Hochschild cohomology for quiver algebra

Monday, January 20, 2020 2:59 PM

[Bergman - Deformations and D-branes]

For Fano and local CY, may find A such that

D(X) = D(A).

[Bondal-Orlov]: complete strong exceptional collection of sheaves E;.
Then Hompx)(E,—) and E ®4 —

gives the equivalence.
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Hochschild-Kostant-Rosenberg Theorem:

@ HI(X,A*TX) = HH'(D(X)).

j+k=i

Deformation theory:
HH'(B) = Nat(Idg, [i]).

For algebra A (and B),
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functor F: D(A) — D(B) given by

A — B bimod. M.

F(-)=-Q®5M.

In particular Id, is realized by A as A — A bimod.

HH'(D(A)) = Homp,_4) (4, A[i]) = Exty_,(4,A).
Bar resolution for the A-bimod. A:

o A®K4E 5 A®K3 5 4®k2 5 .
Differential:

n-1
@ ® @y ) (~1)ity @ ® aiaiss @ @ an.
i=1

Then take

Hom,_,(A®?, A) = Hom, (4A®®~2), 4).

Get

0 > A - Homy(4,A) > Hom, (A ®; 4,4) - -
Differential:

T

+ (_l)nJrlf(alw B :a'n)an+1 .

Then take cohomology.

Bflo=a-f, £,
bflanr=0.5,6)~ § 1ab) + f, (a) b
(éi)(a'l"c): &fl([,,c) B ]Cz(ﬁé,c) + ]{(a,éc) - )Cl(a,l»)-c

HH°(A) equals to center of A.
HH'(A): outer derivations.
HH?(A): 1st order term of formal deformations
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pu(a,b) =ma,b) + Z R pi(a, b) .

=1
Associativity implies 6u; = 0.
Obstruction (to extend to higher #-order) in HH3(A).

Projective resolution for quiver algebra

Now take

A= CQ/I.

Choose basis of admissible minimal relations: R € I/(I] + ]I).
(J is the ideal of non-trivial paths.)

Have unique source and target for each relation.

To resolve A as A-bimod, take proj.
Pij = Aei ®@ e]A

g f m
. @ Pirys(r) *@ Pia)s(a) *@ P;—»A— 0.
R a i

f(p®p)y) =pa®@p' —pQ ap’ =Zp-‘6exa’-p’-

g((p ®pg) = Z p-0qR-p’

where d,R € P(4)s(q) (NOTE the sense of differentiation here).

The next term concerns relations among relations.
The differential is defined in a similar way.

ex.
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Relation:

c~ba (Ry)
b~d (Rz)
c~da (R3)

Relation among relations:

RR = R; + R,a — R3~0

(Note that still has unique head and tail)
4

3 3
g f m
Pi(rr)s(rRR) = @ Piryser) —’@ Pt(a)s(a) *@ P;—»A - 0.
R a i=1

&, (Vg,u)a ";c_) WOU — Vo2 0

b c d
’a /R =_L®i (\JM):—L (-Wb®u, -w@au , wowu, O)p—»-wLa@ @
o “wh o a+iw @bay)

(u@V)‘i-—"‘ (0 ,wov , 0, —\\IOV) +wcou _

(a@u)3 l-——b(.wdﬁu) 0, wm,—wau)‘

i

i

Ptrr)s(RR) @ Pir)s(r)
R

(WwQ upp + zw - JgrRR - u (Wb, -w@au , wou, 0)
R

=WQ®uwg, + (W awg, — (W Q Wpr, 24 (0 ,uBau, 0, -Woay

—(-vdow, 0, wGi,—uwo\u)

i
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3 4 3
g f m
e @ Pt®)s(r) *@ Pt(a)s(a) *@ P —»A - 0.
R a i=1
Projective resolution of left mod. V: right tensoring V,

P r, @ S, @) D P v 5V s 0
R a {

where

fQ®V)g=@ - a)@v-—pQ& (a-v);
g((p®v)R)=zp'aaR'v-

(Generalize quiver without relations we talked about before.)
Use it to compute H'(V, W).

ex. TakeV = §;:
g f

= D v @) Puw RS-0

R:s(R)=i a:s(a)=i
where
f((p)a) = pa,;
g((Pr) = Z p-OZS'R.

s(a)=i

ASSUME global dim. of 4 is 2.
(No relations among the chosen relations.)
Then no more term on the left.

Apply Hom(—, S;). (Hom(P;,S;) = 0ifi = j.)

[ #J:

0-0- @ Hom(Pj,Sj)g—t@ Hom(P;,S;) - 0

ai—j R:i—j

Hom(Pj,Sj) = C. (Anyy - ¢; ismapped to O unlessy = 1.)
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0-0— (Ca:i—>j N (CR:i—>j -0
g =0:
For¢ € @, ; Hom(Pj,Sj),

¢ (9(@)r)) = ¢ < Z p- a}lastR> =0

ai—j
if we assume R has at least length two.
Hence

HO(Si,Sj) = O,Hl(Si,Sj) = Ca:iej’HZ(Si’Sj) — CRi~J

[ =J:

0- Hom( ,S; ) %@ Hom( Sj)ﬂ@ Hom(Pj,Sj) — 0.
aj—j R:j—j

f*=0:

For ¢ € Hom(Pj,Sj),
¢ (f(@a)) = d(pa) = 0.

