

Sth sunèqeia efarmìzoume thn klasik  Ito formula sthn fm(t,Xt) · e−λt me sto-
qastik  anèlixh thn {t,Xt} kai èqoume sqedìn bebaÐwc
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e−λtfm(t,Xt) = fm(0, x) +

∫ t

0

e−λr[Lr − λ]fm(r,Xr)dr

+

∫ t

0

e−λr∇fm(r,Xr) · brdBr (3.28)

Epeid  ìmwc kaj¸c m →∞

‖e−λtf(t,Xt)− e−λtfm(t,Xt)‖ → 0

E|
∫ t

0

e−λt(∇f(r,Xr)−∇fm(r,Xr)) · brdBr|2 ≤ M‖|∇(f − fm)|2‖p+1 → 0

E

∫ t

0

|[Lr − λ](f(r,Xr)− fm(r,Xr))|dr ≤ N‖f − fm‖W 1,2
p+1

→ 0

èqoume to zhtoÔmeno, dhlad  ìti:

e−λtf(t, Xt) = f(0, x) +

∫ t

0

e−λr[Lr − λ]f(r,Xr)dr

+

∫ t

0

e−λr∇f(r,Xr) · brdBr (3.29)

H poreÐa t¸ra gia thn apìdeixh thc deÔterhc sqèshc akoloujeÐ aut n thc pr¸thc
me tic akìloujec allagèc:

'Opwc kai prin up�rqei mia akoloujÐa gm ∈ C2(Rn) tètoia ¸ste na isqÔoun :
‖g − gm‖ → 0, ‖g − gm‖W 2

p (Rn), ‖∇g −∇gm‖Lp → 0.
Gia entel¸c parìmoiouc lìgouc me thn 1h exÐswsh ta oloklhr¸mata sto 2o mèloc

thc 2hc exÐswshc èqoun nìhma. Efarmìzoume t¸ra thn Ito formula sthn gm(Xt) · e−λt

me stoqastik  anèlixh thn {Xt} kai èqoume sqedìn bebaÐwc:

e−λtgm(Xt) = gm(x) +

∫ t

t

e−λr[Lr
1 − λ]gm(Xr)dr

+

∫ t

0

e−λr∇gm(Xr) · brdBr (3.30)

kai entel¸c ìmoia me prin gia m →∞ èqoume telik�:

e−λtg(Xt) = g(x) +

∫ t

0

e−λr[Lr
1 − λ]g(Xr)dr

+

∫ t

0

e−λr∇g(Xr) · brdBr (3.31)
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ParathroÔme ìti oi apodeiqjeÐsec sqèseic isqÔoun ∀t > 0 kai ìqi mìno gia t ∈ [0, T ]
afoÔ afenìc to T epilèqjhke tuqaÐa kai afoÔ afetèrou oi 3.29 kai 3.31 den exart¸ntai
apì to T.

Q.E.D.

Shmei¸netai ìti h omoiìthta thc parap�nw fìrmoulac me thn antÐstoiqh gia pa-
ragwgÐsimec sunart seic, me thn klasik  ènnoia, eÐnai emfan c.
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Kef�laio 4

MDE me genikeumènec
parag ģouc kai SDE.

4.1 Eisagwg 
Sto kef�laio autì epekteÐnoume ta gnwst� apotelèsmata stoqastik c anapar�-

stashc (dec [16]) thc lÔshc sunoriak¸n problhm�twn ¸ste na kalufjeÐ h perÐptwsh
pou h lÔsh aut  eÐnai genikeumènh me thn ènnoia twn q¸rwn Sobolev. EÐnai h geni-
keumènh Ito formula pou mac parèqei th dunatìthta thc epèktashc aut c. Pio sugke-
krimèna met� apì k�poiouc orismoÔc kai sumb�seic thc paragr�fou 4.2 akoloujeÐ h
stoqastik  anapar�stash thc genikeumènhc lÔshc twn problhm�twn merik¸n diafo-
rik¸n exis¸sewn Dirichlet kai Cauchy, stic paragr�fouc 4.3 kai 4.4 antÐstoiqa. H
stoqastik  anapar�stash thc lÔshc tou deÔterou probl matoc, tou Cauchy dhlad ,
eÐnai sthn ousÐa h Feynmann-Kac formula.

