
Why representation? 
Represent a group by matrices.  Linear actions are the simplest symmetry.
Physics: force (principle bundle) and matter (section of vector bundle).

Complex representation: Π: ܩ → ሺܸሻܮܩ where	ܸ is	a	complex	vector	space.
For	Lie	algebras,	π: ग़ → ग़य़ሺܸሻ.
Recall	group	homomorphism	induces	algebra	homomorphism	ሺand	vice	versa	if	ܩ is	simply	connectedሻ.		

Thus	મ gives	࣊ ൌ
ࢊ

࢚ۛۛࢊ
ቚ
࢚ୀ૙

મሺ࢚࢞ࢋሻ.		Also		ߨ ∘ Ad௚ ൌ Adஈሺ௚ሻ ∘ ߨ ൌ Πሺ݃ሻ ⋅ ߨ ⋅ Πሺ݃ሻିଵ.

Examples:	standard	representations	of	matrix	groups;	adjoint	representations.

Faithful:	the	homomorphism	is	injective.
Irreducible:	V	has	no	non‐trivial	invariant	subspace.
Unitary:	there	is	a	Hermitian	metric	on	ܸ such	that	Π: ܩ → ܷሺܸሻ.		ሺThen	can	take	٣ of	invariant	subspaceሻ
Morphism between	representation:	ܸ → ܹ which	commutes	with	the	action	ሺintertwiningሻ.

Suppose	G	is	connected.

મ is	irreducible	if	and	only	if	࣊ is:1.
ܹ ⊂ ܸ invariant	under	ܩ ൌ൐	invariant	under	ग़.
If	ܹ is	invariant	under	ग़,	then	it	is	invariant	under
exp ܺݐ ∈ ܩ	in	element	any	But		.ܩ can	be	written	as	product	of	these.

મ૚ ≅ મ૛ if	and	only	if	࣊૚ ≅ ࣊૛:2.
ൌ൐	is	obvious	since	ܸ → ܹ intertwines	with	the	group	actions	implies	it	intertwines	with	the	algebra	actions.
൏ൌሻ	ܸ → ܹ intertwines	with	π௜ሺܺሻ,	and	hence	exp π௜ሺܺሻ ൌ Πሺexpܺሻ,	and	hence	Πሺ݃ሻ for	arbitrary	g.

Given	મ. 	મ: ࡳ → ሻࢂሺࢁ <‐> ࣊: ঻ → ৉ሺࢂሻ:3.
‐൐	we	already	have	π: ग़ → ग़य़ሺܸሻ.		It	is	obvious	that	the	image	is	contained	in	२ሺܸሻ.
൏‐ Πሺexp	ܺ ሻ ൌ expሺߨሺܺሻሻ ∈ ܷሺܸሻ.		Any	݃ ∈ ܩ is	a	product	of	exp	ܺ .

Most	important	example:

ܷܵሺ2ሻ → ሺ૛ሻࢁࡿ	hence	and	ሺԧଶሻ,ܮܩ → ࢓࢓࢟ࡿ൬ࢁࡿ ቀ൫ԧ૛൯
∗
ቁ൰.		Explicitly

݃ ⋅ ݂ ൌ ሺ݃ିଵሻ∗݂ ൌ ݂ሺ݃ିଵ ⋅ .ሻݖ

Induces	०२ሺ2ሻ → ०२ ൬ܵ݉ݕ௠ ቀ൫ԧଶ൯
∗
ቁ൰.

ܺ ⋅ ݂ ൌ
݀
ݐ݀
ۛ ቤۛ

௧ୀ଴

݂൫݃௧
ିଵ ⋅ ൯ݖ ൌ ݂݀ቚ

௭
⋅ ሺെܺ ⋅ .ሻݖ

Complexify: ०२ ⊗ ԧ ൌ ०य़ԧ ሺany	complex	matrix	is	a	sum	of	Hermitian	and	skew‐Hermitian	matrices.ሻ

Have	েীሺ૛, ԧሻ → েী ൬࢓࢓࢟ࡿ ቀ൫ԧ૛൯
∗
ቁ൰ defined	by	the	same	formula.

