
Reductive:	ग़ ൌ फ़ԧ where	फ़ is	the	Lie	algebra	of	a	compact	Lie	group	K.		ሺफ़ is	called	a	
compact	real	form.ሻ
Semi‐simple:	reductive	and	trivial	center.

ex.	०य़ሺ݊, ԧሻ is	semi‐simple.		ग़य़ሺ݊, ԧሻ is	reductive	but	not	semi‐simple.

We	have	a	ܭ‐invariant	Hermitianmetric	on	फ़ԧ which	restricts	to	usual	metric	on	फ़.		
ሺThis	is	NOT	the	Killing	form	since	it	is	Hermitian	instead	of	bilinear.ሻ
This	makes	the	adjoint	representation	फ़ unitary:	ۦad௑ሺܻሻ, ܼۧ ൌ െܻۦ, ad௑ሺܼሻۧ.
Then	for	the	complexified	action	by	ܺ ∈ फ़ԧ,
,ad௑ሺܻሻۦ ܼۧ ൌ െܻۦ, ad௑തሺܼሻۧ.

Prop.	Reductive	ग़ ൌ ग़ଵ ⊕ ७ where	ग़ଵ is	semisimple	and	७ is	the	center.
Proof:
७ is	an	ideal,	and	so	is	ग़ଵ ≔ ७ୄ.
ग़ଵ is	semi‐simple:	it	has	trivial	center	since	any	central	element	of	ग़ଵ would	be	
central	element	of	ग़ and	hence	belongs	to	७.
Compact	real	form:	take	away	the	center	part	in	the	compact	real	form.	
फ़ଵ ≔ फ़ ∩ ग़ଵ.		Hermitian	metric	on	ग़ଵ restricts	to	usual	metric	on	फ़ଵ.
ሺफ़ଵሻԧ ൌ ग़ଵ:	let	ܼ ൌ ܺ ൅ ܻ݅ ∈ ग़ଵ ⊂ ग़ for	ܺ, ܻ ∈ फ़.		Since	७ is	invariant	under	
conjugation,	both	ܺ, ܻ ∈ ग़ଵ.		Hence		ܺ, ܻ ∈ फ़ଵ.
Take	ܭଵ to	be	the	image	of	K	of	Ad: ܭ → .compact	is	It		ሺफ़ሻ.ܮܩ
Lieሺܭଵሻ ≅ फ़ଵ:	let	ሾܼሿ ∈ Lieሺܭଵሻ where	ܼ ∈ LieሺKሻ ൌ फ़.		ܼ ൌ ܼग़భ ൅ ܼ७.			
ܼग़భ ∈ फ़ଵ:	ܼग़భതതതത ൌ ܼ̅ग़భ ൌ ܼग़భ and	hence		ܼग़భ ∈ फ़ ∩ ग़ଵ ൌ फ़ଵ.
ሾܼሿ ↦ ܼग़భ is	well‐defined:	ܼ ∈ Kerሺadሻ if	and	only	if	ܼ ∈ ७,	and	so	ܼग़భ ൌ 0.
It	is	injective	for	the	same	reason.
Surjectivity:	for	ܼ ∈ फ़ଵ ⊂ फ़,	ሾܼሿ ↦ ܼ.
QED

Prop.	If	K	is	simply‐connected	compact,	then	फ़ԧ is	semi‐simple.
Proof:	Need	to	see	फ़ has	trivial	center.		Let	७ be	the	center	and	decompose	by	metric:	
फ़ ൌ फ़ଵ ⊕ ७.		Since	K	is	simply‐connected,	accordingly	ܭ ൌ ଵܭ ൈ ܼ where	Z	is	
commutative,	which	must	then	by	Թ௡.		But	K	is	compact	and	so	݊ ൌ 0,	forcing	७ ൌ 0.
QED

Decomposition	in	Lie	algebra	leads	to	decomposition	of	a	simply‐connected	Lie	
group:

Semi‐simple	Lie	algebra
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Consider	the	projection	homomorphisms	which	correspond	to	Lie	group	
homomorphisms.		The	identity	components	of	kernels	give	the	factors	which	are	
closed	connected.
The	two	factors	commute.		Then	have	homomorphism	from	their	product	to	G.		It	
has	inverse	since	the	corresponding	Lie	algebra	map	has	inverse.