H Feynmann-Kac formula prokÔptei apì èna prìblhma Cauchy, pr�gma to opoÐo
kajist� perÐtranh apìdeixh gia to pwc probl mata merik¸n diaforik¸n exis¸sewn
all� kai poll� �lla mh grammik� probl mata, ìpwc oi dÔskolec Hamilton-Jacobi-
Bellman exis¸seic, mporoÔn na antimetwpisjoÔn me stoqastikèc mejìdouc. H an�ptu-
xh akoloujeÐ sthn ousÐa aut  tou ([16]) kai o anagn¸sthc mporeÐ na brei perissìtera
probl mata tètoiou eÐdouc sto ([2]).
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4.2 OrismoÐ kai sumb�seic

Me ton ìro stoqastik  diaforik  exÐs¸sh (SDE) ennooÔme thn anaz thsh miac
stoqastik c anèlixhc {Xt, t ∈ [0, T ]} me timèc sto Rn h opoÐa metaxÔ �llwn ikanopoieÐ
mia sqèsh thc morf c:

Xt = x +

∫ t

0

a(s,Xs)ds +

∫ t

0

b(s,Xs)dBs, 0 ≤ t ≤ T (4.1)

ìpou a = (a1, · · · , an) kai b = [bij], i = 1, ..., n, j = 1, ...m èqoun ai : [0, T ]×Rn → R kai
bij : [0, T ]× Rn → R Borel metr simec sunart seic, {Bt, t ≥ 0} eÐnai mia m-di�stath
kÐnhsh Brown kai to x eÐnai tuqaÐa metablht  thc morf c x = (x1, · · · , xn).

Orismìc 1

'Estw sunart seic a, b ìpwc prohgoumènwc. DojeÐshc miac m-di�stathc kÐnhshc
Brown (W,F , P,Ft,Bt) kai miac tuqaÐac metablht c thc morf c x = (x1, · · · , xn) pou
eÐnai F0-metr simh, onom�zetai isqur  lÔsh thc SDE me arqik  sunj kh x mia sto-
qastik  anèlixh X = {Xt, t ∈ [0, T ]} pou ikanopoieÐ ta parak�tw:

• H Q eÐnai suneq c.

• H Q eÐnai Ft-prosarmosmènh (dhlad  gia k�je t eÐnai Ft-metr simh).

• P (X0 = x) = 1.

• P (
∫ t

0
(|ai(s,Xs)|+ |b2

ij(s,Xs)|)ds < ∞) = 1 ∀t ∈ [0, T ] gia ìla ta i = 1, ..., n kai
j = 1, ...,m.

• IsqÔei

Xt = x +

∫ t

0

a(s,Xs)ds +

∫ t

0

b(s,Xs)dBs, 0 ≤ t ≤ T, P − σ.π.

Orismìc 2

'Estw sunart seic a, b ìpwc prohgoumènwc. Lème ìti isqÔei isqur  monadikìthta
ìtan dÔo isqurèc lÔseic Q kai U me arqik  sunj kh x thc SDE eÐnai mh diakrinìmenec
gia opoiad pote kÐnhsh Brown (W,F , P,Ft,Bt) kai gia opoiad pote tuqaÐa metablht 
x = (x1, · · · , xn) pou eÐnai F0-metr simh.
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Orismìc 3

DÔo stoqastikèc anelÐxeic {Xt, t ∈ [0, T ]} kai {Yt, t ∈ [0, T ]} lègontai mh diakrinìmenec
ìtan up�rqei N ∈ F me P (N) = 0 tètoio ¸ste Xt(ω) = Yt(ω) gia k�je ω ∈ Ω\N kai
gia k�je t ∈ T .

H apìdeixh thc epìmenhc, qr simhc gia th sunèqeia, prìtashc mporeÐ na brejeÐ
sto ([16]).

Prìtash 4

'Estw a, b Borel metr simec sunart seic ìpou a = (a1, · · · , an) kai b = [bij], i =
1, ..., n, j = 1, ...m me ai : [0, T ]× Rn → R kai bij : [0, T ]× Rn → R. 'Estw epÐshc ìti
ikanopoioÔn kai tic akìloujec sunj kec:

1. Gia k�je n ∈ N up�rqei stajer� Kn > 0 tètoia ¸ste na isqÔei

|a(t, x)− a(t, y)|+ |b(t, x)− b(t, y)| ≤ Kn|x− y|

,gia ìla ta t ≥ 0, |x| ≤ n, |y| ≤ n.

2. Up�rqei stajer� R > 0 tètoia ¸ste

|a(t, x)|2 + |b(t, x)|2 ≤ R(1 + |x|2)

, gia ìla ta t ≥ 0, |x| ≤ n, |y| ≤ n.

