Solutions to Practice Final Exam — MA 225 — Fall 2016

Question 1 Using polar coordinates, we find

w/2 4
// sin(922 + 9y?)dA = / / rsin(9r?)drdf = 1(1 — cos(144)).
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Question 2

(i) Since V - F is a scalar, it does not make sense to take the cross product of this quantity and the

vector b. Thus, it is not meaningful.

(ii) The direction vectors for the two lines are vi = (2,3, —1) and vy = (4,6, —2). These are scalar
multiples of each other, vo = 2vy, hence parallel. Since the direction vectors are parallel, the

lines are parallel.

Question 3

/2 1
/ [(costsint)(—sint) + sint(cost)|dt = 6
0

Question 4 We will apply the divergence theorem. The plane forming the top of the tetrahedron is
r+y+2z=1, and so

1 —z+1 l—z—y
//F~nda = // V~FdV:// / (—1)dzdydz.
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Question 5

(i) This is just a triple integral over the entire sphere of radius 3, and so we convert to spherical

2 ™ 3
/ / / p° sin ¢ cos pdpdpdd = 0.
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(ii) Since the plane doesn’t intersect the zz-plane, it must be parallel to it, and hence have normal
vector (0,1,0). Thus, the plane is

coordinates to find

0O(z—0)+1(y—1)4+0(z—0)=0 = y=1.

Question 6 We check all lines of the form y = ma:

x? 1

i =
250 322 4+ 2m2x2 34+ 2m?2

Since this depends on m, by the two path test the limit does not exist.

Question 7 The region of integration in the zy-plane is the region enclosed by the parabola y = 1 — 22

in the first quadrant. Thus, the integral represents the volume of the solid region that lies under the



plane z = 1 —x and above the previously described region in the zy-plane. Your drawing should reflect
this.

Question 8 We parameterize the surface by r(z,y) = (z,y, 2? + y*) where 22 + y* < 9. Thus,

// r, X 1,|dA = / V1 +4(x? +y2)dA = / /rmdrd8—6[(37)3/2 1].

Question 9 We can think of each of these surfaces of level surfaces of functions: F(x,y,z) = k. The
normal vector of the tangent plane of such a surface at a point (z,yo, 20) is VF(xo, Yo, 20). Thus,
the normal vector for the tangent plane to the ellipsoid is n; = (6,4,4) and the normal vector for
the tangent plane to the sphere is ny = —(6,4,4). These vectors are parallel, because they are scalar
multiples of each other, and both tangent planes contain the point (1,1,2). Since any two planes that
are parallel and contain a common point must be the same plane, the ellipsoid and sphere are tangent
at that point.

Question 10
(i) We have

202yz

f. = xy cos(xyz)esn@vs) m

(ii) Since u = (1,0,1)/v/2 and Vf(1,2,3) = (12,3,2), we have

Dof = (1,0,1)/v2-(12,3,2) =

—_
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