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Non‐degenerate	critical	points.

Examples.
Sphere.  Torus.  ℂℙ .  ℝℙ : 𝑦 2𝑧 quotient by ℤ .

Distance function squared 𝑓 on submanifold 𝑆 from a generic point 𝑝 in ℝ .

Critical points 𝑥 iff 𝑥 𝑝 ⊥ 𝑆.-
Hessian of 𝑓 at crit. 𝑥 degenerate like constant in the second order  iff 𝑝 is critical 
value of the function

-

𝑁 → ℝ : 𝑥, 𝑣 ↦ 𝑥 𝑣.
Note: same dim, non-deg. along 𝑣 direction

Sards Theorem.-

Proof: 

Morse	Lemma.	Let 𝑐 be a critical point.

𝑓 𝑓 𝑐 𝑥 𝑥 .

Proof: suppose 𝑐 0, 𝑓 0 0.
Induction on dimension.
𝑛 1:
𝑓 ℎ 𝑥 1 𝑜 𝑥   ℎ 0.

    sgn ℎ ⋅ |ℎ| 1 𝑜 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

⋅ 𝑥 .

Write 𝑥, 𝑦 ∈ ℝ ℝ .

𝑓 𝑘 𝑔 ⋅ 𝑥 sgn ℎ ⋅ 𝑥 |ℎ | 1 𝑜 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

.

Want 𝑔 0, then done.  𝑘 0 𝑔 0 0.
𝑔 𝜕 𝑓 0, 𝑦 may not 0.  Can	expand	at	𝑥 𝑐 instead	of	𝑥 0!
  So want to solve 𝜕 𝑓 𝑐 , 𝑦 0 for 𝑐 .  
That is, regarding the zero set of 𝜕 𝑓 as a graph over 𝑦.  
Implicit function needs 𝜕 𝑓 0,0 0.  
Diagonalize the Hessian by linear change in the beginning to ensure this.
  Consider 𝑓 𝑥 𝑐 , 𝑦 .

𝑓 𝑥 𝑐 , 𝑦 𝑘 𝑔 ⋅ 𝑥 sgn ℎ ⋅ 𝑥 ℎ 1 𝑜 𝑥
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

.

𝑔 𝜕 𝑓 0, 𝑦 ∂ 𝑓 𝑐 , 𝑦 0.		Done.

Consider	level	set	and	gradients.

1. Morse functions
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Index	of	a	critical	point.  In	above	examples.

Computable	way	to	study	topology	of	manifold	(ex	homogeneous	space	𝑮/𝑷).		
(Finite)

-

Classical	part	of	Hamiltonian/Lagrangian	Floer	theory	and	mirror	symmetry.-

Why	Morse	theory?
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