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Abstract

Reaction-diffusion equations on the real line that contain a control parameter
are investigated. Of interest are travelling front solutions for which the rest
state behind the front undergoes a supercritical Turing or Hopf bifurcation as
the parameter is increased. This causes the essential spectrum to cross into the
right half plane, leading to a linear convective instability in which the emerging
pattern is pushed away from the front as it propagates. It is shown, however,
that the wave remains nonlinearly stable in an appropriate sense. More precisely,
using the fact that the instability is supercritical, it is shown that the amplitude
of any pattern that emerges behind the wave saturates at some small parameter-
dependent level and that the pattern is pushed away from the front interface. As
a result, when considered in an appropriate exponentially weighted space, the
travelling front remains stable, with an exponential in time rate of convergence.

1. Introduction
Consider the reaction-diffusion equation
uy = DO?u+ f(u;p), uweR™ zcR, (1.1)

where D is a diagonal matrix with positive coefficients, u is a real parameter,
and f is smooth with f(0; ) = 0 for all u. We assume that (1.1) has, for all u
near zero, a travelling front solution u(x,t) = u.(z — c(p)t; ) that moves with
speed ¢ = ¢(u) > 0 to the right and satisfies

ghhrn ux(§5 1) =0, 5lim s (§5 1) = Uy
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Figure 1: The left panel illustrates the rightmost spectrum of the linearization about the front
in the comoving frame § = x —ct at © = 0. As p increases, we assume that essential spectrum
crosses into the right half plane. The right panel illustrates how perturbations to the front
profile are pushed, in the comoving frame, towards £ = —oo just after bifurcation, whilst their
amplitude saturates at O(~/|u]).

We are interested in such fronts for which the zero rest state behind the front
undergoes a supercritical Turing or Hopf instability at 4 = 0. In the coordinate
frame x, Turing bifurcations lead to small-amplitude patterns that are spatially-
periodic and time-independent, while Hopf bifurcations lead to patterns that
are spatially homogeneous and time-periodic. In the moving coordinate & =
x — ¢(p)t, these bifurcations are generically caused by two locally parabolic
curves of essential spectrum that cross into the right half plane at +iwg, for
some critical temporal frequency wy > 0, as p is increased through zero (see
Figure 1).

Much previous work on travelling fronts and their stability in reaction-
diffusion systems exists; see, for example, [12] and the references therein. In
particular, the various ways in which a front can lose stability have been inves-
tigated. The spectrum can destabilize at +iwy due to either a pair of isolated
eigenvalues or the essential spectrum crossing into the right half plane. The
former case is a classical Hopf bifurcation and was first analyzed by Henry [6,
§6.4] using center-manifold theory. In the latter case, because the bifurcation is
due to continuous spectrum, standard reduction techniques cannot be applied.

This type of destabilization, known as an essential instability, was first ana-
lyzed in [14]. The authors were interested in determining whether or not such a
destabilization led to the creation of modulated fronts connecting the remaining
stable rest state with the pattern that emerges. In their analysis they distin-
guished between two distinct cases: when the destabilization is caused by the
rest state behind the front and when it is caused by the rest state ahead of the
front. The reason for considering these cases separately can be seen by ana-
lyzing the Fredholm index of the operator £ — X\, where L is the linearization
about the front. Roughly speaking, the Fredholm index is a measure of the
solvability of the system (£ — A)u = h for a given h. When the instability is
ahead of the front, the Fredholm index of £ — X increases from zero to one as
A moves from right to left through the essential spectrum. This leads to an un-
derdetermined system of equations and the existence of bifurcating modulated
waves. When the bifurcation is behind the front, the index changes from zero



to minus one, leading to an overdetermined system. Therefore, the only nearby
wave that exists after the bifurcation is the original, linearly unstable front. It
is the nonlinear stability of this solution that we analyze here.

Previous stability analyses in the context of this type of bifurcation include
the following. For the modulated waves that emerge when the bifurcation is
ahead of the front, spectral stability was proved in [14]. Nonlinear stability,
which does not immediately follow due to the presence of the essential spectrum
on the imaginary axis, was proved for Turing bifurcations in [1] using weighted
spaces and renormalization group techniques.

When the bifurcation is behind the front, and so no nearby modulated waves
exist, one could expect some form of nonlinear stability for the original, linearly
unstable front. This is because, in a comoving frame, the emergent pattern gets
pushed towards minus infinity. In addition, because we assume the bifurcation
is supercritical, the amplitude of perturbations behind the front should saturate
at some small value that depends on p. As a result, in a function space in which
behavior at minus infinity is suppressed, the front should be stable. In this case,
nonlinear stability has been proved for a specific system in which the rest state
behind the front undergoes a Turing bifurcation [4]. However, the techniques
used there include the maximum principle and energy methods, which are diffi-
cult to generalize. Our goal is to show that, for a general class of systems of the
form (1.1), the front u.(&; i) is nonlinearly stable in an appropriate sense for all
w1 near zero when the rest state behind it experiences a supercritical Turing or
Hopf instability. Our strategy for proving nonlinear stability is as follows. First,
using weighted spaces, we show that the front is nonlinearly stable provided the
amplitudes of perturbations to the front profile saturate. Afterwards, we utilize
mode filters and the Ginzburg-Landau equation that governs the dynamics near
the rest state behind the front to establish these a priori estimates. This second
step relies heavily on results by Mielke and Schneider [9, 11, 16, 18].

The outline of the remainder of the paper is as follows. In §2 we precisely
state our assumptions and results. A priori estimates for perturbations in the
weighted space are given in §3. In §4, mode filters are used to show that pertur-
bations in the unweighted space remain small. We briefly summarize our results
in §5.

2. Set-up, assumptions and results

The function spaces in which we work need to contain functions that are not
necessarily localized in space. Hence, we shall work with the so-called uniformly
local spaces that are defined as follows.

