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Abstract

In an appropriate moving coordinate frame, source defects are time-periodic solutions to reaction-
diffusion equations that are spatially asymptotic to spatially periodic wave trains whose group veloc-
ities point away from the core of the defect. In this paper, we rigorously establish nonlinear stability
of spectrally stable source defects in the complex Ginzburg-Landau equation. Due to the outward
transport at the far field, localized perturbations may lead to a highly non-localized response even
on the linear level. To overcome this, we first investigate in detail the dynamics of the solution to
the linearized equation. This allows us to determine an approximate solution that satisfies the full
equation up to and including quadratic terms in the nonlinearity. This approximation utilizes the
fact that the non-localized phase response, resulting from the embedded zero eigenvalues, can be cap-
tured, to leading order, by the nonlinear Burgers equation. The analysis is completed by obtaining
detailed estimates for the resolvent kernel and pointwise estimates for the Green’s function, which
allow one to close a nonlinear iteration scheme.
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1 Introduction

In this paper we study stability of source defect solutions of the complex cubic-quintic Ginzburg-Landau
(qCGL) equation
Ay = (1+i0)Age + A — (11 iB)AJA]® + (71 + in2) A| Al (L1)

Here A = A(x,t) is a complex-valued function, z € R, ¢t > 0, and «, 8,71, and 7, are all real constants
with 7 = 1 + 72 being small but nonzero. It is shown, for instance in [BN85, PSAK95, Doe96,
KRO00, Leg01, SS04a|, that the qCGL equation exhibits a family of defect solutions known as sources
(see equation (1.2)). We are interested here in establishing nonlinear stability of these solutions, under
suitable spectral stability assumptions.

In general, a defect is a solution uq(z,t) of a reaction-diffusion equation

uy = Dugy + f(u), u:RxRT - R”

that is time-periodic in an appropriate moving frame & = x —cqt, where cq is the speed of the defect, and
spatially asymptotic to wave trains, which have the form uy(kz — wt; k) for some profile uy(0; k) that
is 2m-periodic in 6. Thus, k and w represent the spatial wave number and the temporal frequency, re-
spectively, of the wave train. Wave trains typically exist as one-parameter families, where the frequency
w = wyi(k) is a function of the wave number k. The function wy(k) is referred to as the nonlinear



dispersion relation, and its domain is typically an open interval. The group velocity ¢ (ko) of the wave
train with wave number kg is defined as

dwp
ko).
1 (ko)

cg(ko) :=

The group velocity is important as it is the speed with which small localized perturbations of the wave
train propagate as functions of time, and we refer to [DSSS09] for a rigorous justification of this.

Defects have been observed in a wide variety of experiments and reaction-diffusion models and can
be classified into several distinct types that have different existence and stability properties [vSH92,
vH98, SS04a]. This classification involves the group velocities c;t = ¢qg(k+) of the asymptotic wave
trains, whose wavenumbers are denoted by ki. Sources are defects for which ¢g <€ < cg, so that
perturbations are transported away from the defect core towards infinity. Generically, sources exist
for discrete values of the asymptotic wave numbers k., and in this sense they actively select the wave
numbers of their asymptotic wave trains. Thus, sources can be thought of as organizing the dynamics
in the entire spatial domain; their dynamics are inherently not localized.

For equation (1.1), the properties of the sources can be determined in some detail. We will focus on
standing sources, for which ¢q = 0. They have the form

Asource<$a t) = T(x>eigo(z)e—iwot7 (1.2)
where
xll)rjrtloo vz () = Lko, mll)rinoor(x) = +ro(ko), wo = wo(ko),

and where the details of the functions r, ¢, o and wy are described in Lemma 2.1, below. In order
for such solutions to be nonlinearly stable, they must first be spectrally stable, meaning roughly that
the linearization about the source must not contain any spectrum in the positive right half plane — see
Hypothesis 2.1, below. Our goal is to prove that, under this hypothesis, the sources are nonlinearly
stable.

To determine spectral stability one must locate both the point and the essential spectrum. The
essential spectrum is determined by the asymptotic wave trains. As we will see below in § 2.2, there are
two parabolic curves of essential spectrum. One is strictly in the left half plane and the other is given
by the linear dispersion relation

Nin(k) = —icgk — dr? + O(K?)
for small x € R, where ¢; = 2ko(o — «) denotes the group velocity and

2k3(1 4 B2)

B =2y}
r3(1—2vr3)’

d:=(1+apf) — =T

B (1.3)

Thus, this second curve touches the imaginary axis at the origin and, if d > 0, then it otherwise lies in
the left half plane. In this case, the asymptotic plane waves, and therefore also the essential spectrum,
are stable, at least with respect to small wave numbers ky. Otherwise, they are unstable. Throughout

the paper, we assume that d > 0. We also remark that there has been previous work on stability of
wave trains in equation (1.1). See, for example, [Kap94].



Determining the location of the point spectrum is more difficult. For all parameter values there
are two zero eigenvalues, associated with the eigenfunctions 0, Asource and Os Asource, Which correspond
to space and time translations, respectively. When v = 7 = 0, one obtains the cubic Ginzburg-
Landau equation (cCGL). In this case, the sources are referred to as Nozaki-Bekki holes, and they are
a degenerate family, meaning that they exist for values of the asymptotic wave number in an open
interval (if one chooses the wavespeed appropriately), rather than for discrete values of kg. Therefore,
in this case there is a third zero eigenvalue associated with this degeneracy. Moreover, in the limit where
a = =7 = v = 0, which is the real Ginzburg Landau (rGL) equation, the sources are unstable.
This can be shown roughly using a Sturm-Liouville type argument: in this case, the amplitude is
r(z) = tanh(z) and so r’(z), which corresponds to a zero eigenvalue, has a single zero, which implies
the existence of a positive eigenvalue.

The addition of the quintic term breaks the underlying symmetry to remove the degeneracy [Doe96]
and therefore also one of the zero eigenvalues. To find a spectrally stable source, one needs to find
parameter values for which both the unstable eigenvalue (from the rGL limit) and the perturbed zero
eigenvalue (from the cCGL limit) become stable. This has been investigated in a variety of previous
studies, including [Leg01, PSAK95, CM92, KR00, SS05, LF97]. Partial analytical results can be found
in [KR0O, SS05]. Numerical and asymptotic evidence in [CM92, PSAK95] suggests that the sources
are stable in an open region of parameter space near the NLS limit of (1.1), which corresponds to the
limit |e,|B] = oo and 71,772 — 0. In the present work, we will assume the parameter values have been
chosen so that the sources are spectrally stable.

The main issue regarding nonlinear stability will be to deal with the effects of the embedded zero
eigenvalues. This has been successfully analyzed in a variety of other contexts, most notably viscous
conservation laws [ZH98, HZ06, BSZ10]. Typically, the effect of these neutral modes is studied using
an appropriate Ansatz for the form of the solution that involves an initially arbitrary function. That
function can subsequently be chosen to cancel any non-decaying components of the resulting perturba-
tion, allowing one to close a nonlinear stability argument. The key difference here is that the effect of
these eigenvalues is to cause a nonlocalized response, even if the initial perturbation is exponentially
localized. This makes determining the appropriate Ansatz considerably more difficult, as it effectively
needs to be based not just on the linearized operator but also on the leading order nonlinear terms.

The remaining generic defect types are sinks (both group velocities point towards the core), trans-
mission defects (one group velocity points towards the core, the other one away from the core), and
contact defects (both group velocities coincide with the defect speed). Spectral stability implies nonlin-
ear stability of sinks [SS04a, Theorem 6.1] and transmission defects [GSUO04] in appropriately weighted
spaces; the proofs rely heavily on the direction of transport and do not generalize to the case of sources.
We also mention work on the nonlinear stability of sinks in the specific case of CGL in [Kap91, Kap96].
We are not aware of nonlinear stability results for contact defects, though their spectral stability was
investigated in [SS04b].

We will now state our main result in more detail, in § 1.1. Subsequently, we will explain in § 1.2 the
importance of the result and its relationship to the existing literature. The proof will be contained in
sections §2-§6.



1.1 Main result: nonlinear stability

Let Agource(,t) be a source solution of the form (1.2) and let A(z,t) be the solution of (1.1) with
smooth initial data Aj,(z). In accordance with (1.2), we assume that the initial data A;,(x) is of the
form Ry, (x)e(®) and close to the source solution in the sense that the norm

[ Ain (+) — Asource(+; 0) [|in := ||ex2/M0(Rin - T)(')HC?’(R) + H‘fIQ/MO(QZ)in - ‘P)(‘)HC?’(R)a (1.4)

where My is a fixed positive constant and | - ||¢s is the usual C3-sup norm, is sufficiently small. The
assumption that the initial perturbations be bounded by Gaussians in the above sense is largely for
convenience as it simplifies our analysis considerably: in particular, this assumption allows us to close
our nonlinear iteration scheme more easily (and, technically, we use (1.4) in the estimate (6.29) to obtain
(6.25)). This localization separates, to some extent, the issue of stability of sources versus stability of
the asymptotic wave trains. The stability of wave trains under nonlocalized perturbations was addressed
only recently in [JNRZ13, SSSU12]. We believe that the source stability result remains true for initial
perturbations that decay like |z|~? for some sufficiently large a (and believe that a=3/2 is sufficient).
The solution A(z,t) will be constructed in the form

Az + p(x,1),t) = (r(z) + R(x, 1)) om0 7wt

where the function p(z,t) will be chosen so as to remove the non-decaying terms from the perturbation.
The initial values of p(z,0), R(z,0), ¢(z,0) can be calculated in terms of the initial data A, (z).

Below we will compute the linearization of (1.1) about the source (1.2) and use this information to
choose p(z,t) in a useful way. Furthermore, the linearization and the leading order nonlinear terms will
imply that ¢(z,t) — ¢*(z,t) as t — oo, where ¢® represents the phase modulation caused by the zero
eigenvalues. The notation is intended to indicate that ¢® is an approximate solution to the equation
that governs the dynamics of the perturbation ¢. In particular, ¢% is a solution to an appropriate
Burgers-type equation that captures the leading order dynamics of ¢. (See equation (1.12).) The below
analysis will imply that the leading order dynamics of the perturbed source are given by the modulated
source

Amod(l' + p(l‘, t), t) — Asource(l', t)eid)a(z’t) — T($)ei(@(x)+¢a(z,t))efiwot.

The functions p(z,t) and ¢%(x,t) together will remove from the dynamics any non-decaying or
slowly-decaying terms, resulting from the zero eigenvalues and the quadratic terms in the nonlinearity,
thus allowing a nonlinear iteration scheme to be closed. To describe these functions in more detail, we

define . . .
x+c x—c # 2
e(z,t) ;= errfn g ) — errfn < g ) , errfn (z) := / e ¥dx 1.5
(1) < Vadt Vadt ©) = o —0 (15)

and the Gaussian-like term

1 _ (Az;cg.t)Q B (]VQE[+Cgt)2
P— o (t+1 t+1
G(x,t) = m (e o(t+1) + e o(t+ )) s (16)
where M is a fixed positive constant. Now define
d
o (x,t) == % {log <1 + ot (t)e(z,t + 1)> + log <1 +0 (t)e(x, t + 1))},
dq (1.7)
. + _ -
p(x,t) = Sake {log <1 + 0" (t)e(z, t + 1)> log <1 + 0 (t)e(z, t + 1)”,



where the constant ¢ is defined in (5.10) and 6% = 6*(¢) are smooth functions that will be specified
later. Our main result asserts that the shifted solution A(x + p(z,t),t) converges to the modulated
source with the decay rate of a Gaussian.

Theorem 1.1. Assume that the initial data is of the form Aj(x) = Rin(x)ei‘z’i“(ac) with Rin, ¢ €
C3(R). In addition, assume that Asource 1S spectrally stable in the sense of Hypothesis 2.1 and that the
assumptions of Lemma 2.1 are satisfied. There exists a positive constant €y such that, if

€= HAm() - Asource('ao)Hin < €p, (18)

then the solution A(x,t) to the qCGL equation (1.1) exists globally in time. In addition, there are
constants 1o, Co, Mg > 0, 6% € R with |65 | < eCy, and smooth functions 6*(t) so that

|65 (t) — 05| < eCoe™!,  Vt>0

and
Y4
‘aaxe [A(”P(-Tyt)vt)—Amod(xat)}’ < Co(1+)[(1+8) 24 mlNg(z, 1), Ve eR, W¥t>0, (19)

for £ =0,1,2 and for each fized k € (0,3). In particular, |A(- + p(,t),t) — Amod(,t)|lw2r — 0 as
t — oo for each fixed r > ﬁ

Not only does Theorem 1.1 rigorously establish the nonlinear stability of the source solutions of
(1.1), but it also provides a rather detailed description of the dynamics of small perturbations. The
amplitude of the shifted solution A(x + p(x,t),t) converges to the amplitude of the source Agpyce(, 1)
with the decay rate of a Gaussian: R(z,t) ~ 6(x,t). In addition, the phase dynamics can be understood
as follows. If we define

d

.
5o(t) = —qu log [(1 +oT) (1 + 5*(t))], 3plt) = 5 1og H iggm (1.10)
it then follows from (1.7) that
% (x,t) — 0g(t)e(x,t + 1)‘ + ’p(w,t) — op(t)e(x,t + 1)) < eCo(1 +t)Y20(x, t). (1.11)

The function e(z,t) resembles an expanding plateau of height approximately equal to one that spreads

outwards with speed £cg, while the associated interfaces widen like V/t; see Figure 1. Hence, the phase

o(x) 4+ ¢(z,t) tends to p(z) + ¢*(x,t), where ¢p*(z,t) looks like an expanding plateau as time increases.
As a direct consequence of Theorem 1.1, we obtain the following corollary.

Corollary 1.2. Let n be an arbitrary positive constant and let V' be the space-time cone defined by the
constraint: —(cg — M)t < & < (¢g —n)t. Under the same assumptions as in Theorem 1.1, there are
positive constants n1,Cy so that the solution A(x,t) to the qCGL equation (1.1) satisfies

|A(z,t) — Asource(x — 6p(00),t — dg(00) /wp)| < eCre Mt

for all (z,t) € V, in which 6, and 64 are defined in (1.10).



e(x,t)

Figure 1: Illustration of the graph of e(x,t), the difference of two error functions, for a fixed value of t.

Proof. Indeed, within the cone V', we have
le(z,t +1) — 1| 4+ 0(x,t) < Cre”™*

for some constants 71, C7 > 0. The estimate (1.11) shows that p(x,t) and ¢®(x,t) are constants up to
an error of order e~™!. The main theorem thus yields the corollary at once. O

As will be seen in the proof of Theorem 1.1, the functions §%(¢) will be constructed via integral
formulas that are introduced to precisely capture the non-decaying part of the Green’s function of the
linearized operator. The choices of p(z,t) and ¢%(x,t) are made based on the fact that the asymptotic
dynamics of the translation and phase variables is governed (to leading order) by a nonlinear Burgers-
type equation:

(0 + 720000 — 402 ) (6 £ kop) = q(026" & koDup)?, (112)
0

where ¢ is defined in (5.10). See Section 5.4. The formulas (1.7) are related to an application of the
Cole-Hopf transformation to the above equation.