An epiplèon E|x|2r < ∞ gia k�poio r > 1 tìte up�rqei lÔsh thc S.D.E. 4.1 kai gia
k�je T > 0 up�rqei stajer� N > 0 exart¸menh apì ta R, T, r tètoia ¸ste na isqÔei

E{ sup
0≤s≤t

|Xs|2r} ≤ N(1 + E|x|2r)eNt, 0 ≤ t ≤ T (4.2)

KleÐnoume tèloc thn eisagwgik  aut  par�grafo me thn akìloujh sÔmbash:
Gia na upodeÐxoume thn ex�rthsh thc lÔshc miac SDE thc morf c

Xt = x +

∫ t

r

a(s, Xs)ds +

∫ t

r

b(s,Xs)dBs, r ≤ t

apì thn arqik  sunj kh Xr = x, ja thn gr�foume Xr(x, t), t ≥ r, dhlad 

Xr(x, t) = x +

∫ t

r

a(s,Xr(x, s))ds +

∫ t

r

b(s,Xr(x, s))dBs, r ≤ t (4.3)
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4.3 Stoqastik  anapar�stash thc genikeumènhc lÔ-
shc tou sunoriakoÔ probl matoc Dirichlet

1.To prìblhma sunoriak¸n tim¸n Dirichlet eÐnai to prìblhma kat� to opoÐo:

dÐnontai D anoiktì uposÔnolo tou Rn ,p ≥ n ènac arijmìc kai sunart seic
f, q, ai, hi,j ∈ C(D), φ ∈ C(∂D), i, j = 1, · · · , n me q ≥ 0 kai zhteÐtai sun�rthsh
v(x), x ∈ D tètoia ¸ste

• v ∈ C(D) ∩W 2
p (D).

• L1v−qv = −f sto D. [1]

• v = φ sto ∂D.

ìpou L1 eÐnai o telest c:

L1v(x) =
n∑

i=1

ai(x) · ∂v

∂xi

(x) +
1

2
·

n∑
i,j=1

hij(x)
∂2v

∂xi∂xj

(x)

Upojètoume epiplèon ìti gia ta dedomèna ai, hij, i, j = 1, · · · , n tou parap�nw
probl matoc isqÔei h parak�tw sunj kh:

Sunj kh A:

Oi sunart seic ai, hij, i, j = 1, · · · , n èqoun pedÐo orismoÔ to Rn kai ikanopoioÔn
tic akìloujec apait seic

• gia k�je m ∈ N up�rqei Km > 0 ¸ste na isqÔei

n∑
i=1

|ai(x)− ai(y)| ≤ Km|x− y|,
n∑

i,j=1

|hij(x)− hij(y)| ≤ Km|x− y|

gia ìla ta |x|, |y| ≤ m.

• Up�rqei d > 0 tètoio ¸ste
∑n

i,j=1 hij(x)yiyj ≥ d|y|2 gia k�je x ∈ Rn kai y ∈ Rn.

• Up�rqei R > 0 tètoio ¸ste
∑n

i=1 |ai(x)|2 +
∑n

i,j=1 |hij(x)|2 ≤ R(1 + |x|2) ∀x ∈
Rn.
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Gia thn apìdeixh tou epìmenou l mmatoc o endiaferìmenoc mporeÐ na apotajeÐ sto
([3]).

L mma 1 (Philips-Sarason,Freidlin)

'Estw E anoiktì uposÔnolo tou Rn kai h(x) = [hij(x)], x ∈ E, n×n -pinakosun�rthsh,
jetik� orismènh ∀x ∈ E. Upojètoume akìma ìti oi sunart seic hij(x), x ∈ E eÐ-
nai Lipshitz sta sumpag  uposÔnola tou E. Tìte up�rqei n × n-pinakosun�rthsh
b(x) = [bij(x)], x ∈ E me tic sunart seic bij(x), x ∈ E na eÐnai Lipshitz sta sumpag 
uposÔnola tou E kai bbτ = h sto E,i, j = 1, · · · , n.

Prìtash 2

An isqÔei h sunj kh A gia ta ai, hij tìte h stoqastik  diaforik  exÐswsh

Xt = x +

∫ t

0

a(Xu)du +

∫ t

0

b(Xu)dBu, t ≥ 0 (4.4)

me b tètoia ¸ste b(x)bτ (x) = h(x), ∀x ∈ Rn, èqei monadik  isqur  lÔsh gia k�je
x ∈ Rn.

