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CX- 1. Show that all geodesics on a circular cylinder
flu,v) = (cosu, sinu, v)
are either Euclidean lines, circles, or helices. What do the

geodesics on a circular cone look like?

2. Show that the geodesics on the surface of the sphere are precisely
the great circles.



€X%. 3. Suppose we are given a curve ¢ on a surface element, which
passes through a fixed point p. Show that the geodesic curvature
rg(p) of ¢ coincides with the curvature #(p) of the plane curve
which is obtained as the orthogonal projection of ¢ in the tangent
plane at p.

4. Show that (locally) a curve on a surface element is uniquely
determined by the geodesic curvature as a function of the arc
length, if one prescribes a point ¢(0) and the direction ¢'(0).
Compare this with the plane case discussed in Section 2B as
well as the case kg, = 0 in 4.12.

5. Show that a Frenet curve on a surface element is a geodesic if
and only if the unit normal to the surface coincides with the
principal normal of the curve (at least up to sign).

Figure 4.9. Geodesics in the Poincaré upper half-plane

11. The Poincaré upper half-plane is defined as the set {(x,y) €
IR? | y > 0} endowed with an abstractly given first fundamental
form (or metric) (gi;) = y%((l, ?) Although this metric is not,
induced by a surface f in IR, one can nevertheless calculate
the Christoffel symbols and the geodesics!* as quantities of the
intrinsic geometry, see Figure 4.9. Hint: The geodesics are the
curves with constant x as well as the half-circles whose centers

lie on the x-axis. Introduce appropriate polar coordinates.

12. Calculate the Gaussian curvature of the Poincaré upper half
plane(a,long the lines of 4.26 (ii))



13. Show that for z = x + 21y € C all transformations
az + b
cz +d’

are isometries of the Poincaré upper half-plane, i.c., preserve the
abstract first fundamental form g¢;; above.
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ox. 8 Show that for a Tchebychev grid (cf. Exercise 6 in Chapter 3)

. . 2 .
the curvature is given by K = - 61?1 guz / sin ¢/,

6. Let f: [0, A] x [0. B] — I be a parametrized surface element.
Show that the following conditions (i) and (ii) are equivalent:
(i) For cach rectangle R = Juy.uy + @) X [ug,uy + 8] < U, the
opposite sides of f(R) are of equal length.

(i1) One has %91—1 — 9922 _ g in all of U.
[15)] 811,1

The coordinate grid (or two-parameter family of curves) formed
by the u; and the us lines is called a Tchebychev grid. ‘s

14. Let A{z) be a positive differentiable function. For an abstract
surface of rotation with metric ds? = dz? 4+ A\?(x)dy? (“warped
product metric”), calculate the Christoffel symbols and show
that the r-lines are geodesics parametrized by arc length. What
do the rest of the geodesics look like?

15. Determine all functions A in Exercise 14 such that the Gaussian
curvature of this abstract surface of rotation is —1. Hint: Look
at 4.28.
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Prove that the equations of of Gauss and Codazzi-Mainardi in
4.15 are equivalent to the following two equations:

(@) Rigki i= 3o gis By = harhjt — hahjg,

(b) V, hJ thf .

Here Vihi denotes the jth component of the tangential vector

(Va% L) (5%) =V (L(%)) - L(Vﬂ. aé')%)

Jutl
in local coordinates u!,..., u". (Compare the remark in 4.19.)

As a consequence we obtain once again the Theorema Egregium

in the form

K = Det(hi;)/Det(ge;) = Rizia/Det(gs;).
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23. Prove that the cquations of of Gauss and Codazzi-Mainardi in
4.15 are equivalent to the following two equations:

(&) Right = )2 9is By = bt = hahji,
(b) Vthi,: Vihi.
Here V,; by, denotes the jth component of the tangential vector

(96 2) (= T (1(80) (72,28

dut
in local coordinates u*,. .., u". (Compare the remark in 4.19.)

As a consequence we obtain once again the Theorema Egregium
in the form

K = Det(hi;)/Det(gi;) = Ria12/Det(gi;)-
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16. Is there a surface element in R3 with (gs,(u,v)) = (5 ) and
(ha (u (o )

17. Is there a surface element in IR® with (g,;(x,v)) = (§ .oe2y) and
(hz'j(’u ( i) 7
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