Lower bounds on dimensions of mod-p Hecke algebras:

The nilpotence method

Anna Medvedovsky

We present[| a new method for obtaining lower bounds on the Krull dimension of a local compo-
nent of a Hecke algebra acting on the space of mod-p modular forms of level one and all weights at
once. This nilpotence method proceeds by showing that the Hilbert-Samuel function of the Hecke
algebra, which is a noetherian local ring, grows fast enough to establish a lower bound on dimen-
sion. By duality it suffices to exhibit enough forms annihilated by a power of the maximal ideal.
We use linear recurrences associated with Hecke operators to reduce the problem of finding these
many annihilated forms to a purely algebraic question about the growth of nilpotence indices of
recurrence operators on polynomial algebras in characteristic p. Along the way we introduce a
theory of recursion operators over any field. The key technical result is the Nilpotence Growth
Theorem for locally nilpotent recursion operators over a finite field; its proof is elementary and
combinatorial in nature. The nilpotence method currently works only for the small primes p for
which the modular curve Xo(p) has genus zero (p = 2, 3, 5, 7, and 13), but we sketch a plan for

generalizing it to all primes and all levels.

*Updated May 6, 2016.
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Chapter 1

Introduction

In 2012, Nicolas and Serre were able to determine, by elementary means, the structure of the Hecke algebra
acting on modular forms mod 2 of level one. Neither their very precise results nor their techniques appear to
generalize directly to other primes, but their elementary ingredients serve as the backbone of a new method,
presented here, for obtaining a lower bound for the Krull dimension of a local component of the mod-p Hecke

algebra.

This so-called nilpotence method works by exhibiting enough forms annihilated by powers of the maximal
ideal — which exhibition, in turn, is achieved via an upper bound on the nilpotence index of a form relative
to its weight filtration. The key technical result is purely algebraic and entirely elementary. The method
currently works for the small primes p for which F,,[A] is Hecke-invariant: p = 2, 3, 5, 7 and 13; but I expect

that it can be extended to all primes, and even all levels.

1.1 Historical background

Some informal notation: let p be a prime, M the space of level-one modular forms modulo p of all weights,
A the shallow (i.e., without U,) Hecke algebra acting on M, and A; one of the local components of A

corresponding to a mod-p modular Galois representation p.

The space of forms M was first studied by Swinnerton-Dyer [29], Serre [26], and Tate in the 70s. The
structure of A itself was first investigated by Jochnowitz in the early 80s: in [19], she uses results of Serre
and Tate to establish that A is infinite-dimensional over F,,. Noetherianness results from deformation theory
imply that the Krull dimension of A is at least 1, as was first observed by Khare in [20]. Until recently that

was the best lower bound.

In 2012, Nicolas and Serre revived interest in mod-p Hecke algebras when they determined the structure of
A for p = 2 explicitly: it is a power series ring in the Hecke operators T3 and T5. Their results appeared
in two short articles. In [23], they use the Hecke recursion for A (also see Chapter @ to deduce, through

lengthy but elementary calculations, a precise and surprising formula for how fast T3 and T5 annihilate A™.
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The structure of A follows by duality in [24].

In the last two years the Nicolas-Serre method has attracted some interest. Gerbelli-Gauthier [I3] has found
alternate and apparently simpler proofs of their key lemmas. The most technical parts of her calculations,
in turn, can now be replaced by theta series arguments of Monsky (unpublished). Despite this activity and

improvements, a direct generalization of the Nicolas-Serre method even to p = 3 has remained elusive.

At the same time, a lower bound for dim A; for all p > 5 was determined by Bellaiche and Khare using
completely different techniques [5]. They compare A; to the corresponding characteristic-zero Hecke algebra
T5, whose dimension is known to be at least 4 as witnessed by the Gouvéa-Mazur infinite fern. In passing
from T, to Ap, two dimensions are lost, one for p and one for a weight twist, so that the dimension of dim A,
is at least 2. In the unobstructed case, they find that A is a power series ring in two variables, extending

Nicolas-Serre. These results have been generalized to level N by Deo [9].

What about p = 37 In the appendix to Bellaiche-Khare, Bellaiche lays out an approach for tackling this
remaining case by bounding nilpotence indices rather than calculating them precisely. This approach is
implemented in this document; in particular the key missing lemma is the Nilpotence Growth Theorem
(Theorem [A| below). But the same method also yields yet another proof of the case p = 2 (section
below), and recovers and slightly refines the Bellaiche-Khare results for p = 5, 7, and 13. It seems reasonable

to hope that this method can be extended to all primes, and all levels.

Incidentally, the nilpotence method gives an inverse answer to an fifteen-year-old question posed by Khare in
[20] about the relationship between the weight filtration of a mod-p form and what he called its “nilpotence
filtration,” closely related to the nilpotence index of a Hecke operator used here. See comments at the end
of Chapter [§ for details.

1.2 The nilpotence method for p = 2

The space of modular forms modulo 2 is just the space of polynomials in A (Swinnerton-Dyer [29]). By
a theorem of Tate [30], or an elementary argument of Serre [5l, footnote in section 1.2], there is only one
semisimple modular Galois representation p, namely 1@ 1, so that tr p = 0. Therefore A is a local ring, and
every Ty for ¢ an odd prime is in the maximal ideal m (Proposition below). In particular, the 7, act
locally nilpotently on M = F3[A], and hence lower the A-degree of each form.