We choose the weight function py(z) = e~1#! and define (T} pu)(z) = pu(z—
y) to be the translation operator T}, applied to the weight function. The weighted
L? norm and the uniformly local L? norm are then given respectively by

2o = [ pa@lu@Pds and Jul s, =supfulr,
R yeR

[l




The uniformly local space L?) is then defined as
L2 = closure of C55,4(R) in {u € Li.(R): ullzz, < oo} ,

and the Sobolev spaces H | are defined similarly. The translation operator gives
uniformity in space for the norm, and taking the closure of smooth functions
ensures that the resulting space is complete and that the standard Sobolev
embeddings still hold. Below we work in H} so that solutions are defined
pointwise. For more information on these spaces, we refer the reader to [11].

Hypothesis (H1). For u = 0, equation (1.1) has a travelling-wave solution
ul(x — cyt) for an appropriate wave speed c. > 0, and the wave profile satisfies
lime—,— oo u?(€) = 0 and lime_oo ul(§) = uy for some uy € R™.

We now formulate the hypotheses on the spectral stability of the front u?.
Consider the linearized operator

L, = DO} + ¢.0¢ + fu(ud(£);0),
posed in the comoving frame £ = = — ¢,t, and the asymptotic operators
L_(p) :Da§+fu(o§ﬂ)a L£4(0) :Dai"’fu(l“r?o)

associated with the spatially homogeneous rest states v = 0 and v = u,, for-
mulated in the laboratory frame, on the space Lﬁl with domain HEI. To capture
transport, we let p, be any smooth, monotone function that satisfies

m©={ e izl 1)

with a > 0.

Hypothesis (H2). We assume that the following is true:

(i) There is an ag > 0 such that the spectrum of the operator L% = paL.p; "
on L2, lies in the open left half plane for all 0 < a < ay except for a simple
eigenvalue at A = 0.

(ii) For all v close to zero, the spectrum of L_(u) lies in the open left half plane
except for two curves given by

Ak, 1) = Xo(p) = Aa(p)(k = ko)* + O(Jk — ko[*), [k — kol < 1
and its complex conjugate, where Re A2(0) > 0, Re A[(0) > 0 and either
Turing: ko > 0 and X\o(0) =0, or
Hopf: ko =0, Ao(0) = iwg for some wg > 0.

(iii) The spectrum of L4(0) lies in the open left half plane.
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Figure 2: The rightmost parts of the Lﬁl spectra of the linearization L. and the weighted
operator £¢ with 0 < a < 1 are shown for the case where Hypothesis (H2) is met. Note that
wo = kocx > 0 at Turing bifurcations.

As we shall now argue, Hypothesis (H2) implies that the spectra of the
operators £, and £2 on L?| are as shown in Figure 2. In the laboratory frame
x, the critical curves A(k, ) in the spectrum of £_(u) correspond to neutral
eigenmodes of the form e*o%y, for Turing bifurcations and e“oty, for Hopf
bifurcations. The dispersion curve A(k, u) in the laboratory frame x becomes
Ai(k, s ¢) = Ak, p) + ikce in the frame £ = x — ¢t that moves with speed ¢; see
[15]. Since the spectrum of L, contains the dispersion curve A.(:,0;c.) (see,
for instance, [6, Lemma 2 in the appendix to Chapter 5] or [12, §3.4.3]), we see
that its spectrum indeed touches the imaginary axis at +iwg, where wy = kgc,
at Turing bifurcations. Next, we note that the group velocity —%(l@o, 0) of
the dispersion curve vanishes in the laboratory frame x, which implies that the
essential spectrum of the weighted linearization £¢ in the right-moving frame £
will move into the left half plane for all sufficiently small a > 0 (see [13, 14]),
and Hypothesis (H2)(i) ensures that no isolated eigenvalues of L2 are revealed
on the imaginary axis when the essential spectrum is moved.

Our last assumption is that the bifurcation caused by the critical curve
A(k, ) is supercritical. To make this precise, consider (1.1) near v = 0, and
let e(ko) be an eigenvector of the matrix —kZD + f£,(0;0) associated with the
eigenvalue A\g(0). Upon substituting the ansatz

u(x,t) = ee!For+9ot) A(ex e2t)e(ko) + c.c., p = pe (2.2)

into (1.1) and expanding in €, we find that the amplitude A(X,T') satisfies the
Ginzburg—Landau equation

Ar = X2(0)0% A + pAy(0)A — b| A2 A (2.3)

for an appropriate value b € C; see [10] and references therein. The sign of
the real part of the cubic coefficient b determines whether the bifurcation is
subcritical or supercritical. We assume the latter:

Hypothesis (H3). We assume that Reb > 0 so that the bifurcation is super-
critical.



It is a consequence of Hypothesis (H2)(i) that the front u?(x — c,t) persists
for nearby values of . More precisely, there exist a unique profile u.(&; u) and
a unique wave speed c(u) with u.(-;0) = u? and ¢(0) = ¢, so that u(z,t) =
us(x — c(p)t; p) satisfies (1.1) for all g near zero. The next theorem shows that
these fronts remain nonlinearly stable, in an appropriate sense, for p near zero
and, in particular, the fronts do not feel the linear instability that occurs in
their wake.

Theorem 1. Suppose that Hypotheses (H1)-(H3) are satisfied, then there exist
positive constants K, A, ax, ps, and 8, such that the following is true: for all
lul < ps and any initial condition satisfying ||v(-,0)||g1 < 6x, the solution of
(1.1) with initial data u(z,0) = u.(x; p) +v(x,0) exists for allt > 0 and can be
written as
u(,t) = wa(w — ()t — p(t); 1) + v( — ()t 1)

for an appropriate real-valued function p; furthermore, there is a constant p, € R
such that

IN

ol + @1 < K (Jo0,0)m, +v/Iul)
1Pa. (Yot t) s, + p(6) = pa] < KeA!

for allt > 0. In other words, the perturbation v(€,t) decays to zero exponentially
in time in the weighted norm | pq, - ||H11 in the comoving frame & = x — c(p)t.

