ABSTRACT

Title of scholarly paper: THE SMOLUCHOWSKI-KRAMERS
APPROXIMATION FOR THE LANGEVIN
EQUATION WITH REFLECTION
Konstantinos Spiliopoulos, Master of Arts, 2006

Scholarly Paper directed by: Professor Mark Freidlin
Department of Mathematics

According to the Smoluchowski-Kramers approximation, the solution of the
equation gt = b(ql") — @' + o (¢")Wy, ¢y = q, ¢ = p converges to the solution of the
equation ¢; = b(¢;) + 0 (q) Wi, qo = q as u — 0. We consider here a similar result for
the Langevin process with elastic reflection on the boundary. In particular we prove
that the Langevin process with reflection converges in distribution to a standard
diffusion process with reflection. This result is the main justification for using a
first order equation, instead of a second order one, to describe the motion of a small
mass particle that is restricted to move in the interior of some domain and reflects

elastically on its boundary.
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Chapter 1

Introduction

1.1  Overview

According to the Smoluchowski-Kramers approximation ([4],[5]), the solution

of the stochastic differential equation (S.D.E.)

pdt = bla) —d' +o(a )W,
@ = q€R'

@ = peR

converges in probability as 1 — 0 to the solution of the following S.D.E.:

@& = blq)+ o(g)W;

@ = qeR
More precisely, one can prove that for any 6,7 > 0 and ¢,p € R!,

. u_ _
lim P(max gt — ¢ > 0) =0,

(1.2)

(1.3)

where b : R' — R!" and ¢ : R* — R! have bounded first derivatives and W, is the

standard one-dimensional Brownian motion (see, for example, Lemma 1 in [2]).

Equation (1.1) describes the motion of a particle of mass p in a force field

b(q) + U(q)Wt, with a friction proportional to velocity. The Smoluchowski-Kramers
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approximation justifies the use of equation (1.2) to describe the motion of a small
particle.

Let B2 = {x € R?: 2' > 0}. In this paper we examine the behavior of the
process with elastic reflection on the boundary R = {x € R? : 2! = 0} that is
governed by (1.1) for 2! > 0, i.e. of the Langevin process with reflection, as u — 0.
We will show that the first component of the Langevin process with reflection at
g = 0 converges in distribution to the diffusion process with reflection on R’ that

is governed by equation (1.2).

1.2 Outline of the scholarly paper

In chapter 2 we define the Langevin process with reflection and we prove that
the definition is correct. In chapter 3 we consider the limit of the Langevin process
with elastic reflection as p — 0 and we prove that it converges in distribution to a

diffusion process with reflection. We conclude with the bibliography.



Chapter 2

Construction of the Langevin Process with Reflection

2.1 Definition of the Langevin Process with Reflection

We begin with the construction of the Langevin process (q¢/';pf’) in R2 with
elastic reflection on the boundary. Let b: BRI — R' and o : R — R' have bounded
first derivatives and o be non-degenerate. Let also (¢,p) € R% be the initial point
(we assume that ¢? + p* # 0). Define the process (q/';p}') as the solution of the

following S.D.E.:

i = pt
ppl = —pi +b(gt) + o(g" )W, (2.1)
% = 4, Po =D,

for t € [0,7{"), where 7' = inf{t > 0: ¢{' = 0}. Then define (¢'; p}') for t € [r{', 75'),
where 75 = inf{t > 7{' : ¢/ = 0}, as the solution of (2.1) with initial conditions
(qflu;pff) = (0; = limyepf). O <’ <7 <..<7 and (q;pt) for t € [0,7F)
are already defined, then define (¢'; p’) for ¢ € [7f, Tk41) as solution of (2.1) with
initial conditions (¢’ - P 5) = (0; — limyy,» p}) (see Figure 1 for an illustration).
This construction defines the process (¢f'; p') in R% for all ¢t > 0. This follows

from Theorem 2.4, whose proof however will be given at the end of this section. The



sequence {7/'} is a strictly increasing sequence of Markov times. Therefore we have

the following definition:

Definition 2.1 We call the above recursively constructed process the Langevin
process with elastic reflection on the boundary OR%.. This process has jumps on OR%

and is continuous inside R2.

Below we see an illustration of the construction above in the ¢ —p phase space.

Figure 2.1: Illustration of the Langevin process with reflection in the ¢ — p phase

space

We will refer to the Langevin process with reflection as 1.p.r.(¢/'; pi'). Moreover

we will denote by (¢/"?; p/?) the solution to (2.1) with initial condition (g, p).