Using deformation theory (of Chenevier [7], in this case), we can show that m is generated by T5 and Tj
(section [7.5]). Moreover, the sequences {T5(A™)},, and {T5(A™)},, of polynomials in A both satisfy linear
recursions over Fo[A], namely

T5(A™) = AT (A" %) + A* T3(A™)

and
T5(A™) = A? Tg,(A”*Z) + A* T5(A"*4) + AT5(A"*5) + AS T5(A”*6),

with companion polynomials in Fo[A][X]

Poa=X*"4+AX+A*  and Poa=X 4+ AZX*HAYX2HAX+AS
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respectively (|23, Théoréme 3.1] or Chapter [6).
The key technical result of this document is the Nilpotence Growth Theorem:

Theorem A (c¢f. Theorem . Let p be any prime, and T : F,ly] — F,ly] be a degree-lowering linear
operator on a polynomial algebra in characteristic p. Suppose further that the sequence {T'(y™)}, satisfies a

linear recursion over F,[y] whose companion polynomial
P=X'4a; X'+ a4 1X +aq € Fply][X]

has dega; <1 for all 1 <i < d and degayq = d.
Then there exists an o < 1 so that the nilpotence index Np(y™) < n®.

Here the nilpotence index Np(y™) for any locally nilpotent operator 7" on a space containing f is the minimum

power of T annihilating f.

It is easy to see that both T3 and T} acting on M = Fy[A] satisfy the conditions of the theorem, with y = A.

Therefore, there exists a constant a < 1 such that

N(A™) := Np,(A™) + Np, (A") < n®.

(From a refined version of the Nilpotence Growth Theorem, we get the bound N(A") < %ng Compare

to the more precise results of Nicolas and Serre, who give an exact recipe for the minimum k so that A™
annihilated by m*. This recipe depends on the digits of n base 2 and implies that $/n < N(A™) < 3\/n
for n odd — in other words, for A™ in the kernel of Us,.)

Continuing with the nilpotence method, it is easy to see that N(A™) < k implies that A™ is annihilated by

k

mF, so that the dimension of the space of forms f in the kernel of U, annihilated by m* grows at least as

fast as k=, faster than linearly in k.

By duality, the Hilbert-Samuel function of A grows faster than linearly as well:
k> dim A/m* = dim{f € ker Us : f annihilated by m*} > #{n : N(A") < k} > k=.

But for any noetherian local ring such as A, the Hilbert-Samuel function k¥ + dim A/m* is known to
eventually coincide with a polynomial in & of degree equal to the Krull dimension of A [T, Chapter 11]. Since
the Hilbert-Samuel function of A grows faster than linearly, we must have dim A > 2. On the other hand,
the maximal ideal has only two generators, so that A = Fo[T5, T5].

1.3 Statement of results

In addition to Theorem [A] above, the main results of this document are given in Theorem [B] The reducible
and irreducible components of a Hecke algebra are those A; for which p is reducible or irreducible as a

representation, respectively.
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Theorem B (¢f. Theorem . If p=2,3,5,7,13, then A; ~TF,[x,y]. More precisely:

e For p = 2, the Hecke algebra is A = Fo[T5,T5] = Fao[Ty,, Te,] for any pair of primes {3 and €5 with
{; =1 mod8.

e Forp = 3, the Hecke algebra is A = F3[Ty,T7r — 2] = F3[T,_, Ty, — 2] for any pair of primes {_ and
{4 satisfying
{_ congruent to 2 or 5 modulo 9,

3 is not a perfect cube modulo £, .

e For p =25, there are four twist-isomorphic reducible local components. In each case,

Ay =F5[T11 — 2, Tho] =F5[Ty, —2, T, —1— €]

for any pair of primes satisfying

{#1modb and ¢ # £+1,4+7 mod 25,
neither 5 nor 2 4+ /5 are perfect fifth powers modulo €. .

e For p =17, there are nine local components, all reducible, in two isomorphism classes up to twist. In

each case,

Ay =TF[T,, —2, T,_],
where {_ is any prime congruent to —1 modulo 7 but not modulo 49; and ¢, is congruent to 1 modulo

7 with additional conditions not described by congruences.

e For p =13, there are 48 local components: 36 are reducible in three different isomorphism classes up

to twist, and 12 are irreducible and all twist-isomorphic. If p is reducible, then
Ap =Fu3[Ty, —2, Ty,

where {4 satisfy similar conditions as above; moreover, A; ~ Fi3]x,y] for every p.

The case p = 2 recovers a theorem of Nicolas-Serre [24, Théoréme 4.1]. The case p = 3 is new. The case
p > 5 recovers and mildly refines results of Bellaiche-Khare [5, Theorem III, Theorem 22|. For an outline of

the proof using the nilpotence method, see section [8.100)

1.4 Overview of this document

In Chapter [2] we set notation and basic facts about modular forms modulo p and their Hecke algebras that
will be used in the rest of the document. A reader familiar with these objects as presented by Jochnowitz

[19, 18] will do well to skip this chapter. Key notation will be briefly recalled in later chapters.