1.2 Difficulties and a framework

In the proof, we will have to overcome two difficulties. The first, the presence of the embedded zero
eigenvalues, can be dealt with using the now standard, but nontrivial, technique first developed in
[ZH98]. Roughly speaking, this technique involves the introduction of an initially arbitrary function
into the perturbation Ansatz, which is later chosen to cancel with the nondecaying parts of the Green’s
function that result from the zero eigenvalues. The second difficulty is dealing with the quadratic order
nonlinearity.

To illustrate this second difficulty, for the moment ignore the issue of the zero eigenvalues. Suppose
we were to linearize equation (1.1) in the standard way and set

A(:‘Ua t) = Asource(xa t) + A(l'a t)a

with the hope of proving that the perturbation, A(z,t), decays. The function A(x,t) would then satisfy
an equation of the form

(0 — L)A = Q(A),

where £ denotes the linearized operator, with the highest order derivatives being given by (1+ia)d?2, and
Q(A) = O(]AJ?) denotes the nonlinearity, which contains quadratic terms. Since the temporal Green’s



function (also known as the fundamental solution) for the heat operator is the Gaussian ¢t~/ 2¢—lo—yl?/4t
centered at = y, the Green’s function of 9; — L at best behaves like a Gaussian centered at x = y+cqt.
(In fact it is much worse, once we take into account the effects of the embedded zero eigenvalues.)
Quadratic terms can have a nontrivial and subtle effect on the dynamics of such an equation: consider,
for example, u; = ugze — u?. The zero solution is stable with respect to positive initial data, but
is in general unstable. For such situations, standard techniques for studying stability are often not
effective. In particular, the nonlinear iteration procedure that is typically used in conjunction with
pointwise Green’s function estimates does not work when quadratic terms are present (unless they have
a special conservative structure). This is because the convolution of a Gaussian (the Green’s function)
against a quadratic function of another Gaussian, Q([l), would not necessarily yield Gaussian behavior.
Therefore, if we were to use this standard Ansatz, it would not be possible to perform the standard
nonlinear iteration scheme and show that A also decays like a Gaussian. To overcome this, we must use
an Ansatz that removes the quadratic terms from the equation.

Returning to the first difficulty, as mentioned above (see also Lemma 2.3), the essential spectrum
of L touches the imaginary axis at the origin and £ has a zero eigenvalue of multiplicity two. The
associated eigenfunctions are 0y Asource and O Asource, Which correspond to time and space translations,
respectively. Neither of these eigenfunctions are localized in space (nor are they localized with respect to
the (R, ¢) coordinates - see (2.7)). This is due to the fact that the group velocities are pointing outward,
away from the core of the defect, and so (localized) perturbations will create a non-local response of the
phase. More precisely, the perturbed phase ¢(x,t) will resemble an outwardly expanding plateau. This
behavior will need to be incorporated in the analysis if we are to close a nonlinear iteration scheme.

In the proof, we write the solution A(x,t) in the form

Az +pla,1),1) = [r(z) + R(z, 1))+ ot

and work with perturbation variables (R(x,t), ¢(x,t)). The advantages when working with these polar
coordinates are i) they are consistent with the phase invariance (or gauge invariance) associated with
(1.1); ii) the quadratic nonlinearity is a function of R, ¢,, and their higher derivatives, without any
zero order term involving ¢; iii) based upon the leading order terms in the equation (see §5), we expect
that the time-decay in the amplitude R is faster than that of the phase ¢. Roughly speaking, these
coordinates effectively replace the equation u; = g, — u?, which is essentially what we would have for
A, with an equation like u; = gy — uuy, which is essentially what we obtain in the (R, ¢) variables (but
without the conservation law structure). In other words, with respect to A, the nonlinearity is relevant,
but with respect to (R, ¢), it is marginal [BK94].

In the case of a marginal nonlinearity, if there is an additional conservation law structure, as in
for example Burgers equation (uu, = (u?);/2), then one can often exploit this structure to close the
nonlinear stability argument. Here, however, that structure is absent, and so we must find another way
to deal with the marginal terms. The calculations of §5.4 show that, to leading order, the dynamics of
(R, ¢) are essentially governed by

o (55) = (oo i tmen) 2 () + (a5 st ) ()

~2r2(1—271r2) 0\ (RY . (O(R% 42, R¢,)
(0 () ().



where ¢ is defined in (5.10). The presence of the zero-order term —272(1 — 2vy;7%)R in the R equation
implies that it will decay faster than ¢. In fact, the above equation implies that to leading order R ~ ¢;.
Moreover, if we chose an approximate solution so that R ~ ko /(ro(1 — 27173)), then we see that ¢
satisfies exactly the Burgers equation given in (1.12) (up to terms that are exponentially localized). In
order to close the nonlinear iteration, we will then need to incorporate these Burgers-type dynamics for
¢ into the Ansatz, which is done exactly through the approximate solution ¢®. This is similar to the
analysis of the toy model in [BNSZ12].

When working with the polar coordinates, however, there is an apparent singularity when r(x)
vanishes. Such a point is inevitable since r(z) — £ro with rg # 0 as © — £oo. We overcome this issue
by writing the perturbation system as

(0: = L)U = N(R, ¢, p),

for U = (R,r¢), instead of (R, ¢). Here L again denotes the linearized operator and N (R, ¢, p) collects
the remainder; see Lemmas 2.2 and 5.1 for details. Note that we do not write the remainder in terms of
U, but leave it in terms of R and ¢. Later on, once all necessary estimates for U(z,t) and its derivatives
are obtained, we recover the estimates for (R(x,t),¢(z,t)) from those of U(x,t), together with the
observation that ¢(z,t) should contain no singularity near the origin if r(z)¢(x,t) and its derivatives
are regular; see Section 6.9.

To make the above discussion rigorous, there will be four main steps. After stating some preliminary
facts about sources and their linearized stability in §2, the first step in §3 will be to construct the resolvent
kernel by studying a system of ODEs that corresponds to the eigenvalue problem. In the second step,
in §4, we derive pointwise estimates for the temporal Green’s function associated with the linearized
operator. These first two steps, although nontrivial, are by now routine following the seminal approach
introduced by Zumbrun and Howard [ZH98|. The third step, in §5, is to construct the approximate
Ansatz for the solution of qCGL, and the final step, in §6, is to introduce a nonlinear iteration scheme
to prove stability. These last two steps are the novel and most technical ones in our analysis.

It is perhaps worth noting that recent work on the nonlinear stability of spatially periodic patterns
in dissipative systems, in particular [JZ11], is closely related to this present work. Both rely on two key
components: 1) a suitable perturbation Ansatz and 2) detailed pointwise estimates for the linearized
Green’s function, with the residual error in the former sufficiently small that, when paired with the
latter, the result is small enough to close a nonlinear iteration scheme. In both [JZ11] and this work,
a potential issue is the appearance of quadratic terms in the nonlinearity. For the periodic wave trains
treated in [JZ11], the linearized estimates decay sufficiently rapidly that such terms are asymptotically
irrelevant and may be absorbed in the nonlinear iteration; for the source defects treated here, by contrast,
the linearized estimates decay more slowly by a factor of ¢*/2, and so quadratic terms do not absorb.
It is for this reason that we find it necessary to build a more complicated nonlinear Ansatz taking into
account quadratic (i.e., Burgers) order coupling, so as to remove these terms from the residual error.

In some sense, the main difference is the nature and dynamics of perturbations. For wave trains,
there is enough space so that even nonlocalized (but bounded) phase perturbations can effectively decay
like rarefaction waves. For sources, this is not possible, because the source has a fixed phase: thus we
get phase fronts, which do not decay; this is then promulgated through the system. In some sense, the
analogue of the latter in the wave-train case would be non-localized wavenumber perturbations, which
are not understood.



To our knowledge, this work is the first nonlinear stability result for a defect of source type, extending
the theoretical framework to include this case. An interesting open problem at a practical level is to
verify the spectral stability assumptions made here in some asymptotic regime; this is under current
investigation. An important extension in the theoretical direction would be to treat the case of source
defects of general reaction-diffusion equations not possessing a gauge invariance naturally identifying
the phase. This would involve constructing a suitable approximate phase, sufficiently accurate to carry
out a similar nonlinear analysis, a step that appears to involve substantial additional technical difficulty.
We hope address this in future work.

Universal notation. Throughout the paper, we write ¢ = O(f) to mean that there exists a
universal constant C' so that |g| < C|f|.

2 Preliminaries

2.1 Existence of a family of sources for qCGL

In this subsection, we prove the following lemma concerning the existence and some qualitative prop-
erties of the source solutions defined in (1.2). This lemma relies on the results of, for example, [Doe96]
and [SS04a], where the existence of sources was studied. Such results are valid near the real cubic
Ginzburg-Landau limit (o« = f = v = 0) and near the NLS limit (Jo| = |3| = 00, v = 0). We remark
that, in this limit, the only sources that exist are the standing ones (¢q = 0).

Lemma 2.1. Assume that |«| and |B| are either both sufficiently small or both sufficiently large; in
addition, once o and (B are fized, we assume that |7y| is sufficiently small. There exists a ko € R with
|ko| < 1 such that a source solution Asource(,t) of (1.1) of the form (1.2) exists and satisfies the
following properties.

1. The functions r(x) and @(x) are C*. Let xo be a point at which r(xzg) = 0. Necessarily,
r'(x0) #0 and rye(x0) = @u(zo) = 0.

2. The functions r and ¢ satisfy r(x) — £ro(ko) and pz(z) = £ko as © — Foo, respectively, where
ro 18 defined in (2.1), below. Furthermore,

o (o) 1)) [ () ha)| < oo,

for integers £ > 0 and for some positive constants Cy and ng.
3. As x — 00, Asource(,t) converges to the wave trains Awi(z,t; £ko) = iro(ko)ez(ikox_wnl(ko)ﬂ,
respectively, with

rg =1—kg +mnro, wni(ko) = B+ (e — B)kg + (By1 — 72)75- (2.1)
Necessarily, wy = wni(ko).
4. 1If kg # 0, the asymptotic group velocities cgi = dwgilk(k”k:iko have opposite sign at +oo and
satisfy
cg.t = +cg, g = 2ko(a — By), (2.2)

where By is defined (1.3). Without loss of generality, we assume that cg > 0.
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Before proving this, let us recall that, for the cubic CGL equation (73 = 72 = 0), an explicit
formula for the (traveling) source, which is known in this case as a Nozaki-Bekki hole, is given in
[BN85, Leg01, PSAK95]. These Nozaki-Bekki holes are degenerate solutions of CGL in the sense that
they exist in a non-transverse intersection of stable and unstable manifolds. More precisely, when
71 = v = 0, the formula for the standing Nozaki-Bekki holes is given by

Asource(m) t) _ Totanh(f@x)efiwotefié log(2 cosh I{Q?)’
where rog = /1 — k%, ko = —6k, and J and k are defined by
2 (o —B) 2  3(1+ap)
= 0+ ——50—
S O T (R N Iy

with ¢ chosen to be the root of the above equation such that §(a — 8) < 0. See [Leg01] for details. The
asymptotic phases and group velocities are

2=0,

wslh) = B+ (- B, o =220

which are the identities (2.1) and (2.2) with 7; = 72 = 0. We note that since ¢f +¢, = 0, the asymptotic
group velocities must have opposite signs. To see that the solution is really a source, one can check that

|k::|:k() - :|:2k0(0[ - /8)7

cg —c¢g = —40k(a — B) = 4sgn(k)|kd(a — B)|.

If k > 0, this difference is positive, and cg, which is then the group velocity at +oc0 is positive, and ¢, ,
which is then the group velocity at —oo, is negative. Thus, the solution is indeed a source. If k < 0,
the signs of cét are reversed, but so are the ends to which they correspond. Thus, the solution is indeed
a source in all cases.

The (qCGL) equation (1.1) is a small perturbation of the cubic CGL, and it has been shown that
the above solutions persist as standing sources for an open set of parameter values [Doe96, SS04a].
Furthermore, they are constructed via a transverse intersection of the two-dimensional center-stable
manifold of the asymptotic wave train at infinity and the two-dimensional center-unstable manifold of
the wave train at minus infinity that is unfolded with respect to the wavenumbers of these wave trains:
in particular, the standing sources connect wave trains with a selected wavenumber. These facts are
essential for the proof of Lemma 2.1.

Proof of Lemma 2.1. As mentioned above, standing sources have been proven to exist in [Doe96] and
[SS04a]. Let Agource(,t) be that source, which we can write in the form

Asource(z, 1) = r(x)ei(‘»"(af)—wot)'
Plugging this into (1.1), we find that (r, ¢) solves

O0=ry+r— rapg — 207,05 — QAT Py — rd 4 717“5 (2.3)
0 =70rr + 2rp00 + Qrgy + wor — ozrgoi — ﬂr?’ + 'yzr5. '

It is shown in [Doe96] that there exists a locally unique wavenumber kg and a smooth solution (7, ¢) of
(2.3) so that Agource(,t) converges to the wave trains of the form

At (2, t; £ko) = (ko )e!Froz—wm (ko))
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respectively as © — foo. Putting this asymptotic Ansatz into (2.3) then yields
fylré — r% +1-— kg =0, w1 (ko) = ozk:g + ﬂrg — fygré.

Rearranging terms then gives (2.1), and hence item 3 in the lemma. Differentiating the above identities
with respect to k and solving for dwé‘i}fk), we obtain item 4 as claimed.

For the first item, since r(z) — +rg with 7o & \/1 — k3 # 0 (because 71 ~ 0), there must be a point
at which r(z) vanishes. Without loss of generality, we assume that 7(0) = 0. Since r(z) and ¢(x) are
smooth, evaluating the system (2.3) at x = 0 gives

T22(0) — 2, (0)pz(0) = 0, 2r;(0)pz(0) + ary,(0) = 0.

These equations imply that r,,(0) = r;(0)¢,(0) = 0. We now argue that r,(0) must be nonzero. Other-
wise, since Agource(0) = 7(0)elPO=90t) "9 A e (0) = [r2(0)+ip, (0)7(0)]e O =w0b) "and 0,4 Asource(0) =
[722(0) + 2i74 (05 (0) + ir(0)pzz (0) — r(0)2(0)]e#O)=w0b) " we would have Agource(0) = O Agource(0) =
Ozz Asource(0) = 0 and so ¥ Agouree(0) = 0 for all & > 0 by repeatedly using the equation (1.1). This
would imply at once that Asource(z) = 0. Item 1 is thus proved. The exponential decay stated in item 2
is a direct consequence of fact that the solutions in [Doe96, SS04a] are shown to lie in the intersection
of stable and unstable manifolds of saddle equilibria. O
2.2 Linearization

In order to linearize (1.1) around Asource(,t), we introduce the perturbation variables (R, ¢) via
Az, 1) = [r(2) + R(z, 1))l PO oo gt (2.4)
where 7 and ¢ are the amplitude and phase of Agoyrce(,t). Throughout the paper, we shall work with

the vector variable
R
v= <7’¢)

for the perturbation (R, ¢). We have the following lemma.