Prop.	Semi‐simple	ग़ ൌ ⨁ ग़௝
௠
௝ୀଵ where	each	ग़௝ is	simple	ሺno	non‐trivial	ideal	and	

dimग़௝ ൒ 2ሻ.		This	decomposition	is	unique	ሺup	to	reorderingሻ.
Proof:	
Suppose	ग़ is	not	simple,	and	so	it	has	a	non‐trivial	ideal	ज़.		Then	ग़ ൌ ज़⊕ ज़ୄ.		
ሺሾज़, ज़ୄሿ ⊂ ज़ ∩ ज़ୄ ൌ ሼ0ሽ.ሻ		An	ideal	of	ज़ is	also	an	ideal	of	ग़.		Repeating	and	we	get	a	
decomposition	of	ग़ into	into	simple	ideals.		ሺdim ग़௝ ൒ 2 since	otherwise	it	is	center.ሻ

Unique:	each	ग़௝ is	an	irreducible	representation	of	ग़ ሺby	adjoint	actionሻ.		Any	
morphism	ग़௝ → ग़௞ cannot	be	an	isomorphism	and	hence	zero	for	݆ ് ݇:	there	is	
ܺ, ܻ ∈ ग़௝ with	ሾܺ, ܻሿ ് 0,	but	ൣग़௝, ग़௞൧ ൌ 0.
QED

From	now	on	always	assume	semi‐simple.

ሾज़, ज़ሿ ൌ 0.		ሺcommutativeሻ1.
If	ሾܪ, ܺሿ ൌ 0 for	all	ܪ ∈ ज़,	then	ܺ ∈ ज़.		ሺmaximal	commutativeሻ2.
adு is	diagonalizable	for	all	ܪ ∈ ज़.3.

Cartan	subalgebra	ज़:

Construction:	take	a	maximal	commutative	subalgebra	१ in	फ़.		Take	ज़ ൌ १ԧ.			
ज़ is	Cartan:
1,	2	are	direct	from	definition.
3:	for	any	ܺ ∈ फ़,	ad௑ is	skew‐adjoint	ሺwith	respect	to	the	invariant	metricሻ	and	hence	
diagonalizable.		For	ܪ ൌ ଵܪ ൅ ଶܪ݅ ∈ ज़,	since	ሾܪଵ, ଶሿܪ ൌ 0,	they	are	simultaneously	
diagonalizable	and	so	adு is	diagonalizable.

Rank:	dimension	of	a	Cartan	subalgebra.
Cartan	subalgebra	is	unique	up	to	automorphism	of	ग़ ሺproof	skippedሻ.		Hence	rank	is	
well‐defined.

Root	ࢻ ∈ ∗ৈ	࢏ ൌ: ়Թ
∗ ⊂ ়∗:

The	adjoint	K‐action	on	फ़ is	unitary.		Hence	१ ⊂ फ़ acts	on	ग़ ൌ फ़ԧ as	skew	self‐adjoint	
operators.		Thus	eigenvalues	of	ܪ ∈ १ are	purely	imaginary.
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ሺNote	that	the	Hermitian	metric	restrict	to	be	usual	metric	on	ज़Թ ≔ ݅१.ሻ

Simultaneous	eigenspace	decomposition:

঻ ൌ ়⊕ໄ঻ࢻ
ࡾ∋ࢻ

.

