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4. A regular curve between two points p,¢ in IR™ with minimal
length is necessarily the line segment from p to q. Hint: Consider
the Schwarz inequality (X,Y) < ||X|] - ||Y]| for the tangent
vector and the difference vector p — ¢.
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5. If all tangent vectors to the curve ¢(t) = (3¢, 3%, 2t3) are drawn
from the origin, then their endpoints are on the surface of a
circular cone with axis the line z — z =y = 0.
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1. The curvature and the torsion of a Frenet curve ¢(t) in IR® are
given by the formulas

B Det(¢, ¢,¢)
[le x é[|?

for an arbitrary parametrization. For a plane curve we have

k(1) = Det(¢, &) /|[él|°.
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8. The Frenet two-frame of a plane curve with given curvature
function &(s) can be described by the exponential series for the

matrix -t
( 0 J}fn(t)dt> (")
— [Sr(tydt 0 ' i{' gs K

It follows that
=
wsg K 'Mg K

(20)-Za (g &) = gl

9. Let a plane curve be given in polar coordinates (r,p) by r =
r(y). Using the notation 7’ = %., the arc length in the inter-

val [p1, 2] can be calculated as s = f;z V1’2 + r2dy, and the
curvature is given by

- 202 — pp! 4 p?
k() = (72 § 72)3/2
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10. Calculate the curvature of the curve given by r(p) = ap (a
constant), the so-called Archimedean spiral, see Figure 2.12.

11. Show the following: (i) The length of the curve given in po-
lar coordinates by r(t) = exp(t), o(t) = at with a constant «a
(the logarithmic spiral) in the interval (—oc, t] is proportional to
the radius r(¢), see Figure 2.12. (ii) The position vector of the
logarithmic spiral has a constant angle with the tangent vector.

&,\

k—a—'&—k

Figure 2.12. Archimedean spiral and logarithmic spiral
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In the orthogonal (but not normal) three-frame ¢/, ¢”, ¢ x ¢ the
Frenet equations of a space curve take the equivalent form

r

! 0 1 0 ¢!
(.‘H — —1“1'.2 K

o e 0 -7 = c x ¢

Here the entries of the matrix depend in some sense rationally
(i.e., without roots) on k* = {¢”, ¢’} and 7 (because of the rela-
tion &' /K = §(log(x?))").

Show the that the Frenet equations for a space curve are equiv-
alent to the Darbouz equations e, = D x ¢; for i = 1,2, 3, where
D = teq + key is the Darbouz rotation vector.

Show that the Darboux rotation vector D is perpendicular to
e}, ey, ey, and because of this lies in the kernel of the Frenet
matrix. The normal form of the Frenet matrix is
0 VeI+72 0
—Vi? 4 72 0 0
0 0 0

In this normal form, the Darboux vector points in the direction
of the third coordinate axis. Since the Frenet matrix is the
derivative of the rotation of the Frenet three-frame, it follows
that the Darboux vector points in this direction, and its length
is the angular velocity. Similarly, the Darboux vector describes
the accompanying screw-motion around that axis.

Show the following: ¢ is a helix if and only if D is constant. ¢ is
a slope line if and only if D/||D|| is constant.

The axis of the accompanying screw-motion at a point ¢(0) is the
line in the direction of the Darboux vector D(0) = 7{0)e (0} +
#%(0)e3(0) through the point
k(0)
P(0) = f‘.{U) + m
Show that under these circumstances the tangent to the curve
which passes through all of these points, namely

P(s) =c(s) + F_{?e;(s},

PQ{D)

is proportional to D(s) if and only if x/(k? + 72) is constant.
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2. At every point p of a regular plane curve ¢ with ¢'(p) # 0 (or,
equivalently, k(p) # 0) there is a parabola which has a point of
third order contact with the curve at p. The point of contact is
the vertex of the parabola if and only if ¥'(p) = 0.

Hint: There is a two-parameter family of parabolas which have a
given point as a point of contact on a given line. If we choose this
line to be the tangent of a given curve at p, then by prescribing
k(p) and £'(p), a unique parabola of the two-dimensional family
is determined. The curvature of the parabola given by x —

(z,22°) calculates by Exercise 1 to s(zx) = a(l + a®2?)7%/2,
o o At oo, TR dr de __ £ 2 r v
This implies &'(x) = £ - £ = —3axk”. Cuglsequentl} one can

P I I.F? r
express ¢ and x by x und &': a = .*f.:(l + ;?') and r = —5—.

14. Show that the osculating cubic parabole of a Frenet curve ¢ in
R?, defined by

s > (o) + se2(0) + 5 A(0)e2(0) + 5 (0)7(0)es(0),

has at the point s = 0 the same curvature &(0) and torsion 7(0)
as ¢ itself.
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15. In spherical coordinates ¢, let a regular curve be given by
the functions (p(s),?(s)) inside the sphere with parametriza-
tion (cospcos?, sin wcos?,sind). For s = 0 the tangent to this
curve is tangent to the equator ¥ = 0, i.e., ¥'(0) = 0. Then
the geodesic curvature is given by #"”(0) = %ﬁ s—0, and the

curvature is consequently

#(0) = /1 + (9"(0))

Hint: 2.10 (iii), where the geodesic curvature is denoted J.
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23. Let ¢ be a Frenet curve in IR™. Show that
n—1

Det(c/,¢”,....¢'™) = H{ﬁi)”_‘.
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