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An introduction to biophysical models (Part 1)

Computational Neuroscience Summer School
Neural Spike Train Analysis

Instructor: Mark Kramer
Boston University



Outline

We’ll develop different types of biophysical models of action 
potentials or “spikes”.

– We’ll begin with motivational data.

– We’ll then consider some biophysics to construct:
• The integrate and fire model [Part 1].
• The Hodgkin-Huxley model [Part 2].
• The FitzHugh-Nagumo model [Part 3].

– “Hands on”: implement in MATLAB or XPPAUT.
http://math.bu.edu/people/mak/samsi/
http://www.math.pitt.edu/~bard/xpp/download.html

– We’ll introduce concept of data assimilation ...

http://www.math.pitt.edu/~bard/xpp/download.html
http://www.math.pitt.edu/~bard/xpp/download.html
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Motivation

Goal:  Create mathematical models that explain observations.
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spike train data

• Get the biophysics right:
Integrate and fire model (I&F)
Hodgkin-Huxley model (HH)

• Get the dynamics right:
FitzHugh-Nagumo model (FHN)

Challenge: Rigorously link data and models ... 

What is a model?



Consider an experiment:
Our collaborator . . . 
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“Patch” the neuron
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Ex. from hippocampus

electrode

“patched” neuron



And records . . . 

In our single-cell models, axonal and somatodendritic gNa use the
same kinetics, and axonal spike initiation is realized by an increased
gNa density in the axons (Mainen et al. 1995). It may be, however,
that—as postulated in the historic model of Dodge and Cooley
(1973)—axonal gNa has a lower threshold than that of somatodendritic
gNa, at least in layer 5 pyramidal neurons (Colbert and Pan 2002), an
effect we did not simulate.

Other sources of kinetic data

A-current and h-current kinetics were based on data in Hugue-
nard and McCormick (1992). The K2 current followed Huguenard
and McCormick (1992) and McCormick and Huguenard (1992),
with some simplifications: only the faster component of inactiva-
tion was used, and the activation variable m was first order.

High-threshold calcium conductance kinetics came from Kay and
Wong (1987). Persistent gNa had rapid activation kinetics, but a
lower activation threshold, than did transient gNa (Kay et al. 1998);
it did not inactivate.

Some electrotonic parameters

Soma/dendritic membrane resistivity was 50,000 !-cm2 for
cortical glutamatergic cells; 25,000 !-cm2 for cortical GABAergic
cells; 26,400 !-cm2 for TCR cells; and 20,000 !-cm2 for nRT
cells. Soma/dendritic internal resistivity was 250 !-cm for cortical
glutamatergic cells; 200 !-cm for cortical GABAergic cells and
nRT cells; and 175 !-cm for TCR cells. Membrane capacitance
density was 0.9 !F/cm2 for all glutamatergic cells and 1.0 !F/cm2

for all GABAergic cells. Axonal membrane and internal resistivi-
ties were smaller than for soma/dendrites: 1,000 !-cm2 and 100
!-cm, respectively.

Reversal potentials

VNa was "50 mV for all cell types. VCa was "125 mV for all
types. VL (the reversal potential for the leak conductance) was #65
mV for FS and LTS interneurons, and for spiny stellates; it was #75
mV for nRT cells; it was #70 mV for cortical pyramids and TCR
neurons. VAR (the reversal potential for the anomalous rectifier, or h
conductance) was #40 mV for all GABAergic cells and spiny
stellates; it was #35 mV for cortical pyramids and TCR cells. VK was
#100 mV for GABAergic neurons and for spiny stellates; it was #95
mV for cortical pyramids and TCR cells.

FIG. A1. RS and FRB firing behaviors in model layer 2/3 pyramidal
neurons, in layer 2/3 putative pyramidal cells in rat auditory cortex in vitro,
and in neurons in rat somatosensory cortex in vivo. Cells were injected
with somatic depolarizing currents (0.4 and 0.75 nA for model, 0.5 nA for
in vitro experiment). Model and in vitro data from Cunningham et al.
(2004). In vivo RS cell was from layer 6, and the in vivo FRB cell from
layer 4.

FIG. A2. FS and LTS firing behaviors in model neurons (0.4 nA
depolarizing current pulses to somata), in neurons in layer 2/3 rat auditory
cortex in vitro (0.5 nA current pulses), and in neurons from rat somato-
sensory cortex in vivo. Model and in vitro data from Cunningham et al.
(2004). In vivo FS cell was from layer 5 and the in vivo LTS cell was from
the layer 4/layer 5 border.