ൣ঻ࢻ, ঻ࢼ൧ ⊂ ঻ࢻାࢼ ሺwhere	ग़଴ ൌ ज़ሻ:
By	Jacobi	identity.		For	ܺ ∈ ग़஑, ܻ ∈ ग़ఉ,	
,ܪൣ ሾܺ, ܻሿ൧ ൌ ൣܺ, ሾܪ, ܻሿ൧ ൅ ൣሾܪ, ܺሿ, ܻ൧ ൌ ሺβ, HሻሾX, Yሿ ൅ ሺα, HሻሾX, Yሿ ൌ ሺα ൅ β, HሻሾX, Yሿ.

If	ࢻ ∈ ࢻെ	then	,ࡾ ∈ :ࡾ
തܺ ∈ ग़ିఈ if	ܺ ∈ ग़ఈ since	ߙ is	purely	imaginary	valued.

ࡾ spans	়∗:
ग़ has	trivial	center.		If	H ∈ ሺSpan	ܴሻୄ ⊂ ज़,	then	ሾܪ, ܺሿ ൌ αሺܪሻܺ ൌ 0 for	ܺ ∈ ग़ఈ for	all	
α ∈ ܴ.		Thus	H	is	in	the	center	and	must	be	zero.

Theorem:
For	each	root	ߙ,	there	exists	ܪఈ ∈ ज़Թ and	ܪఈ ∈ Թ ⋅ ߙ ሺby	identifying	ज़Թ ≅ ज़Թ

∗ via	the	
invariant	metricሻ,	ܺఈ ∈ ग़ఈ,	 ఈܻ ∈ ग़ିఈ such	that	ܪఈ, ܺఈ, ఈܻ satisfy	the	०य़ሺ2, ԧሻ relations.
ఈܻ can	be	taken	to	be	െܺఈതതതത.

Indeed	ሺα, ఈሻܪ ൌ 2 since	ሾܪఈ, ܺఈሿ ൌ 2ܺఈ.
Hence	ࢻࡴ ൌ

૛ࢻ

	ۧࢻ,ࢻۦ
ۛۛۛۛ(called	the	coroot) ሺߙ ∈ ज़Թ

∗ identified	as	ज़Թሻ	is	the	unique	choice.

Proof:
Take	ܪఈ as	above,	ܺ ∈ ग़ఈ െ ሼ0ሽ and	ܻ ൌ െ തܺ ∈ ग़ିఈ ሺsince	ߙ is	purely	imaginaryሻ.		
Then	ሾܪఈ, ܺሿ ൌ 2ܺ and	ሾܪఈ, ܻሿ ൌ െ2ܻ.
We	know	that	ሾܺ, ܻሿ ∈ ज़.

,ࢄሾۦ ,ሿࢅ ۧࡴ ൌ ሺࡴ,ࢻሻൻࢅ,െࢄഥൿ for	any	ܺ ∈ ग़ఈ,	ܻ ∈ ग़ିఈ,	ܪ ∈ ज़:
,ሾܺۦ ܻሿ, ۧܪ ൌ ,ܻۦ adି௑തۧܪ ൌ ൻܻ, ሺߙ, ሻሺെܪ തܺሻൿ ൌ ሺܪ,ߙሻൻܻ, െ തܺൿ.

Hence	in	above	ۦሾܺ, ܻሿ, ۧܪ ൌ ሺܪ,ߙሻ|ܻ|ଶ ൌ ,αۦ ଶ|ܻ|ۧܪ ሺidentifying	ߙ ∈ ज़Թሻ.
Thus	ሾܺ, ܻሿ is	perpendicular	to	any	ܪ ∈ ,ሾܺ	so	and	,ୄߙ ܻሿ ∈ ԧ ⋅ 		.ఈܪ