Lemma 2.2. [f the A(z,t), defined in (2.4), solves (1.1), then the linearized dynamics of U are

(0, — L)U =0,
where
L := D3d? — 20, D10, + Df () + Do() (2.5)
with
a 1 1 —«
Dy = (_1 a), Dy = (a 1)
1 9 9 4 (2.6)
DF(x) = (O (2210 + arm)> Do(z) = ( 1—3r° — appe — @5 + 5117 0>
0 ‘ 0 %(205‘10x7':t - Tm:p) ' ' wo — 3ﬁ’l“2 — Oz(p% + ©ro + 5727‘4 0/°
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Proof. Plugging (2.4) into (1.1) and using equation (2.3), we obtain the linearized system
Rt = Ry — 2000, Ry + (1 — 3r% — apay — 02 + 511 R — arde — 2(ary + 102 e
Tor = Thpe — (2ar0s — 273) Pz + Ry + 20 Ry + (wo + Pz — Oé(,Dg — 35’/“2 + 5’72’/“4)R.

A rearrangement of terms yields the lemma. O

Next, note that £ is a bounded operator from H%(R; C?) N L®(R;C?) to L?*(R;C?), where the
function space H?(R;C?) consists of functions U = (ug,us) so that u; € H%(R;C) and d,us, ?us €
L?(R;C). (Note that we do not require that ug € L2, since 7¢ need not be localized.) We make the
following assumption about the spectral stability of L.

Hypothesis 2.1. The spectrum of the operator L in L?(R,C2) satisfies the following two conditions:

o The spectrum does not intersect the closed right half plane, except at the origin.

e In the weighted space L%(R, C?), defined by ||u||% = [ e e |u(z)|2dz with n > 0 sufficiently small,
there are exactly two eigenvalues in the closed right half plane, and they are both at the origin.
Lemma 2.3. The essential spectrum of the linearized operator L in L*(R,C?) lies entirely in the left

half-plane {Re X < 0} and touches the imaginary azis only at the origin as a parabolic curve; see
Figure 2. In addition, the nullspace of L is spanned by functions Vi(z) and Va(z), defined by

Vi(z) = (&) and  Va(z) = (2) (2.7)

and the corresponding adjoint eigenfunctions, 1 2(x), are both exponentially localized: |1 2(z)| <
Ce=mll for some C,mg > 0.

Proof. Tt follows directly from the translation and gauge invariance of qCGL that 0, Asource(,t) and
Ot Asource (, ) are exact solutions of the linearized equation about Agource(2,t). Consequently, Vi (x), Va(z)
belong to the kernel of £. By hypothesis 2.1 these are the only elements of the kernel.

Next, by standard spectral theory (see, for instance, Henry [Hen81]), the essential spectrum of £ in
L?(R,C?) is the same as that of the limiting, constant-coefficient operator £ defined by

Ly = Dy = 9kD10y + D, with Do 2,2 (L2070 0
+ - 20U, 04/1Vx 0> o - 0,6—2")/27’(2)0.
To find the spectrum of £, let us denote by AT for each fixed x € R the constant matrix
Ai: = —K]QDQ F Qilik‘oDl — D(C))O,
and let A (k), AT (k) be the two eigenvalues of A with Re Af(0) = 0. Clearly, Re )\ji(li) < 0 for all
Kk # 0, and )\{E(H) touches the origin as a parabolic curve. Precisely, we have
(k) = —icétm —dr? + O(K%) (2.8)

for sufficiently small x, whereas /\2i(/£) is bounded away from the imaginary axis. It then follows that
the spectrum of L is confined to the shaded region to the left of the curves )\f(n) for k € R, as depicted
in Figure 2.

Finally, one can see from studying the asymptotic limits of (3.10) that the adjoint eigenfunctions are

exponentially localized; alternatively, this property was shown more generally in [SS04a, Corollary 4.6].
O
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Figure 2: The essential spectrum of L is contained in the shaded region determined by the algebraic
curves N\f(k), \f (k). The set Qy and its boundary T = 9Qy, defined in (3.2), are also illustrated. Note
that they both lie outside of the essential spectrum.

3 Construction of the resolvent kernel

We now construct the resolvent kernel and derive resolvent estimates for the linearized operator L,
defined in (2.5). These resolvent estimates will be used below, in §4, to obtain pointwise estimates for
the Green’s function.

Let G(x,y,\) denote the resolvent kernel associated with the operator £, which is defined to be the
distributional solution of the system

A=L)G(,y,A) = by() (3.1)

for each y € R, where d,(z) denotes the Dirac delta function centered at x = y. The main result in this
section provides pointwise bounds on G(z,y, ). We divide it into three different regions: low-frequency
(A = 0), mid-frequency (6 < |\| < M), and high-frequency (A — oc). The reason for this separation has
to do with the behavior of the spatial eigenvalues of the four-dimensional, first-order ODE associated
with (3.1), which is given below in (3.4). These spatial eigenvalues determine the key features of the
resolvent kernel G and depend on the spectral parameter A in such a way so that the asymptotics of G
can be characterized differently in these three regions.
Define
Qg = {)\E(C: ReA > —01 — do|Tm A, || 2193}, (3.2)

where the real constants 11,12, 3 are chosen so that €2y does not intersect the spectrum of L; see
Figure 2 and Lemma 2.3. The following propositions are the main results of this section, and their
proofs will be given below.

Proposition 3.1 (High-frequency bound). There ezist positive constants 912, M, C, and n so that
0 G (,9, )| < CIA " e e
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forall A € Qy{|A| > M} and k=0,1,2.

Proposition 3.2 (Mid-frequency bound). For any positive constants 93 and M, there exists a C =
C(M,93) sufficiently large so that

092Gy, \)| < C(M,03),
forall A € Qo {|A| < M} and k=0,1,2.

Proposition 3.3 (Low-frequency bound). There exists an n3 > 0 sufficiently small such that, for all A
with |A| < n3, we have the expansion

2
Glay,A) = % > eyc(k)'z“/j(x)@j(y), ->CQ +O(e” Wle=vly 1 o (emmle—l),

j=1
where Nt
VA = —=+ — + O(\%).
Cg Ca

Here cg > 0 is the group velocity defined in (2.2), V1, Vs are the eigenfunctions defined in (2.7), and the
adjoint eigenfunctions satisfy ¥;(y) = O(e=M), for some fized n > 0.

3.1 Spatial eigenvalues

Let us first consider the linearized eigenvalue problem
AN=L)U =0 (3.3)

and derive necessary estimates on behavior of solutions as x — +0o. We write the eigenvalue problem
(3.3) as a four-dimensional first order ODE system. For simplicity, let us denote

~ _ 0 1
By, \) = Dy [AL = Do(a) — D§ ()], Co :—D21D1‘<—1 o>

where I denotes the 2 x 2 identity matrix and Dy 2 are defined in (2.6). Let W = (U, U,) be the new
variable. By (2.5), the eigenvalue problem (3.3) then becomes

0 I
Wy = A(z, \)W, Az, ) == <Bo(l', N 2s0100> . (3.4)
Let AL (M) be the asymptotic limits of A(x, \) at © = 00, and let
Bo(\) == Dy [AJI - DSO].

so that, by Lemma 2.1, Bo(z,A\) = Bo(\) as 2 — +o0o. Thus, we have

0 I
A= () = (Bo(/\) iQkOC()) '
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The solutions of the limiting ODE system W, = A+ (A\)W are of the form Wa,(A\)e’*MN*, where W, =
(w, v+ (MN)w), w € C2, and v4()\) are the eigenvalues of A+ ()\). These eigenvalues are often referred to
as spatial eigenvalues, to distinguish them from the temporal eigenvalue parameter A, and they satisfy

det(Bo(\) & 2kov+(N\)Co — vE (M) = 0. (3.5)

The behavior of these spatial eigenvalues as functions of A, which determines the key properties of the
resolvent kernel, can be understood by considering the limiting cases A — 0 and |A| — oo, along with the
intermediate regime between these limits. The easiest cases are the mid- and high-frequency regimes.

3.2 Mid- and high-frequency resolvent bounds

Proof of Proposition 3.1. The spatial eigenvalues and resolvent kernel can be analyzed in this regime
using the following scaling argument. Define

=AYz, A=A"RN, W(@) = WA V).

In these scaled variables, (3.4) becomes

Wi = ANW + O(X W) with  A(A) =

o o

g, oo
oS O O
o o = o

1+a2 1+a?
A

T 1402 1+a?

The eigenvalues of A()) are

A1 £ i)
(1+a?)

For A € Qy, A is on the unit circle and bounded away from the negative real axis. Therefore, there

exists some fixed > 0 so that the real part of \/A(1 £ i) is greater than n for all A € Qy as || — oo.
See Figure 3a.

C C C

KN—T— 00 X——x—00 XX—eo—9©

[A| = o0 IA| =0, z— 400 [A| =0, z— —c
(a) (b) (c)
Figure 3: Illustration of the spatial eigenvalues (depicted on the real axis for convenience). For |\| — oo

they are well-separated from the imaginary axis. When |A| — 0 (see § 3.8), one spatial eigenvalue,
determined by the spatial limit x — +00, approaches the origin.
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Furthermore, we can use this asymptotic behavior to determine information about the resolvent
kernel. Let P*"(\) be the eigenprojections associated with A(\) onto the stable and unstable subspaces,

which are smooth with respect to A. It we define Wsu(af) = P**(A\)W (&), then

()0 ) E)omm o

where the matrices A*"()) satisfy
Re(A* (W, Wes < —n[ W[, Re(A" ()W, W)ea > 5[W P,

for all W € C* Here, (-,-)cs denotes the usual inner product in C*. Taking the inner product of
equation (3.7) with (W*, W*"), we get

1d 2 117812 —1 7
S W2 < W2+ ORI )2
Qdi,! = < (WP O WF)
1d — — —
,7WU2 > u|2 )\71/2w2.
5 70 I > WS+ O(A"E W)

This shows that for || is sufficiently large, the stable solutions decay faster than el and the unstable
solutions grow at least as fast as €|, Thus, the resolvent kernel Gy (&, , \) associated with the scaled
equation (3.6) satisfies the uniform bound

|G (&, M| < Ce 1770,
Going back to the original variables, the resolvent kernel associated with (3.4) satisfies
G (2,9, )] < CeT e,

The resolvent kernel G(x, y, \) is by definition is the two-by-two upper-left block of the matrix Gy (z,y, A).
This proves the proposition. O

Proof of Proposition 3.2. The proof is immediate by the analyticity of G(x,y,\) in A. O

3.3 Low frequency resolvent bounds via exponential dichotomies

As X\ approaches the origin, it approaches the boundary of the essential spectrum, due to Lemma 2.3.
Here the asymptotic matrices A4 (\) lose hyperbolicity, and there is one spatial eigenvalue from each
+oo and —oo that approaches zero. Equation (3.5) implies that this eigenvalue satisfies v (A) = O(N).

More precisely, we have
d\?
g

vi(N) = =Nz + —5 + O(N), (3.8)
where cét is defined as in (2.2). Since cg > 0 and ¢, < 0, we see that, at +o0o, there are three spatial
eigenvalues that are bounded away from the imaginary axis as A — 0, two of which have positive real
part and one of which has negative real part, whereas at —oo there are three spatial eigenvalues that
are bounded away from the imaginary axis as A — 0, two of which have negative real part and one of
which has positive real part. See Figures 3b and 3c.
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Consider the positive half line > 0. Let v} () denote the spatial eigenvalue, coming from +oo0,
that has negative real part bounded away from zero for all A > 0 and hence corresponds to a strong-
stable direction. Similarly, let v§ (A\) denote the spatial eigenvalue, coming from +oo, that has negative
real part that is O(\) as A — 0, and hence corresponds to a center-stable direction. We then have
v5(A) = —n+ O(X) for some 5 > 0 and v (\) = —A/cg + O(A?) as A — 0. A direct application of the
conjugation lemma (see, for example, [ZH98]) shows that a basis of bounded solutions to equation (3.4)
on the positive half line R™ consists of

VT (1), ENTE (1 0) (3.9)

where Wi(x, A) approaches Wgo()\) exponentially fast as x — +oo for each j = ¢, s. The eigenfunctions
V1,2, defined in (2.7), correspond to solutions Wi o of (3.4) for A = 0. Since,

0 0
. . Tok‘o . . :|:7“0
S Wiz = St lim W) =7
0 0

we see that
Wl,Z(x) = ai,Qeyi(O)mWi (CE, 0) + aiq,2eyi(0)mw—f-(x’ O)a X Z 0>

where af 5 # 0. There are also corresponding solutions e i(’\)y\Pi (y, \) of the adjoint equation associ-
ated with (3.4), )
Wi = —A(z, \)TW*, (3.10)

For A = 0, the adjoint eigenfunctions are denoted by W;o(z), and they are related to the adjoint
eigenfunctions 17 2 via (¥;2)s = Dg¢1’2, where (U7 2)2 denotes the second component of ¥y 5. We can
choose W1 5 so that {Wi (), U1 2(z)} forms a basis of C* for each fixed x.

The four-dimensional ODE associated with equation (3.1) is just the system (3.4) with an additional
nonautonomous term corresponding to the Dirac delta function. Let @i’u denote the associated expo-
nential dichotomy (see, for instance, [BHSZ10, Definition 3.2]). In other words, ®3 (z,y, \) decays to
zero exponentially fast as x,y — oo, for x >y > 0, and @' (x,y, A) decays to zero exponentially fast as
x,y — 00, for y > = > 0. The resolvent kernel, which solves (3.1), on the positive half line corresponds
to the upper-left two-by-two block of ®%". By definition and equation (3.9), we can take ®% (z,y, A) to
be of the form

O (z,y,A) = FNEVIWE @ (W (g, N), ) + AV (@ (T (9, A),-) (3.11)

for 0 < y < x, where all terms are analytic in A. Here (-,-) denotes the usual inner product in (58
Similarly, since the two spatial eigenvalues that correspond to the unstable direction have positive real
part bounded away from zero, we have ®Y (z,y,\) = O(e~M*=v]) for 0 < # < y. A similar construction
can be obtained for the negative half line using the unstable spatial eigenvalues v**(\).

We need to extend the exponential dichotomy so that it is valid not just on the half line, but on
the entire real line. This extension will not be analytic, as there is an eigenvalue at the origin, which
will correspond to a pole in the resolvent kernel. However, we can construct the extension so that it is
meromorphic. The strategy will be similar to that of [BHSZ10, §4.4] and [BSZ10, §4.2].
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Write A ' . '
E (X) := Rg®’ (0,0,)), E.(X):=Rg®’ (0,0,\), j=s,u.

And note that span{W;, W5} = E% (0). Similarly, span{W;, W5} = E*(0). Next, set
B = span{W1(0), Wa(0)}, By = span{¥1(0), ¥2(0)},

so that Egt & Eép = C*. The following lemma is analogous to [BHSZ10, Lemma 4.10] and [BSZ10,
Lemma 6], and more details of the proof can be found in those papers.