2.2 An equivalent construction of the Langevin process with reflec-

tion

Let us give now another construction of the Langevin process with reflection.
This construction is equivalent to the first one and it will help us prove the above
mentioned Theorem 2.4.

Let us consider the following S.D.E. in R?:

i =
ppt = —pl +sen(ql)b(|qf']) + sen(ql)o(|g )W, (2.2)
% = q¢,ph =D,

where sgn(z) takes two values, 1 if x > 0 and -1 if z < 0.

Lemma 2.2 Equation (2.2) has a weak solution which is unique in the sense
of probability law.

Proof. The existence follows from a Girsanov’s Theorem on the absolutely
continuous change of measures in the space of trajectories (b and o are assumed
bounded) and the fact that (2.2) with b = 0 has a weak solution. The uniqueness

follows from Proposition 5.3.10 of [4].

Using the processes (¢i"?; pi"") and (¢/"~%; pi" ) we can construct the Langevin
process with reflection as follows. Assume that p > 0 and ¢ > 0. Then the graphs

of pi"P and of p}" 7 will be exactly symmetric with respect to zero. The same will be



true also for the graphs of ¢/"? and of ¢/ ?. Let 7' = 0,7/ = inf{t > 7,1 : ¢{"? = 0}

and (g/'; ') be a stochastic process, which is defined as follows:

(@5pr) = ("% pe?) for 7y <t <ty
((/]\#7@\#) = (q#,—q;pg,—p) for Téuk-i-l <t< 7-2uk’-7-2a k= 0,1,2,.. (23)

Process (g}'; pt') is a process with reflection on ORZ and it is easy to see that

(@' p') defined by (2.3) and L.p.r.(q/; pt') = (|¢'[; %|qﬂ) coincide.
In the figures below we see an illustration of this construction of the Langevin
process with reflection. The first figure illustrates with thick continuous and dotted

lLLiq

lines g} versus t. The continuous line is ¢;*? versus ¢ and the dotted ¢}~ *

Versus
t. The second figure illustrates with thick continuous and dotted lines p}’ versus t.

The continuous line is pi? versus ¢t and the dotted p}"~? versus t.

g, P

Figure 2.2: Illustration of the process with reflection



2.3 Proof that the Langevin process with reflection is well defined

Theorem 2.4 uses Lemma 2.3 to show that in any finite time T', the process

L.p.r.(qf; pt'), does not have infinitely many jumps.
Lemma 2.3 Let T > 0. The process (¢}';p}'), starting at a point different from

(0,0), that satisfies system (2.2), does not reach the origin O = (0,0) in finite time

T, i.e. P(3t<T st (¢'p)=0)=0
Proof. Let § < 1 be a small number. Define the rectangle A = {(q,p) €

R' x R':]q| < %, Ip| < ¢} and suppose that the trajectory starts from some point

outside the rectangle A, say from (¢,0) € R?\ A.
P

|

~=5

“\. ~
w0
(=]
~

Figure 2.3: The particle does not hit the origin with positive probability

Let also xa(z) denote the indicator function of the set A, which takes value

1if z € A and 0 otherwise. If b =0 and o = 1, (¢/'; p}') is a Markovian Gaussian
7



process. One can write down its density explicitly (see equation (2.2)), which we

denote by p(-), and obtain the bound

F(a.0) /0 xa(ghs p)ds = / / y)dsdy < A(T, q)5°, (2.4)

where A(T,q) is a constant that depends on 7" and ¢, and E(@? fOT Xal(gh;pt)ds is
the expected value of the time ,during [0, T, that the process (q¢f'; p}') with initial
point (¢q,0) spends inside the rectangle A. The general case can be reduced to the
case with b = 0 and ¢ = 1 by an absolutely continuous change of measures in the
space of trajectories and a random time change.

We will establish now a lower bound for the quantity E(% fOT xXal(gh;pt)ds
under the assumption that the Markov process (q/'; p') will reach (0,0) before time
T with positive probability. This will lead to a contradiction.

Again by Girsanov’s theorem on the absolute continuity of measures in the

space of trajectories it is enough to consider the solution of the following S.D.E:

@ = pt

Py = _U(|Qt|) (2.5)
"

% = ¢,py =0,

where W, = [3 sgn(g)dW,.
By the self similarity properties of the Wiener process one can find a Wiener
process W} such that f; so(|gh)dWs = Wy, where 0(t) = fé% 2(l¢")ds. So
! ia(|qg‘|)dW8 can be obtained from W} via a random time change.
By the law of iterated logarithm we get that for any k£ € [0, 1] there exists
a t,(k) small enough, such that P(tzt% < |Wy| < t2* for t € [0,t,(k)]) > 1 — k.