A

There are two steps in the proof of this theorem. The first, contained in §3,
is to show that, if [[v(-,)|| 1 is small for all £ > 0, then [|pav (-, t)|| g1, < Ke At
for some A, > 0. This will follow using a method analogous to that in [4]. The
second step, contained in §4, is to show that [lv(-,?)[| g2 is, in fact, small for all
t > 0. This will be proved using the mode filters.

3. A priori estimates in the weighted space

To prove that the fronts . (xz — ¢(p)t; 1) are nonlinearly stable for all p with
|#] < 1, we write solutions to (1.1) in the form

wl(a ) = u(x — ()t — p(); p) + vz — ()t ).

The real-valued function p(t) will be defined in more detail below and will allow
us to remove the neutral behavior due to the zero eigenvalue. From now on, we
fix p close to zero and consider the dynamics near the front u,(z — c(u)t; p). It
is convenient to formulate all equations in the comoving frame £ = x — ¢(u)t.
To simplify notation, we define

ho(€) :=we (&), hp) () := ho(€ = p(t)) = ux(§ — p(t); 1)

and omit the dependence on y. Similarly, we write ¢ and f(u) instead of c¢(u)
and f(u;p), respectively, from now on. In the comoving frame & = = — ct,
equation (1.1) becomes

up = DB? + cOsu + f(u).



Substituting the ansatz
u(é,t) = ho(§ — p(t)) + v(&, 1), (3.1)
we obtain the system
ve = Lov + phy, = [fu(ho) = fulhp)lv + [f(hy +v) = f(hp) = fu(hp)v],  (3.2)
where we use the notation " = 9, recall that p = p(t), and set
Lo := D; + cOe + fu(ho).

We shall use the weighted function w(&,t) := pa(§)v(&,t), with p, from (2.1),
which then satisfies the equation

wy = Lw +}5,0ah;, = [fulho) — fu(hp)]w +N(”)wv (3.3)
where
L5 = paLopy’
- C_zp;> <2<p;>2_%_pg )
D(()é + < o Oc + 7/)3 o u + fu(ho)
1
N(v) = / [Fulhy +70) — fulhy)] dr = O(ju]).

We will consider w € H], and choose the exponential rate a in the interval
(0, ag], where ag is so small that Hypothesis (H2)(i) is met and so that there
exists a C' > 0 for which

ho(§) | , | ho(8)
pa(§) pa(§)

for 0 < a < ag. We call exponential rates a € (0,ag] admissible. Throughout
the remainder of this paper, we will denote by C any generic constant that does
not depend on the initial data or on a and u.

Hypothesis (H2) implies that the essential spectrum of £ lies strictly to the
left of the imaginary axis for all y near zero and all admissible rates a. The only
eigenvalue on or to the right of the imaginary axis is the simple eigenvalue A = 0
with eigenfunction p,h{,. Therefore, it is possible to define a spectral projection
P¢ in H], onto the one-dimensional center subspace belonging to A = 0. The
rest of the spectrum will be bounded away from the imaginary axis, and so the
complement of P{ is the projection P; onto the generalized stable eigenspace.
In particular, there exists a constant K that is independent of p so that

K

’ <C, zeR (3.4)

lePe 5y, < Kope™Mo! (3.5)

for ¢ > 0. We combine this information in the following lemma.



Lemma 3.1. There exist positive constants Ky, Ao, and pg such that the fol-
lowing holds for any |u| < po. The spectral projection PS is well defined and, in
fact, given by

Piw = <waaw>L2pah€)7

where 1, = p; b, and g spans the kernel of the operator adjoint to Lo with

(thay paho) L2 = (Yo, ho)r2 = 1. (3.6)
For P$ =1 — P¢, we have (3.5).
In the decomposition (3.1),

u(g’t) = hO(f _p(t)) + U(f,t),

the shift function p(¢) is not defined uniquely, even if p(0) = 0 is assumed. To
avoid ambiguity we require that w(-,t) lies in the range of the projection P¢ for
all ¢ > 0 for which the decomposition (3.1) exists. In other words, we require
that w(¢,t) satisfies

Pw(-,t)=0 (3.7)

a
for all t > 0, and, applying the projections P$ and P¢ to (3.3), we obtain the
system

wy = P;'ng + P; (]')pah; - [fu(ho) - fu(hp)]w +N(v)w) (3'8)

(Ya, [fu(ho) = fulhp)lw = N(v)w) >
<¢a7 pah;>L2

for (w, p). Conversely, solutions (w, p) of (3.8) automatically satisfy (3.7). Using
the initial data p(0) = 0, the function p(t) is then defined uniquely. Note
that as long as p(t) remains sufficiently small, the denominator (14, pohy,) 2 =
(1o, ho(- — p(t))) L2 in (3.8) is bounded away from zero due to (3.6).

We consider the system consisting of (3.8) coupled to (3.2). Because the
nonlinearity f is smooth, there exists a constant K; so that the nonlinearity N
and the difference in the linearization about h¢ and h,, satisfy

1ulho) = fulhp)llazy, + IN @)y, < K (Il + o], ) (3.9)
Bl < K (ol + ol ) ol

for u close to zero. The second estimate follows from the first and the equation
governing p in (3.8). By [11, Lemma 3.3], the linear operators in (3.2) and (3.8)
are sectorial operators on H&l, and the arguments in [6, 11] therefore imply
that solutions exist locally in time, are unique, and depend continuously on
the initial conditions. This proves the local existence and uniqueness of the
decomposition (3.1). Moreover, the continuous dependence of the solutions on
the initial conditions implies that, for any given 0 < 19 < 1, there exists a vy > 0
and T > 0, such that

sup (IO + 10,01, ) <o provided [lo(- )l <50 (3.10)
tel0,

p =

IN

IN



The maximal time 7" such that the above holds is denoted by Tiax (o).

