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and
|F | s 75 cos 55°
T2 sin 55° cos 40° + cos 55° sin 40°
75 cos 55° ;
i e T . S H -
sin (35° + 40°)
The force vectors are then F, = (~33.08,47.24) and F, = (33.08.27.76). =
iy “:" the Plane Geometric Representations
In Exercises 1-8, let u = (3,-2) and v = {=2,5). Find the (a) In Exercises 23 and 24, copy vectors u, v, and w head 1o tail as
component form and (b) magnitude (length) of the vector. needed to sketch the indicated vector.
1. 3u 2, -2y 7 23.
douty 4. u—-v -
S 2u - 3v K 6. —2u+ 5y u
I 5 N
7. iuviy 8. --13U*ﬁ‘. o
In Exercises 9-16, find the component form of the vector, auty h.u+v+w
cu-—v d u-w

9. The vector PQ, where 2 = (1,3) and @ = (2,~1)

10. The vector P where (7 is the origin and P is the midpoint of seg-
ment RS, where R = (2,—1)and § = (4. 3)

11. The vector from the point A = (2, 3) to the origin

12. The sum of AB and CD, where A = (L-01),B =020,
C=(13),and D = {-2. %)

13. The unit vector that makes an angle 8 = 27 /3 with the positive
X-axis

14, The unit vector that makes an angle 8 = —3ar /4 with the positive
Xx-axis

K,é 15. The unit vector obtained by rotating the vector (0, 1) 120° coun-

terclockwise about the origin

16. The unit vector obtained by rotating the vector {1,0} 135° coun- o hoa sy
terciockwise about the origin

c.2u-—v d u+v+w

Vectors in Space

in Exercises 17-22, express each vector in the form v = y,| + Length and Direction

In Exercises 25-30, express each vector as a product of its length and

sz = 1’3’{. - :

7. PP, if P, is the point (5,7, — 1) and P, is the point (2, 9, ~2) ppetie.

AR g e e Pl 25, 21+ § ~ 2k 26. 9 - 2j + 6k
18. F4F, if P, is the point (1, 2, 0) and A is the point (=3, 0, 5)

19. AB if A is the point (~7,~8, 1) and & is the point (~ 10, 8, 1) 27, sk 28 31+ 4k

20, ABif A is the point (1,0, 3) and B i the point (~1. 4, 5) R

2L Su—vifu= (], 1,-1} andv = {2,0,3) 9 1 1 i il . B

Wil—i=—ijia kN30, g
o 22. ~2u+3vifu=(~1,0,2) andv = (1,1,1) Ve Vi Ve ViR ey




3. F > vectors whos i
Find the vectors whose lengths and directions are given. Try o do
the caleulanons without writing,

Length Direction
a. 2 i
b. V3 -k
! 3y
) 547 ik
Bz Boe -0 D
d. 7 2i-3i+3 k

32. Find the vectors whose lengths and directions are given. Try to do
the calculations without writing.

Length Direction
a.7 =51
b V2 it
i3 3. a4, 12,
&5 3~ 3 Tk
d.a>0 Ly Ly- 2
V2 w3 T e

* 33, Find 2 vector of magnitude 7 in the direction of v = 12i - 5k

34, Find a vector of magnitude 3 in the direction opposite to the
direction of v = (I/21 — (1/2)j — (1/2)k

Direction and Midpoints
In Exercises 35-38. find
a. the direction of I;,Tﬂz and

b. the midpoint of line scgment P 7%,

& 35 P(-1.1,5) P(2,50)
6. P(1.4.5) P42
37, P(3.4.5) P34
8. P(0,0,0) P2,-2,-2)

039, 16 4D =i + 4f — 2k and Bis the point (5. 1. 3), find A.
&0, 1§ AR = —7i + 3j + 8k and A is the point (~2,~3, 6). find 8.

Theory and Applications

*41. Linear combination Let m =2l + jyv=1i+] and w=
i — j. Find scalars a and b such thatu = av + bw.

47. Linear combination Let u=1i—2j.v = 2i + 3, and w=
i+ j. Write u = u; + uy, where uj is parallel to v and u; is
parallel to w. (See Exercise 41.)

Velocity An airplane is flying in the direction 25° west of north

at 800 km /h. Find the component form of the velocity of the air-

plane, assuming that the positive r-axis represents due east and

the positive y-axis represents due north.

d4. (Continuation of Example 8.) What speed and direction should
the jetliner in Example 8 have in order for the resultant vector to
be 500 mph due east?

45. Consider a 100-N weight suspended by two wires as shown in the
accompanying figure. Find the magnitudes and components of
the force vectors Fy and ¥,

S
e
5

46.
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s T

...;_‘;{30{.' o St

F, F,

100

Consider 2 50-N weight suspended by two wires as shown in the
accompanying figure. If the magnitude of vector Fy is 35 N, find
angle o and the magnitude of vector Fa.

-

47. Consider a w-N weight suspended by two wires as shown in the

48.

49.

50.

51.

accompanying figure. If the magnitude of vector F; 15 100 N, find
w and the magnitude of vector F;.

T A as\
g 2)
: -~
i, ¥

Consider a 25-N weight suspended by two wires as shown in the
accompanying figure. If the magnitudes of vectors Fy and F, are
both 75 N, then angles « and 8 are equal. Find «.

= /ﬁi}/"' o
F) F,

Location A bird flies from its nest 5 km in the direction 60°
north of east, where it stops to rest on a tree. It then flies 10 km in
the direction due southeast and lands atop a telephone pole. Place
an xy-coordinate system so that the origin is the bird’s nest, the
x-axis points east, and the y-axis points north.

