
Homework Assignment 5, Due Monday, March 24

1) Consider the ODE u̇ = f(u) with periodic orbit Γ. In class I said that, given any p ∈ Γ and Σ′ transverse

to Γ at p, there exists an open set Σ ⊂ Σ′ and a first return map

T : Σ→ R, u(T (σ), σ) ∈ Σ′ if σ ∈ Σ.

Furthermore, if f is C1, then so is T . Use the implicit function theorem to justify that statement, both

the existence of T and the fact that it is C1 (at least if f is smooth).

2) (Chicone 2.134/137) Consider the following ODE in polar coordinates.

ṙ = r(1− r), θ̇ = r.

Pick a Poincaré section and compute its return time map and the associated Poincaré map. Determine

the eigenvalues of the linearization of this map at the point in the periodic orbit. Also, for each p in

the periodic orbit, compute the sets Γp that have the same asymptotic phase as the solution u(t, p).

3) Suppose that the ODE ẋ = f(x) with x ∈ R2 has a limit cycle γ(t) with period T . Consider

λ =

∫ T

0
(∇ · f)(γ(t))dt.

Prove that, if λ < 0, then γ is asymptotically stable, while if λ > 0 then γ is asymptotically unstable.
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