(¢ maps anything other than e; to 0.)
Hence

HO(S;,S;) = C,H\(S;,S;) = €I~ H?(S;,S;) = CRI~J,
Write S = @ S;. Then we can summarize it as:
P2, Ext'(S,5)% — JY |
Ext?(S,8) > (I/(IJ + JI))Y

where | is the ideal of non-trivial paths;
1/(I] + ]I) is the vector space spanned by minimal relations R.

CY3
Suppose A = CQ/I, and we have a basis of minimal relations such that
there is no relation among relations.
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(Q has no oriented cycle.)

Add an arrow r to Q for each relation R, with the same source and target.
Get a new quiver Q.

W=ZT-R
R

which are simple loops in Q.
Relations for Q:

R, = 090,W Va € Q.
This is cyclic differentiation.

B:=C- Q/(aaW:a € Q_1>

Relations among relations:
For each vertex i € Q,,

RR; :=2Ra-a-ei—2ei-a-Ra.
a a

These are loops in W
(up to cyclic permutation)
that are based at i.

g, RR; =e;, Qae; —ea @ e;_.

Hence resolution of B is given by:

h g f m
0= DD P D) P S S 0
[ a a [

where
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hpe: @ ep’) = ) (p ® aep’ —peia @ p')g

a
= > @®ap)a- ) Pa®p)a.
s(a)=i t(a)=i
Recall

f((e ®P)a) = (Pa ® P sy — @ ap ) ecay.
9(( ®pa) = Zp 101 0W 1"

(Each arrow corresponds to one relation d,I/.)

ex. &

W = xyzw — zyxw. Q
2, W =yzw — wzy. | ﬁ 5'2
0y 0, W = (e; @ zw), — (Wz Q e,),,. T

To compute HH, take Homg_g(—, B).

f*
0- @ Homg(P;, P;) = @ Homp (Pt(a)» Ps(a))

I, @ Homg (Py(ay Peay) = @ Homg(P;, P,) — 0.

£ () |
(f* (@) p=¢ (f ((p ® es(a))a)> = ¢(pa ® ey —p @ a)
= ¢(pa) — ¢(p) - a.

Regard ¢ as sum of paths i — i (and hom is right multi.),

fro =) ap - ga.
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g"(¢):
(g"@),p=¢ (g ((p ® et(a))a)> = Z ¢ ((p -0y aaw)a,).

al

Regard ¢ = ), ¢, as paths s(a’) — t(a’),

where aav]/ = WC&? 0% Wéf} (indeed lin. comb.).
h*(¢):
(7*(@).p = ¢ (R @ e))))

= ) $(@®DL) - Y $((pa®e).)

s(a)=i t(a)=i
= ) b - ) pupa).
s(a)=i t(a)=i

Regard ¢ = ), ¢, as paths t(a) — s(a),
R(@) =) ¢-a—a ¢,

HH?(B):
To get element in &, Homp (Ps(a), Pt(a)), take
loop [ and take

> @

a
(paths t(a) — s(a)).
Closed: },,(0,l - a —a - d, 1) = 0 since loop.
(Copy [ cyclically; pos. when a appears on right; neg. when a
appears on left.)
Called superpotential deformations.

Exact element:
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(1) (2)
z Waa' "o’ Waa’
a,a’
for paths ¢p,: s(a’) = t(a’).
In particular, if we take ¢ s = a’, get

wh.a - w@ = E W .
aa aa
a,a’

a
(Corr. to adding AW to W which is equiv. to original one.)

X, %
ex. Same W as above. Take
[ = xyzw. L1
z d,l € @ HomB(PS(a),Pt(a)) yw

(Y%’ , WX, NG, 13’)- Addlnj theat jrm 1 thy reH\'ms
Gives
Wy = (1+ h)xyzw — zyxw.

f*
0- @ Homg(P;, P;) = @ Homp (Pt(a)» Ps(a))
i a

g* h*
% @ Homg (Ps(a), Pecay) = @ Homg (P, P.) — 0.
a i

0— ?A‘o 9 A@L (24@‘{”“')):.6 @@‘G’»)i
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a' N, . t
y O -kl (Wx-m( ) ( gﬁ)(::{) _(,:.:::)(
T 0

W str-20x O Op-tyl) - mt)-Cey W
=
-

T | Caaoval) perteg O you-utdy

T Ll )=the ey-yal) u()y-’l)n O \

f*¢=2a¢—¢a.

g@ =) WD g W

h*(¢)=z¢°a—a-¢.

g" means for each relation, replace one arrow by a possibly longer path,
and sum up like Leibnitz rule.

In general, the second last term is direct sum over relations. Thus HH? is
recording deformation of relations
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