~a

a. At what point is the tree located?

b. Al what point is the telephone pole?

Use similar triangles to find the coordinates of the point @ that

divides the segment from P(x;, v, 7p) 0 Py(xz. ¥2, 23} into two

lengths whose ratiois p/q = r.

Medians of a triangle Suppose that A, B, and C are the corner

points of the thin triangular plate of constant density shown here.

a. Find the vector from C to the midpoint M of side AH.

b. Find the vector from C to the point that lies two-thirds of the
way from € to M on the median CM.

¢. Find the coordinates of the point in which the medians of
AABC intersect. According to Exercise 19, Section 6.6, this
point is the plate’s center of mass. (See the accompanying
figure.)
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Exercises m

In Exercises -8, find

a _ b ol
a v-u, vl |a cos @ = —, Gop B = ==, COEY = T 1+
v ¥l [vi

a. Show that

b. the cosme of the angle between v and u
- a .
and cos?e + cos?B + cos?y = 1. These cosines are called

¢ the scalar component of win the direction of v : ‘
the direction cosines of v,

d, the vector proj, u ’
. » ) . . - b. Unit vectors are built from direction cosines  Show that if
'ﬂ’ v =2l—dj+ V5K, u 2 + 4§ - VSk v = ai + bj + ck is aunit vector, then a, b, and ¢ are the
2. v= (350 + 4/ wuw=S5+ 12 direction cosines of v,
Jowv 10i + 11y — 2k, u = 3j + 4k 16. Water main construction A water main is to be constructed
4. v=21+10f- 11k, a=2+2j+k with a 20% grade in the north direction and a 10% grade in the
oS vus-3k w=t+]+k cast direction. Delermine the angle 4 required in the water main
. for the turn from north to east,
0. t+) v=vVv2+ v3j+ 2%k
I
T,v=358i+}§ u=2+ VIi7j » v i
\v2" v3/ V2 V3 W
S
Angle Between Vector: ff"
T Find the angles between the vectors in Exercises 9-12 1o the nearest
hundredth of a radian
e e Theory and Examples
9. u=2i+] v=i+2—-k 17. Sums and differences In the accompanying figure, it looks as
10, u=2i —2j+k v=3+4k if vi + ¥; and ¥; ~ v, are orthogonal. Is this mere coincidence,

or are there circumstances under which we may expect the sum of
two vectors to be orthogonal to their difference? Give reasons for
YOUr answer.

. u=V3i-T7j, v=V3i+]j-2k

12.u=i+ V2j- VZk v=—-1+j+k

13. Triangle Find the measures of the angles of the triangle whose
verticesare A = (—=1,0), B = (2, 1l.and C = (1,-2).

14. Rectangle Find the measures of the angles between the diago-
nals of the rectangle whose vertices are A = (1,0), B = (0, 3),
C=(34),and D =(4,1).

15, Direction angles and direction cosines The direction angles
a. 3, and y of a vector v = ai + bj + ck are defined as follows:

a is the angle between v and the positive c-axis (0 = o = )
B is the angle between v and the positive y-axis (0 = g = 7)
v is the angle between v and the positive z-axis (0 = y = 7).

* g& 18. Orthegonality on a circle Suppose that AB is the diameter cf a
circle with center O and that C is a point on one of the two arcs
joining A and 8. Show that CA und CB are orthogonal,

C

19. Diagonals of a rhombus Show that the diagonals of a rhombus
(paraliclogram with sides of equal length) are perpendicular.




4 ), ;L ' .

20. Perpendicular diagonals Show that squares are the only rect-
angles with perpendicular diagonals,

21. When parallelograms are rectangles Prove that a parallelo-
gram s a rectangle if and only if its diagonals are equal in length,
(This fact is often exploited by carpenters.)

12, Diagonal of paraliclogram  Show that the indicated diagonal
of the parallelogram determined by veclors u and v bisects the

angle between u and v if [u, = |v/.
f o
u/
/
F
Lot

23. Projectile motion A gun with muzzle velocity of 1200 ft/ sec
is fired at an angle of 8° above the horizontal. Find the horizontal
and vertical components of the velocity.

24, Inclined plane Suppose that a box is being towed up an
inclined plane as shown in the figure. Find the force w needed to
make the component of the force parallel to the inclined plane
equal to 2.5 [b.

show that the inequality |u-v| = |u]|v| holds for any vectors
wand v.

b. Under what circumstances, if any, does |u-v| equal |uf|v|?
Give reasons for your answer.

* 26. Dot multiplication is positive definite  Show that dot multipli-
cation of vectors is positive definite; that is, show that u-u = 0
for every vector u and that m+u = O if and only if u = @,

27, Orthogonal unit vectors If u; and u; are orthogonal unit vec-
tors and v = aqu; + buy, find v uy.

28. Cancellation in dot products In real-number multiplication, 1f

uv, = wv, and u # 0, we can cancel the u and conclude that

v, = ;. Does the same rule hold for the dot product? That is, if

u'v, = u-v; and u # 0, can you conclude that v, = v, Give

reasons [or your answer.

Using the definition of the projection of u onto v, show by direct

caleulation that (u — proj, ) - projyu = 0.

Aforce F = 2i + j — 3k is applied to a spacecraft with velocity

vector v = 3i — j. Express F as a sum of a vector parallel to ¥

and a vector orthogonal to v.

. ﬁ 25, a. Cauchy-Schwartz inequality Since u-v = [u|lv/cosf,

29

3o

Equations for Lines in the Plane

31. Line perpendicular to a vector  Show that v = ai + bj is per-
pendicular to the line ax + by = ¢ by establishing that the slope
of the vector v is the negative reciprocal of the slope of the given
line.

