A short trip to tropical geometry

Siu-Cheong Lau
Boston University



Why "tropical”: one of the founders, Imre Simon, is a Brazilian
mathematician.
Another reason: the subject has a lot of "amoebas”, "trees"...
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Cartesian coordinate system:

points in the plane <-> pairs of real numbers (r.g)

e r+a+1 =0,
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Real world, or complex world?
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Unification!

Allowing complex numbers, all quadratic equations are "the same" by change of
coordinates!
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Hence all conics are uniformized to one shape!

Our real world Plato’s "world of ideal forms™"
temporary; unstable eternal; stable :
incomplete perfect
apparent unseen

(From http://2012books.lardbucket.org)




Dimension is too HIGH!!!
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Another famous example: Elliptic curve 3’ =+ azx+h.
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Consider the images of the curves under this map. The shapes look wild! (And
hence not discovered by geometers before 20th century!)

From Wolfram http://mathworld.wolfram.com/EllipticCurve.html

This projection is more "stable" than taking real slices!



Image of curves under lob ||

eg.x =1.

eg.x+y=1.
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If we rescale the base (moving the picture further and further away), we get the
"spines” of the "amoebas”!




Log
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Take t >> 0.

eg. x+y+1=0 & Fe*+¥e®1{=0.
LHS can be zero only when at least two of the terms are about of the same
norm, and all the other terms are comparatively small.

Key: When t >> 0, can ignore the argument part!

Thus three possibilities: " \
(1)u=vandu,v>0.
(2)u=0andv<0. (3)

(3)v=0andu<0. @

Extract the spine of the amoebal

In other words, consider the function max {u,v,0} and take the place where the
function is not "smooth".

IU +] —— max (u.v, 0}.



lrs})woﬁ S«emnzj . a(@u{_w]lg’* )

u+\f = ’W\ax{u,vl ;0 UxvV = utv.

ut, v = {o {(-F-[--l-v) ; U ¥V = ':Jf({u J[V) = U+v,

¥ Camrm(\"a‘\’{,,g‘. xfl\ﬂA:j-?-x,
¥ diS'}'n-Lu'\fve : I*(Jfl-?)= 1+ F x4
K i‘len'\z\'jI T‘?‘l‘ﬂ):x ; X*0) ==x

/\(D aM;lwe Tnverte \. fj, { +x =0 L\as o 5"€qu\;’~4’,

A N n n N n



\ VS‘)I.CJ T‘XJ“WMQ ‘E & 5 .J :) - "("‘;")‘ (1 r_\.33+6‘c )

€ 6 f(x) 33 % = max{ 3x x+2} y
/1

1

nom-smewtk locus

Tepal. bpoda dfoi by § ik oo 5
Neto o § o Kf b th e bypodfue

eg. xgj_? 0 = Max{x.a,o}
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Complex vs tropical curve
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Conclusion
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