Chapter [3]sets out the basic framework of the nilpotence method: given a sublinearity bound on the growth
of the nilpotence index of a sequence of forms (the sequence {A"},, oqq in the p = 2 example above), one
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obtains a lower bound of 2 for the Krull dimension of the corresponding Hecke algebra. Short, and not to
be missed.

Chapter [ is an extended introduction to the theory of recursion operators, which are the algebraic avatars
of Hecke operators acting on algebras of modular forms for the purposes of applying our Nilpotence Growth
Theorem. This theory is still a work in progress. The chapter deals with recursion operators on polynomial
algebras only, which limits the primes for which the nilpotence method works to those for which the forms
whose weight filtration is divisible by p — 1 is a polynomial algebra. This is the case for p = 2,3,5,7,13;
in each case the polynomial algebra in question is F,[A]. This chapter may be used as a reference only,

especially on a first reading. Pure abstract algebra, and self-contained.

Chapter [p| states and proves the Nilpotence Growth Theorem (Theorem [A| above). The first three sections
are just enough for a first reading. The proof is long and combinatorial in spirit, and not particularly
illuminating, at least in its current state. This chapter is also just algebra, this time in characteristic p. It

is also self-contained, though the terminology of Chapter [4] can give it some context.

Chapter [6] proves that Hecke operators acting on spaces of modular forms are recursion operators. For
p =2,3,5,7,13, a Hecke operator acting locally nilpotently on IF,,[A] satisfies the conditions of the Nilpotence
Growth Theorem.

Chapter [7] gives an algorithm for finding special Hecke operators to generate the maximal ideal of a local
component of the Hecke algebra corresponding to a reducible mod-p Galois representation. This chapter

refines dimension statements to the more precise statements of Theorem [B]

Chapter [§] applies key theorems from Chapters and [6] to prove Theorem [B]

10



Chapter 2

Modular forms modulo p

This chapter is a review of well-known properties of modular forms modulo p and their Hecke algebras
that will be used in later chapters. The main references are Swinnerton-Dyer [29], Serre [27] 26], and
Jochnowitz [I8] [19].

Throughout this document, we work only with forms of level one.

2.1 The space of modular forms mod p

The basic space that we consider is the space of modular forms modulo p in the sense of Swinnerton-Dyer
and Serre [29] 26]: M C F,[g] will be the span of mod-p reductions of g-expansions of all modular forms

over Z of level one and all weights.

More precisely, let Mj (SLQ(Z), Z) be the space of modular forms of level one and weight k, and define My
to be the space of ¢g-expansions of forms in M (SL2 (Z), Z) reduced modulo p. That is,

M, = image(Mk (SL2(Z),Z) — Z[q] — F, [[q]]) C F,[dl,

where the first map is f — (g-expansion of f) and the second map is reduction of the g-series modulo p.
Finally, let M be the span of all the M, inside F,[q]:

M =" M, CFplq].
k>0

Note that the sum is not direct. For p > 3, the g-expansion of the Eisenstein series £, 1 in M,_; (SLQ(Z)7 Z)
is congruent to 1 modulo p, so that M; — My ,—1 via multiplication by the image of F,_;. For p = 2,3,
both F4 and Eg have residual g-expansions equal to 1, so there’s a similar phenomenon.

Since the product of two modular forms is another modular form (the weights add), and both maps above

preserve algebra structure, the space M is an FF,-subalgebra of F,[q].

From now on, we assume that all named modular forms — the Ramanujan A-function, the Eisenstein series

11
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E}, of weight k, their products — are considered as g-series over F, unless otherwise noted: we will simply

equate Ep_1 = 1.

2.1.1 Weight grading on M

Although the sum ), M, C Fp[q] is not direct, essentially the only thing that goes wrong is the fact that
M, embeds into Mj,4,—1. For example, we have the following

Lemma 2.1. If f € My (SL2(Z),Z) and f' € My (SL2(Z),Z) are two (characteristic-zero) forms, then their

q-expansions are congruent modulo p only if k =k’ mod (p —1).
Proof. See |29, Theorem 2 (iv)]. Generalized by Serre in [27, Théoréme 1]. O

For i € 2Z/(p — 1)Z, let M be the sum of all the M}, with k =i mod (p — 1):

M= ZMk = U M.
k=1 k=1

Here and below, congruences such as k = i are modulo p — 1 unless otherwise specified. In particular, if
p=2or 3, then M? = M.

Now the the sum of the M’s inside F,[q] is direct:
Lemma 2.2 (Swinnerton-Dyer). M = @, coz/(p—1y2 M"-
Proof. See [29, Theorem 2 (iv)]. Lemma is a special case of Lemma [2.2] O

The decomposition M = @; M* makes M into a (2Z/(p — 1)Z)-graded algebra, with M* the weight-i-graded
piece of M. The weight-0-graded piece M" is a (filtered) algebra in its own right, with an exhaustive weight
filtration

0CF,=MyC M,y CMyp_1)C Myp_1)C--CM°
A form f € M for some i will be called weight-graded or simply graded.

2.1.2 Weight filtration on M’

As discussed above, the weight of a mod-p modular form is not as robust a notion as it is in characteristic

zero. Instead, it is replaced by the notion of a weight filtration: for f € My, set
w(f) :=min{k" : f € My}

For f € My, clearly w(f) < k, but the inequality may be strict. For example, w(E,_1) = 0. Lemma
implies that w(f) =k mod (p — 1).