FIG. A3. Firing behavior of model spiny stellate cell in response to
depolarizing current pulses, illustrating regular spiking (RS) behavior.
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From a single neuron record:

Build a model of spiking activity - increasing levels of realism
• Statistical
• Dynamical
• Biophysical

Yesterday (Prof. Eden)

Today

Q: “Analysis” of these spike train? 

vo
lta

ge

time
Q: Most salient feature?

A: Analyze possible mechanisms 
that generate spikes.

A:  “spikes”
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Modeling the voltage: biophysics

Let’s begin ... 
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Consider the general expression:

In our single-cell models, axonal and somatodendritic gNa use the
same kinetics, and axonal spike initiation is realized by an increased
gNa density in the axons (Mainen et al. 1995). It may be, however,
that—as postulated in the historic model of Dodge and Cooley
(1973)—axonal gNa has a lower threshold than that of somatodendritic
gNa, at least in layer 5 pyramidal neurons (Colbert and Pan 2002), an
effect we did not simulate.

Other sources of kinetic data

A-current and h-current kinetics were based on data in Hugue-
nard and McCormick (1992). The K2 current followed Huguenard
and McCormick (1992) and McCormick and Huguenard (1992),
with some simplifications: only the faster component of inactiva-
tion was used, and the activation variable m was first order.

High-threshold calcium conductance kinetics came from Kay and
Wong (1987). Persistent gNa had rapid activation kinetics, but a
lower activation threshold, than did transient gNa (Kay et al. 1998);
it did not inactivate.

Some electrotonic parameters

Soma/dendritic membrane resistivity was 50,000 !-cm2 for
cortical glutamatergic cells; 25,000 !-cm2 for cortical GABAergic
cells; 26,400 !-cm2 for TCR cells; and 20,000 !-cm2 for nRT
cells. Soma/dendritic internal resistivity was 250 !-cm for cortical
glutamatergic cells; 200 !-cm for cortical GABAergic cells and
nRT cells; and 175 !-cm for TCR cells. Membrane capacitance
density was 0.9 !F/cm2 for all glutamatergic cells and 1.0 !F/cm2

for all GABAergic cells. Axonal membrane and internal resistivi-
ties were smaller than for soma/dendrites: 1,000 !-cm2 and 100
!-cm, respectively.

Reversal potentials

VNa was "50 mV for all cell types. VCa was "125 mV for all
types. VL (the reversal potential for the leak conductance) was #65
mV for FS and LTS interneurons, and for spiny stellates; it was #75
mV for nRT cells; it was #70 mV for cortical pyramids and TCR
neurons. VAR (the reversal potential for the anomalous rectifier, or h
conductance) was #40 mV for all GABAergic cells and spiny
stellates; it was #35 mV for cortical pyramids and TCR cells. VK was
#100 mV for GABAergic neurons and for spiny stellates; it was #95
mV for cortical pyramids and TCR cells.

FIG. A1. RS and FRB firing behaviors in model layer 2/3 pyramidal
neurons, in layer 2/3 putative pyramidal cells in rat auditory cortex in vitro,
and in neurons in rat somatosensory cortex in vivo. Cells were injected
with somatic depolarizing currents (0.4 and 0.75 nA for model, 0.5 nA for
in vitro experiment). Model and in vitro data from Cunningham et al.
(2004). In vivo RS cell was from layer 6, and the in vivo FRB cell from
layer 4.

FIG. A2. FS and LTS firing behaviors in model neurons (0.4 nA
depolarizing current pulses to somata), in neurons in layer 2/3 rat auditory
cortex in vitro (0.5 nA current pulses), and in neurons from rat somato-
sensory cortex in vivo. Model and in vitro data from Cunningham et al.
(2004). In vivo FS cell was from layer 5 and the in vivo LTS cell was from
the layer 4/layer 5 border.

FIG. A3. Firing behavior of model spiny stellate cell in response to
depolarizing current pulses, illustrating regular spiking (RS) behavior.
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V

t

dV/dt = f (V, current inputs, time, ...) 

We need to choose f ... biophysics. 

Our goal is to model:

What else?

“spikes”



Modeling the voltage: biophysics

Fact:  The neuronal membrane is an impermeable lipid bilayer.

outside

inside

Fact: The inside has a negative voltage relative to the outside (-70 mV).
Excess negative charge inside the cell ...

Positive charges want 
to reach this negative 
potential, but can’t ...

+

+ +

- --
-

Negative charges inside the 
cell attracted to positive 
charges outside the cell

+ion
... cannot cross
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Modeling the voltage: biophysics

The cell membrane acts like a simple circuit element ...
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A: capacitor
+ +++

- ---

Equivalent circuit: replace the neuronal membrane with a capacitor

material

+Q

-Q

voltage
difference

in

out

Q: Circuit element?
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Modeling the voltage: biophysics

For a capacitor, relate three quantities:
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material with capacitance C

+Q

-Q

V
voltage
difference

Q:  Why is this useful?