12.3 The Dot Product 725

32. Line parallel to a vector  Show that the vector v = ai + bj 15
parallel to the line bx — ay = ¢ by establishing that the slope of
the line segment representing v is the same as the slope of the
given line.

In Exercises 33-36, use the result of Exercise 31 to find an equation
for the line through P perpendicular to v, Then sketch the hine. Include
v in your sketch as a vecior starting at the origin.

33, P21, v=i+12 3, P(-1,2), v==-2I—]

a5, P(-2,-7), v=-2i+j 36 P(I1,10), v=21-3j

In Exercises 37-40, use the result of Exercise 32 to find an equation
for the line through P parallel to v. Then sketch the line. Include v in
your sketch as a vector starting at the origin.

3. P=21), v=i-] 38, P0,-2), v=2i+13j

. P12, v=-1-12f 40. £(1,3), v=23 -2}

Work

41, Work along a line Find the work done by a force I = 5i

(magnitude 5 N} in moving an object aiong the line from the origin

to the point (1, 1) (distance in meters).

Locomotive The Union Pacific’s Big Boy locomotive could

pull 6000-ton trains with a tractive effort (pull) of 602.148 N

(135,375 Ib). At this level of effort, about how much work did

Big Boy do on the (approsimately straight) 605-km journey from

San Francisco to Los Angeles?

43, Inclined plane How much work does it take to skide a crate 20 m
along a loading dock by pulling on it with a 200-N force at an
angle of 30° from the horizontal?

44, Sailboat The wind passing over a boat’s sail exerted a 1000-Ib
magnitude force F as shown here. How much work did the wind
perform in moving the boat forward 1 mi? Answer in foot-pounds.

42

1000 1b
magnitude
force F

Angles Between Lines in the Plane

The acute angle between intersecting lines that do not cross at right
angles is the same as the angle determined by vectors normal to the
lines or by the vectors paralle! to the lines.
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parallelogram. The number |w||cos 6! is the parallelepiped’s height. Because of this
geometry. (m X v) - w is also called the box product of u, v, and w, .

By wreating the planes of v and w and of w and u as the base planes of the parallelepi-
ped determined by u, v, and w, we see that

(UXv)w=(vy Xw+u=(wxXu-'v.
The dot and cross may be inter-
changed in a wiple scalar product
without altering is value.,

Since the dot product is commutative, we also have
(WX vjew=u-(vxXw),

The triple scalar product can be evaluated as a determinant:

Uy i Wy u W
(uXvy-w= ol el b 1J+h ‘k w
vy ¥4 Vo T
|
W Uy ey, e
= Wy - Wy + wy
L I‘ﬂ V3 Vi

Hy iy Wy

(]

Vi Vs Val.
Wi W Wy

Calculating the Triple Scalar Product as a Determinant

] 2 1131
WX v)ws= |y v

W W Wy

e

EXAMPLE 6  Findthe volume of the box (parallelepiped) determinedbyu = i + 2j — k,
v==2+3k and w = 7j — 4k.

Solution  Using the rule for calculating a 3 X 3 determinant, we find

2 53 =]
bk s =l = )
Xw)w= |- 3l =] == (] = —23,
(uXv)-w ReaDing ()'7 h4‘ (2)~ 0 __41 ( )‘ 0 7' 2
QST =
The volume is [(u X v) *w| = 23 units cubed. =]
Cross Product Calculations Tou=-8i—-2j-4k v=2i+2j+k
In Exercises 1-8, find the length and direction (when defined) of 3 1.
u X vand v X u, Ryvssisalik veis]tok
Lu=2i-2-k v=i-k :
ks ' j i v. > In Exercises 9-14, sketch the coordinate axes and then include the
2.u=2i+3) v=-i~t] vectors u, v, and u X v as vectors starting at the origin,
Kl u=2d-2f+4& v=—1+j-2% 9, u=1i v=] 0.u=i-k v=]
A w=ld] Sl el KiLu=1-k v=)]+k Iu=2-j vei+2
S.a=2 v=-3 Boa=j+}, v=1-] W a=j+2% v=I
-#6. u=ixX}j v=jXKk
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AR A Spes d. (cu)*y = wu-(cv) = clu-v) (any number ¢

R e cu X V)= () X v=uX{(cv) (anynumberc)
a. Find the arca of the tnangle determined by the points P, Q, £ ou-u=|uf
and R,
g mxXu-u=20

b. Find a unit vector perpendicular to plane PO
¢ It vector perpendcular to plane POR. he (0 X v)n=y-(u Xy

15, P(1,-1,2), Q2,0,-1), 2. 1)
; Q) 1), R(,2.1) *29_ Given nonzero vectors u, v, and w, use dot product and cross

K 1o POLLL, 2 13), RB.-L1D) product notation, as appropriate, to describe the following.