The weight filtration evidently satisfies w(fg) < w(f) + w(g). But this inequality, too, may be strict: for
example, if p = 11, then w(E,) = 4 and w(Eg) = 6, whereas w(FE4Fs) = w(F19) = 0. For graded f and g,
the congruence w(fg) = w(f) +w(g) mod (p— 1) is forced by the weight grading.

We do have the following lemma about the multiplicativity of the weight filtration, proved by Serre in [27]
§2.2 Lemma 1b|:

Lemma 2.3. If f € M is graded, then w(f™) = nw(f).

12
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We will only use the weight filtration on the graded pieces M?, not on the entire space M.

2.1.3 The algebra structure on M

Swinnerton-Dyer proves that, as an abstract algebra,
FP[E45 Eﬁ}/(A(E4a Eﬁ) - 1) lfp >3
F,[A] if p=2or 3,

where A(E}y, Eg) is the polynomial in E4 and Eg that gives E,_; in characteristic zero |29, Theorem 2(iv),
Theorem 3].

For example, in characteristic zero, we have 691 FE15 = 441E3 + 250E%, so that for p = 13 we have
M = F13[Ey, Eg)/(3E — Ej — 2).

For more examples, see Chapter [§]

2.2 The Hecke algebra on modular forms mod p

2.2.1 Hecke operators on M

For each positive integer n, the operator T}, defines a linear action on the characteristic-zero space M, (SLQ (7), Q) .

If ¢ is prime, then this action has the following form on ¢-expansions:

aen(f) + Tag(f) 0] n

an(Ti f ) = )
aen(f) otherwise.

If k > 0, then My (SL2(Z),Z) is Ty-invariant. (If k = 0, the only obstruction is that Ty(1) = “Tl.)

In any case, if £ # p, then T}, and hence also T}, for n prime to p, acts on Mj. Since ¢F~1 = ¢(k+p=1)-1
mod (p—1), this action is compatible with the inclusions M}, < Mj.4,—1. So the actions on Mj, fits together
to give an action on each M?, and therefore we have an action of each Hecke operator T,, with (n,p) =1 on

the entire space of modular forms.

We also have an action of T, on any subspace of bounded weight of M.

2.2.2 The Hecke algebra A

First definition: product of graded pieces

For each k, let Aj be the Hecke algebra generated by all T, with (n,p) = 1 acting on Mj. That is, let
HP := Z[T,, : (n,p) = 1] be the abstract polynomial algebra of Hecke operators, and define

Ay = im (HP ~ End Mk) C End M.
Here and always, End My = Endg, My, is the space of F-linear maps My — M.

As remarked above, we have restriction maps Ay4p—1 — Ag. These are surjective since each Ay, is generated

13
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by the action of the same Hecke operators. We define

This is the (shallow, i.e., without U,) Hecke algebra acting on M?, a profinite ring. Finally, the (shallow)
Hecke algebra on all of M = @, M; is simply
A=]]A"

Second definition: all at once

Alternatively, we can let M<y := )", <My C F,[q] be the subspace of M of weight bounded by k, and let
A<y, be the Hecke algebra acting on M<j, defined just as above. The inclusion maps M<j — M<j41 give

restriction maps A<p41 — A<yp. I claim that
A= 1&1 Agk.
k

Indeed, each M« splits up into a direct sum of Hecke-invariant subspaces according to weight modulo p—1,

so that each A<y, splits up into a finite direct product. This separation persists up the inverse limit.

Third definition: topology
There is a topological way to define the Hecke algebra: A is the completion, for the compact-open topology,
of the image of the action of the Hecke operators in End M. That is,

A= i?n(HP . EndM) C End M.

Unpacking this definition gets its own section below. The equivalence of this definition with the previous

ones is proved in Proposition [2.4]

2.2.3 The topology on A as a subspace of End M

We analyze the compact-open topology on End M, and reconcile the naive algebraic definition of the Hecke

algebra on M with A as we’ve defined it.

The compact-open topology

First, we recall the definition of the compact-open topology: this is a topology on the space of continuous
maps from one topological space to another. In the special case where the two spaces are topological abelian
groups X and Y, with {U,} a collection of open subgroups forming a basic system of neighborhoods of 0 in
Y, and {Kj3} a collection of compact subgroups of X with the property that any compact subset C' of X
containing 0 is contained in some Kg, a basis for the compact-open topology on Hom§™ (X,Y) is given
by the collection {{f : f(Uas) C KB}}Q,B'

The compact-open topology on End M

Next, we see End M with its compact-open topology. In this case, X =Y = M with the discrete topology.
This means that the zero subspace by itself is already a basis of open neighborhood-spaces around 0. The

compact sets are the finite ones; since our base field is finite, a compact subspace is a finite-dimensional

14
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one. So the spaces M« form a basic system of compact subspaces of M (that is, any compact subset
of M is contained in some M<y). Finally, the compact-open topology on End M has, as a basis of open
neighborhoods around 0, the collection {{T" : T'(M<;,) = O}}k = {ann M<y}x, a nested sequence of two-sided
ideals. This topology is Hausdorff: if an endomorphism annihilates every M<y, then it annihilates all of M,
so that (), ann M<; = {0}.

