Solutions to Midterm 2a — MA 225 B1 — Spring 2011

Question 1 Differentiating both sides of the equation with respect to y, we obtain
z+yzy = z/(x + 2).

Solving this equation for z,, we find
0z z2(z + 2)

dy  1-ylr+z)

Question 2 The linearization is given by

9(x,y) = g(xo, Yo) + 9o (0, Y0)(x — 20) + gy (70, Y0) (¥ — Yo)-

Since (z0,y0) = (1,1), gz(z,y) = (2zye™ + 2%y*e™) and g,(z,y) = 22e™ + 23ye™, we have g(1,1) = e,

9:(1,1) = 3e and g,(1,1) = 2e. Hence, ¢(0.9,1.1) = e — 0.1(3e) + 0.1(2e) = (0.9)e.

Question 3 Since f, = 4 — 2z and f, = 6 — 2y, the critical point is (2,3), and f(2,3) = 13. To
check the boundary, we check the interior of each of the four sides, and then we check the four corners.
We get f.(z,5) = —2x + 4, which is zero when = = 2, and f(2,5) = 9. Also, f.(x,0) = 4 — 2z, and
f(2,0) = 4. Also, f,(4,y) =6 — 2y, and f(4,3) = 9. Also, f,(0,y) =6 — 2y, and f(0,3) = 9. For the
corners, f(0,0) =0, f(0,5) =5, f(4,0) =0, and f(4,5) = 5. Hence, the maximum is at (2,3), where
f(2,3) = 13, and the two minima are at (0,0) and (4,0), where f(0,0) = f(4,0) = 0.

Question 4 By the properties of the directional derivative, the maximum rate of change is [Vg(0, 0)]
and it occurs in the direction of Vg(0,0). Since Vg = (e7¥ — ye™*, —ze ¥ 4+ ¢~ %), we have Vg(0,0) =
(1,1) and |Vg(0,0)| = /2.

Question 5 We have that the surface area is equation to

1 ™
/ / v, x r,|dvdu
o Jo

1 ™
/ / |{cosv,sinv,0) X (—usinv,ucosv, 1)|dvdu
o Jo

1 ™ 1 s
= / / |(sinv,—cosv,u>|dvdu:/ / Vsin? v + cos?2 v + u2dvdu
0o Jo o Jo
1 ™
= / / V1 + u?dvdu.
o Jo

Question 6 The constraint is g(z,y) = 2% 4+ > — 16 = 0. The equation Vf = A\Vg is (ye*, ze™¥) =
g1s Y

A(3z?, 3y?). Thus,

3\x? \y?
ye™ =3 z?,  ze™ =3\, = T Y )
Y T

Manipulating this equation, we find 23 = y* (or A = 0, but that implies (x,y) = (0,0), which doesn’t

satisfy the constraint). Plugging this into the constraint, we have 2z = 16, or x = 2. This in turn

implies y = 2. This must correspond to a maximum, rather than a minimum, because one can find



values of (x,y) that satisfy the constraint and make f arbitrarily close to zero. Thus, f(2,2) = e* is
the maximum of f, subject to the constraint. (Alternatively one can check it is a maximum using the

second derivative test.)

Question 7 We have

1 2 y 1 y2 )
dydzr = __Y =Py
/0/0 140 79 /0 2(1+x5)|y—° v

x4

! 1 1
= [ Y dr=—m(1+O) = —In2
/0 S0+ = o+ eh =gl

Question 8 Drawing the projection of the planes in the xy-plane, we see that the region of integration,

D, is bounded by the lines z = 0, y = z, and y = —x + 2. This gives

1 —x+2
/ / x dydex.
0 T

Question 9 This integral implies that the region of integration in the xy-plane is bounded by the lines

y=ux,y=0,and z = /7. Thus, we switch the order of integration by writing

NZ Y
/ / cos(x?)dydz.
o Jo

Question 10 The upper limit of integration in y is when y = v/2x — 22, or y>+2% = 2z. By completing
the square, one can see that this is a circle of radius one with center (1,0). Since 0 < y < 2z — 22,
we only take the top half of the circle, so 0 < # < 7/2. Converting the equation for the circle to polar

coordinates, we have r = 2cosf, and so 0 < r < 2cosf. Hence, since the integrand is r» and we get an

extra factor of r from the change of variables formula,

w/2 p2cosf
/ / r2drdd.
0 0
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Question 1 We have

