
Homework Assignment 8, Due Tuesday, November 23

1) Recall the saddle-node and pitchfork bifurcations can be described by

ẋ = α− x2 =: F (x, α), ẏ = βy − y3 =: G(y, β).

Consider the two-dimensional surfaces defined by the functions F and G.

(a) Compute the tangent planes for these surfaces at each equilibrium point of each equation.

(b) Show that F is not tangent to the (x, α) plane at its bifurcation value, but that G is tangent to
the (y, β) plane at its bifurcation value.

(c) Consider the following perturbation of the pitchfork bifurcation:

ẏ = βy − y3 + εy2.

Fix ε > 0 and compute the bifurcation diagram as β is varied. (It may be useful to look up what
a “transcritical” bifurcation is.)

2) Consider the two systems
ẋ = Ax, ẏ = By, x, y ∈ Rn,

where both A and B are constant n× n matrices whose eigenvalues all have negative real part. Prove
that the flows generated by the two equations are topologically conjugate using the following steps.

(a) Recall that there are two adapted norms, | · |A and | · |B, and two positive constants a, b such that
|eAtv|A ≤ e−at|v|A and |eBtv|B ≤ e−bt|v|B for all t ≥ 0. Show that this implies that |eAtv|A ≥
e−at|v|A and |eBtv|B ≥ e−bt|v|B for all t ≤ 0.

(b) Define the spheres SA = {x ∈ Rn : |x|A = 1} and SB = {x ∈ Rn : |x|B = 1}. Consider the function
defined by h0(x) = x/|x|B. Show h0 is a homeomorphism mapping SA to SB.

(c) Show that for any x 6= 0 there exists a unique time τ(x) ∈ R, depending continuously on x, such
that |eAτ(x)x|A = 1. Also show that τ(eAtx) = τ(x)− t.

(d) Define a map h : Rn → Rn via

h(x) =

{
e−Bτ(x)h0(eAτ(x)x) if x 6= 0

0 if x = 0.

Prove that this defines a topological conjugacy between the flows eAt and eBt.

Finally,

(e) Explain how to extend this argument to prove that any two constant coefficient linear ODEs such
that the matrices are hyperbolic and have the same number of eigenvalues with negative and positive
real parts are conjugate. (You don’t have to prove this in detail, but write a few sentences explaining
how it could be done.)

3) Use the conjugacy given in part (d) of the preceeding question to explicitly write down the conjugacy
for the systems with

A =

(
−1 0
0 −1

)
, B =

(
−1 0
0 −2

)
.

Is the conjugacy differentiable?
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