,ሾܺۦ ܻሿ, ఈۧܪ ൌ 2|ܻ|ଶ.		ሾܺ, ܻሿ ൌ
ଶ|௒|మ

|ுഀ|మ
.ఈܪۛۛۛۛ

Thus	if	we	take	X	with	|ܺ| ൌ ఈ|/√2ۛܪ| iۛn	the	beginning,	then	ሾܺ, ܻሿ ൌ .ఈܪ
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Prop:	The	only	roots	which	are	multiples	of	ࢻ is	േࢻ.
Also	ग़ఈ is	one	dimensional.
Proof:	
Suppose	β ൌ ߙܿ is	also	a	root.
ܽ݀ுഀ ఉܺ ൌ ሺβ, ఈሻܪ ఉܺ ൌ 2ܿ ఉܺ.
Since	Spanሼܪఈ, ܺఈ, ఈܻሽ ≅ ०य़ሺ2, ԧሻ,	2c	is	an	integer.
Reversing	ߙ and	,ߚ	2/c	is	also	an	integer.
Then	ܿ can	only	be	േ ଵ

ଶۛ
, േ1,േ2.

Take	ߙ to	be	the	shortest	one	among	all	roots	in	its	direction.
Take	ܸఈ ⊂ ग़ spanned	by	ܪఈ and	all	ग़ఉ where	ߚ ൌ ߙܿ are	roots	where	ܿ ൌ േ1,േ2.
ܸఈ is	invariant	under	०஑ ≔ Spanሼܪఈ, ܺఈ, ఈܻሽ:
ൣܺఈ, ఉܺ൧ ∈ ग़ఈାఉ,	ൣܺఈ, ఉܻ൧ ∈ ग़ఈିఉ where	ߙ േ ߚ are	multiples	of	ߙ.
Then	०஑ୄ ⊂ V஑ is	a	representation	of	०஑.
०஑ୄ is	spanned	by	weight	vectors	ܺ ∈ ग़ఉ with	even	weights:
ܽ݀ுഀܺ ൌ ሺܪ,ߚఈሻܺ ൌ 2ܿ	ܺ.		So	the	weight	is	either	േ2,േ4.
For	०य़ሺ2, ԧሻ representation,	this	implies	it	also	has	the	weight	zero,	a	contradiction	
unless	०஑ୄ ൌ 0.
Hence	V஑ ൌ ०஑,	meaning	ܺఈ ∈ ग़ఈ, ఈܻ ∈ ग़ିఈ are	the	only	root	vectors	ሺup	to	multipleሻ	
in	the	direction	of	ߙ.
QED

For	any	roots	α, β,

ሺࢻࡴ,ࢼሻ ൌ
૛ࢻۦ, ۧࢼ
,ࢻۦ 	ۧࢻ
ۛۛۛۛۛۛ ∈ Ժ:

ܽ݀ுഀܺ ൌ ሺܪ,ߚఈሻ	ܺ for	ܺ ∈ ग़ఉ.
ग़ is	a	representation	of	०஑ ≅ ०य़ሺ2, ԧሻ.		Hence	ሺߚ, ఈሻܪ ∈ Ժ.

Hence	࢙ࢻ ⋅ ࢼ െ ࢼ ൌ ࢻ࢑ for	࢑ ∈ Ժ.		

ሺ࢜ሻࢻ࢙ ≔ ࢜ െ ૛ۧࢼ,ࢻۦ

	ۧࢻ,ࢻۦ
ࢻۛۛۛۛ is	the	reflection	about	ୄߙ ⊂ ज़Թ

∗ .

Weyl	group:
:ఈݏۦ ߙ ∈ ܴۧ ⊂ ܱሺज़Թ

∗ ሻ.