8



Observe that if ¢ € [0,,(k)] then 6(t) € [0, ct,(k)], where ¢ = M%supmeRl lo?(x)].
Define also ¢, (k) = min{t,(k), @} Then with probability very close to 1, as
k — 0, and for any t € [0,, (k)], it must hold that |p| < etz % and ¢ = i peds <
fé cls%_kds < 2clt%_k, for a constant c¢;.

Let 7 be the first time, after the time that the Markov process reached the
origin, that it exits from the rectangle A, i.e. 7 = inf{t > 0: (¢/;p}) € R*\ A}.

Then it follows that
T
EOO [T xalglspt)ds > B{r} x POUS Tst (afsp) =0)  (26)
0

Define 7, = inf{t > 0 : |¢}'| > %} and 7, = inf{t > 0 : [p}| > 2}. By the
above bounds for ¢/ and p! we get that 7, > ¢,0% and 7, > ¢,0%, where ¢,, ¢, are
some constants independent of §. So the trajectory exits the rectangle faster in the
direction of p than in the direction of ¢ and the exit time is of order §2. Therefore,

by this and by (2.4), we have that
T
B8 < OO [ yalqlspl)ds < A9°, (2.7)

which cannot hold for constants A and B and small enough §. So we have a contra-

diction and therefore it is true that P(3t < T s.t. (¢/';pi') = O) = 0.

Theorem 2.4The following two statements are true:

1. Let T > 0. The Markov process l.p.r.(q}'; pi')' does not reach the origin, O =

'We remind the reader that 1.p.r. represents the Langevin process with reflection.



(0,0), in finite time T, i.e.

P33t <Tst lpr(¢d;p)) = 0)=0.

2. The sequence of Markov times {7f'} converges to +00 as k — 400, i.e.

P( lim 7/ =400) =1

k—-+o00

Proof. The Langevin process with reflection, Lp.r.(¢}';p}’), coincides at any

time ¢ either with (¢/"%; pi"?) or with (¢/"~%; p}"~"). Therefore we have that:

P(E < T st lpr(qgip)=0) < P@Et<T st (¢ ph?) =0)

+ Pt <Tst (¢ %pl?) =0).

Hence, by recalling Lemma 2.3, we deduce that

P(3t < T st lpr.(qp)=0)=0.

Part (ii) is an easy consequence of part (i). It is easy to see that {7}'} is an
unbounded, strictly increasing sequence of Markov times. Indeed, if on the contrary
we assume that there exists N such that 71 < N for all k£ then the trajectories
of Lp.r.(¢'; p{") will have limit points. The only possible limit point however is the
origin (0,0). But by part (i) the probability that within any time 7" the trajectory
will reach the origin is 0. So {7/} is an unbounded strictly increasing sequence of

Markov times. Therefore we have that P(limy_ o 7} = +00) = 1.
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Therefore the Langevin process with reflection has only finitely many jumps
in any time interval [0, 7] with probability 1. Hence our definition for the Langevin

process with reflection is valid.

11



Chapter 3
Convergence of the Langevin Process with Reflection
In this section we consider the limit of Lp.r.(q)") as p — 0. Below we will

always assume that t < T, where T is a fixed positive real number.

Consider first the following S.D.E.s in R? and R! respectively:

¢ = pt
= P+ o (@)W (3.1)
HPy Dt o\ |q t .
@b = ¢.Dy=0p,
and
q = olla)w, (3.2)
QVO = (g,

where W, is the standard one-dimensional Wiener process.

Lemma 3.1 For every § > 0 we have that E [ X{[5.|<s3ds < €0, where ¢ is a
constant.
Proof. 1If 0 = 1, ¢ is a Gaussian process. By writing down its transition

density we obtain the bound above, i.e.,

T
E/O X{zls5yds < €.

12



The general case can be reduced to the case with ¢ = 1 by a random time

change.

O
Let us consider now the following S.D.E.’s:
7 = P
wbf = B+ sen(@)b(la]) + o (7 )W (3.3)
T = ¢.Ph=0p
and
7, = sen(@)b(a.l) + (7w, (3.4)
d = ¢

By the same way that we proved Lemma 2.2, one can show that equations
(3.3) and (3.4) have weak solutions, which are unique in the sense of probability

law.