The naive Hecke algebra on M
Let A C End M be F,-algebra of all polynomials in the Hecke operators T, with (n,p) = 1. In other words,

A:=im (Hp — EndM) C End M.

The algebra A has perhaps a more natural definition than A — and in fact it has a part to play in this story:
see Corollary At the same time, A is not an easy ring to study.

For example, in section [2.4] below, we will discuss the (well-known) fact that Ay, A<y, and A are all semilocal
rings whose maximal ideals have arithmetic meaning: they are in bijection with continuous modular Galois
pseudocharacters unramified outside p with certain determinants depending on the space M}, M<y, or M.

In this way, A is the natural generalizations of the Hecke algebra construction to infinite-dimensional spaces.

On the other hand (at least for p = 2), A has uncountably many maximal ideals: in [4] Theorem 4] Bellaiche
shows for p = 2 that the image of the Hecke operators T} for £ prime and odd are all algebraically independent
in A, and hence in A C A. Therefore any arbitrary sequence {\;}, of elements in Fy indexed by odd primes
£ defines a map AT, simply by Ty — Ay, and the kernel of such a map is a maximal ideal of A containing
only those Ty with Ay = 0. There are uncountably many such sequences, so uncountably many maximal
ideals.

The completed Hecke algebra on M
Finally, we refine the third definition of A and prove that it is equivalent to the other two.

Proposition 2.4. The following are naturally isomorphic as topological rings:

1. the closure ofg in End M with respect to its compact-open topology;
2. the completion of A with respect to the sequence of ideals ann g (M<y);

3. the profinite ring A = %n (A<k).

Proof. Temporarily, let A, A®) and A®) denote the rings described in the three parts of the proposition,
in order. We first prove that A is isomorphic to A®). By definition,

A = Jim (,Z/ ann ;(M<y)).
E
But j/ ann 7(M<y) is naturally isomorphic to A<y: the kernel of the restriction map A — A<y is clearly
ann ;(M<y,). This proves the isomorphism between A and A®).

The topology on A induced from the compact-open topology on End M has the set of
ann(MSk) N ;{ = anng(MSk)

over all k as a basic system of open neighborhoods of 0. This topology is Hausdorff, so that Aisa subalgebra
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of the completion A®). In turn A is a subalgebra of End M: any compatible system of endomorphisms
modulo ann(M<y,) defines an endomorphism of all of M. Since A®) is profinite, it is a closed subset of
End M. Finally, A is dense in its completion, so that A is the closure of A in End M. O

2.2.4 1T, vs. T,: a note on generators

We have defined each Hecke algebra as (topologically) generated by the Hecke operators T, with (n,p) = 1.
But in fact, the weight-graded Hecke algebras Ay and A’ are (topologically) generated by the T, with ¢
prime only. Indeed if n factors as n = [ £}, then T}, factors as the product T, = [[T;»:, so that it always
suffices to consider prime-power Hecke operators. Moreover, the ¢-power Hecke operato;s satisfy the (linear
over the Hecke algebra) recursion

Tyn = TpTpn—1 — gk_ngn—l.

In a weight-graded (that is, fixed weight modulo p — 1) Hecke algebra, £¢~1

is a constant, so that 7T, along
with 77 = 1 is enough to generate Ty» over F,,. But in a graded Hecke algebra like A and A<y, we need,
along with T}, a weight-separating operator for each ¢ that acts as £*~1 on the k-graded component. See,

for example, the operator denoted Sy in [5].

2.3 Maximal ideals of the Hecke algebra

From now on, we assume that ¢ always refers to a prime different from p.

2.3.1 Systems of Hecke eigenvalues

Let M’ be a Hecke-invariant space of mod-p modular forms (for example, My, M<y, M?, M). By a system
of eigenvalues appearing in M’ we shall mean a sequence {A¢}; of elements in a finite extension F of Fy,
such that there is a form f in M} := M’ ® I so that Ty(f) = \of for every £. If this f € My is normalized
so that a;(f) = 1, then in fact we must have Ay = a,(f), but in characteristic p we cannot count on being
able to normalize every eigenform. For example, F/,_; = 1 € Mj corresponds to the system of eigenvalues
{1 + Eil}z, but a¢(E,—1) = 0 for every ¢. Since moreover there may be more than one mod-p eigenform
that gives the same system of eigenvalues — for p = 2, both £ = 1 and A correspond to the system of
eigenvalues {\y = 0}, — it turns out to be more convenient to work with systems of eigenvalues instead of

eigenforms.

The following theorem is proved, in a slightly different form, by Jochnowitz in [I8, Theorem 4.1]; she credits
it to Serre and Tate in level one. See also Theorem [2:42] and Corollary [2:43] at the end of this chapter.

Theorem 2.5. If A\ = {\;} is a system of eigenvalues appearing in M, then there is some k < p*> —1 so that
A appears in M.

Corollary 2.6. There are only finitely many systems of eigenvalues appearing in M.

2.3.2 The maximal ideals of the Hecke algebra

Let M’ one of the spaces of modular forms modulo p as in the previous section, and A’ be the corresponding
Hecke algebra as defined above. Let F be a finite extension of I, big enough so that all of the finitely many
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systems of eigenvalues appearing in M’ are defined over F. The following proposition and proof is adapted
from [2 Chapter 1].