Suppose	݂ ൌ ଵݖ
௟ݖଶ
௞ ሺ݈ ൅ ݇ ൌ ݉ሻ.		݂݀ ൌ ଵݖ݈

௟ିଵݖଶ
௞	݀ݖଵ ൅ ଵݖ݇

௟ݖଶ
௞ିଵ݀ݖଶ.

Let	ܺ ൌ ൬0 1
0 0

൰ , ܻ	 ൌ ൬0 0
1 0

൰ ܪ, ൌ ൬1 0
0 െ1

൰ .
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ܺ ⋅ ଵݖ
௟ݖଶ
௞ ൌ ଵݖ݈

௟ିଵݖଶ
௞	ሺെݖଶሻ ൌ െ݈ݖଵ

௟ିଵݖଶ
௞ାଵ.

ܻ ⋅ ଵݖ
௟ݖଶ
௞ ൌ ଵݖ݇

௟ݖଶ
௞ିଵ	ሺെݖଵሻ ൌ െ݇ݖଵ

௟ାଵݖଶ
௞ିଵ.

ܪ ⋅ ଵݖ
௟ݖଶ
௞ ൌ ଵݖ݈

௟ିଵݖଶ
௞	ሺെݖଵሻ ൅ ଵݖ݇

௟ݖଶ
௞ିଵሺݖଶሻ ൌ ሺെ݈ ൅ ݇ሻݖଵ

௟ݖଶ
௞.

Eigenspace	decomposition	of	H:

௠݉ݕܵ ቀ൫ԧଶ൯
∗
ቁ ൌ⊕௟ା௞ୀ௠ ԧ ⋅ ଵݖ

௟ݖଶ
௞ with	eigenvalues	݇ െ ݈.

࢓࢓࢟ࡿ ቀ൫ԧ૛൯
∗
ቁ is	an	irreducible	representation	of	েীሺ૛, ԧሻ:

Suppose	W	is	an	invariant	subspace	and	0 ് ݂ ∈ ܹ.		Apply	X	enough	times,	it	becomes	zero.		
0 ് ܺ௤ ⋅ ݂ ∈ ԧ ⋅ ଶݖ

௠ for	some	ݍ.		Hence	W	contains	ԧ ⋅ ଶݖ
௠.  Now take ܻ௣, then W contains everything.

Classification	of	irreducible	representations	of		েীሺ૛, ԧሻ:

it	must	be	isomorphic	to	 ௠ܸାଵ ൌ ௠݉ݕܵ ቀ൫ԧଶ൯
∗
ቁ.

Proof:
Have	the	basis	ሼܪ, ܺ, ܻሽ.
For	ܪ,	there	is	an	eigenvalue	ܽ and	a	non‐zero	eigenvector	ݒ.
ܺ ⋅ ݒ is	an	eigenvector	of	ܪ with	eigenvalue	ܽ ൅ 2:
ܪ ⋅ ሺܺ ⋅ ሻݒ ൌ ܺ ⋅ ܪ ⋅ ݒ ൅ 2	ܺ ⋅ ݒ ൌ ሺܽ ൅ 2ሻ	ሺܺ ⋅ .ሻݒ
Similarly	ܻ ⋅ ݒ is	an	eigenvector	of	ܪ with	eigenvalue	ܽ െ 2:

Since	finite‐dimensional,	ݒ଴ ≔ ܺே ⋅ ݒ ് 0 but	ܺேାଵ ⋅ ݒ ൌ 0.		ሺSuch	ݒ଴ is	called	to	be	a	highest‐weight	vector.		
Its	H‐eigenvalue	λ଴ is	called	to	be	the	highest	weight.ሻ
Take	ݒ௞ ൌ ܻ௞ݒ଴ which	are	eigenvectors	of	H	with	distinct	eigenvalues	λ଴ െ 2݇.
ܺ ⋅ ଴ݒ ൌ 0.
ܺ ⋅ ଵݒ ൌ ܻ ⋅ ܺ ⋅ ଴ݒ ൅ ܪ ⋅ ଴ݒ ൌ λ଴ݒ଴.
ܺ ⋅ ଶݒ ൌ ܻ ⋅ ܺ ⋅ ଵݒ ൅ ܪ ⋅ ଵݒ ൌ ሺ2λ଴ െ 2ሻݒଵ.
ܺ ⋅ ௞ݒ ൌ ൫݇λ଴ െ 2ሺ1 ൅⋯൅ ݇ െ 1ሻ൯ݒ௞ିଵ ൌ ݇ሺλ଴ െ ሺ݇ െ 1ሻሻݒ௞ିଵ.
For	certain	k,	ݒ௞ ് 0 but	ݒ௞ାଵ ൌ 0.		ܺ ⋅ ௞ାଵݒ ൌ 0 and	so	݇ ൌ λ଴.
ሺUp	to	this	point,	have	not	used	irreducible.ሻ

