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10. Imvestigate for which parameters the 3-sphere
ex Fflo.y, 8) = (cos ¢ cos gy cos @, sin ¢ cos ¥ cos @, sin ¢ cos @, sin &)

is an immersion. Compare your results with the case of the
two-dimensional sphere.
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@.)y. 1. Verify that the matrix g;; of the first fundamental form of f: U —
IR™! can be written as a matrix product (Df)? o (Df).

9. The Mercator projection (see Figure 3.30)

flu,9) =

- (cos p.sin g, sinh )

is a parametrization of the surface of the sphere without the
north and the south pole. Show that this parametrization is
angle preserving, i.e., that u, ¢ are isothermal parameters. In the
science of cartography, a map with this property is referred to as
angle preserving or conformal. For more information céncerning
mathematical cartography, compare [5], §866,67, or [8].
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Figure 3.30. Coordinate grid of the Mercator projection






Ex6. Let f: [0, A] x [0, B] — IR® be a parametrized surface element.
Show that the following conditions (i) and (ii) are cquivalent:
(i) For cach rectangle R = [uj.uy + a] X [ug.ug + bl C U, the
opposite sides of f{I?) are of equal length.
(ii) Omne has G0t - 2822 - () in all of U.
The coordinate grid (or two-paramcter family of curves) formed
by the u; and the wus lines is called a Techebychev grid. Show
that under these conditions there is a parameter transformation
p: U — U such that for f: f ow ! the first fundamental form

can be written as

(G.:) = 1 cos 1}
Guj) = cOs 1/ 1 ’

where ¥ is the angle between the coordinate lines.
Hint: Sect f,p(’u.l . 'LLQ) = ( f - xglldul)_ j \,fgggduQ) .
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9,)(.3. Let ¢ be a curve parametrized by arc length, and suppose that
its image is contained in a surface element f: U — iR®. The
Darboux three-frame I/, £/, I23 is then defined by the relations
F1(s) = /(s), E3(s) = v(c(s)), F2(s) = E3(s) x E1(s). Here, as
usual, »# denotes the unit normal on the surface f.

Derive the following derivative equations for this three-frame,

which correspond to the Frenet equations:
’

F, 0 Kg Ky FEy
E2 = —Hg U Tg Ez
Eg — K —Tg 0 E3

The notations are as follows. The geodesic curvature is k, =
(¢, Es), the normal curvature is w,, = II(d, "), and 7, denotes
a certain geodesic torsion.
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€Y 4. Show that at a fixed point p on a surface element, the mean

curvature is equal to the integral mean of all normal curvatures,

ie.,

H(p) = %/‘; Wﬂu(fp)dw-

Here we view £, as a function of the angle o, which parametrizes

the sct of unit vectors at this point (for example in some fixed

orthonormal basis).

16.

17.

The rotational torus is given by
Flu.v) = ((¢ + beosu) cosv, (a+ beosu)sinv, bsinu),

0 < u,v < 2w, cf. Figure 3.3. Here a > b > ( are arbitrary
(but fixed) parameters. Calculate the tolel mean curvature of
this torus as the surface integral of the function (H(u, v))?, 0 <
u,v < 27, explicitly as a function of a and 6. What is the
smallest possible value of the total mean curvature?

Hint: The minimum occurs at a = v/2b. Note that the integral
is invariant under the homotheties x + Az of space with a fixed
number A.

Remark: The Willmore conjecture states that there is no im-
mersed torus in R?* which has a smaller total mean curvature
that the above rotational torus, no matter what is looks like
geometrically. This conjecture has been verified in many cases,
but in general it is still open (see [17], 5.1-5.3, 6.5).

For a surface clement f: U — IR® we define the parallel surface
at distance £ by

felur,ug) = flug, uz) + & - v{ug, ug),

cf. Section 3D). v is the unit normal of the surface f. Decide for
which € this defines a regular surface, and show the following.
(a) The principal curvatures of f. and f have a ratio of ﬁgs) =

ki (1~ k).

(h) In case f has constant mean curvature H # (), f. has con-
stant Gaussian curvature for ¢ =

[ 3
-
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