Q = C V

We’ll use this to build our mathematical model ...

Relate these variables:
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Modeling the voltage: biophysics

Let’s inject current to one side of the capacitor:
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+

+ +

- - -

I

Ground

dQ/dt =

The charge Q changes:

... which changes the voltage

Q = CV

I =

V

 I

C dV/dt

+

Maintain equal 
& opposite net 
charge across 
plates ...
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Modeling the voltage: biophysics

Rearrange for a simple model ...
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I = C dV/dt

dV/dt = f (V, current inputs, time, ...) General model:

Equivalent circuit with capacitor:

Q: Does this model reproduce the data?

dV/dt = I/C

Our first model ... motivated by biophysics.
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Modeling the voltage: biophysics
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Q: Does this model produce “spiking”?

t

V

model:

In our single-cell models, axonal and somatodendritic gNa use the
same kinetics, and axonal spike initiation is realized by an increased
gNa density in the axons (Mainen et al. 1995). It may be, however,
that—as postulated in the historic model of Dodge and Cooley
(1973)—axonal gNa has a lower threshold than that of somatodendritic
gNa, at least in layer 5 pyramidal neurons (Colbert and Pan 2002), an
effect we did not simulate.

Other sources of kinetic data

A-current and h-current kinetics were based on data in Hugue-
nard and McCormick (1992). The K2 current followed Huguenard
and McCormick (1992) and McCormick and Huguenard (1992),
with some simplifications: only the faster component of inactiva-
tion was used, and the activation variable m was first order.

High-threshold calcium conductance kinetics came from Kay and
Wong (1987). Persistent gNa had rapid activation kinetics, but a
lower activation threshold, than did transient gNa (Kay et al. 1998);
it did not inactivate.

Some electrotonic parameters

Soma/dendritic membrane resistivity was 50,000 !-cm2 for
cortical glutamatergic cells; 25,000 !-cm2 for cortical GABAergic
cells; 26,400 !-cm2 for TCR cells; and 20,000 !-cm2 for nRT
cells. Soma/dendritic internal resistivity was 250 !-cm for cortical
glutamatergic cells; 200 !-cm for cortical GABAergic cells and
nRT cells; and 175 !-cm for TCR cells. Membrane capacitance
density was 0.9 !F/cm2 for all glutamatergic cells and 1.0 !F/cm2

for all GABAergic cells. Axonal membrane and internal resistivi-
ties were smaller than for soma/dendrites: 1,000 !-cm2 and 100
!-cm, respectively.

Reversal potentials

VNa was "50 mV for all cell types. VCa was "125 mV for all
types. VL (the reversal potential for the leak conductance) was #65
mV for FS and LTS interneurons, and for spiny stellates; it was #75
mV for nRT cells; it was #70 mV for cortical pyramids and TCR
neurons. VAR (the reversal potential for the anomalous rectifier, or h
conductance) was #40 mV for all GABAergic cells and spiny
stellates; it was #35 mV for cortical pyramids and TCR cells. VK was
#100 mV for GABAergic neurons and for spiny stellates; it was #95
mV for cortical pyramids and TCR cells.

FIG. A1. RS and FRB firing behaviors in model layer 2/3 pyramidal
neurons, in layer 2/3 putative pyramidal cells in rat auditory cortex in vitro,
and in neurons in rat somatosensory cortex in vivo. Cells were injected
with somatic depolarizing currents (0.4 and 0.75 nA for model, 0.5 nA for
in vitro experiment). Model and in vitro data from Cunningham et al.
(2004). In vivo RS cell was from layer 6, and the in vivo FRB cell from
layer 4.

FIG. A2. FS and LTS firing behaviors in model neurons (0.4 nA
depolarizing current pulses to somata), in neurons in layer 2/3 rat auditory
cortex in vitro (0.5 nA current pulses), and in neurons from rat somato-
sensory cortex in vivo. Model and in vitro data from Cunningham et al.
(2004). In vivo FS cell was from layer 5 and the in vivo LTS cell was from
the layer 4/layer 5 border.

FIG. A3. Firing behavior of model spiny stellate cell in response to
depolarizing current pulses, illustrating regular spiking (RS) behavior.
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V

t

Goal: Model this

Consider I > 0, C > 0, 

Then:  V[t] = V[0] + I/C t Hmm ...