17, P2,-2,1), Q(3,-1,2), RB.-1,1) a. The vector projection of m onto v

18, P(=2,2,00, Q0. 1,-1), R(-1,2,~2) b. A vector orthogonal to u and v

T ¢. A vector orthogonal to w X v and w

fn Exercises 19-22, verify that (0 X v)rw = (v X w)-u = d. The volume of the parallelepiped determined by u. v, and w

(w X u)-v and find the volume of the parallelepiped (box) deter- e. A vector orthogonal lo u X v and u X w

R Wi, f. A vector of length || in the direction of v

L v w & 30, Compute (1 X J) X j and i X (j X j). What can you conclude
19. % 2 - Sl o il about the associativity of the cross product?
20 i-j+k 2i+j- 2k g B A 31. Letu, v, and w be vectors. Which of the following make sense,
and which do not? Give reasons for your answers,
w2l 2+ A-j+k i+ 2k e ive re y ¢
a (u X v):w
22. i+ § -2k -i -k 2+ 4§ -2k B X
L u X (VW
Theory and Examples c. X (vXw
¢ 23. Paralleland perpendicular vectors Letu = 5i — j + k,v = d. u-(v-w)
i — Sk,w = —15i + 3j — 3k. Which vectors, if 4
2 v vsa W 32. Cross products of three vectors Show that except in degener-

perpendicular? (b) Parallel? Give reasons for your answers. ; .
ate cases, (m X v) X w lies 1n the plane of w and v, whereas

24. Parallel and perpendicular vectors Let u =1{+3j -k u X (v X w) lies in the plane of v and w. What are the degener-
v=—i+j+k w=it+tk r=—~x/01- 7w+ (x/2k. 4ts cases?

Which vectors, 1f any, are (a) perpendicular? (b) Parallel? Give i
v ;= o
reasons for YOUr answers. 33. Cancelation in cross produets Ifu X v =u X wandu # 0.
then does v = w? Give reasons for vour answer.

34, Double cancelation If w # 0 and if w X v =u X w and
u-v = u-w, thendoes v = w? Give reasons for your answer.

In Exercises 25 and 26, find the magnitude of the torque exerted by F
on the holt at 2 if |PQ| = &in. and [F| = 30Ib. Answer in foot-

pounds.

25, 26. Area of a Parallelogram
Find the areas of the parallelograms whose vertices are given in Exer-
cises 35-40.

35. A(L 0. B 1), C-1,0), DO —-1)
36, A0,0), B(7.3), C(9,8, D235
k37. A(-1,2), B(2,0, C7. 1), D43
ﬁ’ 27. Which of the following are always true, and which are not always 38, A(-6,0), B(l,—4), CG, 1), D-4.5)
true? Give reasons for vour answers. ) ) e !
39. A0,0,0), B(3,2,4, C65.1,4), D2-1,0)
40, 4Ad,0,—1), B8(1,7.2), C2,4, -1} D0, 3,2)

a. Jul = Vuu
b. uru = |u

cux0=0xu=0 AfeaufaTrianElu _ ‘

d uXi-u)=20 Z;rl(i;he areas of the triangles whose vertices are given in Exercises
e 41, A0,0), BC-2.3), CG.1)
LuX{v+w=uXv+uXw g a2 A-1,-1, B33, 2D

L oo B, A5,3, B(,-2), O6,~2)

S ANDESE 4. AC6,0), BUO,-5), C(-2,4)

28. Which of the following are always true, and which are rot always 45

. A(1,0,0), 0.2,0), )
rreue? Give reasons for your answers, P00, C0,0.-1)

46. A(0,0,0), B(-1.1.-1), (€(3,0,3)

a. 0V =v-u b, u Xy =—(v Xu)
A7 AL =1, 10, BO1.1), C(1.0-=1)

c. (Fu) Xyv=—(uxXv)
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The points on the plane easiest to find from the plane’s equation are the intercepts. If -
we take P to be the y-intercept (0, 3, 0), then '
PS=(-00+(1-3)+@3-0k

i

i— 25+ 3k,
| = V3P + )T + (6 = Va9 = 7.

The distance from $ to the plane is

d=ps.L Length of proj, £
n
e —_ .
= (i -2+ 3k (7 + 7_] +7k)1
3_4 13| 17
= = e = e L] o =
s el .
i g Angles Between Planes
!
doa The angle between two intersecting planes is defined to be the acute angle between their
i normal vectors (Figure 12.42),
|/
1
;, EXAMPLE 12 Find the angle between the planes 3x ~ 6y — 2z = 15 and
F G+ y—2z=35,
Solutton The vectors
o D =3i-6-2k mp=20+j-2k
are normals to the planes. The angle between them is
FIGURE 12.42 The angle between two f g
planes is obtained from the angle between 8 = cos E‘li n,|
their normals, 79
= cos! [
21
= 1.38 radians. About 79 degrees =4
Lines and Line Segments 9. The hne through (0,~7,0) perpendicular to the plane
Find parametric equations for the lines in Exercises 1-12. X+2qy+22=13 :
1. The tine through the point P(3,—4,—1) parallel to the vector 10. The line through (2, 3, 0} perpendicular 1o the vectors u = § +
i+j+k 2 +3kandv = 3i + 4§ + 5k
2. The line through P(1, 2, - 1) and Q(=1,0, 1) 11. The x-axis 12. The z-axis
3. The line through P(—2,0,3) and Q(3, 5, =2)
4. The line through P(1, 2, ) and O(1, 1, 1) Find parametrizations for the line segments joining the points in Exer-
5. The line through the origin parallel to the vector 2j + k cises 13—420. Praw ﬁ:oordln.ata axes and sketch can_:h segment, indicat-
X 6. The | b 3.3 el o 1 ing the direction of increasing 1 for your parametrization.
. e h th i e al ot
s s boffosin Mgt il R SRR 0,000, (.0575 1% 00,00 (1,60
7. The line through (1, 1, 1) parallel to the z-axis 15. (1,0,0), (L, 1.0) 16, (1,10, (LD
oty Yy 2
4 8. The fine through (2,4,5) perpendicular to the plane KA O LD, O-L D) 18, (0,2,0), (3,0,0)