Apìdeixh
AfoÔ isqÔei h sunj kh A èpetai ìti to l mma 1 eÐnai isqurì gia thn n × n-

pinakosun�rthsh [hij(x)] kai sunep¸c oi sunart seic bij(x) eÐnai Lipschitz sta su-
mpag  tou Rn, dhlad 

n∑
i,j=1

|bij(x)− bij(y)| ≤ K
′
m|x− y| (4.5)

gia ìla ta |x|, |y| ≤ m me K
′
m > 0.

EpÐshc apì thn b(x)bτ (x) = [hij(x)],∀x ∈ Rn sumperaÐnoume ìti

n∑
i,j=1

|bij(x)|2 =
n∑

i=1

|hii(x)| ≤ √
n

√√√√
n∑

i=1

|h2
ii(x)| ≤

√
nR(1 + |x|)

kai sunep¸c
n∑

i,j=1

|bij(x)|2 ≤
√

nR(1 + |x|2),∀|x| > 1

. EpÐshc lìgw sunèqeiac eÐnai
∑n

i,j=1 |bij(x)|2 ≤ M, ∀|x| ≤ 1 me M > 0 kai �ra∑n
i,j=1 |bij(x)|2 ≤ M(1 + |x|2),∀|x| ≤ 1

Telik� an jèsoume R
′ ≥ max{M,

√
nR} èqoume

n∑
i,j=1

|bij(x)|2 ≤ R
′
(1 + |x|2) (4.6)
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kai �ra apì to teleutaÐo kai apì tic upojèseic gia to a èqoume ìti h en lìgw SDE
èqei monadik  isqur  lÔsh gia k�je x ∈ Rn.

Q.E.D.

Diatup¸noume kai apodeiknÔoume t¸ra to apotèlesma thc stoqastik c anapar�-
stashc thc genikeumènhc lÔshc v tou probl matoc [1].

Prìtash 3

'Estw ìti gia ta dedomèna ai, hij tou probl matìc mac isqÔei h sunj kh A kai D
èna anoiktì fragmèno uposÔnolo tou Rn. Upojètoume akìma ìti gia th monadik 
isqur  lÔsh Xt = X(x, t), t ≥ 0 thc parap�nw SDE me |at(ω)| + ‖bt(ω)‖ ≤ K kai
b · bτ = [hij] gia k�poio K > 0 isqÔoun oi parak�tw apait seic:

1. Gia τ(x) = inf{t ≥ 0 : Xt ∈ Dc} eÐnai E(τ(x)) < ∞ ∀x ∈ D.

2. |q(x)| ≤ N ∀x ∈ D me N > 0.

Tìte an v ∈ C(D) ∩W 2
p (D) eÐnai lÔsh tou probl matoc [1], isqÔei:

v(x) = E{
∫ τ

0

f(Xr)exp{−
∫ r

0

q(Xu)du}dr + φ(Xτ )exp{−
∫ τ

0

q(Xu)du}}, x ∈ D

(4.7)

Apìdeixh
'Estw tuqìn x ∈ D. Jètoume Dn = {x ∈ D : dist(x, ∂D) > 1

n
}, n ∈ N. Tìte ta

Dn eÐnai anoikt� uposÔnola tou D kai eÐnai fanerì ìti up�rqei no ∈ N tètoio ¸ste
na èqoume x ∈ Dn gia k�je n ≥ no. 'Estw h lÔsh Xt = X(x, t), t ≥ 0 thc parap�nw
SDE kai jètoume:

τn = inf{t ≥ 0 : Xt ∈ Dc
n}, n ≥ no

Yt =

∫ t

0

q(Xr)dr

Zt = e−Yt , t ≥ 0

EÔkola blèpoume t¸ra ìti

Zt = 1−
∫ t

0

Zrq(Xr)dr

kai sunep¸c mporoÔme na gr�youme gia t ≥ 0:
[

Zt

Xt

]
=

[
1
x

]
+

∫ t

0

[−Zrq(Xr)
a(Xr)

]
dr +

∫ t

0

[
0

b(Xr)

]
dBr (4.8)
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Ac jèsoume t¸ra gia eukolÐa sto sumbolismì:

a(Xr) =

[−Zrq(Xr)
a(Xr)

]

b(Xr) =

[
0

b(Xr)

]

h(Xr) = b(Xr) · bτ
(Xr)

ParathroÔme t¸ra ìti:

|br| = |br| ≤ K

|ar|2 = |ar|2 + |Zrq(r,Xr)|2 ≤ K2 + N2

|hr| = |hr|

Epomènwc mporoÔme na efarmìsoume th genikeumènh Ito formula ( 3.25 ) sthn

w(z, x) = z · v(x) ∈ W 2
p (D)

me stoqastik  anèlixh thn
[Zt, Xt]