The following lemma states that, as long as the solutions v in the unweighted
space and p remain small, the solution w in the weighted space will decay
exponentially fast in time and control the behavior of p. This is the main result
of this section and is analogous to [4, Lemma 3.2].

Lemma 3.2. Pick A such that 0 < A < Ag, then there exists an fy with 0 <
flo < 1 so that the following is true. If 0 < nyg < Mo and w is a solution of (3.3)
for which the corresponding solutions v and p satisfy (3.10), then

lw( Ol < Ke M [lw(, 00z, p(0)] < Kllw(, 0)]lm,

for all 0 < t < Tyax(no), for some positive constant K that is independent of p
and ng. If Tmax(no) = 00, then there is a p, € R with

p(t) = pa| < Ke M |Jw (-, 0)[| a2, (3.11)
for allt > 0.

Once this lemma has been established, the proof of Theorem 1 will follow if
we can prove that Tiax (7o) = oo for our particular choice of 7.

PRrROOF. Consider the equation for w in (3.8) for ¢ € [0, Tinax), rewritten here
for convenience:

wy = P3Liw + P (ppah; — [fulho) = fu(hp)]w +N(v)w) .

Applying the variation-of-constants formula to this equation, we obtain

t
w(,t) = elFitw(-,0) + / e Py ((5) pay o) (5)
0

~[fulho) = fullpe)we,5) + N (v(-,5)w(-,5)) ds,
where we recall that hyy = ho(§ — p(t)) depends on ¢ through p(t). From (3.5)
and (3.10), it follows that

t
ot Ol < Ko™ o )y, + Ko [ €0 (G0l
+K1 ()] + 0, ) s, ) o, ), ) ds.

Since p, and hy,(§) = hy(§ — p) are bounded uniformly in p, there exists a
constant Ko > 0 such that
”pah;)”H}l1 < K.

Therefore, using (3.10) we obtain

t
Ol < Koo ™l 0y + Ko [ e 9Ky (1 + 1)
0



% (Ip(s)] + Gl ) (e 9)l s, ds
< Koe M w(-,0)[| g, (3.12)

t
+ KoK (K2 + 1)770/ e A=) ||y (., $)| 2, ds.
0

For 0 < A < Ag and 0 <t < Tyax, define

M(t) = sup ™[w(-, )] .
0<s<t v

After multiplying (3.13) by e we find that

Mw(, )y, < Koem MV w (-, 0)]

t
+KoK1(Ks + 1)770/ e_(AO_A)(t_S)eASHw(vS)HHl1 ds
O u

IN

t
KOHU)(‘vO)||H11+KOK1(K2+1)770M(t)/ e Rom M=) g
" 0

KoK (K2 + 1)no
Ao — A

IN

Kollw(-,0)[ 1, + M(t),

and therefore
KoK (Ka+ 1)no

M () < Kollw(-0) 7, + == =M (@)
If 7g is chosen so that
KoKi(Ka+1) 1 ) . Ag— A
- Hy> = lentl <
1 Ao _ A Mo > 2 or, equivalently, Mo < SR K1 (Ko +1)

then we have
M(t) < 2Kow(-, 0)||

for 0 < my < Mo, and therefore
[w(-,8)l 3, < 2Koe™*[|w(:, 0)]| a1, - (3.13)
From (3.13), (3.9), (3.10) and the assumption that 79 < 1, we then obtain
[p(t)] < 2KoKinoe™ M |w(-, 0)]| g1, < 2KoK1e™ M |w(:, 0)]| s, (3.14)

for 0 <t < Thax- On the other hand,

[[w(-, 0)]

2K K,
A H

t t
p(t)] < / [p(6)]ds < 2KoK [lw(-,0) 1 / e ds <

If Thax = o0, then (3.9), and consequently (3.14) and (3.13), hold for any ¢.
According to (3.14), p. = [;~ p(s) ds exists, and we have

p(t) — p. = / B(s) ds

o0

10



for all ¢ > 0. To estimate the convergence rate, we use (3.14) and obtain

Ik K,
A

m@—mﬁ2%KWWﬁmﬂ/ et ds < (-, 0)]| 1 e~
t

The statements of the lemma then follow with K = max{£2, £e&1}: recall that

the constants Ky, K1 and K5 are independent of 7y and T O

4. Estimates in the unweighted space via mode filters

In this section, we prove that, in fact, Thax (7o) = co. In particular, we will
prove the following proposition.

Proposition 4.1. There exist positive constants K, 0, and py such that, if
[v(+;0)[[ 1, < 0, then the solution to (3.2) exists for each p with |u| < p. and
satisfies

ot Dl + ()] < K (o€ 0l + v/l

for allt > 0. In particular, Tmax (o) = 0o for fjg = K (0« + v/1t+) and all p with
] < g

The proof will consist of two steps. First, we will show that the behavior of
solutions to (3.2) is really governed by the bifurcation at —oo. Then we will show
that, because this bifurcation is supercritical, the amplitude of perturbations

saturates eventually at O(y/|u|) in H},. The combination of these results, which
leads to the above proposition, is contained in Lemma 4.2 below.

4.1. Reduction to behavior at minus infinity

In order to prove Proposition 4.1, we first show that the evolution of v in
the comoving frame is controlled by the dynamics near £ = —oo. To do this, we
will use a method similar to that of [1, §5], which we now describe.

We write equation (3.2) as

vu=L_v+N_(v)+ A(p,v), (4.1)
where

L_ = D& + cde + fu(0)

fw) = fu(O)v

A(p,v) = phy+[fulho) = fu(0)]v = [fu(ho) = fu(hp)]v
+[f (hp +v) = f(hp) = fu(hp)v] = N_(0v).

