
Quiver representation emerges from Lie theory and mathematical physics. Its simplicity and beautiful theory have 
attracted a lot of mathematicians and physicists. On the other hand, algebroid stack is a noncommutative generalization 
of manifold and arises naturally from moduli theory. In this talk, I will explain a version of algebroid stack that can glue 
together several quiver algebras with different numbers of vertices. I will also explain our original motivation in mirror 
symmetry and its applications.
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Quiver algebrasI.

𝑄: directed graph.
ℂ𝑄: path algebra.
𝑅: two-sided ideal of relations.
(Each generator has the same head and same tail.)

Quiver algebra with relations:
𝑨 = ℂ𝑄/𝑅.

Ex. Free algebra ℂ⟨𝑥, 𝑦⟩.

Ex. Noncommutative ℂଶ.

Ex. 𝐴 resolution.
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Why quiver?
Quiver crepant resolution of Gorenstein singularities.  
[Van den Bergh…]

1.

Quiver gauge theory in physics.  Deep relation with sheaf theory.  
[Nakajima…]

2.

Very interesting representation theory, analogous to Lie theory. 
[Gabriel, Katz…]

3.

Framed quiver gives a moduli formulation of computational network!  
[Jeffreys-L., Armenta-Jodoin…]

4.
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Understand a quiver algebra 𝑨 as

Ex. ℂ[𝑥, 𝑦, 𝑧]: the homogeneous coordinate ring of ℙଶ.

Want to understand as `manifold':
affine coordinate systems.

Ex. ℙଶ.
Localize at 𝑥:                         and take:

ℂൣ𝑥±, 𝑦, 𝑧൧ ↔ ℂ[𝑌, 𝑍]:

𝑌 =             , 𝑍 =           ;
and
𝑥 =     , 𝑦 = 𝑌, 𝑧 = 𝑍.

Affine charts for quiver algebras?
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Ex. Free ℙଶ.
𝐴 = ℂ𝑄.
         ℂ𝑄௫షభ ← ℂ⟨𝑌, 𝑍⟩ ∶ 𝐺ଵ

𝑌 ↦            , 𝑍 ↦        ;
𝐺ଵ:  ℂ𝑄௫షభ → ℂ⟨𝑌, 𝑍⟩:
𝑥 ↦      , 𝑦 ↦      , 𝑧 ↦      .

Note:
𝐺ଵ:  ℂ𝑄௫షభ → ℂ⟨𝑌, 𝑍⟩ makes sense as representation or 
functor, but not as algebra homomorphism;

•

𝐺ଵ ∘ 𝐺ଵ: ℂ𝑄௫షభ → ℂ⟨𝑌, 𝑍⟩ → ℂ𝑄௫షభ is not identity:
𝑥 ↦        , 𝑦 ↦         , 𝑧 ↦

•

Not too bad: 
Set 𝑐(𝑣) =                           , 𝑐(𝑣ଵ) =                         
Then
𝐺ଵ ∘ 𝐺ଵ(𝑎) =            𝑎                 .

•

That is, 𝐺ଵ ∘ 𝐺ଵ is •

Def. [L.-Nan-Tan] An affine chart of a quiver algebra 𝑨 is
a quiver algebra with a single vertex 𝒜 with representations
𝐺ଵ: 𝒜 → 𝑨, 𝐺ଵ: 𝑨 → 𝒜
that satisfies
𝐺ଵ ∘ 𝐺ଵ =
and
𝐺ଵ ∘ 𝐺ଵ =
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Quiver stacks and examplesII.

𝐺ଵ ∘ 𝐺ଵ =
and
𝐺ଵ ∘ 𝐺ଵ =

Algebroid stack was defined by [Kashiwara; O'brian-Toledo-Tong; D'Agnolo-Polesello; 
Bressler-Gorokhovsky-Nest-Tsygan; Block-Holstein-Wei…]

We slightly modify the definition to glue quiver algebras.

Def. A quiver stack consists of the following:

𝑐 is called gerbe data.
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Examples.