′

. Sunep¸c k�nontac kai diakop  ston qrìno T ∧ τn , gia k�je λ > 0 kai n ≥ no,
èqoume R-sqedìn bebaÐwc:

e−λ·t∧τn · Zt∧τn · v(Xt∧τm) = v(x) +

∫ t∧τn

0

e−λrZr[L1v − λv − qv](Xr)dr

+

∫ t

0

e−λr∧τnZr∧τn(∇v · b)(Xr∧τn)I{τn≥r}dBr

'Omwc apì upìjesh

|b(Xr∧τn)|2 ≤ R
′
(1 + |Xr∧τn |2) ≤ R

′
(1 + | sup

0≤r≤t
Xr|2),∀r ∈ [0, t]

kai apì prìtash 4.2.4 (sqèsh 4.2) èqoume ìti:

E{ sup
0≤r≤t

|X2
r |} ≤ N(1 + |x|2)eNt

Sunep¸c h stoqastik  anèlixh b(Xr∧τn), r ≥ 0 an kei sthn kl�sh Ln×n kai epeid 
h ∇v eÐnai fragmènh sto Dn (lìgw jewr matoc egkleismoÔ 3.3.3), sumperaÐnoume ìti
h stoqastik  anèlixh pou orÐzetai apì to teleutaÐo stoqastikì olokl rwma eÐnai èna
Ft − martingale, me mèsh tim  mhdèn. PaÐrnontac mèsec timèc sthn parap�nw Ito
formula kai lamb�nontac upìyh ìti L1v − qv = −f èqoume gia n ≥ no:
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v(x) = E{
∫ t∧τn

0

e−λrZrf(Xr)dr}+ E{
∫ t∧τn

0

λ · e−λrZr · v(Xr)dr}
+ E{e−λ·t∧τnZt∧τnv(Xt∧τn)}

Lìgw t¸ra sunèqeiac twn troqi¸n isqÔei τn ↑ τ ìtan n →∞. Sundu�zontac t¸ra
to ìti oi v, f eÐnai fragmènec lìgw sunèqeiac sto D kai to ìti E(τ(x)) < ∞ ∀x ∈ D,
mporoÔme na efarmìsoume to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesque kai
ètsi na sumper�noume ìti

v(x) = E{
∫ t∧τ

0

e−λrZrf(Xr)dr}+ E{
∫ t∧τ

0

λ · e−λrZr · v(Xr)dr}
+ E{e−λ·t∧τZt∧τv(Xt∧τ )} (4.9)

Gia toÔc Ðdiouc lìgouc t¸ra paÐrnontac t → ∞ mporoÔme p�li na efarmìsoume
to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesque kai se sunduasmì me to gegonìc
v(Xτ ) = φ(Xτ ) èqoume to akìloujo

v(x) = E{
∫ τ

0

e−λrZrf(Xr)dr}+ E{
∫ τ

0

λ · e−λrZr · v(Xr)dr}
+ E{e−λ·τZτφ(Xτ )} (4.10)

Tèloc paÐrnontac λ → 0 kai efarmìzontac p�li to je¸rhma kuriarqhmènhc sÔ-
gklishc tou Lebesque, èqoume thn epijumht  morf  thc lÔshc:

v(x) = E{
∫ τ

0

Zrf(Xr)dr}+ E{Zτφ(Xτ )} (4.11)

Q.E.D.

Parat rhsh

MporoÔme qwrÐc kamÐa allag  sthn parap�nw apìdeixh na qalar¸soume tic apai-
t seic mac gia th sun�rthsh f jewr¸ntac apl� ìti f ∈ Lp(D). Autì mporeÐ na gÐnei
miac kai h sqetik  anisìthta Krylov ( 3.18 ) mac exasfalÐzei ìti oi mèsec timèc twn
oloklhrwm�twn, sta opoÐa emfanÐzetai h f , eÐnai fragmènec.
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4.4 Stoqastik  anapar�stash thc genikeumènhc lÔ-
shc tou probl matoc Cauchy-(Feynmann-Kac

formula)

2. To prìblhma arqik¸n tim¸n Cauchy eÐnai to prìblhma kat� to opoÐo :

dÐnontai T > 0, p ≥ n dÔo arijmoÐ kai sunart seic f, q, ai, hi,j ∈ C([0, T ] ×
Rn), φ ∈ C(Rn), i, j = 1, · · · , n me q ≥ 0 kai zhteÐtai sun�rthsh v(t, x), (t, x) ∈
[0, T ]× Rn tètoia ¸ste

• v ∈ C([0, T ]× Rn) ∩W 1,2
p+1([0, T ]× Rn).