Notice that £_ and N_ are respectively the linearization about the unstable
state v = 0 in the comoving frame and the corresponding nonlinearity, where
we recall that we assumed that f(0; ) = 0 for all g. The function A consists of
the drift term ph;,, the difference between the linearization about the front and

Z
I
[
=
Il

11



about 0, and the difference between the nonlinearity evaluated at the front and
at 0. On account of Lemma 3.2, we can view p(t) as a given function. Our goal
is to use the information in §3 about exponential decay in a weighted space and
information about p to obtain the following estimates.

Lemma 4.1. There exists a constant C, depending only on Ay and 7jg, such
that
AP )¢ )l g1, < Cllw(, D)l z, < Ce™ M [fw(-, 0|,

for all 0 <t < Tiax.

This lemma implies that we can think of the evolution of v as being governed
by the evolution near the unstable state plus the effects of an inhomogeneity
that is exponentially decaying in time.

Proor. We will deal with each term inside A separately and use that any
function in H}, is defined pointwise by Sobolev embedding.

Consider the term ph;. Since the underlying wave is smooth, we know
that [|hy |z, < K for some constant K3. Furthermore, equation (3.9) and
Lemma 3.2 imply that

9 < K (1] + ol ) ol < Kae™ (-, 0) (4.2)

for 0 < ¢t < Thax and some constant Ky, which gives the desired estimate for
the first term. Next, we write

[fu(hp(€)) — fu(0)

()

Fulho) = FuOR(0)] < G |
“ NLEGI
< L|<|h€|w'f““( >] GG

Equation (3.4) and smoothness of f imply that

1fu(ho) = fu(O)]oll sy, < Cllwllmy, < Ce™ ™ Jlw(:, 0| gy,

for 0 < a <ap and 0 <t < Tax. Similarly,

aho) = fulb)l@] < | sup  |funlw)]| L0l = 0l€ZPON o)
|u|<|hol o pa()
, p(0)]
C su h w .
§ |<|Sbupﬁp(t)‘| O(£+<)‘ pa(§)| (£)|

Appealing again to (3.4), this gives

1fulho) = fulhp)lollm, < Ce™* w(-,0)| sy, -

12



It remains to estimate the expression

[f (hp +v) = fulhp)v = f(hp)] = N_(v)
= [f(hp +v) = fulhp)v = f(hp)] = [f (v) = fu(0)v].

Rearranging the terms and using that f(0; ) = 0 for all u, we get
|Lf (hp +v) = f(0)] = [f (hp) = F(O)] + [fu(0) = fu(hp)]v]
1 1
/ [fulv + shy) = fu(shy)]ds hy — / fuu(shp)[hp, v]ds
0 0

Iy
< Clhyllel = 22 ] < Clul,

Therefore,

1Ly + ) = Fullp)o — F(hp)) = N-(@)ll s, < Ce™ (-, 01,

which proves the lemma. O

4.2. Boundedness of solutions via mode filters

Since the estimate for A in Lemma 4.1 is in H}; and does therefore not
depend on the underlying reference frame, we can write equation (4.1) for the
evolution of the small perturbation v in the original frame x and obtain

vi = D2v+ f(v; 1) + Alp,v) = DPv + f(v;) +O(e™™).  (43)

In particular, for sufficiently large times, the dynamics of v(z,t) ought to be
governed by the dynamics of the reaction-diffusion system

v = DO2v + f(vi ). (4.4)

Since v is small, this suggests that we use the Ginzburg-Landau formalism
for Turing or Hopf bifurcations, which describes the dynamics of the envelopes
A(X,T) of modulated waves of the form

v(x,t) = Vs(A) == detFortiwot A(5z, 52t)e(ko) + c.c., (4.5)

for 0 < |u| < 0% < 1 and with e(ko) given via A(ko,0)e(ko) = £_ (iko, 0)e(ko),
by the Ginzburg—Landau equation

Ao (0)
92

For Reb > 0, which we assumed in Hypothesis (H3), equation (4.6) has a
bounded attractor, and solutions are therefore bounded uniformly in time; see
[9]. Furthermore, it was shown in [18, 11] that these properties for the Ginzburg—
Landau equation imply that solutions of (4.4) belonging to sufficiently small
initial data stay small for all times. The proof of the latter assertion is based

Ap = A (0)0% A + A —blAPA. (4.6)
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upon the use of mode filters, which separate the neutral part of the continuous
spectrum near the imaginary axis from the rest of the spectrum and allow one
to decompose the solution of (4.4) into a center-unstable component, governed
by the Ginzburg-Landau equation, and a stable component, governed by an
exponentially decaying semigroup.

The additional O(e™"*) term that is present in (4.3) prevents us from ap-
plying the results of [18, 11] directly to equation (4.3). However, the ideas and
techniques developed in those papers are still applicable, and by establishing
the so-called approximation and attractivity properties introduced there, we
will show that solutions to (4.3) with sufficiently small initial data remain small
in H&l for all t > 0. These two properties will be stated precisely below but,
essentially, the approximation property says that, given any solution A of (4.6),
there is a solution v of (4.3) that is close to f/[;(A) in an appropriate sense for
large but finite times. In other words, any small solution v that looks like a mod-
ulated wave at a given initial time will continue to look like a modulated wave
for large finite times. The attractivity property states that, given any solution
v of (4.3), there is a solution A of (4.6) such that Vs(A) is close to v, again in an
appropriate sense, for large but finite times. In other words, all small solutions
v will eventually look like a modulated wave for a large finite time. Proving
this is more difficult and requires the use of the mode filters developed in [18].
These two properties together will then give the proof of Proposition 4.1. We
state the details for Turing bifurcations only and remark that the modifications
for the Hopf case require the use of the results of [19].

