Closed subgroup theorem

ns soam Ref: Lee - Introduction to Smooth Manifolds Ch. 19, 20.

Lie(G) := T, G = {left-G-invariant vector fields}.

Integrating along X € Lie(G) gets a et X))@ \
one-parameter subgroup of diffeomorphisms exp' X = exptX:G - G. /‘/*:j;:xftx =t I’X) ’(("1 X) la Xlearxny
(exp(s + t)X = expsX cexptX.) (M Mmu» g ( )(5\ =

X € Lie(G) is complete: walk a bit, and left multiplication by the endpoint. e et

Abuse of notation: under the diffeomorphism exp tX, denote 1 = exptX € G. 1 eptX 4 ( ’cx)u) %
This defines exp: g — G. (Don't even use metric!) (De: N ; Sp
Since X is left-invariant, the diffeomorphism exp' X is g = g exp tX (right multiplication.) ke'f X)(j) =3 ep (X):

dexp|, = Id. Hence exp is a local diffeomorphism.
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Lie bracket on Lie(G): [X,Y] = LyY (Lie derivative).

Lie derivative satisfies [X,Y] = —[Y, X] and Jacobi identity. aul: X) = g
LyY is still left-invariant: \d }_ \/\ —_—
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Ly¥ly = | % , 9 ©XP tX exp sY exp(—tX). Thus gewixgerveersT | el Dende o K=repK
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Lie(G) is a Lie algebra: a vector space with [—, —]. ) N _
Lie subalgebra: subspace closed under [—, —]. ﬁPJ‘X =e9 X since hth, s‘l;‘.{u dy seme DE.
Lie subgroup H: Image of an injective group homomorphism to G which is an immersion. (NOTE: NEED NOT . ;s_ EXYSJ[X= J[ )( pfs{)(

EMBEDDED, that is, may not be homeomorphism to image!)
(o) (.)

&
%\ i | %_s st A= M\"f"(
ex. Re—sT" cloya) I

Theorem: (ho> exrsﬂ X = ex‘; X "I’*X :
Subalgebra of Lie(G) <-> connected Lie subgroup of G. sy 4 s ‘ _ \
ket = XX =K

<-is trivial: take tangent space at 1. Closed under Lie bracket since H is a submanifold near 1. o ‘X«*X‘ ;X

-> follows from the Frobenius theorem in differential topology: PA b

A sub-bundle of TM who.sela sheaf of local sections are c.los.ed .under [=, —] integrates to a foliation. ﬁrﬂt X sa’msm sae DE.
Then take the leaf containing 1. It is closed under multiplication:

S

suppose g,h € leaf;. g-h =Ly - h € L, - leaf; = leaf; = leaf;.

(Foliation: a collection of disjoint connected immersed submanifolds (called leafs) whose union is the whole
space M, and can take local coordinates xy, ..., x, of M such that the leafs are given by taking xy 44, .., X, to
be constants.)

Closed subgroup theorem:

A closed subgroup H of G must be a submanifold (that is embedded). Jl:le. N + 3n“? ﬂ'r.
(Note: don’t need H to be Lie subgroup in the condition.) J/
i Sk 054. T[—r

Proof:

Need to restricts charts of G to charts of Hat all h € H. Consider an open set U of g where exp is a
diffeomorphism.

Want to argue h - exp restricted to U N § provides a chart of H. Need to define !

h={X €g:exptX € Hforallt € R}

b € gisavector subspace: 0 € h. Closed under scaling.

X +Y epifXandY are: consider exp t(X + 7).

TRICKY: exp t(X +Y) # (exp tX)(exp tY)!

For t small,

(exp tX)(exp tY) = exp(¢(t)) for some smooth path ¢. (¢(0) = 0.)

Take %L_O, get ' (0) = X +Y. Thus ¢ = t(X + Y) + t2Z(t).

Replace t by i: )( '\’\r exr(x‘\'Y)
exp X Xp exp|t(X +Y)+ ﬁZ 9) and hence beHW
(e 3o v (1cx+n 52 )

rllgrgo <<exp %) (exp %)) =expt(X+Y) * (

Since H is closed, LHS belongs to H.
Thus b C g is a vector subspace.

Need to take U sufficiently small such that exp(U N h) = (expU) N H. (Always have exp(UNDp) c h
(expU) N H.) Then h - exp restricted to U N § provides a chart of H around h. T
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Need to take U sufficiently small such that exp(U N h) = (expU) N H. (Always have exp(UNDp) c
(expU) N H.) Then h - exp restricted to U N § provides a chart of H around h.

Assume such U does not exist. Then have a sequence of points in H converging to 1 but not in exp(U N b).
Take a mericongandg = b @ pht.

Then the points can be written as (exp a;)(exp b;) for a; € b and b; € h* (since (exp a)(exp b):h x b+ —
G is local diffeo).

NOTE THAT exp b; € H since (exp a;)(exp b;) € H. But still exp b;/m may not in H for some m € Z.

b; are normalized to points on the unit sphere. Take a convergent subsequence and denote its limit by
v €ht. Foranyt € R, tvis alimit of {¢;b;} for some t; € Z-. (This uses |b;| - 0.) expt;b; € H, and
hence exp tv € H since H is closed! Then v € } by definition of §, a contradiction!

X’ N
Lie homomorphism G — H: \’/\\o\
smooth group homomorphism.

Theorem:
Continuous homomorphism ¢ — H is automatically smooth!

Proof:
First, any continuous homomorphism y: R — H is y(t) = exp tX for some X (and hence smooth):

K
For ty small, y(ty) = exp toX for some X. y(ty) =y (t—°)= exp (to—%)and hence
k K
Y (%’) = exp (%) (In the region that exp is diffeomorphism, (—)* € G corresponds to k - (—) € g which is

injective.)

Theny (%) = exp (p ;Ox)for all p, k. By continuity y(t) = exp tX.

Now consider @: G = H, 1; = 1. Use charts provided by exp to understand the map.

@ o expg(X) = expye ¢ (X). ¢ is a priori only defined near X = 0.

——} For each X, ® o expg(tX) gives a continuous homomorphism R — H. From above
‘} KD le'? @ o expg(tX) = expy tY. Such Y is unique since expy is a local diffeomorphism.
We define ¢(X) =Y. Thus ¢:g - b.

6 (} 4 Suffice to prove ¢ is linear, and hence @ is smooth around 1;.
Then @ = Lgg) © P o Lg-1 (since it is homomorphism) is smooth around g.
¢ is linear:

@ o expg(tsX) = expy t sp(X). ¢p(sX) also satisfies this. By uniqueness ¢p(sX) = s¢p(X).
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expyt (X +Y) =Doexpgt(X+Y) = rllm expe | o | expe | -
= Ag’r‘}od) (expG (%e)mG (% @ is continuous)
=&g£10 ((dD o eXpg t—nXOlD o eXpg %9613 is homomorphism)

lim ((epo ¢ (E@XPH ¢ @)

(o2 o 22)

= expy t(G(X) + ¢(¥)).

By uniqueness ¢(X +Y) = ¢p(X) + ¢(Y).

Exercises. (Section 2.6)

5. Show that
a b\ [er pei=¢t
exp (0 d a-d | (where the right hand side is defined by taking limit when a = d.
d
. _(1 2 _(1 2 X ty . N . )
8. Consider X = 2 7 dYy = 2 1 ompute e** and e'" by diagonalization. Visualize the curves

e .pyandet -vforv £ 0.