Proposition 2.7. There are natural bijections between the following three sets:
1. {mazimal ideals of A’ @ F}
2. {continuous F-algebra maps A’ @ F — F}

3. {systems of eigenvalues appearing in M'}

Proof. We first assume that M’ is finite-dimensional over F, and then use the finite correspondence to

conclude the general case.

Finite case: We establish a bijection between and (2). A maximal ideal m of A’ @ F = Af is sent to
the map Ay — Ap/m =F. (Since A’ C End M is a finite F,-algebra, Ay is algebraic over F.). Conversely, a
map h : Ay — F is mapped back to the maximal ideal ker h. The correspondence is clearly a bijection.

Next, ~ : a system of eigenvalues A engenders the map Ap — F sending Ty — A,. This also tells us
how to get from to : the system of eigenvalues \ gives rise to the ideal )" ,(Ty — A\¢) of Af, which is

maximal because the quotient by it is a field.

The trickiest direction is ~ because it requires actually producing an eigenvector. The algebra Af
is artinian, as it is finite as a vector space. That means that it is semilocal, and factors as a product of
localizations at maximal ideals

Ap = (AR)m, X -+ X (Ap)m, -

Therefore its module My, will also factor as a direct sum of localizations, each with an action of (Af)m,:
Mg = (Mg)m, ® -+ & (Mg)m, -

Since Af acts faithfully on M, each (Af)m, will act faithfully on (Mf)m,, so that each of the latter pieces is
nonzero. Finally, each (Mf)w, is the generalized eigenspace for m;, and will contain at least one eigenvector.
We have proved the direction ~ : starting with a maximal ideal m, we get an nonzero eigenvector in
Mg[m] € (M§)m = Mf[m*]. This completes the proof in the case that M’ is finite.

Limit of finite cases: Now suppose that M’ = lim, M;, (here either M; = M« so that M’ = M, or
M, = M; 4 p(p—1) so that M’ = M") and that A" = @k A, where A} is the Hecke algebra on M}, and the
correspondence is already established for Aj. Suppose A is a system of eigenvalues appearing in Mj, for
some K, so that it also appears in M;, for every k > K. For each such k, let my 5 be the maximal ideal of
Aj, corresponding to A (and here we drop the F from notation). Since each maximal ideal is generated by

{Ty — A¢}e, in the projection Aj  , — Aj we have my; 1y mapping onto my x.

Now let K be big enough so that Mj, contains all of the finitely many systems of eigenvalues appearing in
M’ c M (Corollary [2.6)). The observation in the previous paragraph tells us that, for ¥ > K, the projection
maps Aj_ | — A} respects the decomposition of each Aj into local rings. That is,

Al = @1 A;c = y_ H(A;c)mk,x = H 1&1 (A;c)mk,)\'
k>K k> A A k>K

=

Write A} := 1'&nk>K(A;€)m,M for each A. As an inverse limit of local rings under local maps, A’ is local,

with maximal ideal my := l'&llpK my, x: anything in A}, —m, is a limit of units, hence a unit.
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We have now decomposed A’ as a finite product of local rings [, A, with each maximal ideal corresponding

to a system of eigenvalues appearing in M’. The rest of the correspondence is clear.

O

Corollary 2.8. The Hecke algebra Ag is semilocal, and factors as a product of localizations at its mazimal
ideals, each with residue field F.

Because each M? is Hecke-invariant, this factorization of A is a finer one than the one into graded components
in section [2:2.2] Therefore we can define the weight grading for a system of eigenvalues appearing in M. If
A is a system of eigenvalues appearing in M* C M, set k(\) =i € 2Z/(p — 1)Z.

2.3.3 The profinite topology on a local component of A

Let m be a maximal ideal of A corresponding to system of eigenvalues A\, and A, the corresponding local
component of A. Let My, C M be the generalized eigenspace corresponding to m, and My, ;, 1= My N My,
the weight-k contribution of M,,. As noted above, My, ; = 0 unless k = k(\) modulo (p — 1).

The topology that A, inherits from A is profinite, in that A, is an inverse limit of finite rings

An = @1 A/ ann My, k.
k=k())

As a local ring, Ay, also has an m-adic topology. How do these topologies compare?

Aside on profinite local rings

Let B = @k B/ay be a profinite local ring, an inverse limit of finite local rings under local maps. Let m be

the maximal ideal of B. Then m = l'glm/ak.

Proposition 2.9.
1. The residue field F = B/m is finite.
2. m s open in B.
3. Every open ideal of B is m-adically open, so that the m-adic topology is finer than the given profinite
topology on B. The map (B, m-adic) — B is continuous.
4. B is m-adically separated: Nm™ = {0}.
5. B is m-adically complete.
6. If dimp m/m? is finite, then B is noetherian, and the two topologies coincide.

Proof.

1. The residue field F' is a quotient of B/ay for any k, hence finite.

2. The ideal m = @k m/ay is profinite, hence compact, hence closed in B. Since it has finite index, it is
automatically open as well.

3. Since B/ay is finite, it is an artinian local ring, so that some power (m/a;)™ of its maximal ideal is
zero. Therefore m”™ C ay; and ag, and hence every open ideal, is m-adically open.