First, we define precisely the spaces in which we will work. Let Y, =
HL(R,R™) and S; be the semiflow associated with equation (4.3) in Y,. In
addition, let Gr be the semiflow associated with (4.6) in Y4 = H (R, C). Local
existence for both these semiflows follows from standard arguments. As men-
tioned above, it is known that the flow for (4.6) is globally bounded [9]. We
will also need to use the fact that solutions to (4.6) remain in a ball of radius
O(y/|u]/8) in H}, for all t > 0. This result, for the space HY rather than L2
or L*, follows from the energy estimates of [9, §3].

To define the mode filters, we introduce a cutoff function x € C*(R,[0,1])

that satisfies
1 if ke[,

X(k) { 0 if k¢ (=27,27)
where 7 is some small constant that is independent of p and §. Let

L () = DOZ + fu(0; p)

be the linearized operator at w = 0 in the original frame x and denote its
Fourier transform and associated adjoint by £_ = £_(k, p) and £* = L* (k, p),
respectively. For k close to ko, these operators have the eigenvalue A(k, 1) from
Hypothesis (H2)(ii), plus its complex conjugate, and we denote by é(k, ) and
é*(k, ) the respective eigenvectors with (é,é*) = 1 for all (k, ). We now define
the operators P* in Fourier space as the multiplication operators

(Pra) (k) = X(k F ko) (€" (k, ), a(k))é(k, )
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and the associated complex-valued versions p* via
PR = Xk F ko) (e (k, ), (k).

These multipliers, and the ones to follow, depend on u, but we shall suppress this
dependence in our notation. Note also that the functions é(k, ) and é*(k, u)
need only be defined in balls of radius 2y around +k; for the above definitions
to be meaningful. We also define

(PEa)(k) = R(2(k F ko)) (€* (k, u), a(k))é(k, u),

and similarly ﬁfflf, which have smaller support in Fourier space. Using these
operators, we can define the multipliers

~
C

Po PraPo, P—1-P,  Po—Pr4DPo, P

g =1— Py,
which filter either the stable or center modes, and the associated complex-valued
operators p°, p°, pS ¢, and p5 . It was shown in [17, Lemma 5] that the operators
Isélf and PJ defined above in Fourier space correspond to bounded linear oper-
ators Pglf and PJ from H% into itself for any s > 0. Furthermore, Pr{lf and P7
commute with £_ and map their ranges into itself. Though the operators Prfl ¢
and PJ are not projections, we have P°P¢. = P¢. which we shall use below.

Next, define the scaling operator Rs by (Rsu)(x) = u(dz) and the multipli-
cation operator © by (Ou)(z) = e'*o%y(x), which is just a translation operator in
Fourier space. To relate the reaction-diffusion system and the Ginzburg-Landau
equation, we use the modified ansatz

v(z) = Vs(A) = 60F L [x(k)é(k + ko, p) F(RsA)] +cc. : Y4 — Yy,

where F denotes the Fourier transform. The map that sends a solution to its
approximation by extracting its critical modes is given by

1

A5:YU—>YA, A5u=5

R1/5@71p+u. (4.7
We may now state, in terms of Vs and Ay, the attractivity property that will
be used to connect the flows for equations (4.3) and (4.6). Let BZ denote the
ball of radius R in Z centered at O.

Proposition 4.2 (Attractivity). For each ro > 0, there exist positive con-
stants r1, 71, Ro, To and dg such that

sup inf |S7,/52(v) = Vs(A)ly, < r8°/4 (4.8)
veB;’,,"ferBRg
J sy < B (49)
te[0,To/62]

for all § and p with 0 < § < &y and |p| < §2.
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Remark 4.1. Proposition 4.2 asserts that we can extend the time interval on
which v(-,t) is defined and remains small from 0 < t < Tyax to 0 < 5%t < Ty,
for some Ty. Technically, we cannot extend this time interval for v without also
doing so for p. However, one can see that, on any time interval where |[v(-,t)| 1,
remains small, [|w(-,t)| 1 decays exponentially, and |p(t)| must therefore also
remain small due to equation (4.2). We will use this fact below.

PROOF (OF PROPOSITION 4.2). Since the emphasis in this proof is on the tem-
poral behavior of solutions, we write throughout v(¢) and w(t) instead of v(-,t)
and w(-,t). All norms are taken with respect to the spatial variable for fixed
time ¢.

The method of proof is similar to that of [18, Lemma 10], except that we
need to take the term A(p,v) into account. We will show the following: there
exists a Ty with 0 < Ty < 1 and a constant C, independent of p and d, such that,
for any vg satisfying |lvo|ly, < dro, the corresponding solution to (4.3) satisfies
lo)|ly, < C§ for all 0 < §?t < Tp. Furthermore, we can write v(Ty/6%) =
Sue + 62us, where |lu;|ly, < C and Piu; = u; for j = ¢,s.

To see why this leads to the statement of the proposition, define

A(Tp) = As(v(Tp/56%)).

We claim that this defines the element of V(;(Bgf) to which S;(vg) is attracted,
in the sense of the proposition. Indeed, it is straightforward to show that P°u =
Vs As(u) for each u with P°u = u, and we therefore have

187, /62 (v0) = Vs(A(To)lly, = [|duc + 6% us — Vs[As(duc + 6%us)] v,
< (5||PcuC - V(;.A(suCHYU + 06?
< 082

Hence, it suffices to show how solutions of (4.3) can be controlled using the
mode filters.

Using Lemmas 4.1 and 3.2, we can write A(p, v)(z,t) = H(z,t)w(x,t), where
H(z,t) is smooth and bounded uniformly for 0 < ¢ < Ti,ax, and w(x,t) denotes,
with a slight abuse of notation, the function w(&,t) written in the frame (z,t).
We recall that, as we shall use only H!, estimates in the remainder of this
section, the frame does not matter. Next, we set v.(-,0) = 6‘1P§1fv0 and

vs(+,0) = 671 PS tvg, and substitute v = dv. + vy into equation (4.3) to get
8 (Opve + Orvg) = 0 (L_ve + L_vs) + N_(dve + dvs) + H(t)w(t).