1 y2 3 1 3 2
/ / . sdedry = / %Iijdy
o Jo 1+y o 2(1+y°)

1 4
3y 3 sy 3
= [ =Y _qy="ma — 2 2.
/0 i+ = b =gl

Question 2 This integral implies that the region of integration in the xy-plane is bounded by the lines
y=ux,y=+/m, and x = 0. Thus, we switch the order of integration by writing

VToory
/ / cos(y*)dady.
o Jo

Question 3 The constraint is g(z,y) = 2° + y> — 54 = 0. The equation Vf = A\Vyg is (ye™, ze™) =
A(3x?, 3y?). Thus,

2 2
ye™ =3 \x?,  ze™ =3\, = S\ = SN .
y x
Manipulating this equation, we find 23 = ¢* (or A = 0, but that implies (x,y) = (0,0), which doesn’t

satisfy the constraint). Plugging this into the constraint, we have 2x® = 54, or x = 3. This in turn
implies y = 3. This must correspond to a maximum, rather than a minimum, because one can find
values of (x,y) that satisfy the constraint and make f arbitrarily close to zero. Thus, f(3,3) = ¢ is
the maximum of f, subject to the constraint. (Alternatively one can check it is a maximum using the

second derivative test.)

Question 4 By the properties of the directional derivative, the maximum rate of change is |[Vg(1,1)]
and it occurs in the direction of Vg(1,1). Since Vg = (e7¥ + ye *, —xe ¥ — e~ "), we have Vg(1,1) =

(2e7!, —2¢1) and |Vg(1,1)| = V82 = 2¢71V/2.

Question 5 The linearization is given by

g(z,y) = g(xo, yo) + g2(x0, yo)(x — x0) + gy(z0,Y0) (Y — Yo).

Since (zo,y0) = (1, 1), gz(z,y) = (y*e™ + zyPe™) and g,(x,y) = 2yze™ + x?y*e™, we have g(1,1) = e,
9(1,1) = 2e and g,(1,1) = 3e. Hence, ¢(0.9,1.1) =~ e — 0.1(2e) + 0.1(3e) = (1.1)e.

Question 6 Differentiating both sides of the equation with respect to x, we obtain
24 x2y = 2./ (y + 2).
Solving this equation for z,, we find

0z z2(y+2)
or  1—a(y+z)

Question 7 Since f, = 6 — 2z and f, = 4 — 2y, the critical point is (3,2), and f(3,2) = 13. To



check the boundary, we check the interior of each of the four sides, and then we check the four corners.
We get f,(5,y) = —2y + 4, which is zero when y = 2, and f(5,2) = 9. Also, f,(0,y) = 4 — 2y, and
f£(0,2) = 4. Also, f.(x,4) =6 — 2z, and f(3,4) = 9. Also, f.(0,z) =6 — 2z, and f(3,0) = 9. For the
corners, f(0,0) =0, f(0,4) =0, f(5,0) =5, and f(5,4) = 5. Hence, the maximum is at (3,2), where
f(3,2) = 13, and the two minima are at (0,0) and (0,4), where f(0,0) = f(0,4) = 0.

Question 8 Drawing the projection of the planes in the xy-plane, we see that the region of integration,

D, is bounded by the lines x =0, y = x, and y = —x + 4. This gives

2 —xz+4
/ / x dydzx.
0 T

Question 9 The upper limit of integration in x is when o = /2y — y2, or 22 +y? = 2y. By completing
the square, one can see that this is a circle of radius one with center (0,1). Since 0 < x < /2y — 32,
we only take the right half of the circle, so 0 < 6 < 7/2. Converting the equation for the circle to polar

coordinates, we have r = 2sinf, and so 0 < r < 2sinf. Hence, since the integrand is r and we get an

extra factor of r from the change of variables formula,

w/2 ,2sin6
/ / r2drdé.
0 0

Question 10 We have that the surface area is equation to

1 T 1 T
// v, X ry|dudv = // |(1,v cosu, —vsinu) x (0,sinu, cosu)|dudv
o Jo o Jo
1 T 1 iy
= / / |<v,—cosu,sinu>|dudv:/ / \/sin2u—|—coszu+1)2dudv
o Jo o Jo
1 i
= / / V1 + v2dudo.
o Jo




