
Completely	reducible	representation:	direct	sum	of	irreducible	ones.
Completely	reducible	Lie	group/algebra:	every	representation	is	completely	
reducible.

Non‐example:	Թ → GLሺ2, ԧሻ,	ݔ ↦ ൬1 ݔ
0 1

൰.

Preserve	݁ଵ,	but	there	is	no	other	invariant	subspace.

If	ࢂ is	completely	reducible,	then	given	any	invariant	ࢁ ⊂ ′ࢁ	is	there	,ࢂ such	
that	ࢁ⊕ࢁᇱ ൌ :ࢂ
ܸ ൌ ଵܸ ⊕⋯⊕ ௞ܸ.		There	is	 ௜ܸ ⊄ ܷ ሺotherwise	ܷ ൌ ܸሻ,	say	݅ ൌ 1.
௜ܸ irreducible	implies	 ଵܸ ∩ ܷ ൌ ሼ0ሽ.		ܷ ⊂ ଶܸ ⊕⋯⊕ ௞ܸ.
Keep	doing	this	until	ܷ ൌ ௝ܸ ⊕⋯⊕ ௞ܸ.		Take	ܷᇱ ൌ ଵܸ ⊕⋯⊕ ௝ܸିଵ.
By	this	proof,
every	invariant	subspace	U	of	a	completely	reducible	V	is	completely	
reducible.

If	Π or	ߨ is	unitary,	then	it	is	completely	reducible:
Take	invariant	subspaces	and	its	orthogonal	complement.

If	G	is	compact,	then	it	is	completely	reducible:
Any	representation	is	unitary	with	respect	to	a	metric.		Take	arbitrary	metric	h,	
and	take	the	average	to	make	it	G‐invariant:

,ݒۦ ீۧݓ ≔ නۦΠሺgሻ ⋅ ,ݒ Πሺgሻ ⋅ ۧݓ
ீ

ீߥ	

where	ீߥ is	a	non‐zero	right‐G‐invariant	top	form	on	G.		It	is	G‐invariant:

Πሺ݄ሻۦ ⋅ ,ݒ Πሺ݄ሻ ⋅ ீۧݓ ≔ නۦΠሺgሻ ⋅ Πሺ݄ሻ ⋅ ,ݒ Πሺgሻ ⋅ Πሺ݄ሻ ⋅ ۧݓ
ீ

ீߥ	

ൌ නۦΠሺR୦ ⋅ gሻ ⋅ ,ݒ ΠሺR୦ ⋅ gሻ ⋅ ۧݓ
ீ

ீߥ	

ൌ׬ Πሺgሻۦ ⋅ ,ݒ Πሺgሻ ⋅ ீۧݓ 	ሺܴ௛
∗ሻିଵ ⋅ ீߥ ൌ	׬ Πሺgሻۦ ⋅ ,ݒ Πሺgሻ ⋅ ீۧݓ ,ݒۦൌீߥ	 .ீۧݓ

Hence	०य़ሺn, ԧሻ ൌ ०२ሺ݊ሻ ⊗ ԧ is	completely	reducible.

Schur's	Lemma:
If	V,	W	are	irreducible	representations,	then	any	non‐zero	morphism	߶: ܸ → ܹ is	

Schur's	Lemma
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an	isomorphism.		Any	߶ଵ	and	߶ଶ ് 0 are	related	by	ϕଵ ൌ .ଶ߶ߣ
If	VൌW,	then	߶ ൌ ߣ ⋅ .݀ܫ
Proof:
Consider	Ker	߶,	which	is	a	representation	since	߶ intertwines	with	G‐action.		V	is	
irreducible	and	ϕ ് 0 imply	Ker	߶ ൌ 0.
Consider	Im	߶.		W	is	irreducible	and	and	ϕ ് 0 imply	Im	߶ ൌ ܹ.

If	VൌW,	consider	eigenvalues	of	߶.		There	exists	an	eigenvalue	ߣ since	we	work	
over	ԧ.		The	eigenspace	is	G‐invariant	since	߶ is	intertwining.		V	is	irreducible	
implies	the	eigenspace	is	V.

For	߶ଵ, ߶ଶ: ܸ → ܹ,	consider	ϕଶ
ିଵ ∘ ϕଵ: ܸ → ܸ,	which	is	ߣ ⋅ .݀ܫ

Corollary:	for	a	commutative	Lie	group/algebra,	irreducible	representation	is	one‐
dimensional.
Proof:	Πሺ݃ሻ: ܸ → ܸ for	any	g	is	a	morphism:	Πሺ݄ሻ ∘ Πሺ݃ሻ ൌ Πሺ݃ሻ ∘ Πሺ݄ሻ.
Schur's	lemma	gives	Πሺ݃ሻ ൌ ௚ߣ ⋅ Id.		Any	subspace	is	invariant.		Irreducible	ൌ൐	1d.