Prop:	Weyl	group	preserves	the	set	of	roots.
For	ܼ ∈ ग़ఉ,	need	to	make	a	root	vector	in	ग़௦ഀ⋅ఉ.
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For	०य़ሺ2, ԧሻ ൌ ,ܪۦ ܺ, ܻۧ representation	ߨ,
૚ିࢁሻࡴሺ࣊ࢁ ൌ െ࣊ሺࡴሻwhere	ࢁ ൌ :ሻࢄሺ࣊ࢋሻࢅሺ࣊ିࢋሻࢄሺ࣊ࢋ
݁஠ሺ௑ሻߨሺܪሻ݁ି஠ሺ௑ሻ ൌ Ad௘ಘሺ೉ሻ ⋅ ሻܪሺߨ ൌ exp ad஠ሺ௑ሻ ⋅ ሻܪሺߨ ൌ ሻܪሺߨ െ .ሺܺሻߨ2
݁ି஠ሺ௒ሻߨሺܪሻ݁஠ሺ௒ሻ ൌ ሻܪሺߨ ൅ .ሺܻሻߨ2
݁ିగሺ௒ሻߨሺܺሻ݁஠ሺ௒ሻ ൌ ሺܺሻߨ ൅ πሺܪሻ ൅ .ሺܻሻߨ
݁ିగሺ௒ሻ൫ߨሺܪሻ െ ሺܺሻ൯݁஠ሺ௒ሻߨ2 ൌ െπሺܪሻ െ 2πሺܺሻ.
݁஠ሺ௑ሻ൫െπሺܪሻ െ 2πሺܺሻ൯݁ି஠ሺ௑ሻ ൌ െπሺܪሻ ൅ 2πሺܺሻ െ 2πሺܺሻ ൌ െπሺܪሻ.

Restricting	ग़ as	a	representation	of	०஑ ≅ ०य़ሺ2, ԧሻ,	have	
ܷఈadுഀܷఈ

ିଵ ൌ െadுഀ.
Also	for	ܪ ∈ ,ܪሾ	,ୄߙ ܺఈሿ ൌ ሾܪ, ఈܻሿ ൌ 0.		Hence	݁ୟୢ೉ഀ ⋅ adு ൌ adு ൌ adு ⋅ ݁

ିୟୢ೉ഀ .		
Thus	ܷఈadுܷఈିଵ ൌ adு.
Combining,	for	all	ܪ ∈ ज़Թ,
ܷఈadுܷఈିଵ ൌ ad௦ഀ⋅ு.

Then	ܷఈ ⋅ ܼ ∈ ग़௦ഀ⋅ఉ:
ܽ݀ு ⋅ ሺܷఈ ⋅ ܼሻ ൌ ܷఈ ⋅ ሺܷఈିଵ ⋅ ܽ݀ு ⋅ ܷఈሻ ⋅ ܼ ൌ ܷఈ ⋅ ad௦ഀ⋅ு ⋅ ܼ ൌ ሺߚ, ఈݏ ⋅ ܷఈ	ሻܪ ⋅ ܼ
ൌ ሺݏఈ ⋅ ,ߚ ܷఈ	ሻܪ ⋅ ܼ.
QED

Weyl	group	is	finite:
Its	action	on	the	set	of	roots	gives	an	injection	to	the	permutation	group.
ሺIt	is	an	injection	since	Span	ܴ ൌ 	ज़Թ

∗ .ሻ

R	spans	ज़Թ
∗ .1.

For	ߙ ∈ ܴ,േߙ are	the	only	multiples	of	ߙ which	belong	to	R.2.
ఈݏ ⋅ ߚ ∈ ܴ for	α, ߚ ∈ ܴ.3.
,ߙۦ2 ۧߚ
,ߙۦ ۧߙ
ۛۛۛۛۛۛ∈ Ժ.4.

Summary	for	the	root	system	ܴ ⊂ ज़Թ
∗ ൌ ݅	१∗:

Theorem:	ग़ is	simple	൏ൌ൐	R	is	irreducible.
ሺR	irreducible	means	ܴ ് ܴଵ ∪ ܴଶ where	SpanԹሺRଵሻ and	SpanԹሺRଶሻ are	orthogonal.		
Obviously	in	such	a	case	ܴଵ and	ܴଶ are	root	systems.ሻ
Proof:	
Semi‐simple	ग़ is	direct	sum	of	simple	ग़௞.
Each	঻࢑ is	invariant	under	conjugation:
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ग़ ൌໄग़௞
௞

ൌໄग़௞തതത
௞

.