3+ Ty — S5r = 2 19. 2,0,2), (©,2,0) 20, (1,0.—-1), (0,3.0)
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Planes Angles
. Find equations for the planes in Exercises 21-26, Find the angles between the planes in Exercises 47 and 48.
$& 21 The plane through A0, 2. — 1) normal to n = 3i = 2j — k 47. x+y= |, Ixh Y= 2l
$¢ 22. The plane through (1. — 1. 3) parallel to the plane 48. Swty = pe )y pmdy hidy = =1
+ty+tz=7 (T Use a calculator to find the acute angles between the planes in Exer-
& 23. The plane through (1, 1~ 1), 2,0,2), and (0, =2, 1) b o5 i R SRR

W e+ +22=3 Zx-2y-z=95
50, x+y+z=1, z=0 (thexy-plane)
§1, ¢+ 2y ~z=3 x+p+tz=2
§2. 4y +3z=-12, W+ +6z=6

[
=

. The plane through (2,4, 5). (1, 5. 7), and (-1, 6, 8)
25, The plane through (2, 4, 5} perpendicular to the line
x=5841n y=1+3, z=d

26. The plane through A(l, =2, 1) perpendicular 1o the vector from

the origin to A intersecting Lines and Planes

In Exercises 53-56, find the point in which the line meets the plane.

27. Find the point of intersection of the ngs x = 2r + 1, v = 3t + 2, Hs 1 3 g 41 6
el S S R TV S R gl B

r=H+3 and x=5+2,y=2s+4,7=—4— 1, and

then find the plane determined by these lines. S xm2 ym34 % a= A2, Sty -dz=-12
28. Find the point of intersection of the lines x =,y = — + 2, 85 e b gty ] 4 50wy sxEy b a=2

z=r+l.and x =25 +2,y =5+ 3,z=>55 + 6, and then 5. x=—~1 43, y=-~2, =8 Wx-k=17

find the plane determined by these lines. k - S 4
Find parametrizations for the lines in which the planes in Exercises

In Exercises 29 and 30. find the plane containing the intersecting Reh e
lines. #57"‘*'-"4'3:[' i e
29, Li:x=—1l+1 y=2+1 z=1-4 —o0<t<00 8 k-6 —-2=3 Dty-L=2
L2x=1—-4s, y=1+25, z=2-25 <5< 59 x~y+dg=2 x+ty-2=35
30, Lix=1 y=3~-3% z=-2-f -0<t<® 60. Sx—2p =11, dy—5z=-17
[22x=1+3 y=4d+35 z=—-1+s5 -00<5<00 Given two lines in space, either they are parallel, they intersect, or

they are skew (lie in parallel planes). In Exercises 61 and 62, deter-

31. Find a plane through P2, 1, — 1) and perpendicular to the line of g ; ; ;
‘# P gh Fol peepenEionBy: % mine whether the lines, taken two at a time, are parallel, intersect, or

intersection of the planes 2y + v —r = 3x + 2y + 2= 2, i . ; ; :
' e : J 4 e are skew. If they intersect, find the point of intersection, Otherwise,
32. Find a plane through the points Py(1, 2, 3). (3, 2, 1) and perpen- find the distance betweern the two lines.
dicular to the plane dx — y + 2z = 7. Se6L Lix =3+, y=—] +d, 2=2~f -00<$<00
l12:x= 1 +d5,y=1+252=-3+4s5, —0<s<X®
Distances .

Bix=2342ny=2+rz=-2+2rn -o0o<r<0o
62. Ll:x=142 y==l—1 z=3 —0<t<®

x=2-5 y=35 z=1l+5 -WO<y<®

3x=8+:2 y=1—r z=83+35 —0<r<o

In Exercises 33-38, find the distance from the point to the line.
{r 30,012 x=4, y=-21, z=

34 (0,00 x=5+3% y=5+44 z=~-3-5

35, (2,1,3)y x=2+2 y=1+6 z=3

36. 2, 1,-1) x=2n y=1+2 z=2 Theory and Examples
37. 3.—1,4) x=4d—-1 y=3+2 z=-5+3 63. Use Equations (3) to generate a parametrization of the line
through P(2,—4,7) parallel to v, = 2i — j + 3k, Then generate

n

]

3 1,4, 3 2= 10-H85" 5wy = another parametrization of the line using the point P{(-2,-2, 1)
and the vector v; = —i + (1/2)j — (3/2)k.

In Exercises 39-44, find the distance from the point to the plane. 64. Use the component form 10 generate an equation for the plane

39, 2,34, x+2y+2=13 through P4, 1,5) normal to m; = i — 2j + k. Then generate

40, (0.0,0), 3 +2y+62=6 another equation [or the same plane usin;_the point A(3,-2,0)
and the normal vector my = — V2 + 232 — V2k.

41. (0, 1, 1), dy+ Rz =~-12

i | i ‘hi i = 9 e e
42 .03, 2tytl=4 65. Fuld the points in \shic‘h the line x =1+ 28y 1 o
z = 3t meets the coordinate planes. Describe the reasoning

43, 0,-1,0), 2x+y+2z=4 behind your answer.
S FL 0, ~E)0 0 =iy g =4 66. Find equations for the line in the plane z = 3 that makes an angle
k 45, Find the distance from the plane x + 2y + 6z = 1 to the plane of /6 rad with i and an angle of /3 rad with j, Describe the

x+ 2+ 62=10. reasoning behind your answer.