Lemma 3.4. There exists an € > 0 sufficiently small such that, for each A € B(0)\ {0}, there ezists a
unique map h*(X) : E¥(X) — E5()) such that E*(\) = graphh™(X) :== {W +hT(A\) (W) : W € E¥()\)}.
Furthermore, the mapping hg () :== h™(X)| v is of the form

0

hi (N By = EFS, g (N) = hy(\) + by (M), (3.12)

where h (\) is analytic for X € B.(0)\ {0} and
1
+ —
hf (WY = XMW’Z’ (3.13)

for WY € EY, where M = (M¥(0))™! and M¥(0) is a 4 x 4 matriz as defined in (3.16). Similarly,
for each A € B(0) \ {0}, there is a unique map h™(X\) : E2(X) — E"(X) so that E (\) = graphh™(\).
This map has a meromorphic representation analogous to the one given above for hy(X), with h, (\) =

—hf(N).

Proof. In this proof we will use the coordinates (WP, W¥) € Egt @ Eg) . Because the exponential
dichotomies ®% (z,y, A) and @Y (z,y, \) are analytic for all z >y > 0 and y > = > 0, respectively, there
exist functions ¥ ()\), g¥’P*()\) that are analytic for all A near zero and such that

E*(\) : W =WPt £ AR (WP, WPt e BR

EL(N) W = WP L AgP (VWP WPt e BP

EY()) : W =W¥+ P NWY,  WYeE]

The superscripts indicate the range of the associated function. For example, g¥(\)WPt € Eg’ for all
WPt € EP'. We want to write E® () as the graph of a function hy () : EY(X) — E5.()). This requires

P4 AR )P = (W P )] 4 [P+ ag? ()Wt

€E"

Vv Vv
u S
€EY €ES

where for each WP' we need to write WPt in terms of W¥ so that the above equation holds. In
components, ~ .
WPt = WPt gP (NI, ARY (VWP = WY 4+ Ag¥ (N WP,
which implies
ARY () (WPt + gpt(A)Ww> = WY 1 Ag¥ (VWP

19



Rearranging the terms in this equation, we find
Y (hw(A) - gw(/\)) WPt = (1 - WP(A)gpt(A)> W, (3.14)

We need to consider
MY(\) = h¥(\) — g¥(\) : Y — EY.

For the moment, assume that M¥(0) is invertible, with
MPH(0) := M¥(0)"!: EY — EP*, (3.15)

where (MY¥(0));; is given below in (3.16). We then know that M 1/i()\) is invertible for A sufficiently near

zero, so we can write (MY(\))™! = MPY(0) + AMP'(\), where MP'()\) is analytic in A. Hence, (3.14)

can be solved via
Wrt = (Mpt(o) + AMN(A)) (1 _ )\hw()\)gpt()\)) WY

MPEO)WY 4 [MPY(A)(1 — ARY (V) gPH(A)) — MPH(0)RY (A) g™ (N WY

>

= (SMP0) + ),

where h} ()) is analytic in A. This defines the map hg ()\) from Eép to 5" as stated in the lemma. The
lifted map h*()\) from E%(A) to ES()) is then defined by h*(X) = (I + Ag¥(\)hd (M) (I + gP*(N) L,
which is well-defined for sufficiently small A\. The property of AT ()\) in the lemma follows directly from
the above construction.

It only remains to justify (3.15). We have that M¥(0) = h¥(0) — g¥(0), where h¥ and g¥ represent
the graphs of E* and Ef, respectively. Following the same argument as in the proof of [BSZ10, Lemma
6], we find that

(900, (0°(0) - " O)W5(0) = [ ). (pa o) Wil

Recall that the first component of W;(y) corresponds to the eigenfunctions V; defined in (2.7), and
(D3 1T (W;)q corresponds to ;. Thus, we find that

(MY (0)); = /R (s(), V3 () dy. (3.16)

It now follows from [SS04a, Corollary 4.6] in conjunction with Hypothesis 2.1 that M¥(0) is invertible:
as shown there, invertibility of M¥(0) encodes precisely the property that the linearization about the
source in an appropriately weighted space has zero as an eigenvalue with multiplicity two. ]

Following [BHSZ10, BSZ10], the meromorphic extension of the exponential dichotomy for = > y is
then given by

@i(aj,y,)\) 0<y<z
(z,y,A\) =< 5 (2,0,\)P%(0,y,\) y<0<uw (3.17)
(2, y,\) y<ax<0
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with -
B0y, N) = By, \) — B, 0, NAT(NDL(0,9, ) 0<y<a
d

and
O (0, )) = TVEIWE (2 \) (TG (y,A),) + O™ M) 0<y<a
S (x,y,\) = Ofe ==yl y<z<0 (3.18)
PL(0,y,A) = Ofe M) 0<uy.

We are now ready to derive pointwise bounds on the resolvent kernel for A € B((0).

Proof of Proposition 3.3. We give the details only for y < z; the analysis for x < y is similar. Recall
that the resolvent kernel G is just the upper-left two-by-two block of ®.

Case I: 0 <y <z. Due to (3.12) and (3.17), we have
B(x,y, \) = =B (2,0, \)hf (N)DL(0, 5, A) + e/ DEDWE (2 ) (WS (y, \), -) + O ).

By definition (3.13), we can expand the first term as

2
1
% (2,0, VA (N @L(0,y,A) = @5 (2,0,)) Z W;(0)(W;(y), ®2(0,y,\))
7j=1

>/\)—‘

2
Z (, 0, \)W;(0) (D (0, y, \)* ¥, (y), )

By definition (3.11), we have
B, (2,0, YW, (0) = SV, () (1 + O(N) + O HNT) = 5N, () 1+ O(res V)

for any W, that is a linear combination of Wy and Wy, where we have used the fact that (¥ (0, 0), W;(0)) =
0. Similarly, (3.18) implies that we also have ®(0,y, \)*¥;(y) = ¥;(y) + O(Ae~"¥!). Thus, we have

2
Zeui :cW U (y ), ) + O(erF Mgyl

Jj=1

1

We can also write
e NEIWE (2, 1) (5 (9, 1), ) = FOEIW () (4 (1), ) + O NE0),
where W (z) = W{(z,0) and ¥ (y) = ¥ (y,0).

Thus, we have obtained

g N1 N @-y)
G(z,y, A Azl Vi(y),-) +e Vi(x) (4 (y),-) (3.19)

O((A + e M)t N =)y L O(e=e=yly,

where V4 (z) is a linear combination of V;(z) and Va(z). This proves Proposition 3.3 in this case.
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Case II: y <2 <0. A aresult of (3.17), we obtain
O(z,y,A) = D" (2,0, \)h, (AP (0,y,A) + O(e” M) 4 O(e~l7~v])

with

@Y (2,0, \)h, (A (0,y,)) =

>| =

2
D @ (2,0, )Wy (2)(2° (0,4, \)* T (y), ).
j=1

Using an argument similar to the previous case, by (3.18) we can write ® (x,0, \)W;(0) = e”i(’\)xﬂfj(m)+
OAe"=N%) “and also &3 (0,y, \)*¥;(0) = ¥;(y) + O(Ae ¥). Thus, we get

2
]. C C
Gl ) = 3 2¢OV (a) (), ) + O Vel 4 e,
which yields the proposition for y <z < 0.
Case III: y <0 <z. Again by (3.17), we write
O(z,y,\) = @5 (2,0,A)"(0,0,\)h, (\)P(0,y,\) + O(e"+ M)

2
1 c
= 5D B0, 0@ (0,0, )W () (W () + OO ), ) + O F el
j=1

2
= % Zel’i(A)sz(aj)QI/j(y)’ N+ O(e”i()‘)me—n\yb.
j=1

Combining all the three cases yields Proposition 3.3. 0

Remark 3.5. If we denote by Gr(z,y, \) the first row in the matrix G(x,y, \), then Gr(z,y,A) has a
better bound than that of G(z,y, \) by O(e~"*!). This is due to the structure of Vi(z) = (7, r¢,) and
Va(z) = (0,7), since r, = O(e~"#l). More precisely, we have

Grlz,y,\) = _%feVi(A)w(%(y)’ 3+ OO\ + e MW sNE@=v)y 4 O(emle—l).
This last estimate means that the R-component of the Green’s function will decay faster than the
$-component by a factor of t~1/2, after subtracting the terms resulting from the eigenfunctions.
4 Temporal Green’s function

In this section, we derive pointwise bounds on the temporal Green’s function defined by

1
g(.fC, Y, t) = o / 6)\tG(.r, Y, )‘)d)‘7 (41)
2w Jr
where I' is a contour outside of the essential spectrum and G(z,y, A) is the resolvent kernel constructed

in Section 3. Since G(z,y, ) is analytic in A outside of the essential spectrum, the contour I'" can be
taken to be the boundary of the set 2y which is defined as in (3.2); see Figure 2.
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Lemma 4.1. If G(z,y,t) is defined in (4.1), then G(z,y,t) is the temporal Green’s function of Oy — L,
where L is the linearized operator defined as in (2.5). In particular, the solution to the inhomogeneous
system

(875 - 'C)U(‘T’t) = f(:c,t)

is given by the standard Duhamel formula

U t) = /R G(z,y, U (y,0) dy + /0 /R Gla,y.t — 5)f(y,5) dsds,

as long as the integrals on the right hand side are well-defined.

Proof. By Propositions 3.1 and 3.2, G(z,y, A) is uniformly bounded outside of the essential spectrum,
and therefore eMG(z,y, \) is integrable by moving the contour I' so that I' = 9Qy for A large. Hence,
G(z,y,t) is well-defined for = # y and for ¢t > 0. A direct calculation then yields

(0r = L£)G(w,y,t) = 6(z — y)o(t).
This verifies that G(x,y,t) is indeed the Green’s function. O

The main result of this section is the following proposition, which contains pointwise bounds on the
Green’s function. This proposition will be proven in §4.1 and §4.2, below.

Proposition 4.1. The Green’s function G(x,y,t) defined as in (4.1) may be decomposed as
g(ﬂ?, Y, t) = 6(1’7 t)‘/l(m)<¢l (y)7 > + 6(1’, t)%($)<¢2(y)7 > + é\(xa Y, t)7
where Vi 2(x) are defined in (2.7), the adjoint functions satisfy V¥12(y) = O(e™"), e(x,t) is the sum

of error functions defined in (1.5), and Q\(x,y,t) satisfies

(z +c )
g; Y, t Z O 1 y]\/ftg ) —+ O(e_n(‘x_yHt)).

In addition, the first row of gA(fc,y,t), denoted by Q\R(x, y,t), satisfies the better bound

(z—yj:(:gt)Q

Gr(z,y,t) =D O 3(t72 +e e " ) 4 O(e lemvl+0),
+

This proof is essentially contained in [ZH98]. However, for completeness, we outline the key steps.
The main idea is to deform the contour I' in such a way as to minimize the integral in the definition of
G. The choice of the minimizing contour is based on the method known as the saddle point method,
the method of stationary phase, or the method of steepest descents. As we are only integrating with
respect to the spectral parameter A, we are free to chose the contour to depend on (z,y,t).

We first split the contour I' into I'y | 'y, with

I'y:= 8B(0, M) N ﬁﬁ, Iy := 0Qy \ B(O, M), (4.2)

for some appropriate M to be determined below. We consider two cases: when |x — y|/t is sufficiently
large and when it is bounded.
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ImA
I's

Re)

Iy

Figure 4: Illustration of the contours I'1 and I's.

4.1 Large |z —y|/t

Set z := n?|lz — y|/(2t) and M := (z/n)?. Since M is sufficiently large, we can apply Proposition 3.1 so
that
G (2, y,\)| < CIA|L/2e= N lz—yl,

Let A\p and A be the two points of intersection of I'; and I's. We observe that, after possibly making n
smaller, for all A € I'y we have

Re A = M cos(arg()\)) < M(1 —n arg(\)?).

Also, on I'y we have ReA = —9(1 + |Im A|) (choosing ¥ = min{d;,¥2} and deforming the contour
slightly) and so
ReA =ReXg — (| ImA| — [Im Ag|), A €T

Thus, we can compute

‘/ MG (z,y, )\)d)\’ <C [ |N7V? eRe A=A/ 2|z —y| |d\|
I'1 I
22 rarg(Ao) )
< Ce 7 / M~12e=mMtarg(N™ q(arg(N))
—arg(Ao)
22t
<Ct 12w

)
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and
’/ e)‘tG(ac,y,)\)d)\‘ SC/ ‘)\‘—1/2eREAt—nl/\P/Z\x—yud)\’
I's s

< CeRe()\o)tfn|/\0|1/2|x7y| |A|71/2e(Re)\7Re)\o)t ’dA|
s
24

< Ce 7 / |Tm |~ /2=l Al=lTm Aol g 1y )|
1)

_z%
<Ot 1277

Combining these last two estimates and noting that z =

2
nlz—y| - ;
5 18 large and 7 is small, we have

22 = n?la—yl?

22 22
G(x,y,)| < Ct 27 = Ct V2% it e a2 < Cr V2 3l a7 T < O V2e3l—ul+)

for n > 0 independent of the amplitude of L;y', as long as it is sufficiently large.

4.2 Bounded |z —y|/t

We now turn to the critical case where |z — y|/t < S for some fixed S. We first deform I' into I'y |JT'2
as in (4.2) with M now being sufficiently small.
The integral over I's is relatively straightforward. Again let Ag, Aj be the points where I'; meets I';.

We have Re \g = —0(140) and Im \g = ¥ for some 9 > 0. Moreover, on I'y we have |G(z,y, \)| < C]/\|_%
by the mid- and high-frequency resolvent bounds. Thus, we can estimate

‘j/ eAQ?(x,y,A)dA|SQC%REAotj/ |Tm A|[~ze 0l A=Im Xollt g 1y \| < O~ ze 7,
Iy ]
Noting that |z — y| < St, we have
‘/ MG (x,y, \)dA| < Ctzenlr—ul+0)
T's

for some small > 0.

In order to estimate the integral over I';, we take M and ¢ small enough so that I's remains outside
of the essential spectrum and the A-expansion obtained in § 3.3 for the low-frequency resolvent kernel
G(z,y, ) holds. We consider several cases, depending on the position of z and y.

Case I: 0 <y <z. In this case, we have the expansion (3.19), and by equation (3.8) we also have

A dN?
CA) ==+ % + O
V—i—( ) Cg + Cg + ( )7
where d, ¢, > 0 are defined as in (1.3) and (2.2), respectively. Let us first estimate the contribution of
the term O(A\e’+MNE))  Get

r—y—cgt 2‘:d(:zz—y)

7= —
! 2t c2t
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Then A\ = 21/z minimizes v$(\)(x — y) when X is real. Define I'; to be the portion contained in
Q, := {|\| <} of the hyperbola

1 9., 9y 1

s Re(A — A d/c;) = —g()\min - mlnd/c )

where Ay is defined by z1/z9 if |21/22] < € and by +e if 21 /29 2 €, for € small.
With these definitions, we readily obtain that

1
Re(\t + S (\) (@ — y)) < ——(27t/222) — nIm(\)?*t < —27t/Cy — nIm(N)*¢
Cg
for A € I'y; here, we note that zo is bounded above, and we have used the crucial fact that z; controls
(|z| + |y|)/t, in bounding the error term O(A\3)(|z| + |y|)/t arising from expansion. Thus, we obtain for
any ¢ that

|)\|qeRe(>\t+Vi(>\)($*y))d)\ < Cle—?tt/Co / ([ Amin? + |Im(/\)]q)e7’71m(/\)2td)\
Fl l_‘1
e )

IN

for suitably large C, My > 0.
Thus, the contribution from O(Ae”+MN @)} to the Green function bounds is

1_g _ (z—y—cgt)?