4. Since every m" is contained in some ag, we know that N, m"™ C Niay = {0}.

5. Any m-adic Cauchy sequence is automatically ai-Cauchy, and those converge by assumption.

6. If m/m? is finite dimensional over F', say, generated by x1, . .., Z, then by the Cohen Structure Theorem
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the power series ring W (F)[z1,...,z;] surjects onto B (here W (F') is the Witt vectors) so that B is
noetherian. The surjection also shows that B/m™ is finite dimensional over F', and hence finite, for
every n. Therefore, B, already known to be m-adically complete, is also m-adically compact. That
means that the continuous map (B, m-adic) — B sends closed sets to closed sets. Therefore, the two

topologies coincide.
O

Back to the local Hecke algebra

In section [2.5.2] we will show that a local component of A is always noetherian, so that the profinite topology

will indeed be the same as the m-adic topology.

2.4 Modular Galois pseudocharacters

2.4.1 Continuous pseudocharacters of dimension 2

A 2-dimensional pseudocharacter of a group G over ring B is an algebraic gadget designed to mimic the
algebraic behavior of the trace of a representation G — GLg(B). Pseudocharacters were initially studied in

the 90s by Rouquier in [25] and more recently generalized by Chenevier in [7] to work in any characteristic.

To fix ideas, by a continuous two-dimensional pseudocharacteff] of a topological group G over a topological
ring B where 2 is a unit we mean a continuous map ¢t : G — B satisfying ¢(1) = 2 along with two more
properties:

1. t is central: for all g, h € G, we have t(gh) = t(hg).

2. t satisfies the trace-determinant identity: for all g, h € G,

t(gh) +d(g)t(g~"h) = t(g)t(h), (A)
where d = det(t) is the multiplicative character G — B* defined by d(g) := M.

In characteristic 2, the continuous character d : G — B* satisfying the trace-determinant identity must be
given as additional data, but we will omit it from notation unless we are specifically discussing p = 2.

A pseudocharacter t : G — B of dimension 2 is reducible if t = 11 + )5 where ¥; : G — B* are multiplicative
characters. It is irreducible if there is no such decomposition. If B is a field, and ¢ remains irreducible after

any extension of scalars, then ¢ is absolutely irreducible.

2.4.2 The Galois group

Let Q>} be the maximal extension of Q unramified outside p and oo, and set Go,p = Gal(Q{r>=}/Q).
Let w: Ggp — F)S be the mod-p cyclotomic character. (If p = 2, then w = 1.)

*In fact, we are intentionally conflating two ways of mimicking the trace of a two-dimensional representation. A Rouquier
pseudocharacter is defined as a central map t satisfying a Frobenius identity, which is equivalent to the identity if % € B.
A Chenevier pseudorepresentation (or determinant) is a pair of maps (¢,d) satisfying the definitions given above. The key
property of a dimension-2 pseudocharacter — if B is an algebraically closed field then ¢ is the trace of an actual two-dimension
representation of G over B — works for Rouquier pseudocharacters if % is in B, and for Chenevier pseudorepresentations in
any characteristic. So it is Chenevier’s notion that we are using here, although we continue to use the word pseudocharacter
and largely ignore d. For a definition of Rouquier pseudocharacters and a proof of the equivalence of the two notions if % € B,
see Appendix @
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Lemma 2.10. If ¢ : Ggp — F; is a continuous character, then 1 = w' for some i in Z.

Proof. Since 1 is continuous, Ef is discrete and abelian, and Gg,, is profinite, 1 must factor through a finite
quotient of Ga?p = Gal(Q(pp=)/Q), which means that the image is contained in some finite extension F of
F,. But since F* has order prime to p, the character ¢) must further factor through a prime-to-p quotient

of Ga}p, that is, though Gal(Q(up)/Q). The claim follows. O

Corollary 2.11. Ift : Gg,p — F is a continuous two-dimensional pseudocharacter over some extension F of

F,, then t is irreducible if and only if it is absolutely irreducible.

If p>2and7:Gg, — F, is a continuous two-dimensional pseudocharacter, let its weight k() € Z/(p—1)Z
be the residue class of any integer k that satisfies det(r) = w*~1L.

2.4.3 Galois pseudocharacters attached to systems of eigenvalues

Via a theorem of Deligne, we can associate, to every system of eigenvalues A\ = {\,} appearing in My,
a 2-dimensional continuous odd Galois pseudocharacter 7y : Gg, — [ characterized by the fact that
7x(Froby) = A\ and det(7y) = w®~!. The condition on det(y) is automatic if p > 2. The condition of

being odd corresponds to the fact that 7, (c) = 0 for any complex conjugation ¢ € Gg,p.

Briefly, the construction involves lifting A to a system of eigenvalues — that is, a normalized eigenform
f — appearing in M} (SL2(Z), Ok) for some finite extension K of Q,. This can always be done, by the
Deligne-Serre lifting lemma. This gives an eigenform of weight k. Then one uses Deligne’s theorem to
construct a continuous odd Galois representation py : Gg, — GL2(K) whose trace at Frobenius elements
gives Fourier coefficients of f. Reducing any Gg p-invariant Ok lattice modulo a prime above p gives a
representation p; : Gg,, — GL2(F') for some extension F’ of F. This residual representation is well-defined
up to semisimplification only, but its trace 7\ = trp; : Ggp — F is a well-defined Galois pseudocharacter,

and depends only on .