• ∂v
∂t

+Lt
1v− qv = −f sto [0, T )×Rn. [2]

• v(T, x) = φ(x) gia k�je x ∈ Rn.

ìpou Lt
1 eÐnai o telest c:

Lt
1v(t, x) =

n∑
i=1

ai(t, x) · ∂v

∂xi

(t, x) +
1

2
·

n∑
i,j=1

hij(t, x)
∂2v

∂xi∂xj

(t, x)

Upojètoume epiplèon ìti gia ta dedomèna ai, hij, i, j = 1, · · · , n tou parap�nw
probl matoc isqÔei h parak�tw sunj kh:

Sunj kh B :

Oi sunart seic ai, hij, i, j = 1, · · · , n èqoun pedÐo orismoÔ to [0, T ]×Rn kai ikano-
poioÔn tic akìloujec apait seic

• Oi sunart seic hij eÐnai Lipshitz sta sumpag  tou [0, T ]× Rn.

• gia k�je m ∈ N up�rqei Km > 0 ¸ste na isqÔei
n∑

i=1

|ai(x)− ai(y)| ≤ Km|x− y|,

gia ìla ta t ∈ [0, T ], |x|, |y| ≤ m.

• Up�rqei d > 0 tètoio ¸ste
∑n

i,j=1 hij(t, x)yiyj ≥ d|y|2 gia k�je (t, x) ∈ [0, T ]×
Rn kai y ∈ Rn.

• Up�rqei R > 0 tètoio ¸ste
∑n

i=1 |ai(x)|2 +
∑n

i,j=1 |hij(x)|2 ≤ R(1 + |x|2) ∀t ∈
[0, T ], x ∈ Rn.
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Kat� antistoiqÐa me thn prohgoÔmenh par�grafo isqÔoun ta ex c:
Prìtash 1

An isqÔei h sunj kh B gia ta ai, hij tìte h stoqastik  diaforik  exÐswsh

Xt = x +

∫ t

s

a(u,Xu)du +

∫ t

s

b(u,Xu)dBu, t ≥ s (4.12)

me b tètoia ¸ste b(t, x)bτ (t, x) = h(t, x),∀(t, x) ∈ [0, T ] × Rn, èqei monadik  isqur 
lÔsh gia k�je (s, x) ∈ [0, T ]× Rn.

Apìdeixh
AfoÔ isqÔei h sunj kh B èpetai ìti to l mma 3.1 eÐnai isqurì gia thn n × n-

pinakosun�rthsh [hij(t, x)] kai sunep¸c akolouj¸ntac thn Ðdia akrib¸c epiqeirhmato-
logÐa me thn prìtash 3.2 èqoume ìti h parap�nw SDE èqei monadik  isqur  lÔsh gia
k�je (s, x) ∈ [0, T ]× Rn.

Q.E.D.

Diatup¸noume kai apodeiknÔoume t¸ra to apotèlesma thc stoqastik c anapar�-
stashc thc genikeumènhc lÔshc v tou probl matoc [2].

Prìtash 2

'Estw ìti gia ta dedomèna ai, hij tou probl matìc mac isqÔei h sunj kh B, T > 0
ènac arijmìc kai f, φ, q ta upìloipa dedomèna tou probl matìc mac gia ta opoÐa
isqÔoun kai ta ex c

1. |f(t, x)| ≤ M(1 + |x|2l)   f(x) ≥ 0∀x ∈ Rn me M > 0, l ≥ 1.

2. |φ(x)| ≤ M(1 + |x|2l)   φ(x) ≥ 0∀x ∈ Rn me M > 0, l ≥ 1.

3. |q(t, x)| ≤ N∀x ∈ Rn me N > 0.

An t¸ra v ∈ C([0, T ] × Rn) ∩W 1,2
p+1([0, T ] × Rn) eÐnai mia lÔsh tou probl matoc [2]

pou ikanopoieÐ thn apaÐthsh

max
0≤t≤T

|v(t, x)| ≤ N(1 + |x|2µ) ∀x ∈ Rn µε N > 0, µ ≥ 1

tìte gia k�je (s, x) ∈ [0, T ]× Rn isqÔei

v(s, x) = E{
∫ T

s

f(r,Xr)exp{−
∫ r

s

q(u,Xu)du}dr + φ(XT )exp{−
∫ T

s

q(u,Xu)du}}
(4.13)