46. Find the distance from the line x=2+¢ty=1+1 67, Istheline x = 1 — 2t,y = 2 + 51,z = =3 parallel to the plance

2 =—(1/2) — (1/2)t to the plane x + 2y + 6z = 10. 2x 4+ y — z = 87 Give reasons for your answer,
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Chapter 12: Veciors and the Geometry of Space

Exercises m

latching Equations with Surtaces

In Exercises 1-12, match the equation with the surface it defines.
Also, identify cach surface by type (paraboloid, elilipsoid, etc.). The
surfaces are labeled (a)—~(1).

L2+ y+42 =10 2.2+ 4 4t =g
3.9+ 2 =16 4, v+ 72 =2
S, x=yv1- 7 6.
7.0+ 222 =8 8.
9, k=% -2 10. :
1L »* + 477 = 2 12.
a. - g b.

Drawing
Sketch the surfaces in Exercises 13-44,
CYLINDERS
F13 24yt =4 W, z=y"~1
15. x* + 422 = 16 16, 40 + y' = 36
ELLIPSOIDS
KT o2 + 2+ 2 =09 18, d¢® + 42 + 22 = |6

19, 4% + 97 + 427 = 36
PARABOLOIDS AND CONES

20, 9x + 4y? + 3672 = 36

*21.z=x2+4y2 22, z=8—x*—y?
23 k=4 -4t - 2 4, y=1-x -2

B eyt =g 26, 43 + 972 = 97
HYPERBOLOIDS

®21. 2+ - 2= 28 v+ -d=

!
1

29, 22—t —yi= 36, (y/4) — (x/4) — £ =]
HYPERBOLIC PARABOLOIDS
3y - = .-yt =
ASSORTED
Boz=1+ -4 34, 4’ + 4yt =22
5 oy =~(7 + 27 36, 16w + 4y =
37-12"‘)’:—2::?-4 38 L+ 2=y
¥+ = 40. 167 + 9% = 447

41 === + ¥?)
B4+ - dl =y

42.
44, x* + y3 =g

Theory and Examples
45. a. Express the area A of the cross-section cut from the ellipsoid

¥oo2
QR IR L
Xk its 1
by the plane z = ¢ as a function of ¢. (The area of an cllipse

with semiaxes @ and bis wab.)
b. Use slices perpendicular to the z-axis to find the volume of
the ellipsoid in part (a).
c. Now find the volume of the ellipsaid
2 2
§+é+i=p
Does your formula give the volume of a sphere of radius a if
a=hb= 7
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As an algebraic convenience, we

sometimes write the product of a scalar ¢

and a vector v as ve instead of cv. This
permits us, for instance, o write the
Chain Rule in a familiar form:

du _ duds

di - dsdr’

where 5 = f(1).

FIGURE 12.8 If a particle moves oo
a sphere in such a way that its position T
is z differentiable function of time, then

r(dr/dn = 0.

Exercises

Mofion in the Plane
In Exercises 1-4, r(1} is the positi

tirne ¢, Find an equation in x

ticle. Then find the particle’s velocity and aceeleratio

given vaiue of t.
Lovn =+ Di+ (- 1)j, ¢

=1
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13.1 Curves in Space and Their Tangents

the limit of the cross product of two veclor func-
xist (Exercise 32). As i approaches
at . is continuous at 7 (Exer-

']"he last of these equalities holds because
tions is the cross product of their limits if the later e
z._cm v(¢ + h) approaches ¥(f) because ¥, being differentiahle
cise 33). The two fractions approach the values of du/dr and dv /dt atr. In short,

d du dv
Lmxv)y==xXv+tux 7
g OXN =g VT ar "
alsi + bis)j + c(s)k is a differen-
e scalar function of 7. Then &,

Proof of the Chain Rule  Suppose thal u(s) =
for differentiable real-valued

tigble vector function of s and that s = f(n) is a differentiabl
p. and ¢ are differentiable functions of 1, and the Chain Rule

{unctions gives
d . da,  db. , dc
g L0 = gt Pt ar*
_dads, , dbds .  deds
= dsdt’ dsdr? + c{sdtk

_ds(da;  db; 4t
T (ds' Tasd s k)

- dednt
dt ds
= fi{ou'(f)). .= fl) -

Vector Functions of Constant Length
When we track a particle moving on a sphere centered at the origin (Figure 13.8), the posi-
tion vector has a constant length equal to the radius of the sphere, The velocity vector dr/dr.
tangent to the path of motion, is tangent to the sphere and hence perpendicular to r. This is
always the case fora differentiable vector function of constant length: The vector and its first
derivative are orthogonal. By direct calculation,

r(y ¥t} = ¢ Fh

15 Constant

Dilferentiae both srde

‘%[r(t)-r(r)] =0

Rule 5 with r{ry = wif) = ¥

ey + en-r'i = 0
(0 r(r) = 0.

r(r) are orthogonal because their dot product is 0. In summary,

The vectors r'(#) and

[ ris a differentiable vector function of ¢ of constant length. then '

dr 0. @) ’

r~—=

dt

We will use this observation repeatedly in Section 13.4. The converse is also true (see

Exercise 27).

2 50 = 47t Ly, 1=

ion of a particle in the xy-plane at
and y whose graph is the path of the par- 2
3o =i+ §-ezfj, t=1n3

n vectors at the

4. r(n = (cos 2 + (3sin j. 1=0
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Exercises 5-8 give the position vectors of particles moving along var-
ious curves in the xy-planc. In each case, find the particle’s velocity
and acceleration vectors at the stated times and sketch them as vectors
on the curve.
5, Motion on the circie x* + y* = 1
(1) = (sinoi + (cost)j: 1= w/dand w/2

6. Motion on the circle x? + y* = 16
rir) = (4 cos,‘;)i + (4 sin :)_] t = mand 37/2

7. Motion on the cycloid x = ¢ — sin?, y = 1 — cos¢

() = (¢t —sinti + (| —cosnNj; = mand 3m/2

8. Motion on the parabola y = x* + 1

r(1) =1+ (2 + D =—1,0, and |
Motion in Space
In Exercises 9-14, r(y) is the position of a particle in space at time ¢.
Find the particle’s velocity and acceleration vectors. Then find the par-
ticle's speed and direction of metion at the given value of 7. Write the
particie’s velocity at that time as the product of its speed and direction.