“spikes”
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Model 1: Integrate and fire

To make our model spike ...
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a hack.
add threshold & reset

Idea:    when the voltage becomes large enough (threshold),
then reset it to a lower value. 

t

V

capacitor model:

threshold Vth

reset Vreset
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Model 1: Integrate and fire

The complete I&F model:
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(motivated by capacitor)

(threshold & reset)

dV/dt = I/C

if V > Vth , then V = Vreset

V = voltage across membrane
 I = injected current
C = capacitance
Vth = voltage threshold
Vreset  = voltage reset



Model 1: Integrate and fire

Each time threshold reached, we say the model “spikes” ...

“spike” “spike”

Q: What is the rate of spiking?

firing rate = 

I

f

t

V

threshold Vth

reset Vreset

“spike”

I / ( (Vth - Vreset) C)

plot it versus I ...

“f-I curve”
A:  It’s constant ...



Modeling the voltage: more biophysics

Our initial cell model was boring ... ions cannot pass through.

+
+ + +

- ---

update the model to include 
channels or “pores” in the 
membrane

+
+ +

+

- ---

To start, consider an always-open channel ...

impermeable membrane
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Modeling the voltage: more biophysics

Q: How do we build a model? 
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+
+ + +

- ---
acts like
capacitor

+Qc

-Qc

Q: Acts like ...

QC = CVC

Vc
I R

R = resistance

VR

VR = R IR

Combine elements to form a simple circuit ...

A: a resistor

A: Consider an equivalent circuit.



Modeling the voltage: more biophysics

Consider an equivalent circuit: capacitor, resistor, battery

= 0 mV
(by convention)

Vin

capacitor resistor

... to account Vrest
(-70 mV)

battery

Input current: I

Vout
low V side = Vrest

high V side = 0

Let’s analyze the behavior of this model ...

(impermeable 
cell membrane)

(channel)



Modeling the voltage: more biophysics

Consider the case:  I = 0, “equilibrium”.

I = 0 Vin

Vout

VR

Vrest
so Vin = Vrest 

“at equilibrium”
               = 0

VC  = Vin - Vrest = IR R Vin - Vout =

0

so QC = C VC

QC = C Vin

QC = C Vrest

fixed charge on capacitor

cell voltage “at rest”

The equivalent circuit ...

= 0

at equilibrium ...



Modeling the voltage: more biophysics

Now, inject current:  I > 0 The equivalent circuit ...

I > 0
Vin

Vout

VR

Vrest

VC  = Vin - Vrest  = I R R

so QC = C VC

I RI C

IC = C dVin/dt

I = I C + I R

I = C dVin/dt + (Vin - Vrest)/R

where V* = Vrest + R I

substitute in:

dVin/dt  = - (Vin - V*) / T

T = R C
“target voltage”
“time constant”

= 0

At junction, current splits 
and is conserved

 Vin - Vout =

0

QC = C Vin



time

V(t)

0 40 ms 80 ms

0

Modeling the voltage: more biophysics

Behavior of the RC-circuit: Consider I = constant

dVin/dt  = - (Vin - V*) / T V* = Vrest + R I = 
T = R C =

Vin V*

In words: Voltage across the membrane approaches 

V*

Q: Does the RC-circuit “spike”?

constant
constant

the target voltage.

Example (RC-circuit):



time

V(t)

0 40 ms 80 ms

0

Model 2: Leaky integrate and fire

To make our model spike ... a hack.
add threhsold & reset

V*

Vrest

Vth

Vreset

“spike”

Idea:    when the voltage becomes large enough (threshold),
then reset it to a lower value. 

“spike”

Example (I&F):
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Model 2: Leaky integrate and fire
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The complete leaky I&F model:

(motivated by RC-circuit)

(threshold & reset)if V > Vth , then V = Vreset

dVin/dt  = - (Vin - V*) / T

where V* = Vrest + R I

T = R C
“target voltage”

“time constant”

An extension of the I&F model - the cell membrane has a hole.



Extensions of I&F models

Quadratic I&F: dV/dt = I + V 2 , if V > Vth, then V = Vreset

Izhikevich neuron:

http://www.izhikevich.org/publications/spikes.htm

http://www.izhikevich.org/publications/spikes.htm
http://www.izhikevich.org/publications/spikes.htm
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Examples in MATLAB

... of Model 1 (I&F) and Model 2 (leaky I&F)
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http://math.bu.edu/people/mak/samsi/Modeling_Session_1.m

If you’d like, please start MATLAB and download the file:

http://math.bu.edu/people/mak/samsi/

Website with all example code:

http://math.bu.edu/people/mak/samsi/
http://math.bu.edu/people/mak/samsi/