ìpou Xt = Xs(x, t), t ≥ s h monadik  isqur  lÔsh thc parap�nw SDE me |at(ω)|+
‖bt(ω)‖ ≤ K gia k�poio K > 0 kai b · bτ = h.
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Apìdeixh
Gia tuqìn (s, x) ∈ [0, T ]× Rn jètoume

Yt =

∫ t

s

q(r,Xr)dr

Zt = e−Yt , t ≥ s

EÔkola blèpoume t¸ra ìti

Zt = 1−
∫ t

s

Zrq(r,Xr)dr

kai sunep¸c mporoÔme na gr�youme gia t ≥ s:
[

Zt

Xt

]
=

[
1
x

]
+

∫ t

s

[−Zrq(r,Xr)
a(r,Xr)

]
dr +

∫ t

s

[
0

b(r,Xr)

]
dBr (4.14)

Ac jèsoume t¸ra gia eukolÐa sto sumbolismì:

a(r,Xr) =

[−Zrq(r,Xr)
a(r,Xr)

]

b(r,Xr) =

[
0

b(r,Xr)

]

h(r,Xr) = b(r,Xr) · bτ
(r,Xr)

ParathroÔme t¸ra ìti:

|br| = |br| ≤ K

|ar|2 = |ar|2 + |Zrq(r,Xr)|2 ≤ K2 + N2

|hr| = |hr|

Epomènwc an jewr soume thn akoloujÐa qrìnwn diakop c {τm} ìpou

τm = inf{t ≥ s : |Xt| ≥ m},m ∈ N

mporoÔme na efarmìsoume th genikeumènh Ito formula ( 3.24 ) sthn

w(t, z, x) = z · v(t, x) ∈ W 1,2
p+1([0, T ]× Rn)

me stoqastik  anèlixh thn
[Zt, Xt]

′

Sunep¸c k�nontac kai diakop  ston qrìno T ∧ τm, gia k�je λ > 0, èqoume ìti isqÔei
R-sqedìn bebaÐwc:
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e−λ·T∧τm · ZT∧τm · v(T ∧ τm, XT∧τm) = e−λsv(s, x)

+

∫ T∧τm

s

e−λrZr[
∂v

∂r
+ Lr

1v − λv − qv](r,Xr)dr

+

∫ T

s

e−λr∧τmZr∧τm(∇v · b)(r ∧ τm, Xr∧τm)I{τm≥r}dBr

Epeid  t¸ra |Xr∧τm| ≤ m kai ∇v, b fragmènec lìgw sunèqeiac (to opoÐo kai
prokÔptei apì to je¸rhma egkleismoÔ) sto [0, T ]×{x : |x| ≤ m}, sumperaÐnoume ìti to
teleutaÐo stoqastikì olokl rwma eÐnai martingale me mèsh tim  mhdèn. PaÐrnontac
loipìn mèsec timèc sthn parap�nw sqèsh kai lamb�nontac upìyh ìti ∂v

∂t
+ Lt

1v− qv =
−f , katal goume ìti gia k�je m ∈ N isqÔei:

v(s, x) = eλsE{
∫ T∧τm

s

e−λrZrf(r,Xr)dr}+ eλsE{
∫ T∧τm

s

e−λrZr · λv(r,Xr)dr}
+ eλsE{e−λ·T∧τmZT∧τmv(T ∧ τm, XT∧τm)} =

= eλsE{
∫ T∧τm

s

e−λrZrf(r,Xr)dr}+ eλsE{
∫ T∧τm

s

λ · e−λrZr · v(r,Xr)dr}
+ eλsE{e−λ·τmZτmv(τm, Xτm)I{τm≤T}}+ eλsE{e−λ·T ZT φ(XT )I{τm>T}}

JewroÔme t¸ra ènan akèraio ν me ν > l, µ kai lìgw thc prìtashc 4.2.4 (sqèsh
4.2) èqoume

E{max
s≤r≤t

|X2ν
r |} ≤ C(1 + |x|2ν)eC(t−s), s ≤ t ≤ T

ìpou h stajer� C > 0 exart�tai apì ta ν, T, R.
Gia ton pr¸to ìro tou parap�nw ajroÐsmatoc èqoume

e−λrZrf(r,Xr)I{τm≥r} → e−λrZrf(r,Xr)

sto [s, T ]× Ω gia τm →∞
EpÐshc lìgw thc upojèsewc 1 gia thn f èqoume

|e−λrZrf(r,Xr)I{τm≥r}| ≤ M(1 + |Xr|2l)

kai epeid  gia k�je r ∈ [s, T ] isqÔei

E(1 + |Xr|2l) ≤ 2 + E|Xr|2ν ≤ 2 + E(max
s≤r≤t

|Xr|2ν) ≤ 2 + C(1 + |x|2ν)eC(t−s)

to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesque mac dÐnei

E{
∫ T∧τm

s

e−λrZrf(r,Xr)dr} → E{
∫ T

s

e−λrZrf(r,Xr)dr}
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kaj¸c m →∞.
Me ìmoia epiqeirhmatologÐa t¸ra kai lìgw thc 2hc upìjeshc thc prìtashc èpetai