Ot 27 2e” mt ) 4 O(e Mx=vl+)y,

Clearly, the term O(e~"(®=%)) in ®°(z, 3, \) contributes a time- and space-exponential decay: O (e~ 7(z=yl+0)),
Thus, we are left with the term involving A™!. Precisely, consider the term

1 c 2/e3)x
XZ —A/eg+dA?/cy) %(%)

We denote 1

a(z,t) (= —
(@) 211 Jo, n{Ial<r)

Thus, by the Cauchy’s theorem, we can move the contour I'; (as shown in Figure 5) to obtain

)\_le)\te(_)\/cg+d)\2/cg)zd)\.

alz,t) = 7pv / (i)~ Lci€ta(—/es— /e g

—ir —n—+ir i
o < / K ))\le)\te()\/cg+d)\2/cg)m I\
L’ ir

—n—ir
. At (=M cg+dN2/c3
+ §Re81due =0 € oM es /g)z,

for some 1 > 0. Rearranging and evaluating the residue term, one then has

oz, t) = <2 P.V. /+°O(l£) ib(t—u/cg) (=€ (d/c})x d§+1>

—r —+o00 5
< / / ) (i) Leis(t—v/c5) =€2(0/ D)z g

—ar —n+ir 9, 3
< + > )\—le)\te(—)\/cg-l-d)\ /Cg)w d.
27” —n—ir ir
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Figure 5: The contour I'1 is deformed into three straight lines.

Note that the first term in a(z,t) can be explicitly evaluated, again by the Cauchy’s theorem and the
standard dominated convergence theorem, as

2
1 (2 —cgt)?) . 1 [T —d2(eiyiEG sty 1 (z — cgt)?
- —= ) im — ‘ ’ d0:—<1— e )
g — P ( 4dx/cq oo 2 /0 ¢ 2 P 4dx/cq

which is conveniently simplified to

1 —x + cgt

2errfn (\/M> , (4.3)
plus a time-exponentially small error. The second and third terms are clearly bounded by Ce~"#l for
n sufficiently small relative to 7, and thus time-exponentially small for ¢ < C|z|. In the case t > C|z|,
C > 0 sufficiently large, we can simply move the contour to [—n — ir, —n + ir] to obtain (complete)
residue 1 plus a time-exponentially small error corresponding to the shifted contour integral. In this
case, we note that the result again can be expressed as the errfn (4.3) plus a time-exponentially small
error. Indeed, for ¢t > C|z|, C large, one can estimate

— 1 [t
1 — errfn ol ) 1 —errfn (V1) = / e dy = O(e™™).
VAdlz/cq] o i

Thus, we have obtained for 0 < y < a:
2 — + ¢t 1 2
G(z,y,t) = Z Vj(x)(W;(y), -yerrfn <g> +O(t 2 . )Vi(x)

j=1

 (a—y—cgt)?

4 —l—O(t*%(tf% 4 e*ﬂ\y|)e T) 4 @(e*n(lw*y\ﬂ))
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in which we recall that V, (z) belongs to the span of Vi(x) and Va(z). We note that the errfn in (4.4)

may be rewritten as
¢ (—a: + cgt>
errfn | ———=
V4dt

for M > 0 sufficiently large. Note also that errfn (

plus error

) is time-exponentially small since x,%, ¢, are

all positive. Thus, an equivalent expression for G(z is

1 (z—y—cgt)?
Mt

2
G(z,y,t) ZV] [e+xt<W( ), +O(t 2

(m—y—Cgt)2

FO@t 2t + e Me a4+ O(e Tyl

with ey (z,t) = [errfn <_$%t) — errfn (_\”}%t> } Again, we remark that at the leading term the

first row (or the R-component) of the Green function matrix G(x,y,t) enjoys a better bound due to the
special structure of Vj(z); see (2.7).

Case II: y < x <0. In this case we recall that

G(CU,y, )\) O(e’é()\)ze*n\yl)_i_o(e n|z— y\

3 Mw
\&T
=
&

where \ e
Ve =——+ +O(N\?),
g (cg)?
with ¢, = —¢g < 0. Similar computations as in the previous case yield
2 2
(z+cgt)
Glz,y,t) =) Vi()e_(,t)(W;(y),-) + Ot~ 36 MW= 3 ) 4+ O(e~Mle—yl+0)
j=1
with ey (z,t) = [errfn <_3%Cft) — errfn (—%t) }
Case III: y <0 < z. In this case we have
2
C 1 C
G(z,y,\) :O(e—nze—nly\) + O(ev+(>\)ze—n|y\) - Z<W3(y)’ -)e”+(”\)f”Vj(x).
j=1

Thus, similar computations as done in case I yield

(z— cgt)

G(z,y,t ZV 2)es(z,8)(W(y), ) + Ot ze Mle ) + O(e—nzl+l+0)y
This establishes Proposmon 4.1.
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5 Asymptotic Ansatz

In this section, we shall construct the asymptotic Ansatz that will be used in the analysis of (1.1). For
convenience, let us recall that the qCGL equation (1.1) (after rescaling so that u = 1) is

Ay = (14ia)Apy + A — (1 +iB)AJA? 4 (71 + i) AJA (5.1)

5.1 Setup
Recall that the source solution of (5.1) is given by
Agource(w, 1) = r(z)e¥ @10t
Given a solution A(z,t) of (5.1), define
B(x,t) = A(x + p(x,t),t) = [r(x) + R(x,1)]e! ) Homn)gmivol, (5.2)

where for the moment p(z,t¢) is an arbitrary smooth function. The functions R and ¢ denote the
perturbation in the amplitude and phase variables. We will insert (5.2) into (5.1) and derive a system
for U = (R, r¢). We obtain the following simple lemma whose proof will be given below in § 5.3.

Lemma 5.1. Let p(x,t) be a given smooth function so that the map (x,t) — (§(x,t),7(x,t)), defined
by £ =+ p(x,t) and T = t, is invertible. If A(x,t) is a solution of (5.1), then U = (R,r¢), where R
and ¢ are defined by (5.2), satisfies

(0r — LU =T (p) — Q(R, ¢, p) = N(R, ¢, p). (5.3)

In this equation, L is the linearized operator, T (p) denotes the linear residual effects resulting from the
function p, Q(R, ¢,p) denotes the quadratic nonlinear terms, and N'(R, ¢,p) denotes the higher-order
terms. They are defined in equations (5.4), (5.6), (5.7), and (5.8), respectively.

We recall from Lemma 2.2 that

L = D302 — 20, D10, + D¢ () + Do(z), (5.4)

a 1 1 —«
Dl._<_1 a), DQ._<Q 1)

with

1 9 9 4 (5.5)
DSO({L‘) - (0 ;(2‘;0357"95 + OlT‘;wc)) Do(x) ‘: ( 1—3r% — apze — @5 + 5nr 0>
0 ' 0 %(204%095% —Tex))’ ' wo — 357"2 - 0‘90:2(; + Prx + 5'}’27“4 0)°
The function 7 (p) is defined by
T 1 «
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and the quadratic term Q(R7 (b:p) = (QR(R7 ¢7p)7 Q(b(Ra ¢7p)) is defined by

Qr(R,¢) = —2p,Re, —r¢2 —3rR* +10mr° R? — 3r¢2p2 + 4rp,pe¢s + 202 Rp,
Qu(R,¢) = —Re—20p,Rp, — arg? — 38rR* + 1072 R? (5.7)
— TQxPtPx + Tpt¢x + (P:cptR - 30”0903]72 + 4ar@xpx¢x + QOéSinxR-

The remainder NV (R, ¢, p), corresponding to higher order nonlinear terms as well as terms that are small
due to exponential localization in space, satisfies the uniform bound

N(R,$,p) = O||R$Z| + |Reda| + |Rbza| + |RI> + |RRs| + [pa|® + [P2pt| 658)
+ [pupz| + |PeRa| + Paal (R + |62]) + o] (| Re| + |bua| + [Rby| + el

5.2 Approximate solution

We will construct an approximate solution U that solves (5.3) up to some error terms that are harmless
for the nonlinear analysis. In course of constructing the approximate Ansatz, the Burgers-type equation
(1.12) appears as a governing equation at leading order. Let

Lp =0 +2(a — Bu)s0y — dO2
denote the linear part of the Burgers equation, where we recall that

2k3(1+ B2) B —2y18

d:=(1 ¢) — 5L = )
(1+af) r%(l — 2717"8) 1-— 2717“3

B :
Note that the operator Lp corresponds precisely with the curve essential spectrum of the linearized
operator L that touches the origin; see equation (2.8).

Recall from the discussion of § 1 that the dynamics of R are higher-order, relative to ¢, due to the
zero-order terms in the R-component, which can be seen in the operator Dy defined in (5.5). In order
to construct the approximate solution, we will (asymptotically) diagonalize the operator Dy so that
these zero-order terms only appear in the equation for R. Variables labeled with a hat correspond to
variables to which this diagonalizing transformation has been applied. We first state the approximate
solution in these variables, and then undo the diagonalizing transformation.

Our approximate solution is constructed as follows. First, take B(z,t) to be an arbitrary smooth
solution to the linear Burgers equation: LB = 0. Define

% (x,t,6F) = 4 [log (1 + (5+B(a:,t)> + log (1 + 6_B(a:,t)>]

2q
4 (5.9)
p(z,t,6%) = S0k {log (1 + 5+B(ac,t)> —log (1 + (TB(x,t))}
where
g= (a_g*)+w (5.10)

(1-— 2717"8)3

and 0% € R are for the moment arbitrary constants.
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Remark 5.1. For each fized 0%, the function (qB“:l:kop)(:U, t,6%), defined via (5.9), solves the nonlinear
Burgers-type equation R .
Lp(6" + kop) = q(¢% + kops)?, (5.11)

where q is defined in (5.10). In fact, qg‘z and p were chosen essentially by applying the Cole-Hopf trans-
formation to the function B. Therefore, they will exactly cancel the potentially problematic quadratic
terms in the nonlinearity. Moreover, (5.11) implies that

&1 +2(a = B.)prds = O(18%,| + 182 + Ipsl + Ipaf?),

) ) (5.12)
pi+ 20— B)paps = O(18%] + 042 + [Pl + [pal?).
For the approximate solution of the R-component, define
RY(x,t,6%) := R3(x,t,0%) + RY(x,t,0F), (5.13)
where .
R(z,t,6%) = S S (gb + @xpx> (z,t,0%)
° ro(1—2m 0)
and R is a higher-order correction defined in (5.29). Finally, define U := (R®, r¢%).
In the original variables, the approximate solution U* = (R*,r¢?) is given by
+ a + . 1 0
Uz, t,6%) := SU(x,t,0%), with S := 5 —1) (5.14)

We shall prove that for each fixed 6%, U%(x,t,6F) solves (5.3) up to good error terms of the form
THpa) = > (el + Wil + ). (5.15)
Y=¢%p

for np > 0 as in Lemma 2.1. The main result of this section is the following proposition, whose proof
will be given in Section 5.4.

Proposition 5.2. Let 6T = 6% (t) be arbitrary smooth functions. The function U® = (R%,r¢®) defined
n (5.14) solves

(B = DU = T(r) - QR", 6%, p) = 380 ) (55,1, (1) + 0182 + [pal) ) + O(T(5,2)- (5.16)
Here L, T (p) and Q(R, ¢,p) are defined in (5.4), (5.6), and (5.7), respectively, T(q@%,pm) s defined in
(5.15), and X% (x,t,6%) are defined by

ou*

dp
Zi(a:,t,éi)::&?(a:,t,éi) 55 (@ ,t,6%) (W). (5.17)
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We now chose the function B(z,t) used in (5.9) to be

T+ cgl Tr — Ccot
B(x,t) =e(x,t+ 1), e(x,t) = errfn g)—errfn ( g >
(0,0) = e(w,t+1),  e(a,t) (T i

(5.18)

Note that, although it is not the case that LgB = 0, this equation is satisfied asymptotically in an
appropriate sense. In other words, the function B is still sufficient for our Ansatz in the sense that

Proposition 5.3, which will be proven in §5.5, holds.

Proposition 5.3. Let 6% = 6%(t) be arbitrary smooth functions and let B(x,t) defined as in (5.18).

The approzimate solution U constructed as in (5.14) satisfies

N
(0 — L)U® — T(p) — Q(R", 6" p) = jqz O‘Lﬂﬁl)siw R (2,1, 5%,
+

where EF(x,t) is defined by

_ xtho _
EX(z,t) 1 = ey Be(@: 1)) _ Bla.t) <7~>
TB(;L"t) k() TPr

and the remainder R (z,t,6%) satisfies

R (,1,6%) < C(I67| + |67 [)e ™ 0(2, ¢) + C(L+ )10z, 1) (|67 + [67|%)
+ C(6F |+ [57 DS+ (07 D(L+ ) /20(w, t),

formo >0 as in Lemma 2.1. Here 0(x,t) denotes the Gaussian-like behavior (as in (1.6)):

1 CGea? (orean?
O(x,t) = m <e Mo(tD) + o MO(t+1)) ’

for some My > 0.
The following lemma is relatively straightforward, but crucial to our analysis later on.

Lemma 5.2. Let £¥(x,t) be defined as in (5.19). Then

(0 — L)YE*(x,1) = O((L+ )71 0(x, 1)) + O(e™™"0(x, 1)).

5.3 Proof of Lemma 5.1

In this subsection, we shall prove Lemma 5.1. First, we obtain the following simple lemma.