Same	proof	gives
Corollary:	Πሺ݃ሻ ൌ ௚ߣ ⋅ Id if	g	belongs	to	center	and	Π is	irreducible.

Heisenberg group

ܪ ൌ ൝൭
1 ݔ ߠ
0 1 ݕ
0 0 1

൱ : ܽ, ܾ, ܿ ∈ Թൡ

which is universal cover of 
ܩ ൌ Թ ൈ Թ ൈ ॺଵ with
ሺݔଵ, ,ଵݕ ଵሻݑ ⋅ ሺݔଶ, ,ଶݕ ଶሻݑ ൌ ሺݔଵ൅ݔଶ, ଵݕ ൅ ,ଶݕ ݁ଶగ௜	௫భ௬మ	ݑଵ	ݑଶሻ.  
ݑ ൌ ݁ଶగ௜ఏ.		ሺInverse	of	ሺݔ, ,ݕ ሻݑ is	ሺെݔ, െݕ, ݁ଶగ௜	௫௬ିݑଵሻ.ሻ

ࡳ ൌ ࡺ/ࡴ where	ܰ ൌ ൝൭
1 0 ݇
0 1 0
0 0 1

൱ : ݇ ∈ Ժൡ .

ሺݔଵ, ,ଵݕ ଵሻݑ ⋅ ሺݔଶ, ,ଶݕ ଶሻݑ ⋅ ൫െݔଵ, െݕଵ, ݁ଶగ௜௫భ௬భݑଵ
ିଵ൯

ൌ ሺݔଶ, ,ଶݕ ݁ିଶగ௜
ሺ௫భା௫మሻ௬భ݁ଶగ௜	௫భ	௬మ݁ଶగ௜௫భ௬భݑଶሻ

ൌ ሺݔଶ, ,ଶݕ ݁ଶగ௜ሺ௫భ௬మି௫మ௬భሻݑଶሻ.
Thus	center	is	࢞ ൌ ࢟ ൌ ૙.
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Theorem: G	has	no	faithful	representation.
Proof:	Lift	to	representation	Π෩ of	ܪ with	Ker ⊃ ܰ.

Claim:	KerሺΠ෩ሻ ⊃ ܼሺܪሻ,	and	hence	KerሺΠሻ ⊃ ܼሺܩሻ ൌ ሼ0ሽ ൈ ሼ0ሽ ൈ ॺଵ, not	faithful.

Proof	of	claim:	consider	the	Lie	algebras.		Want	to	see	Kerሺߨሻ ∋ ൭
0 0 1
0 0 0
0 0 0

൱ ൌ ܼ.		

Then	Ker൫Π෩൯ ∋ ݁௧௓.

݁௓ ൌ ൭
1 0 1
0 1 0
0 0 1

൱ ∈ ܰ.		Thus	݁஠ሺ௓ሻ ൌ Π෩൫݁௓൯ ൌ Id.		Hence	݁௞	஠ሺ௓ሻ ൌ Id for	all	݇ ∈ Ժ.

But	݁௞	஠ሺ௓ሻ is	polynomial	in	k	since	πሺܼሻ is	nilpotent.		Then	
the	equation	has	infinitely	many	roots	implies	the	polynomial	is	identically	zero.
πሺܼሻ is	nilpotent:	need	to	show	it	only	has	zero	eigenvalue.		Note	that	ܼ ൌ ሾܺ, ܻሿ.		
Hence	trሺπሺܼሻ|௎ሻ ൌ 0 for	any	Z‐eigenspace	U	ሺwhich	is	perserved	by	πሺܺሻ, πሺܻሻ
since	they	commute	with	πሺܼሻሻ.		Thus	the	eigenvalue	must	be	zero.

Consider the standard representation of the Heisenberg group acting on ԧଷ.		
Determine	all	the	invariant	subspaces.		Is	the	standard	representation	
completely	reducible?

5.

Let ܸ be an irreducible representation over ԧ.		Show	that	every	non‐trivial	
invariant	subspace	of	ܸ ⊕ ܸ is	of	the	form	ሼሺλଵݒ, λଶݒሻ: ݒ ∈ ܸሽ ≅ ܸ for	some	
ሺλଵ, λଶሻ ∈ ԧଶ െ ሼ0ሽ.

11.

Exercises.		(Section	4.9)
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