Lemma 3.2 For the time interval [0,T], ¢* — G, weakly as pp — 0, where g}’
satisfies (3.3) and G, satisfies (3.4).

Proof. We must prove that for any bounded and continuous functional f that
Euf(@') — Ef(g) as p— 0. (3.5)
Let us define

RY(T) = 2" T) Z1(T) = /0 " (@) 6(@)div, — & / i) 2du, (3.6)

13



and

R(T) =D, 2(0) = [ san(@)o@)aw, — 5 [ lo@)Pav.  (37)

where @' and g, satisfy (3.1) and (3.2) respectively and ¢(-) = &L
By the Girsanov’s Theorem on the absolutely continuous change of measure

in the space of trajectories we have that

1B f(@) —Ef(q)l = [ELf(@)RT) - f(@)R(T)]] (3.8)
< [E[RMT)(f(@") — f(@Il + [ELf(q)(R*(T) = R(T)]|.
The Cauchy inequality, the boundedness of ¢ and the fact that ¢ — ¢ uni-

formly in [0, 7] in probability, imply that |E[R*(T)(f(¢") — f(q)]| — 0, as p — 0.

It remains to show that

[BIf@)(R"(T) = R(D))| < \Ef2(@)\E[RH(T) — R(D)]2 — 0, as  — 0.

If we take into account the basic inequality |e* — e¥| < max{e”, e¥}|x — y| for
all x,y € R, Cauchy inequality and the fact that ¢ is bounded, we get that there is

a constant ¢ = ¢(sup,cp |¢(z)|,T), such that

E[RM(T) — R(T)? < &/EB[2n(T) — Z(T)JA.
So it is enough to show that E[Z*(T) — Z(T)]* — 0, as u — 0. We have:
BIZH(T) - Z(T)} < B [ len(@)o(@) - sen(@)o(@]'ds

3B 10@)P ~ 1o@)Pls)

14



It is easy to see that the second term of the right hand side of the inequality
above converges to 0 as 1 — 0. Moreover because ¢;' — ¢ uniformly in [0,7] in
probability, we get that for any k € [0, 1], there exists a u, > 0 so small such that
@ — q;| < K, for all p < p,,t < T with probability at least 1 — k. For given § now
choose k such that 2k < ¢. It is easy to see that if || > ¢, then ¢ for pu < p, and

G: have the same sign with probability at least 1 — k. Hence for pu < p, we have:

B [ lan(@)o(@) - san(@)o(@)'ds

= /OT Elo(q) — ¢(§s)]4x{|gs‘>5}ds + /OT Elsqn(g¥)o(q4) — Sqn(as)qb(@s)]‘lx{@@}ds

IA

T T
/0 E[o(q) — 0(@:)) X (7.5 45 + C1E/0 X{(5.|<s1ds

IN

T
[ BI6@) - 6@)) s + e

where we have used the boundedness of ¢ and Lemma 3.1.
If we let now 6, u — 0 we get E[Z*(T)— Z(T)]* — 0. Therefore (3.5) has been

proven.

Along with equation (2.2), consider lastly the following S.D.E. in R':
G = sgn(a)b(la) +sgn(a)o(|a) W (3.9)
9 = g,

Because of the non-degeneracy of the diffusion coefficient near z! = 0, one can

prove existence and uniqueness of the weak solution of (3.9), (see for example [3]).

Lemma 3.3 For the time interval [0,T], ¢* — q weakly as pp — 0, where g}’
satisfies (2.2) and q; satisfies (3.9).
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Proof. We must show that for any bounded and continuous functional f that

E,f(¢") — Ef(q) as 1 — 0. (3.10)

The latter follows immediately from Lemma 3.2. Indeed, let us define the
Wiener processes W} = J3sqn(g*)dW s and W, = J3sqn(qs)dW's. Then in terms of
the new Wiener processes, equations (2.2) and (3.9) take the form of (3.3) and (3.4)
respectively. Hence we will have that E,f(¢") = E,.f(g") and Ef(q) = Ef(q),

where g} satisfies (3.3) and g, satisfies (3.4).

Lastly by Lemma 3.3 we get that |¢*| — |¢ |, weakly as p — 0.

We sum up our result in

Theorem 3.4 For the time interval [0, T], the Langevin process with reflection

Lp.r.(q") converges, weakly as u — 0, to |q; i.e.

Lp.r.(¢") — |q|, weakly as p — 0. (3.11)
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