(5.19)

(5.20)

Lemma 5.3. Let p(x,t) be a given smooth function so that the map (x,t) — (&(x,t),7(z,t)), defined
by £ = x+p(x,t) and T =t, is invertible. If A(z,t) solves the qCGL equation (5.1), then the function

B(z,t) := A(z + p(z,t),t)
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solves the modified qCGL equation
0B = (1+i0)92B + B — (1+i8)B|B|> + vB|B|* + T(p, B), (5.21)
where v = 1 + iy and

. px(Q +px)
(1 +px)2

T(p,B) = —2—B, - ™ _(14+ia)B, (1 + i) By (5.22)

- 1+ ps (1 + pm)
Proof. Write B(x,t) = A(&(z,t),t). Then
Bt = A&:p + At: Ba: = A£(1 +px)a wa = A£§(1 +px)2 + Agpxara

which implies

A =B - , — L Ag= - .
! K 1+ p, ¢ 1+p. & (1 + pz)2 (1 +px)3

Inserting these expressions into the equation
Ay = (1 +ia)Age + A— (1 +iB)AJAP? +yA|A/*
yields the result. O

Next, we write the solution to the new qCGL equation (5.21) in the amplitude and phase variables
B(xz,t) = [r(z) + R(x, t)]el#@)+o@t) g —iwot

with (R, ¢) denoting the perturbation variables. As in Section 2.2, but now keeping all nonlinear terms,
we collect the real and imaginary parts of the equations for R and ¢ to find

Rt = Ruw — 2000, Ry + (1 — 312 — appe — 02 + 571 )R — ardey — 2(ary + 1702 ¢
+Tr(p) + Qr(R, ¢, p) + Nr(R, ¢,p),

ror = rdue + (=204 + 2r2) by + ARy + 205 Ry + (w0 + P — a2 — 3812 + 5v0r)R
+Tp(p) + Qu(R, ¢, p) + No(R, ¢, p).

The function T}(p), j = R, ¢, denotes the terms resulting from 7 (p, B) that are linear in p. The function
Q;(R, ¢,p) collects terms that are quadratic in (R, ¢,p), and N;(R, ¢, p) denotes the remaining terms.
We now calculate these functions in detail.

First, note that (5.22) can be written

T(p7 B) = pt(l - pac)Bac - (1 + ia)pmxBx - (1 + Za)px<2 - 3]3:5)Bm + O(pi +p%pt +pxp:m:)7

as long as |p;| < 1. Thus, by collecting the linear terms in the real and imaginary parts of 7 (p, B), we
obtain (5.6). Note that we do not include any terms that are of the form pye~"/?l  as these are higher
order and appear in N (R, ¢, p). Similarly, we also obtain (5.7) and the bounds (5.8) for the remainder
N (R, ¢,p). This completes the proof of Lemma 5.1.
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5.4 Proof of Proposition 5.2

We next turn to the construction of the approximate solution to (5.3) and prove Proposition 5.2. For
simplicity, let us first consider the case where 6+ are constants. Define

FU) = (0 = LYYU = T(p) = AR, 6, p), (5.23)

where L% is the approximate linear operator defined by

L = D302 — 20, D10, + DE () + D DX — _9p2 L—2yrg 0 _
T 0 0 » 0 0 ﬂ . 2727% 0

See (5.4). By Lemma 2.1, it follows that
(I£ — LYU| = O(e" ™| R)). (5.24)

Our goal in this section is to construct U® so that F(U®) = 0 up to the good error term as claimed in
Proposition 5.2.

The zero-order term D is asymptotically zero. However, we keep D{'(z) in the definition of £*
precisely because it may be viewed as part of the first- and second-order derivative terms when acting
on (R,r¢). To see this, define

¢ = D9d? — 20, D10, + Df (),

and let Z to be the diagonal matrix diag(1,r) so that (R,r¢) = Z(R,¢). A direct calculation shows

that
o BRY _ R 0 —2ar, R
Ly <r¢)> = (DQZ@% - 290xD123x) <¢> + <0 o )(%C <¢> )

Thus, we see that the right hand side consists of no zero-order term. This cancellation is crucial to our
analysis as it implies that the zero-order term in £% involves R only, which leads to the faster decay of
R, relative to ¢.

To extract the governing (leading order) equations in the system (5.23), we first diagonalize the zero
order constant matrix Dg°. We can write

o —27“(2)(1—2717“8) 0\ .1 . (1 0
Dy —5’( 0 0 ST, with S = 5, —1)

o2 . ..
where we recall that £, = fjﬁ:g Define the change of variables U = (R,7¢) = S~'U, and set
0

FO) = (at —57lres S*1D3°S>U — 51 (T(p) + Q(R, ¢, p)), (5.25)
where (R, ¢) = Z~1SU. It then follows that
F(U)=S'FU),

with F(-) defined as in (5.23). We note that due to the structure of S~1Dg°S, the zero order terms
in F(U) appear only in the first component. Using this structural property of (5.25), we will choose
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the Ansatz for R so that the zero order term in the R equation cancels with the leading order terms
involving ¢ and p, that come from the functions 7 and Q.
To compute the terms in F'(U), notice that

£oSU = £0S7 <}?)
o
1 0\ /R

1—-aB* ra 8% + —20,(a+ %) 2ar, + 20,7 o+ %(29%7":0 +arg) 0

at B =) T\ 2001 —aB*) =2 +2a0,m) T\ B (20010 — Tag) 0
and so
Sflﬁasﬁ — (1 - @6*)6323 - 2(0[ + 5*)901178:13 047“83 + Q(T(px + 047'$>8x R;

! —(1+ B)(ad; +2¢0:0:) (1 +aB)rd; +2[(B* — a)res + (1 + af*)rz]d: ) \ ¢

+ ) %(2()0277133 + Ckrzm) 0 <1:%>
M(290337613 + CW'CELB) + %(20“10.?7"33 - Ta::v) 0 (b

r

Note that the zero-order terms in the R and gZ; equation are exponentially localized in space, and so
they will not contribute to the leading order dynamics. Similarly, we have

1 B T « B 9 -1
ST =p (ﬂ*"“x - ’l“<,0$> + MaPas (1 + O‘ﬁ*) 2rPrPa (Oé - B*)

and

290x¢sxR - Tﬁf;;% - 3TR2 + 10’71T3R2 - 37”90%]7?5 - 47“:0:01)90(;51: + 290:%Rpx>

~ 4 3 _ A~
(a — B*)T(¢z + SOIPI)Q + %RQ

ST'Q(R, ¢,p) = <

Next, let us denote by IIr and II4 the projection on the first and second component of a vector in
R?, respectively. First consider the R equation, by taking the projection Ilg of (5.25). We wish to chose
and approximate solution so that all leading orders terms in (5.25) cancel. First consider the terms that
are linear in R, g%,p:

—2(rpy 4 ary )y + 2r(1 — 29172 R = 2rp2p,.

Recall that we are primarily concerned with the behavior at +oo. Since r¢, — rg as x — oo, we
therefore define

~ ko ~
R ::—( ¢ 4o, x) 5.26
L S ey ¢y + pap (5.26)

for some ¢* to be determined later. It is then clear that the function U{} = ( Ag, rngﬁa) with RS defined
as in (5.26) approximately solves the first equation (5.25) in the following sense:

RF(U8) = O™ (182] + pa)) + O (164 + 1512 + Ipaal + Ipal?). (5.27)
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This is not quite good enough, due to the terms that are quadratic in qu — recall that we need only the
good terms appearing in (5.15). To fix this, we revise the Ansatz (5.26) by introducing

A ]{;O A A~ ~
R“:——< R z)+R“: o+ 1, 5.28
(1_2%740) Pz + Pap 1 0 1 ( )

with ﬁ‘f to be chosen so that it takes care of all quadratic nonlinear or next order decaying terms in
the error that appear on the right of (5.27). Precisely, we take

2T(2J(1 - 2’717"3)]%% = _(Rg)t —2(a+ 5*)WI(R8)I + O‘T((ngoc + PaPuz) + 29096(@2)90 + Soxpx)Rg - ”%926
—3rp2p2 — dro.prds — (3r — 107173) (RS)?, (5.29)
Here the t-derivative term appearing on the right can be replaced by its spatial derivatives thanks to

the estimate (5.12). Thus, if we define U® = (R®, r¢®), then U® approximately solves the first equation
in (5.25) with a good error as claimed:

RF(U?) = O(Y(5, p2)), (5.30)

where YT is defined in (5.15).
It remains to show that

T F(U") = O(T (¢4, pa))- (5.31)

Observe that since there is no zero order term R appearing in H¢]:' (U“) the contribution of R“ from
(5.28) can be absorbed into the good error term. For this reason, we shall check the contribution of the
first term in R®, or precisely RO defined as in (5.26). By plugging the Ansatz for R into F (U @) and
using (5.12), it follows by direct calculations that

PN A A 2 A
Mg F(U*) =7 |Lpo" + pusLpp — q(qb;‘g + goxpx) ] + O(Y(d2, pe)) (5.32)
where we recall that Lp is defined by
Ly =0 +2(a — B)ps0; — dO2.

By Remark 5.1, we have LB(q?)a + kop) = q(q@% + kop,)? for each +/— case. This, together with the fact
that ¢, — +ko as |z| — oo, shows that the leading term on the right hand side of (5.32) vanishes. We
thus obtain (5.31) as claimed.

Going back to the original variable U® = SU®, we find that

FU*) = (0 = LY = T(p) = QR ¢",p) = O(Y(. pr))-

This together with (5.24) establishes Proposition 5.2 in the case that §% are constants. The case when
6% (t) are not constants follows similarly.
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5.5 Proof of Proposition 5.3
We now choose B(z,t) to be e(x,t+ 1), the difference of error functions defined in (1.5). We then have

(ac+Cgt) (z— Cgt)2

‘3(1—3)]@,0 < c( SAGTD) 4 ST > < C(1+6)Y20(x, 1),

and so

(:I?+Cgt)2 (:c—Cgt)2

} (z,t) < C|6%| <e Bd(t+) 4 g 8A(+D) ) < C(1+t)Y20(x,t)|6%]. (5.33)

B B B
1+0EB 14 6%
We also have

(z+Cgt)2 (z—Cgt)2

< C(+t)7Y? <eSd(t+1) + e s > < CH(z,t).

)1 e G
Thus,
056" < C(1+ ) /27k20(x, t)(|6T] + [67]), 0Fp| < C(1+t)Y27*20(2, 1) (|67 |+ |07),

for k > 1. Here these bounds are valid uniformly in € R and t > 0, provided that 6% is sufficiently
small, with a bound on §* that depends only on the maximum of |B|. By using these bounds, it follows
immediately that

T(6%,ps) < C10T|+ 67 De ™l9(z,t) + C(1 + )1 0(x, ) (|67* + [67]?). (5.34)

Proof of Proposition 5.3. The estimate for R{"(z,t,0%) follows directly from (5.16) and (5.34). It
remains to give details of X% (x,¢,§T) introduced in Proposition 5.2. By (5.9), we get

Ip £y = d B 510 (4 d B
de° N d B 99" roy_ 4B
a5t (07 (1) = 211 6%B’ g5= (@10 (t))—qu.

By definition (5.28), we obtain a similar result for %R“(w, t,6%(t)). This together with (5.33) yields
Op d B

g (00 05(0) = F 5o + 01N+ 620w, 1)
Bl d B
55= (@ 65(1) = 5o 75z + 0D+ 70w, 0),
and .
OR® d B,
55T (z,t,0%(t) = Sqro( D) T4 5 (ko £ z) + O(J6F)(1 + t)1/20(a:,t).

Putting these estimates into X (x,t,5%) (see (5.17)), we obtain

d —eho B\ B (r
+ — ro(1—2vy172) "% = z + 1/2
¥ (x,t) 2q(1 1 05 { ( 0 771130 ) i <T%>} +O(|6%) (1 +t)=0(x, t).

Here the error term O(|6%])(14-t)Y/20(z, t) times 0 can be absorbed into the last term in the remainder
RIPP(x,t,0%). Rearranging terms, we obtain the proposition as claimed. O
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Proof of Lemma 5.2. Note that

EXF=BW%LT kﬁv1 +O(0),
0

where V) o are the eigenfunctions of £ defined in (2.7). A direct calculation shows that
(8; — L)ET = O(e B, + O((8; — £)6).

The final term on the right hand side is of the claimed order because the Gaussian terms each satisfy
the asymptotic equation at one end (+00), where the maximum x = ¢4t is located, and hence decay
faster at the other end, away from this maximum. O

6 Stability analysis

In this section, we show how the Ansatz (5.2) and the approximate solution (¢%, R*, p), constructed in
§5.2, can be used to prove Theorem 1.1.
6.1 Nonlinear perturbed equations
Recall, that the Ansatz (5.2) is given by
B(a,t) = A(x + p(x,t),t) = [r(z) + R(x,1)]e! PR HomDemivot,

where A(z,t) §0 ves the qCGL equation (5.1). The functions (R, ¢) represents the perturbation, and
we define (R, ¢) vi )
R Ra N R

x,t) = x,t, 0 (t +<~) x,t), 6.1

(5) 0= (5) @roon+ (5) @ (6.1)

where U* = (R* r¢®) is the approximate solution constructed in Proposition 5.3. Note that the

functions 6*(t) are still arbitrary smooth functions. They will be chosen, in equation (6.16) below, so
that they cancel non-decaying terms in the nonlinear iteration scheme. The following lemma is then a
direct combination of Lemma 5.1 and Proposition 5.3.

Lemma 6.1. Let 6 = 6%(t) be arbitrary smooth functions. The perturbation function U = (R,r¢)
defined through (6.1) satisfies

- d 6% (1)

(8, — L)U = ~2 me%,t)+N1(R,<5,5i)(x,t), (6.2)

where E%(x,t) is defined as in (5.19) and the remainder N1 (R, $,0F) satisfies
Ni(R, §,6%)(2,t) < C(I67| + 15~ e ™0(w, ¢) + O (1 + )70, ) (|7 > + 5~ |)
+ C(F |+ [07DAOT+ S~ N+ )20, ) (6:3)
+ (167 (0] + 18- (1))8(z, ) L(R, §) + Q(R, 6)
with

) = O(|R| + | Ra| +9a),

L(R,
~ Lo - - (6.4)
R,¢) = O(IR|" + |Re|” + |¢2]” + [Roue| + [RRza| + | Rey).

¢
Q(R, ¢
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Proof. By Lemma 5.1, the perturbation U = (R, r¢) solves
(at - E)U - T(p) - Q(R> ¢>p) = N(R¢ d)ap)a
and, by Proposition 5.3, the approximate solution U® = (R%, r¢®) solves

S+
(0= £)07 ~T(p) — QU™ ¢".9) = 51 37 (5 600 + R0t 5%),

Here the same notations as in Lemma 5.1 and Proposition 5.3 are used. It then follows that the difference
U = U — U® solves (6.2) with the remainder Ni(R, $,0%)(z,t) defined by

M(R, ¢,6%)(z,t) = N(R,¢,p) + Q(R, ¢,p) — Q(R", ¢",p) — RI(x,t,6%).