By	uniqueness	ग़௞തതത ൌ ग़௟.		Suppose	݇ ് ݈.		Then	ग़௞ ∩	ग़௞തതത ൌ ሼ0ሽ and	ሾग़௞, ग़௞തതതሿ ൌ 0.
ग़௞ ⊕ ग़௞തതത is	invariant	under	conjugation.
Then	ሺग़௞ ⊕	ग़௞തതതሻ ∩ फ़ is	an	ideal	of	फ़.		It	leads	to	a	decomposition	of	फ़ and	hence	a	
decomposition	of	the	simply	connected	compact	K.
Thus	ሺग़௞ ⊕	ग़௞തതതሻ ∩ फ़ ൌ Re	ग़௞ corresponds	to	a	compact	subgroup	ܭଵ ⊂ .ܭ
Re	ग़௞ ≅ ग़௞ which	is	ሺrealሻ	Lie	algebra	isomorphism.
ሺܺ ൅ തܺ ↔ ܺ.	ሾܺ ൅ തܺ, ܻ ൅ തܻሿ ൌ ሾܺ, ܻሿ ൅ ሾܺ, ܻሿതതതതതതത ↔ ሾܺ, ܻሿ.ሻ
Then	Lieሺܭଵሻ ≅ ग़௞ has	a	complex	structure!

Lie	algebra	ি of	a	compact	noncommutative	Lie	group	K	can	never	has	a	
complex	structure:
Suppose	it	has	a complex structure J (under which the Lie bracket is complex linear).  Let 
H not in the center.  ܽ݀ு is non‐zero and skew‐symmetric (with respect to a K‐invariant 
BILINEAR metric such that J is isometry) and hence has an eigenvalue ݅ߣ ് 0 and 
eigenvector ܺ.
ሾܪ, ܺሿ ൌ ܺܬߣ and ሾܪ, ሿܺܬ ൌ െܺߣ.
So ሾെܪܬߣ, ܺሿ ൌ .ଶܺߣ
ൻߣଶܺ, ܺൿ ൌ ൻܺ, adఒ௃ுܺൿ ൌ !െλଶܺۧ,ܺۦ

Thus	we	have	फ़௞ ൌ ग़௞ ∩	ग़௞തതത and	फ़ ൌ ⨁फ़௞.		It	corresponds	to	Lie	group	decomposition	
of	K	and	they	give	compact	real	forms	of	ग़௞.
And	correspondingly	१ ൌ ⨁१௞ where	१௞ ൌ फ़௞ ∩ १ which	are	maximal	commutative	
subalgebra	of	फ़௞.		ज़ ൌ ⨁ज़௞ where	ज़௞ ൌ ሺ१௞ሻԧ which	are	Cartan	subalegbras	of	ग़௞.		

Then	we	have	roots	ܴ௞ of	ग़௞ in	ज़௞
∗ ሺand	Span	ܴ௞ ൌ ज़௞

∗ ሻ.
They	are	regarded	as	roots	of	ग़.

These	are	all	the	roots	of	ग़ in	ज़∗ ൌ ⨁ज़௞
∗ and	hence		ܴ ൌ∪௞ ܴ௞:	

We	have	a	root	space	decomposition	of	ग़ by	a	direct	sum	of	the	root	space	
decompositions	of	ग़௞.
QED

Let	ज़ be	the	Lie	algebra	of	complex	3 ൈ 3 upper	triangular	matrices	with	zeros	on	
the	diagonal.		Show	that	it	does	not	have	any	Cartan	subalgebra.

1.

Give	an	example	of	a	maximal	commutative	subalgebra	of	०य़ሺ2, ԧሻ which	is	not	a	
Cartan	subalgebra.

2.

Exercises.		(Section	7.8)
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