Span൛ݒ଴, … , ఒబൟݒ is	invariant.		Hence	it	must	be	the	whole.		It	is	isomorphic	to	ܵ݉ݕ
஛బ ቀ൫ԧଶ൯

∗
ቁ.

All	eigenvalues	of	H	are	integers.		If	an	H‐eigenvector	v	has	ܺ ⋅ ݒ ൌ 0,	then	the	eigenvalue	is	non‐negative.1.
πሺܺሻ, πሺܻሻ are	nilpotent.2.
If	݇ is	an	H‐eigenvalue,	so	are	െ|݇|, … , |݇|.3.

Can	conclude	the	following	for	not	necessarily	irreducible	representations	of	েীሺ૛, ԧሻ:

Since	०२ሺ2ሻ ≅ ०ॢሺ3ሻ,	these	are	all	the	irreducible	representations	of	०ॢሺ3ሻ.		These	are	all	the	irreducible	
representations	of	SUሺ2ሻ	which	is	simply	connected.		But	SOሺ3ሻ	is	not!
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Prop:	 ௠ܸାଵ integrates	to	a	representation	of	SO(3) if	and	only	if	݉ is	even.
Proof:	ሺ݉ ൌ 0 is	the	trivial	representation.ሻ
Recall	ܽ݀: ०२ሺ2ሻ ≅ ०ॢሺ3ሻ which	sends	

ଵܧ ൌ
ଵ

ଶۛ
൬݅ 0
0 െ݅

൰ , ଶܧ ൌ
ଵ

ଶۛ
൬0 ݅
݅ 0

൰ , ଷܧ ൌ
ଵ

ଶۛ
൬0 െ1
1 0

൰ to

ଵܨ ൌ ൭
0 0 0
0 0 െ1
0 1 0

൱ , ଶܨ ൌ ൭
0 0 1
0 0 0
െ1 0 0

൱ , ଷܨ ൌ ൭
0 െ1 0
1 0 0
0 0 0

൱.

௠ܸାଵ ൌ Spanሼݒ଴, … , ,௠ሽݒ ௝ݒ are	H‐eigenvectors	with	eigenvalues	݉ െ 2݆.

ଵܧ ൌ
࢏

ଶۛ
ܪ has	eigenvalue	ሺm‐2jሻi/2.

If	m	is	odd,	݁ଶగாభ ൌ ݁ଶగிభ has	eigenvalue	‐1.		But	݁ଶగிభ ൌ Id!	Contradiction!

Suppose	m	is	even.		Want	to	say	SUሺ2ሻ → GLሺV୫ାଵሻ has	kernel	containing	േId,	and	hence	descends	to	
SOሺ3ሻ → GLሺV୫ାଵሻ.		െIdୗ୙ሺଶሻ ൌ ݁ଶగாభ has	eigenvalue	1	on	ݒ௝ for	all	j,	and	hence	acts	as	Idୋ୐ሺ୚ౣశభሻ.

Show that the adjoint representation and the standard representation of ०ॢሺ3ሻ are	isomorphic.2.

Let	ߨ be	a	representation	of	०य़ሺ2, ԧሻ.		Show	that	the	eigenvalues	of	πሺܪሻ for	ܪ ൌ ൬1 0
0 െ1

൰ are	integers	ሺby	

using	݁ଶగ௜ு ൌ ݀ܫ ∈ ܷܵሺ2ሻሻ.

13.

Exercises.		(Section	4.9)
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