The claimed estimate for N7 (R, ¢, %) now follows directly from (5.8) and (5.20). O

6.2 Green function decomposition

We recall the Green function decomposition of Proposition 4.1:
g(l‘, Y, t) = e(ﬂj, t)‘/l(x)<,¢1 (y)v > + 6(337 t)%(l‘)@bg(y), > + Q\(‘/L‘a Y, t)v

where e(z,t), defined in (1.5), is the sum of error functions and é(x,y,t) satisfies the Gaussian-like
estimate

;U y’ Z 0 1 (I y]\:/‘;tcg ) ) + O(e_n(‘x_yl_’_t)).
Now observe that from the definitions of Vj(z) in (2.7) and £%(z,t) in (5.19), we have

B(xz,t
EX(x,t) = =Bz, t)Va T (Z’)Vl + O(0(x,1)), (6.5)
0
where B(z,t) = e(x,t+ 1). In addition, since 11(y) and 2(y) are exponentially localized and e(z,t)
and B (z,t) behave as Gaussians, we can write

e(a,t + 1)Vi(z) (W1 (y), ) + e, t + DVa(@){dha(y), ) = E7 (2, (T (y), ) + € (2, 0)(T™ (1)), (6.6)

where ) L . L
Ut =g — 22 U™ = —gpy + 2
2¢1 2¢2, 2¢1+ 2¢2,

with an error of O(e M (|B,| + lez|) = O(e="¥0(x,t)) that can easily be absorbed into the bound for
G(z,y,t). In addition, we observe that the difference e(z,t) — e(z,t + 1) satisfies

t+1
/ er(x,7)dr
t

1 (wtcgt)?

le(z,t) —e(x,t+1)] = < Ctze 8 | t>1,

and

le(az,t)—e(ﬂc,t+1)|§0/: e dz < Ce™ ™ 2, t<1.
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These, together with the localization property of 1;(y), show that the term
(e(z,t) —e(z,t + 1))Vi(x)(¥1(y), ) + (e(z,t) —e(x,t + 1)) Va(z)(¥2(y), )

can be absorbed into the bound for G (z,y,t). Therefore, let us decompose the the Green function as
follows:

G(w,y.t) = ET (@, 0T (y), ) + E (@, (¥ (y), ) + G, 1), (6.7)

where G(z,y,t) satisfies the same bound as G(z,y,t). The motivation for this will become clear below.
We obtain the following simple lemma.

Lemma 6.2. For all s,t >0

t
L/ng%t—$eiww>@w—ei@¢>+/”/lﬂayJ—rnvw%T>mmﬁ
R s R

where

R*(y,9)| < C((1+5)"" +e MNo(y,s). (6.8)
Proof. We recall from Lemma 5.2 that
(8 — LYEF(z,t) = O((1 + )~ + e "*H)g(z, 1).

By applying the Duhamel principle to the solution of this equation with “initial” data at ¢ = s, we
easily obtain the lemma. O

6.3 Initial data for the asymptotic Ansatz
Let us denote Ug(z) := U%(z,0,5%(0)), Up(z) = U(x,0), po(x) := p(z,0,6(0)), and

Ueel@) 1= (1500 )+ Ueoweeal) = (e 00D ).

By (1.4), (6.1) and the assumption on the initial data Ai,(z), we have

< .
B (69)

70 (T () + To() + Usouree ) = Usonree () |

for € = || Ain(-) — Asource()||in. We prove the following:

Lemma 6.3. There are small constants 85 so that if we take §*(0) = 65 in the definition of U (x)
and po(x) then

/R@i(y), Uo(y))dy = 0 (6.10)
for each +/— case, with W*(-) the same as in (6.7). In addition, 3. |63| < Ce, and
x? 7
e M08 () oaey < C, (6.11)

for some positive constant C.
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Proof. Let us denote B
F[)(l’) = Uél(x) + U[)(l’) + Usource(x) - Usource,p(x))

so that He“Q/MOFO(-)HCs(R) < e by (6.9). Note that ¥*(y) are linear combinations of ¥ (y), ¥5(y), which
are in the nullspace of the adjoint of £. Therefore, (6.10) will follow if we can find 65 so that

G(5%) = /R (43 (9), U () + Usonscel) — Usonsco (4))dy = /R (W), Fow))dy,  (6.12)

for j = 1,2. Notice that G;(0) = 0 since py and Ug vanish when 63 = 0. Thus, we can define a new
function

G(F.6%) = (G1(6%), Ga(6F)) - ( /R (W1 (), Fo(y))dy, /R <w2<y>,Fo<y>>dy) .

Since G(0,0) = 0, it suffices to show that the Jacobian determinant Jg of (G1(6;), G2(93)) with respect
to 05 is nonzero at (d;,d, ) = 0. For this, we compute

9G4 (%) _ OUS(-) _ dpol() [y
a0 |<5o+755>=0_<¢j(')’ a6y 96y \rey >L2

= (0605, (3, 1) 0% 33 () B0,

where we have used the definition of py and U?; see (5.9). For our convenience, let us denote

~ r ~ B
Vi= (7“;) B(y70)7 Vo = <,8*By y_ T‘B) (70)

It then follows that

d2

Jr = —
“ 7 2¢%ko

|01, T2) g2 {02, Vo) 12 = (o, Vi (i, Vada

To show that Jg is nonzero, we recall that B(x,0) = e(z,1), the plateau function; see (5.18) and
Figure 1. By redefining B(z,0) to be e(z, k) for k large, if necessary, we observe that V; = Vj, j =1,2,
for bounded x, with V; defined as in Lemma 2.3. This, together with the fact that the adjoint functions
1; are localized, shows that

d? 2
m[(zﬂth)LaWQ,Vz)Lz — (1, Vo) g2 (tho, Vi) g2 | = i

Jo ~ det MY (0),

where the matrix MY (0) is defined as in (3.16) and is invertible. This proves that Jg # 0. The existence

of small 50i = 50i(F0) satisfying (6.12) then follows from the standard Implicit Function Theorem.
Finally, the estimate (6.11) follows directly from the fact that the difference of the two error functions

B(z,0) = e(z,1) decays to zero as fast as e when z — +o00. O
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6.4 Integral representations

Using Lemmas 4.1 and 6.1, we obtain the integral formulation of the solution U = (R, @) of (6.2):

Ul(x,t) /g z,y,t)Uo(y dy+/ /Q z,y,t — )N (R, by, 0%)(y, s)dyds

5 (s) 5 (s) (649
/ /Q z,y,t 1+5+( )€+(y ,S) + Wf(s)g_(y,s)} dyds.
For simplicity, let us denote
O*(t) = ;q [log(l + 6%(t)) — log(1 + 63[)] (6.14)

with 53: defined as in Lemma 6.3. Using Lemma 6.2, the last integral term in (6.13) is equal to

- /Oi@i(s)[é'i(w,t)—i—/ /Rg(w,y,t—T)Ri(y,T) dydr]ds
+ s
t
== = *(z,t) - T — )0 () RE(y, s S.
SRP LAV Eij/o /Rg< Tt — 5)OE (s RE(y, 5) dyd

Here in the last equality integration by parts in s has been used. That is, we can write the integral
formulation (6.13) as

Ulx,t) /Q z,y, 1) Uo(y dy+/ /Q z,y,t — 5)Na(R, by, 65) (v, )dyds—Z@i (t)EE(x, 1),

(6.15)
with
No(R, by, %)y, 8) = Ni(R, 6y, 67)(y,5) — Y O (s)R*(y, 9),

+

where N1 (R, ¢y, %) is defined in (6.3) and R*(y, s) is defined in (6.8).
Let us recall the decomposition (6.7) of the Green’s function:

Q(:v,y,t) = €+(;p’t)<\11+(y)7 > + 5_(x,t)<\11_(y), > + g(x,y,t).

Using this decomposition, we write the integral formulation (6.15) as follows. To avoid repeatedly
writing the lengthy integrals, let us denote

200 = [ @ Ou)du+ [ [ 00Ny s
(1) = / ~ (). Toly dy+// 1), Na(R, &y, 6%)(y, ) dyds
(7, 1) /gxy, )Uo(y dy+//gxy,t—s/\f2( R, ¢y, 6%)(y, s)dyds
+// (£ (@t = 5) = €7(2,0)) (W7 () Na(R, by, %) (9, ) dyds
w ] (E =) 0) (0 ) NG by 550 ).
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referring to the contributions accounting for the translation and phase shifts, and the decaying part,
respectively. Thus, the integral formulation (6.15) for solutions (R, ¢) to (6.2) now becomes

Uz, t) ==Y OX0)E(x,t) + Y T*()E* (2, 1) + Ly(,1).
+ +

Neither of the two terms Z%(t)€%(z,t) decay in time. To capture these non-decaying terms, we are led
to choose ©F such that
O (t) = TH(1),

or equivalently,

log(1 + 6% (£)) = log(1 + 6%) + %Ii(t), (6.16)

Note that such a choice is possible because for the following reason. Lemma 6.3 implies that the above
equation is satisfied at t = 0 if 55: are appropriated chosen. We can then just define 5{(1&) to be a
solution of the corresponding integral equation. Thus, the representation for solutions (R, ¢) simply
reads

Uz, t) = Zy(z,t). (6.17)

6.5 Spatio-temporal template functions

In this section, we introduce template functions that are useful for the construction and estimation of
the solutions. We let
h(t) := hi(t) + ha(t)

with . .
() = sup (15 ()] + 16 (s)]) e,
0<s<t
(101 1yl +10e] + gyl + IR+ [Ry| + | Ryyl
ho(t) = 1 ]
2(?) Ogsséli,pye]R( + ) (0 * (1+5)—1/29 )(.%3)

for some v € (0,1/2) and some fixed, small 7 > 0. Here, 6(z,t) denotes the Gaussian-like behavior
defined in (1.6). We note that the constant My in (1.6) is a fixed, large, positive number. At various
points in the below estimates, there will be a similar quantity, which we denote by M, that will need to
be taken to be sufficiently large. The number Mj is then the maximum value of M, at the end of the
proof. From standard short time theory, we see that h(t) is well defined and continuous for 0 < ¢ < 1.
In addition, standard parabolic theory implies that h(t) retains these properties as long as h(t) stays
bounded. The key issue is therefore to show that h(¢) stays bounded for all times ¢ > 0, and this is
what the following proposition asserts.

Proposition 6.4. There exists an €y > 0 sufficiently small such that the following holds. Given any
initial data Aiy with € := || Ain(*) — Asource(*)|lin < €0 and any k € (0, %), there exist positive constants
1, Co, and My such that

hi(t) < Cole +h(1)?),  ha(t) < Cole+ hi(t) + h(1)?), (6.18)

for allt > 0.
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Using this proposition, we can add the inequalities in (6.18) and eliminate h; on the right-hand side
to obtain
h(t) < Co(Co + 2)(e + h(t)?).

Using this inequality and the continuity of h(t), we find that h(t) < 2Cy(Cy + 2)e provided 0 < e < ¢
is sufficiently small. Thus, the main theorem will be proved once we establish Proposition 6.4. The
following sections will be devoted to proving this proposition.

6.6 Bounds on the nonlinear terms

We recall that the nonlinear remainder Na(R, ¢, 0%)(x,t) is defined by
Na(R,6,6%)(x,t) = Mi(R, §,6F Z@i (R (2, 1),

with ©%(s) defined in (6.14), R*(z,t) defined in (6.8), and N (R, ¢, 0%) defined in (6.3). We first note
that

t t
5501 < 50+ [ 1 <155+ [ e hus)ds < Cle+ ),
0 0
where we recall that Lemma 6.3 implies that 6 ~ e. By (5.20) and the definition of hy(t)
R (2, t,6%)| < C(I67] + 15~ [)e "0z, 8) + C(1 + )02, 1) (e + hi (1)?).

Here we leave the linear term in 6*(¢) in the above estimate for a different treatment, below. Similarly,
by definitions (6.14) and (6.8), we get

I OHRA ) < C((1+ 0™ + e ) (157 + 670w, D).
Next, from (6.4) and the definition of ha(t), we have

L(
Q(

Recalling the estimate (6.3) for A7, we find that the nonlinear term N3 (R, ¢, 0%)(z, ) satisfies

L 8) = O(R| + |Ra| + |da]) < C(1+ )" 250(x, t)ha(t),
[ §) = O(R2 + R% + |RRyy| + 82 + |Rbau| + |Ry|) < C(1+ )20 (2, £)2h3 ().

R
R

N, 6.6%) (. 8)] < C e 1 (1), e+ 1550+ 10~ () + CL+H 8, HA2(0), (6.19)
where we have used 0(z,t) < 2(1+t)™" and (1 +t)%e " < C(1 +t)~*

6.7 Estimates for h(t)

To establish the claimed estimate for hj(t), we differentiate the expression (6.16) to get

5 = 0+ 55(0) [ (V5 0). NalR, by, 54) )y (6.20)

R
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for each +/— case. We first recall that U (y)| < 2e~/¥l and that

2 2
nolyl _ (wEegt) nolyl nolyl

cgt
e 2 e MIH) < (Cle 1 e M <Cie 1 e

which holds for each M > 8¢, /no and 7 sufficiently small. This, together with the bound (6.19) on the
nonlinear term N3 (R, ¢, 6%), implies

0 (). N (R, By 6)(w 1)) < Ce™ T W™ [e 4[5 (0)] + |57 (1) +A(1)?]. (6.21)
and so
| /R (U4 (y), Na(R, 6y, 65 (5, 0)dy| < Ce e+ 155 (0)] + 15 (5] + h(?]. (6.22)

Now, multiplying the equation (6.20) by 6* and using the above estimate on the integral, we get
d 3 B 2
G IOF < Ct Tt o ey

where we have used Young’s inequality and the fact that, as long as 6% is bounded, higher powers of
6% can be bounded by C|6T|2. Applying the standard Gronwall’s inequality, we get

—ns t —nT 2
SR < 3 (6% (0) 2k O d8+c/0 el e drem [y n(s?] ds.
+ +

Since fg e~ ds is bounded, |6%(0)| < Ce, and h(t) is an increasing function, the above estimate yields

S IEE 0 < Ofe+hw?] (6.23)

+

Using this into (6.22) and in (6.20), we immediately obtain
6% (1)] < Ce™ [e + h(tﬂ ,

which yields the first inequality in (6.18).
Finally, not that if we combine the bound (6.23) with the nonlinear estimate (6.19), we obtain

No(R, &, 0%)(x, 1) < c[ﬂlw‘ +(1+ t)*“ﬂ@@;ﬂ@ +R2(E)). (6.24)

6.8 Pointwise estimates for R and rq%

Let U = (R,r¢) satisfy the integral formulation (6.17). We shall establish the following pointwise
bounds

R(z,t)] < C<e + h(t)2> (1 + )" 1/2+rg(z, )
N (6.25)
[ré(z,t)] < C(e + h(t)2>0(ac, t),
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and the derivative bounds
‘Bfaiff](x,t)‘ < C(e + h(t)2>(1 + 1)V, ) (6.26)
for k+ ¢ <3 with £ =0,1 and k = 1,2,3. We recall the integral formulation (6.17):
Oart) = [ Gont)0ily dy+/ [ Gt = NGy, 55 0 5) s

o (6.27)
D3 [ [ (€5t = 9~ €)@ ). Na R 36050 s

We give estimates for each term in this expression. First, we consider the integral term in (6.27) that
involves the initial data. We recall that

~ (zx—y+c t)2 (x—y—c t)2
Glx,y,t)) < Ct7/? <e— T e > (6.28)

Using this bound, together with equation (6.11), we see that

[ B otwia < ce [

(z—y+cgt)? (e—y—cgt)? 2
12 <e_ T e m ) e~ M dy. (6.29)
R

Using the fact that, for ¢t > 1,

e <ziy‘:ftcgt>2 e_% S Cle_ (zi]\ffgtt>2 e_%a
and, for ¢t <1,
e~ (x_ysitcgt)Q e*% < 2 (153)267% < C1€7%
and

_ _ (z—ytegt)? _ (z—y—cgt)®
/t 1/2 (e 87 +e 8t >dy < (4,
R

we conclude that the integral in (6.29) is again bounded by eC160(x, ). N
Now, we note that if we project the Green’s function on the R-component, say Gr(x,y,t), we get a
better bound than that of (6.28); see (4.1). More precisely, we find

~ (z—y+c t)2 (x—y—c t)2
Gr(z,y,t)] < Ct7Y2(2 4 el (e T pe w ) : (6.30)
Using this better bound on the R-component, the above argument shows that

/R Gy ORol)dy < Ce(l+1)Y20(x,1).
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Next, for the second term in (6.27), we write

t ~ ~ ~
/ /g(l"?y?t - S)NQ(Ra ¢y56i)(y75)dyd8
0 JR

t = ~ ~

- / |:/ +/ ]g(l‘agﬁt - S)NQ(Ra ¢y75i)(y, S)dde
0 “J{yI<1t  JH{lyl>1}

=0+ I

By the nonlinear estimates in (6.24), we have

t B 2
nlo< cfernar) [ /{ Gyt e ayds
LIRS

and
L] < C(e—i—h //Qx y,t—s){e M4 (14 5)71"|0(y, s) dyds.