We now define v, and vs to be solutions to the following integral equations

ve(t) = e“-tu.(0) (4.10)
5P [ eS0T I Bolr) + )+ M) () o
0
vs(t) = e“tu(0) (4.11)

+% rsnf/o L= IN_ (8 (1) 4 dus(7)) + H(T)w(7)] (1) dr.
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Using that the mode filters and the semigroup commute, we can prove as in [18,
Lemma 4] that, for each fixed Ty, there are constants K, Ko and x > 0 such
that

1P5ee” ull s, < Kallullgy, 1Pl < Ko™ Jlull gy,

for all t with 0 < 6%t < T,. The constant K; in the above estimate will, in
general, depend on Ty due to the growth of order e#t < e#To/ * in the center
directions. However, as long as |u| < 62, this will not affect our result, because
below we choose 0 < Ty < 1.

We proceed now as follows: First, the system (4.3) has a unique solution
(p,v) on the interval 0 < t < Tphax, which we use to define the inhomogeneity
H(t)w(t). Using this information and the estimate from Lemma 4.1, we see that
the system (4.10) of integral equations defines a contraction in the ball of radius
2Ry centered at (v.(0), v5(0)) in C4,([0,6~ 5], HL, x HY), provided 6~ % < Tiax.
We now estimate v, and vg for 0 < ¢t < 57 to show that the components v g
indeed remain bounded on this time interval from which we can then infer, via
the relation v = v, + dvs and by Lemma 3.2 and Remark 4.1, that Ty, must
be at least as large as 3. Using (4.10) and the fact that [Jw(0)|ly, < §, we
find for 0 <¢ < 4§73

[oe(@lly, < Cl\vc(O)IIYU+C5/O(Ilvc(f)lln+Hvs(T)IIYU)2dT

C t
+5 [ e @)y ar
5 )

Cllw(0)ly,

5 (sinceOStﬁé‘i)

CRy + CS§1R2 +
< G

IN

and, again for 0 < ¢ < 61,
t
los@lly, < Ce™™[lus(0)]ly, +05/ e T ([fve()lly, + [los(7)lly, ) dr
0
C t
5 [ e )y, or
0 Jo

< omure s cang s O (it ol

< %(e*“t +9).

Choosing t = 61, we can conclude from the last estimate that

C

les(6™ )y, < e/ +6) < Cod.

We now exploit this better estimate to bound the solution v over the longer time
interval [0, Tp/62%]. We define uc(0) = ve(1/6Y4) and ug(0) = 6~ vs(1/6*/4) and
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substitute v = du, + 62us into equation (4.3) to arrive at the integral equation

we(t) = ef-tug(0) + %Pglf /O D N (Bue(r) + 8us(7)) (112)
FH(T 4+ 6 Hw(r + 5—%)} dr
ug(t) = eF-tug(0) + %P;f/o ef-(t=7) {N, (6ue(T) + 0%us(7))

FH(T+ 6" D)w(r + 5—%)} dr.

Local existence of solutions is clear, and we therefore need to show that solutions
(ue, us) remain bounded on the interval [0,7,/62], uniformly in §. The key
observation that allows us to obtain the necessary estimates of the right-hand
side of (4.12) is due to Schneider [16] who proved that PS B[PS u, PS u] = 0 for
any bilinear form B of the form B[u,v] = u? Bv, where B € C"*". We therefore
write ~ ~
N_(v) = Blo,o] + N(v),  N(v)=O(Jv])

and note that cubic nonlinearities do not pose any problems for estimates of the
below type [8]. Thus, to keep the analysis simple, we focus from now on on the
quadratic terms and remark that the analysis to follow can be extended easily
to account for the nonlinearity N'(v) using [N (v1 4+ v2)|| < C(|Jvr | + |Jva]f?).
From (4.12), we obtain

A

t
[uc(®)lly, < Heﬁ*tuc(U)IanrCﬁ/o (e (Dly, lus(T)lly, + dllus(PF,) dr

A
Ce 51/
+ 2 w(0)
ls®ly, < lle“u Oy,

+C (e, + 8lluc(®)]
A
Ce 51/4
F L w(0) ]y,

For j = c,s, we introduce the variables

Uj(t) :== S luj(T)lly,,  0<t<Ty/s

Yy

A

us(t)]

Y, v, + 0 [lus()]%,)

and get

U(t) < Cllue(O)]ly, + C62 /O [Ue(r)Us(7) + 6U5(1)?] dr  (4.13)

A
Ce™ s1/4
+ )y,

Us(t) < Cllus(0)ly, + C [Uc(t)? + 8Uc(t)Us(t) + 62Us(t)?]
Ce alA/

+ 2w o)

Y, -
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The constant C' that appears in (4.13) does not depend on the initial data or
on ¢ or Ty with Ty < 1. We now choose constants K. and K so that

A A

Ke < Clluc(0)lly, + Ce a5, Ks < Cllus(0)|ly, + Ce a7/

for all relevant initial data and values of §, and define
K, := 4(K, + 16CK?).

Next, we pick Tp so that 0 < Ty < min{1,log2/[4CK{]}. Aslongas U.(t) < 4K,
and Us(t) < K, for 0 <t < Ty/82, we have

Us(t) < K+ 16CK? 4+ C[46 K Uy (t) + 62Uy (t)?).

Therefore, if dg is chosen sufficiently small so that

1
406K, + Coa4(K, +16CK?) < 3

then, in fact,
1 -~
Ui(t) < 3K..