ìti
eλsE{e−λ·T ZT φ(XT )I{τm>T}} → eλsE{e−λ·T ZT φ(XT )}

kaj¸c m →∞.
Gia ton trÐto ìro t¸ra tou ajroÐsmatoc èqoume ìti

Jm = |E{e−λ·τmZτmv(τm, Xτm)I{τm≤T}}| ≤ E{|v(τm, Xτm)|I{τm≤T}}

kai opìte lìgw thc upìjeshc kai afoÔ |Xτm| = m prokÔptei ìti

Jm ≤ N(1 + m2µ)P (τm ≤ T ) ∀m ∈ N (4.15)

'Omwc P (τm ≤ T ) = P (maxs≤r≤t |Xr| ≥ m) kai efarmìzontac diadoqik� thn
anisìthta Chebyshev 1 kai thn prìtash 2.4 èqoume

P (max
s≤r≤t

|Xr| ≥ m) ≤ E(maxs≤r≤t |Xr|2ν)

m2ν
≤ C(1 + |x|2ν)eC(t−s)

m2ν

Opìte èqoume ìti

Jm ≤ 1 + m2µ

m2ν
NC(1 + |x|2ν)eC(t−s) (4.16)

'Omwc ν > µ kai sunep¸c 1+m2µ

m2ν → 0 ìtan m →∞.
Pr�gma pou shmaÐnei pwc o trÐtoc ìroc sugklÐnei sto mhdèn.
Gia to deÔtero ìro tèloc èqoume

λe−λrZrv(r,Xr)I{τm≥r} → λe−λrZrv(r,Xr)

sto [s, T ]× Ω gia τm →∞
EpÐshc lìgw thc upojèsewc gia thn v èqoume

|λe−λrZrv(r,Xr)I{τm≥r}| ≤ λ ·N(1 + |Xr|2µ)

kai epeid  gia k�je r ∈ [s, T ] isqÔei

E(1 + |Xr|2µ) ≤ 2 + E|Xr|2ν ≤ 2 + E(max
s≤r≤t

|Xr|2ν) ≤ 2 + C(1 + |x|2ν)eC(t−s)

to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesque mac dÐnei

E{
∫ T∧τm

s

λe−λrZrv(r,Xr)dr} → E{
∫ T

s

λe−λrZrv(r,Xr)dr}

1dhlad  P (maxs≤r≤t |Xr| ≥ m) ≤ E(maxs≤r≤t |Xr|2ν)

m2ν
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kaj¸c m →∞.
Opìte me b�sh ta parap�nw èqoume katal xei sthn akìloujh morf  thc lÔshc

v(s, x) = eλsE{
∫ T

s

e−λrZrf(r,Xr)dr}+ eλsE{
∫ T

s

λ · e−λrZr · v(r,Xr)dr}
+ eλsE{e−λ·T ZT φ(XT )} (4.17)

Apì ta parap�nw ìmwc mporoÔme paÐrnontac λ → 0 na efarmìsoume to je¸rhma
kuriarqhmènhc sÔgklishc tou Lebesque, pr�gma pou mac dÐnei thn epijumht  morf 
thc lÔshc:

v(s, x) = E{
∫ T

s

f(r,Xr)exp{−
∫ r

s

q(u,Xu)du}dr + φ(XT )exp{−
∫ T

s

q(u,Xu)du}}
(4.18)

Q.E.D.

Parat rhsh

MporoÔme qwrÐc kamÐa allag  sthn parap�nw apìdeixh na qalar¸soume tic a-
pait seic mac gia th sun�rthsh f jewr¸ntac apl� ìti f ∈ Lp+1([0, T ] × Rn). Autì
mporeÐ na gÐnei miac kai h sqetik  anisìthta Krylov ( 3.17 ) mac exasfalÐzei ìti oi
mèsec timèc twn oloklhrwm�twn, sta opoÐa emfanÐzetai h f , eÐnai fragmènec.
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