The following lemma is precisely to give the convolution estimates on the right-hand sides of the above
inequalities, and so the desired bound for the second term in (6.27) is obtained. We shall prove the
lemma in the Appendix.

Lemma 6.5. For some C and M sufficiently large,
t . cé k
[ oG- s < oo 0,
{lyl<1}
t ~
’ / / G (x,y,t — s) [efnlm + (14 8) 71 10(y, s) dyds‘ < C1+ t)7§+”0(x,t),
0 JR

for k = 0,1,2,3. In addition, similar estimates hold for HRg(m,y,t), with a gain of an extra factor
(1+41t)"12

Next, we consider the last integral term
t ~
S [ (e 5) = €50 () MR Gy 5,9 s (6.31)
— Jo Jr
n (6.27). Due to the bounds (6.21) and (6.23), we get

(W () Na(R, 6y, 65y, )| < Ce™ B We™ e+ h(s)?].

Also, due to (6.5) and the fact that B(x,t) = e(x,t + 1) and By (z,t) = O(0(x,t)), we have

30 ) (0t 0 £500) 00 Nty 0t
(6.32)

< (et nity? /\ (0. = s+ 1) — e, + Do ds + Oe + h(t)?) 0l 1)
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Again note that the R-component of £¥(z,t) is bounded by
C|By(x, 1) + Ce | B(z, )]

The estimate (6.32) is thus improved by either (1 —|—t)*1/2 or e "%l when projected on the R-component.
Here recall again that e‘”'“‘&(az, t) is in fact decaying exponentially in time and space. Thus it suffices
to show that the integral on the right hand side of (6.32) is bounded by C6(z,t). We shall prove the
following lemma in the appendix.

Lemma 6.6. For each sufficiently large M, there is a constant C' so that
t
/

In summary, collecting all these estimates into (6.27), we have obtained the desired estimate (6.25)
for k = 0. The estimates for the derivatives follow exactly the same way as done above with a gain of
time decay; we omit the proof.

A [e(x,t —s+1)—e(z, t+ 1)} ‘e_"sds < CL+t)7*20(x,1),

fork=0,1,2,3.

6.9 Estimates for hy(t)

In this section we prove the claimed estimate for hy(t), stated in Proposition 6.4. The estimates (6.25)
almost prove the claimed inequality, except the estimate near the core = 0 at which 7(0) = 0. By
Lemma 2.1, we can assume without loss of generality that there exist positive constants a, by 2 so that

@] >a, Vel =1,

and
bilz| < |r(z)| < bolz], rs(2)| > b1, rzz] < bo|r(@)],V |z] < 1. (6.33)

Away from the core |z| > 1. In this case, the second estimate in (6.25), (6.26), and the fact that
72| + |Fez| = O(e~"#l) imply

b(z,t)| < C’a’l(e+h(t)2>0(x,t)

and

Go(@, 0l + |Bra(@, )] < Ca™ (e h(®)2) (77 + (14 )72 oz, 1),

Note that e nmﬁ(x t) can be bounded by Ce "1+ which may be neglected. In addition, from (6.2)
we can write r¢; in terms of (R, ¢) and their spatial derlvatlves Thus, r¢; is bounded by C(e+h(t)?)(1+
t)~1/260(x,t), where the extra (1 4 t)~1/2 is due precisely to the fact that the right hand side of (6.2)
does not contain ¢ (the term with the slowest decay in the equation). Therefore, the claimed estimate
on ¢; follows when |z| > 1.

Near the core |z| < 1. The second estimate in (6.26) with k = 2 gives
[(r8)ae] < C e+ h(t)2)0(x,1).
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Thus, if we write 3 R y : R
(T2¢x)x = r(2rx¢x + T¢J}x) = T((Tﬁb)xm - Txx¢)a
by integration together with (6.33) we have

7202l = | [ r0)a.) =) du| < € [0l (108l + 1731 dy < € (e he))e

Here we note that r¢(z, t) is finite, and so r2¢ vanishes at 2 = 0 since r(0) = 0. Again by the estimate
|r(z)] > bi|z| from (6.33), the above estimate yields

6al < COT (e + h(1)?) e, (6.34)

In addition, if we write 7'{& = (r¢)e — ré, and use the above estimate together with (6.25), we obtain
the claimed estimate for ¢ at once thanks to the assumption that [r;| > b1 > 0.
Similarly, let us check the claimed estimate for ¢;. As above, we write

(%6at)a = 1((r@)azt = ()1 )

and note that, by (6.26), (1$)set and (r¢); are already bounded by C/(e + h(t)?)e™™. Tt thus follows
similarly to (6.34) that

|6at| < CB72 <e + h(t)2>e_”t.

This yields the desired estimate for ¢; near the core by writing oy = (rq@)xt — r¢y and using (6.26).
Finally, we turn to the claimed estimate for ¢,,. First notice that we also have an estimate for r¢,,
for all by writing

ng:ms = (qu)zm - 27":1:(2):1: - Tx:pgg- (635)

Now to estimate qgm for x near zero, we can write
(rg(b:cx):c = TQ [(T¢)xxx - 3rxx¢x - Ta:a:a:(z)}

and integrate the identity from 0 to z. By (6.35), Pz 1S finite at z = 0 and so 3¢y vanishes at z = 0.
Using the estimates (6.26) with £ = 3 and the estimates on ¢, and on ¢, we thus obtain

|7 | < C/O’” lyl? [(rﬁg)yyy — 3ryydy — ryyyd‘,) dy < C|x|3(e n h(t)2>e—77t.
Again, since |r(z)| > by|z|, we then obtain
|bu| < CHT (6 + h(t)2) e,
for |z] < 1.

This completes the proof of the claimed estimate ha(t). The key proposition (Proposition 6.4) is
therefore proved, and so is the main theorem.
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A Convolution estimates

In this section, we prove the convolution estimates that we used in the previous sections. These estimates
can also be found in [BNSZ12].

Proof of Lemma 6.5. Let us recall that

=~ (z—y+cgt)? (w—y—cat)?
‘g(x7y7t)| < Cct=1/? (e e = +e” ' = > )

and
—y+tegt)? z—y—cgt)?
Grle, )| < crl/?(rl/ue—”'y)(e—( E T ) (A1)
We will show that
t ~
//g(%y’t—8)(1+S)_1+“9(y,8) dyds < C(1+1)"0(x,t)
(A.2)

//gRl" yit —s)(1+5) "0y, s) dyds < C(1+1)"**"0(x, ).

Let us start with a proof of the first estimate in (A.2). We first note that there are constants
C1,C1 > 0 such that 3 , ,
Cie VM < o(y,s)| < Crev/M

for all 0 < s < 1. Thus, for some constant C; that may change from line to line, we have

/ / Claynt—s)(1+8)" 1+He<y,s><y,s>dyds

2

(@—y)* 2 (z—y)?
Cq / / (t — )2~ Sy @ ) dy + / (t—s)" V2 0 e dy| ds
0 |[/A{lyl>2l=[} {lyl<2lz[}

br a2 422
[e 8(t—=s) + e M ]ds
0

IN

IN
Q

IA
Q
ml
i\
A
|
>
=
=

for all 0 < ¢ < 1. Next, we write the first estimate in (A.2) as

/ [ 16t = 9101+ )7 +0(3, )y
for t > 1. Combining only the exponentials in this expression, we obtain terms that can be bounded by

M(1+1t) At — s) - M(1+5s)

- ((9: tagt)? (@-ytai(t—s)® (y+ a25>2> (A.3)
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with o = %¢,. To estimate this expression, we proceed as in [HZ06, Proof of Lemma 7] and complete
the square of the last two exponents in (A.3). Written in a slightly more general form, we obtain

(x—y—oa1(t—5))?  (y— ags)? _ (x — ai(t —s) — azs)?
Ml(t—s) M2(1+8) Ml(t—S) +M2(1+S)

M (t — s) + Ma(1+ s) < B mMQ(l—i—s)—(a1M2(1+s)+a2M15)(t—s))2
Mle(l—i—S)(t—S) Ml(t—8)+M2(1+S)

and conclude that the exponent in (A.3) is of the form

(x+ast)® (v —ai(t—s)— azs)?
M1+t  4(t—s)+ M1 +s) (A-4)
At —s)+ M(1+s) ( CaM(1+s) — (aaM(1+ ) + dogs)(t — s)>2
AM(1 4+ s)(t — s) 4t —s)+ M1 +s) ’

with j = £¢,. Using that the maximum of the quadratic polynomial ax? 4+ Sz +v is —8%/(4a) +7, it
is easy to see that the sum of the first two terms in (A.4), which involve only z and not y, is less than
or equal to zero. Omitting this term, we therefore obtain the estimate

M(1+1) A(t — s) M(1+s)

_ A(t — s) + Ms eM(1+ ) + cg(51M(1 + 5) + 4025)(t — 5)\°
= CPATIMA T s)(— ) < N At —s)+ M(1+s) >

for §; = £1. Using this result, we can now estimate the integral (A.2). Indeed, we have

t ~
O, 1) / / Gyt — 9)|(1+ 5)"0(y, s)dyds
0 R
e [f 1
< Cqi(1+t
< G+ /0 t—s(14 )32

4(t— )+ M(1+s) [2M (1 +s) £ cg(M(1+ ) +4s)(t — s)] \°
X/Re"p ( AM(1+ s)(t — s) ( - At —g8)+M(1+s) ) )dyds

t 1 AM(1 + s)(t — s)
< (1 +t)1/2/0 t— s(1+s5)3/2n \/4(,5 —s)+M(1+ s)ds

1 1
L+ s)l=r (1+1¢)1/2

t/2
< C’1(1+t)1/2/ (
0

< Ci(1+t) "+,

t
1
ds + C4(1 tl/“/ S —; |
s+ Ci(1+1) 2 (1—}—75)3/2_"‘ S

which is bounded since x > 0. This proves the first estimate in (A.2). The second estimate is entirely
the same, using the refined estimate (A.1) for Gr. Also, derivative estimates follow very similarly. We
omit these further details.
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Finally, it remains to show that

t —~ 252
/ / G(z,y,t — s)e_ngS dyds < CO(x,t), (A.6)
0 J{ly|<1}
where the Green function bounds read

= (z+cgt)? (2—cgt)?
|g(w,y,t)’ < Ctil/Q <e +4tgt +e” 4tgt >7

for |y| < 1. The estimate (A.6) is clear when 0 < ¢ < 1. Let us consider the case ¢ > 1. The proof of
this estimate uses the following bound:

(Qf_cgt)Q (zfcg‘r)2 Cé(t*T)

e M(O+t) ¢7 Br < (Ce M ,

for fixed constant B and for large M. This is a simpler version of (A.5); see also (A.7), below. We thus
have

(z+5g(t75))2 29§

t
G(x,t)l/(t—s)l/Qe_ Wt=s) e~ ™ °*ds
0

cgs 2c2

t
< C(1+t)1/2/(t—8)1/2eM e~ 7 5ds
0

t/2 2 gt
< C+t)/? [t_l/Q/ e_"5d3+e_2§4t/ (t —s)~Y2ds
0 t/2

2

< CO+0)Y2 V2 4 (1 +t)e 2!,

which is bounded for ¢t > 1. This proves the estimate (A.6), and completes the proof of Lemma 6.5. [

Proof of Lemma 6.6. We need to show that

2

t 2cg
/OHQ(x,tSnLl)6(:1:,t+1)”e_zvfgsds < C10(z, ),

Intuitively, this integral should be small for the following reason. The difference e(z,t —s) —e(z,t + 1)
converges to zero as long as s is not too large, say on the interval s € [0,¢/2]. For s € [t/2,t], on the
other hand, we use the exponential decay in s. Indeed, we have

le(z,t —s+1) —e(x,t+1)]
t+1
= | er(z, 7)dr|

t—s+1
c _ (z—cgm)? _ (wtegr)? 1 T — CoT) _ (w—cgn)? T+ CoT) _ (wtegn)?
<e 4T +e 4T —|— ( g )e 4T — 7( g )e 4T dT
T

t+1
<
o /ts+1 varT V2% var var
t+1 1 1 (z—c, »7)2 (z+c 7')2
C ( + > (e_ s e s >dT,
t—s+1 \ﬁ T
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where the last estimate follows by the fact that ze=*" is bounded for all z.
We shall give estimate for 6~ 1(xz,t)(e(z,t — s + 1) — e(z,t + 1)). For instance, let us consider the

single exponential term

(I*Cgt>2 _(z—Cg7)2
e M(1+t) ¢ Br

By combining these and completing the square in z, the terms in the exponential become

[M(E—T+1)+ (M - B)T] N cg(B—M)7(t+1) 1? At —7+1)>
MB(t+ 1)r CTM@E—r)+(M-B)yr]  ME-1+1)+ (M- B)r’

Since 7 < t, if B is some fixed constant and M is sufficiently large we can neglect the exponential in x.

That is, we have

(x_cgt)2 (z—c ‘r)2 C2(t*7>
e MO+ ¢~ Br < Cetwr . (A.7)

We therefore obtain

t+1 1 1 2(t-)
0 Nz, t)|e(z,t —s+1)—e(z,t+1)| < CQ1 +t)1/2/ < + ) e r—dr
t—s+1 \/; T

< COA+)Y2(1 41t —s) V2,
Using this and taking M large and n = cg; /M, we obtain

2c2

0(z,t)"* /Ot[e(x,t —s+1)—e(z,t+ 1)]e_Vngs

Cés

t
< 0(1+t)1/2/ (14— 5) V25 o2
0

t/2 t
< ca+nfa +t)1/2/ e”sds—l—e”t/z/ (41— s)7"ds]
0 t/2
< C.
This proves the lemma for the case & = 0. The derivative estimates follow easily from the above
proof. O
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