9, =+ Di+¢2—1j+ 2k =1

2 k)
0. rn=(+0i+ " =j+Ek 1=1
V2 3
1L v = (2cos Ni + (3sinnj + 4k, = 7/2

12. r(n) = (secHi + (lan)j + f%rk, t=w/6

13. r(r) = 2In(e + INi + 5 + ’2k =1

& 14, r() = (e9i = (2cos 30 + (2sin 30k, 1=0
In Exercises 15—18&. r(1) is the position of a particle in space at time f.
Find the angle between the velocity and acceleration vectors at time
t = 0.

K15, 1) = (3t + Di + V3 + £k

J"'T) ;
16. (1) = (\2‘-, t)i o (%:r - iaﬂ)j

17. (0 = (n(® + )i + (an~'nj + VP + 1k

4L 4 . a3 L
18, r() = 4 (1 = 1) i+9(1 E)J+3rk

Tangents to Curves
As mentioned in the text, the tangent line to a smooth curve

ri) = f(0i + g(nj + h(nk at ¢ = g is the line that passes through
the point (f(i). glr). A1) parallel to ¥{k), the curve's velocity vec-
tor at #,. In Exercises £9-22, (ind parametric equations for the line that
is tangent to the given curve at the given parameter value t = &

19. r(t) = Ginpi + (F —cospf + ek, 1, =0

200 1) =Li+ 2 +k =2

Z‘——lj-‘-rlm'k. =1

21, r(ty = Inri +r+?

#22. r(t) = {cos Ni + (sinNj + (sin20k. 1§ = %

$r23. Motion along a circle

Theory and Examples . . N
Each of the following equations i1 parts

rticle having the same paih.
Although the path of cacl?
“dynamics.’

(a)(e) describes the motion of @ par

namely the unit circle x* + ¥ =L |

particle in parts (a)-(e) is the same, the behavior, or .

of each particle is different. For each particle. answer the follow-

ing questions.

i) Does the particle have constant speed? If so. what is ils con-

stant speed?

i} Is the particle’s acceleration vector always orth
velocity vector?

iii) Does the particle move clockwise or counterclockwise
around the circle?

iv) Does the particle begin at the point (1, 0)7

g 8. 1(1) = (cos i + (sin0)j, 1 =0

K b.or(n) = cos i + sin(2nj. 1 =0

o ) = cos(t — w/2)i + sin(t — w/2j. 1=0

i d. (1) = (cos 0t — (sinnj, (=0

4 & () = cos ()i + sin(2)j. 1+ =0

24. Motion along a circle Show that the vector-valued function

ogonal 1o its

I

) = Qi + 2§ + k)

1 1 P 1 [P |
+ e —| P + 5 — i+ —=j+ =k
cost(v,zi 7 j) "m’(\/g \/3.! V3 )

describes the motion of a parlicle moving in the circle of radius {
cemiered at the point (2,2.1) and lying in the plane
x+y—2z2=2

25, Motion along a parabola A particle moves along the top of the
parabola y* = 2x from left lo right at a constant speed of 5 units
per second. Find the velocity of the particle as it moves through
the point (2, 2).

26. Motion along a cycloid A particle moves in the xy-plane in
such a way that its position at time f is

() = (1 — sinpi + (1 — cos i

':I'_, a. Graph r(r). The resulting curve is a cycloid.

b. Find the maximum and minimunt values of |v| and |al.
(Hint: Find the extreme values of |v|? and [a|? first and 1ake
square roots later.)

27, Let r be a differentiable vector function of £ Show that if
r-(dr/dp = 0 for all 1, then |r| is constant.
28. Derivatives of triple scalar products

a. Show that if u, v, and w are differentiable vector functions of

{, then
aw

v_><w+u°%;><w+ u-v X -

du
ct dr’

L e
d:(" ¥y X W)

b. Show that

df dc P\ _  fdr d'r

dr(r dt * a’::) =& (dr 3 4 )

(Hint: Difterentiate on the left and look for vectors whose prod-
ucts are zero.)




Solution

and

Thus.

Counterclockwise

FIGURE 13.16
motion around the unit circle.

the derivative dr/ds?

and has an inverse that g

of the inverse is

is already a unit vector, so T =
The velocity vector is the change in the position vec
how does the position vector change with respect (o arc

7 Since ds/dr > 0 for the curves we arc considering,

771

13.3 Arc Length in Space

In that example, we found

_dr  _3sinni + (3cos nj + 21k

dt

_ dsing

————1
VO + 4l

For the countercliockwise motion

r(f) = {(cos Hi + (sin i

around the unit circle, we see that

v = (—sin Hi + (cos Nf

v and T is orthogonal to r (Figure 13.16).

tor r with respect to time 1. but
length? More preciscty, what is
5 18 one-to-one

ives ¢ as a differentiable function of s (Section 3.8). The derivative

di | 1

Sas/di T (v

ds — ds/di

This makes r a differentiable function of s whose derivative can be calculated with the

Chain Rule to be

de _ drdr _
ds dtds

1 v
— = —— =T, (5)
vi o |yl

This equation says that dr /ds is the unit tangent vector in the direction of the velocity vec-

tor v (Figure 13.15).