Furthermore, substituting this bound into the equation for U., we have
t
Uc(t) < Ko + C6Ty K2 4 4C6% K, / Ue(T)dr
0

for all ¢ with 0 < 62t < Tp. Gronwall’s inequality then implies that

Ue(t) < (K. + COTHR2)e*CK:To < ZKC

due to our choice of Tp, provided &y is so small that CoTyK2 < K./4. This
means that the preceding estimates hold true for all ¢ in the interval [0, Tp/5?]
as claimed. (]

Proposition 4.3 (Approximation). For all positive Ry, Ty, and ry, there
exist positive constants ro and dg such that the following is true for all 6 and
pwowith /|ul <6 < 8. If Ay € BE? and S, /52 (vo) € Y, with ||Sz, /52 (vo) —
V(;(Ao)| Y, S 7“1(55/4, then

sup || Si(Sty 62 (v0)) — V5(952t(A0))||y < rpd°/4, (4.14)
0<t<T} /52 v

PRrOOF. This statement is a generalization, in two ways, of the standard Ginz-
burg-Landau approximation theorems found, for example, in [5, 18] or the re-
view [10]. First, the parameter § that measures the size of the solutions is
typically taken to be O(m ). However, we need to allow for solutions that
do not necessarily shrink to zero as pu does. This type of extension has been
discussed in [11], and a similar technique can be used here.
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Second, we need to account for the term A(p,v), which we are viewing as
an inhomogeneity. To deal with this, the statement of the proposition has been
slightly modified so that the approximation does not occur until a time Ty /52.
To see why this works, suppose we allow the solution with initial data vy to
evolve up to the time T/62. The proof of the preceding proposition shows the
flow is well defined for this long time and that the solution remains bounded.
From the time Ty/6% onwards, the inhomogeneity A(p,v) will therefore be ex-
ponentially small in §, even when we replace its argument x by x/§. As a result,
one can follow the arguments in [18, §3.2] to prove approximation by subsuming
the inhomogeneity into the residual terms. O

By combining these results with the fact that solutions of (4.6) with initial
data of size O(y/|u|/0) remain small, we can now prove that v stays small in Y,
for all time.

Lemma 4.2. Under the assumptions of Propositions 4.2 and 4.3, there ezist
positive constants Ty, T1 and dy such that, for all §, p and ro with \/m <d<
b0 and ro sufficiently large, we have S(TOJFTI)/(;Q(B;/;O) C Bg;”o. In particular,
solutions S¢(vg) with initial conditions in ngl’o stay bounded and exist for all
time.

PRrROOF. This is essentially the same proof as in [18, §1], but we restate it here for
convenience. Since the bifurcation is supercritical, the results of [9] imply that
all solutions of (4.6) satisfy limsup,_ o [|A(T)|y, < C+/]ul/d. Furthermore,
they imply that there exists an R, such that, for each Ry > 0, there exist
positive constants Ry and T} so that

Gr,(Bi*) C B and U grBy) c B (4.15)
T€[0,Ty]

Choose 1y independent of § and sufficiently large so that

Vs(Bj* ) C B)»

. (4.16)

which can be done simply by the definition of Vs. By attractivity, we know that
there are positive constants Ry, Ty and 1 so that

St1,/52(Bay) C U, g5/4(Vs(BEY))

uniformly in § and u, where U, denotes the neighborhood of size r. For this value
of Ry, there is then a T} so that (4.15) holds. Furthermore, by the approximation
property (4.14), there is an ro so that

v (4.14) i
Sry/52 [S1y62(Bs))| € Upyssa(Vs(Gr (BgL)))

(4.15) (4

C U,ssa(Vs(BE))
Furthermore, it follows from (4.9), (4.14) and (4.15) that these solutions are
bounded by max{715,2R;} on the interval [0, (Ty+71)/52]. We can now repeat
and iterate the preceding argument with rg = 2R, which proves the result. [J

16)
C  By:.
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Proposition 4.1, and therefore Theorem 1, follows now from the above results
upon taking § := \/[u| when |v(-,0)[z1 < /|, while taking ¢ := [v(-,0)|p

when [v(-,0)[g1 > /|4l

5. Discussion

We proved nonlinear stability of fronts near a supercritical Hopf or Turing
bifurcation of the rest state left behind by the front. Specifically, we proved
that small bounded perturbations stay bounded for all times and are pushed
away from the front interface towards the wake of the front. Similar results to
the ones obtained here for general reaction-diffusion systems were previously
obtained in [4] for a specific model problem in which the front undergoes a Tur-
ing bifurcation. To prove our stability result, we combined the approach from
[4] with techniques from [9, 16, 18], where a priori bounds of small-amplitude
solutions were established using the Ginzburg—Landau formalism.

Following the arguments in [11], it should be possible to show that the dy-
namics in the wake of the front is governed by the associated Ginzburg-Landau
equation. For Hopf bifurcations, the dynamics of the Ginzburg-Landau equa-
tion depends strongly on the coefficients Ay(0) and b discussed in §2. Depending
on these coefficients, the prevalent dynamics may consist of stable oscillatory
waves or of spatio-temporally complex patterns, which will appear with small
but finite amplitude in the wake of the front. Our results show that the front
will ultimately outrun these structures in its wake. We mention that this re-
sult was previously derived by Sherratt [21] through a formal analysis for fronts
near supercritical Hopf bifurcations in the case when these can be described by
A-w systems. We refer the reader to [7, 21, 20] for numerical simulations and
applications to predator-prey systems.

We did not consider Turing—Hopf bifurcations, where both ky and wg are
nonzero in the original frame z. In this case, the dynamics near the desta-
bilizing rest state can be captured formally by a system of coupled Ginzburg—
Landau equations that describe small left- and right-travelling waves of the form
el(kortwot) " No rigorous approximation or validity results are known in this case.

Finally, we mention that the ideas from [4] have recently been used in [2], see
also [3], to prove nonlinear stability of combustion fronts. The key difficulties
in the situation discussed in [2] are that there are multiple fronts that decay
algebraically to the same rest state as + — —oo and that both rest states
have essential spectrum up to the imaginary axis. The approach discussed in
[4] allowed the author to obtain a priori estimates that guarantee nonlinear
stability.
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