Quantum 𝐴ିଵ resolution

𝒌-th affine chart: localize at 𝑦, … , 𝑦, 𝑥ାଵ, … , 𝑥ିଶ.
(−1 ≤ 𝑘 ≤ 𝑛 − 2)
Each vertex has a non-zero path from it to 𝑣ିଵ.
(𝑒ିଵ, 𝑦, 𝑦𝑦ଵ, … , 𝑥ିଶ, 𝑥ିଷ𝑥ିଶ, …)

This is quiver resolution of quantum ℂଶ/ℤ.
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(𝑒ିଵ, 𝑦, 𝑦𝑦ଵ, … , 𝑥ିଶ, 𝑥ିଷ𝑥ିଶ, …)

More noncommutative as 𝑛 ≫ 0!
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Free version of moduli of framed thin quiver representations.
(free: represent arrows by matrices of any fixed rank)

Stability condition: 
for every 𝑣, has one of incoming arrows 𝑎௩ of 𝑄 invertible.
(⟺ has an invertible path 𝛾 from framing to 𝑣.)

Affine charts: fix 𝑎௩ for every 𝑣 and localize.
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Mirror functor to quiver stacksIII.

We discover affine charts of quiver algebras from mirror construction.

Our recipe of constructing
Symplectic manifold 𝑿 ---> quiver stack 𝓨:
(Extending the previous constructions of [Cho-Hong-L.])

Take {ℒଵ, … , ℒே}:
Typically it comes from:

1.

Construct quiver algebras 𝒜 of 2.
(Solve weak MC equations:                                  )

Technical step: (involving gerbe terms 𝑐)

Extend Fukaya category 𝑚
𝒴

over quiver stacks with local charts 

3.

Choose pre-isomorphisms α ∈ 𝐶𝒜|ೕ,𝒜ೕห
ೕ

 ൫ℒ, ℒ൯.

Key: solve the isomorphism equations for gluing maps:

4.

Theorem: [L.-Nan-Tan] There exists an 𝐴ஶ-functor:
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Example: 𝑨𝒏ି𝟏 smoothing (2d).

[Hong-Kim-L.]:
(equation for unobstructed deformations)
𝒜 are simply 

𝒜 glue up to 

This local model was applied to construct mirrors of 𝐺𝑟(2, 𝑛) [Hong-Kim-L.]
and del Pezzo surfaces [L.-Lin-Lee].
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𝒜 are affine charts of the 𝐴ିଵ quiver:

Can be derived from isom. between
(ℒ, 𝑏) and (𝑳, 𝒃). 

[Fan-Hong-L.-Yau]: Use this to understand Atiyah flop.

Complex moduli
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To obtain quantum 𝑨𝒏ି𝟏, 
go to 3d-1d:

Affine charts derived from
(ℒ, 𝑏) ≅ (𝑳, 𝒃).
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Summary: 

We take immersed Lagrangians ℒ, … , ℒ and construct the mirror quiver 
stack 𝒴 by using

1.

Suppose ℒ = 𝑳,  𝒜 ≅ 𝑨୪୭ୡ
 ∀𝑖  and  𝒜 has only one vertex.

𝒜 are understood as                                    of 𝑨.

2.

Let 𝒴 be glued from
We want to compare 
ℱ𝑳:
and

ℱ(ℒభ,…,ℒ):

3.

Remark: we allow situation that ℒ do not intersect with ℒ!

Then 𝑳 serves as a `middle agent' to find gluing relation between 𝒜.
Need Novikov ring…
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Example: mirror nc local projective plane.
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Theorem. [L.-Nan-Tan] There exists a quiver stack 𝒴 such that
α, α satisfy the isomorphism equations

𝑚ଵ

𝒴,𝒷ೕ,𝒷ೖ
൫𝛼൯ = 0;

𝑚ଶ

𝒴,𝒷ೕ,𝒷ೖ,𝒷ೕ൫𝛼, 𝛼൯ = 𝟏𝑳𝒋
.

Our method combines SYZ fibers with Seidel's immersed Lagrangian.

`Manifold' description of nc 𝐾ℙమ:  ℏ෩ =
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Derived equivalence between 𝑨 and 𝓨.IV.

𝑳                             ------>

{ℒ: 𝑖 = 1, … , 𝑛}  ------>

Have ℱ𝑳 and ℱ{ℒ}.

To relate ℱ𝑳 and ℱ{ℒ}, consider 𝑼 =

Theorem. [L.-Nan-Tan]
There is a natural 𝐴ஶ transformation 𝒯:

Assume that we have isomorphism (𝑳, 𝒃) ≅ (ℒ, 𝑏).
Then 𝒯 has a left inverse.
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In concrete cases (ex. conifold), we can compute ℱ𝑼 explicitly and 
show the equivalence.
We develop a Mayer-Vietoris sequence for algebroid stacks.

The end
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