Exercises m

Finding Tangent Vectors and Lengths
In Exercises 1-8, find the curve’s unit tangerit vector, Also, find the
length of the indicated portion of the curve.

1. r(ry = (2cos Db + (2sinf + Vaik, 0st=m

2. (0 = (6sin20i + (Geos2nj + 5tk, 0<r=wm

I

3orin =i+ 2/ k 0=1=18

4 r=2+pi-u+Dj+1k 0=1r=3

5. i) = (cos't)j + sin'nk. 0=t =m/2

6. rn =60 -2 -3k 1lsrs2

7. 1) = (tcos i + (rsinnj + f2\/2_/3)r3":k, 0<r=sx

8. r(n = (rsint +cosni + (tcost —sinn)j, VZ=1<2

*ﬁ 9, Find the point on the curve
r(t) = (Ssinni + (5cos Nj + 12k

at a distance 26 units along the curve from the point (0, 5,0) in
the direction of increasing arc length.

10. Find the point on the curve
r{H = (12sinni — (12 cosnNj + 5tk
at a distance 137 units along the curve from the point (0. —12.0)
in the direction opposite to the direction of increasing arc length.

Arc Length Parameter
In Exercises 1!-14, find the arc length parameter along the curve

from the point where ¢ = 0 by evaluating the integral

t
s :/ | very| dr
i

from Equation (3), Then find the length of the indicated portion of the

curve.

11, () = (4cos Dt + (dsinnj + Xk, 0 st = 7/2

12, v(t) = (cost + 1sin i + (sinr — fcosnyj, w/2=t=g
13 1) = (Fcosni + (e'sinnj + ek, —Ind=1=0

(= +20+ (1 +3j+6-0mk -1=r=§0
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Theory and Examples
15, Arclength  Find the length of the curve
v = (V2di+ (V)i + (1 - Pk
from (0, 0, D to (V2. V2,0).

16. Length of helix The length 27V 2 of the turn of the helix in
Example 1 is also the length of the diagonal of a square 2 units
on a side. Show how 1o oblain this square by cutting away and
flattening a portion of the cylinder around which the helix winds.

17. Ellipse
a. Show thatthe curve r(1) = (cos i + (sinNj + (1 — cos k,

0 =t = 2. is an ellipse by showing that it is the intersec-
tion of a right circular cylinder and a plane. Find equations
tor the cylinder and plane,

F

Sketch the ellipse on the cylinder, Add o your sketch the unit
tangent vectors at r = 0, 7 /2, 7, and 377 /2.

C

Show that the acceleration vector always lies parallel to the
plane (orthogonal 10 a vector normal to the planc), Thus, if
vou draw the acceleration as a vector attached to the ellipse, it
will lie in the plane of the ellipse. Add the acceleration vec-
tors for 1 = 0.7 /2. . and 37 /2 to your sketch,

L

Write an integral for the length of the ellipse. Do not try 1o

evaluate the integral: 1t is nonelementary.

T e. Numerical integrator Estimate the length of the ellipse to
two decimal places.

ﬁ' 18, Length is independent of parametrization To illustrate that

the length of 2 smooth space curve does not depend on the param-

etrization you use to compute it, calculate the length of one turn

of the helix in Example | with the following parametrizalions.

a, rir) = (cosdni + (sindnj ~ k. 0= = 7/2

b v = [cos(t/2)]i + [sin(r/2) § + (t/2k, 0=t <dy

-2 =t=0

c. () = (costi — (sinf)j — tk,

i ar a fixed circle

19. The involute of a circle If a string wound .tmunq ;: !l).:. e
' 2 " s 110 1. 1 s o
is unwound while held taut in the plane of the u'l'u: gl
traces an iavolute of the circle. In the accompanying lg p,Oim

i 14 =114 > tracin
cirele in question is the eircle x* + 3" 1 ar‘ld th tra m% Pan
starts at (1, 0). The unwound portion of the strng 15}anggh i
circle at @, and 1 is the radian measure of the ;m'glc nonl‘l the p
tive x-axis to segment (3Q, Derive the parametric equations

Y =cost+fsing oy =sing—rcost L7 0

of the point Px, ¥) for the involute.

20. (Continuation of Exercise 19.) Find the unit tangent vector to the
involute of the circle at the point P(x, y).

21. Distance along a line Show that if uis a unit vector, then the
arc length parameter along the line r{¢) = P, + tu from the point
Folx. ¥o. 7p) where t = 0, is 1 itself.

22, Use Simpson’s Rule with 1 = 10 to approximale the length of
arc of r(r) = 1i + r}j + Ik from the origin to the point (2. 4, 8).

1 34 Curvature and Normal Vectors of a Curve

In this section we study how a curve turns or bends. To gain perspective, we look first at
curves in the coordinate plane. Then we consider curves in space.

u'. »
iy

DEFINITION
FIGURE 13.17 AsPmovesalongthe |  thecurveis
curve in the direction of increasing arc i

length, the unit tangent vector turns, The :
value of [¢T/ds| a P is called the curva-

ture of the curve at P, e e

It T is the unit vector of a smooth curve, the curvature function of

Curvature of a Plane Curve

As a particle moves along a smooth curve in the plane, T = dr/ds turns as the curve
bends. Since T is a unit vector. its length remains constant and only its direction changes
as the particle moves along the curve. The rate at which T turns per unit of length along
the curve is called the curvature (Figure 13.17). The traditional symbol for the curvature
function is the Greek letter x (“kappa™).
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