Conversely, given a continuous odd 2-dimensional Galois pseudocharacter 7 : Gg,, — F, the theory of
pseudocharacters guarantees that it comes from a true representation over Fp. Then Serre’s Conjecture in

level one (now a theorem due to Khare) tell us that the system of eigenvalues {7(Frob,)}, appears in M*(7).

Therefore, we can augment Proposition We state this refinement for the entire Hecke algebra A, but
it can easily be modified for A%, A<y and Ay by putting conditions on the weight of the pseudocharacter.
From now on we will always assume that [ is a finite extension of IF,, big enough to contain all the systems

of eigenvalues of M.

Proposition 2.12. There are natural bijections between the following four sets:
1. {mazimal ideals of Ar}
2. {continuous F-algebra maps Ar — F}
3. {systems of eigenvalues appearing in M}

4. {continuous odd dimension-2 pseudocharacters Gg , — F}

In the future, we will write “modular pseudocharacter” as an abbreviation for “continuous, odd, dimension-2

pseudocharacter.”
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We will usually index the sets by the modular Galois pseudocharacter 7. That is, we let m, be the maximal
ideal of Ay corresponding to 7, let A, := (Ap)m, be the corresponding local component of Ap, and let

M, := (Mp)m, be the corresponding generalized eigenspace.

2.5 Results from deformation theory

Let 7 : Gg,p — F be a modular Galois pseudocharacter. In this section, we introduce the universal deforma-

tion ring corresponding to 7 to prove that A, is noetherian.

2.5.1 The universal deformation ring of 7

Let D, be the functor that takes profinite local F-algebras B to continuous pseudocharacter deformations
T : Ggp — B of 7 subject to the constraint that det(7) = det(r)ﬂ This functor is representable by a
complete noetherian local F-algebra R, with maximal ideal mp_. (The noetherian condition follows from
the p-finiteness of Gg,p. See [14, Theorem 1.6], for example; the local topology comes from Proposition )
Let 7r : Gg,, — R, be the universal pseudocharacter deforming 7; write ¢, for 7-(Froby) € R, and t} for
te — 7(Froby) € mp, .

Proposition 2.13. There is a natural isomorphism of vector spaces

D, (Fle]) = Hom(mp, /m% ,F).

Here €2 = 0: these are infinitesimal deformations.

Proof. To make sense of the statement, we need to see D, (F[e]) as an F-vector space. Since T is a pseu-
docharacter, this is not difficult: the vector space operations are on the e-component of the deformation.
See also [I4, Problem 2.28] for a careful conceptual approach. The isomorphism itself is easy [14, Lemma
2.6 and ff]. O

Following Bellaiche-Khare, we define the tangent space to D, or to R, as
Tan, := D, (Fle]) ~ Hom(mg, /m%_,F).
We say that (the deformation problem defined by) 7 is unobstructed if dimp Tan, = 2.

Proposition 2.14. Suppose T is irreducible.

1. The Krull dimension of R, is at least 2.
2. 7 is unobstructed if and only if R; = Flz,y].

Proof. If 7 is irreducible, then it the trace of an absolutely irreducible representation p : Gg, — GLy(F),
and R, coincides with the constant-determinant universal deformation ring of p. The dimension statement
then follows from a theorem of Mazur [21, Corollary 3|. If 7 is unobstructed, then the maximal ideal of R
is generated by two elements, so that there is a surjection F[z,y] — R,. But since dim R, = 2, and since

Flz,y] is already a domain of dimension 2, there can be nothing in the kernel. The converse is clear. O

TIf p = 2, then 7 is a Chenevier pseudorepresentation, that is, a pair (1,d), and we deform 7 while keeping d fixed and adding
the constraint 7(c) = 0. (The constraint 7(c¢) = 0 is automatic for a constant-determinant deformation if p > 2.) In level one
we in fact only have one 7, coming from the representation 1 @ 1; see [4] for more details on D in this case.
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Obstruction in the reducible case

The analog of Proposition [2.14]is not known in the reducible case. However, assuming Vandiver’s conjecture
for p, a reducible 7 is always unobstructed. We follow [5, Section 10]. Let D% C D, be the subfunctor
of reducible constant-determinant deformations and Tan™? := D!*d(F, [¢]) its tangent space. Let C be the
p-torsion part of the class group of Q(y,), and C[w¥] be the part of C' on which Gal(Q(u,)/Q) acts through
Wk, Vandiver’s conjecture for p states that Cw*] = 0 if k is even. Fix 7 = 1 4+ w®, a reducible modular

pseudocharacter Gg p, — F,.

Proposition 2.15.

1. There is a short exact sequence of IFp-vector spaces

0 — Tan’*? — Tan, — H'(Gg,, «*)® H (Gg,p, w™?) — 0.

T

2. We have dimg, Tan®! = 1.
8. For odd b we have dim H(Gg,p,w") = 1 4 dimg, Clw!'~*].
4. The pseudocharacter T is unobstructed if and only if dimg, Clw't = dimg, Clw'*?] = 0.

5. If Vandiver’s conjecture for p holds, then every reducible modular T : Gg, — Fp, is unobstructed.

Proof. See [5l Section 10| for and . For see section The other points follow immediately.
The exact sequence is a consequence of the modification from [5, Proof of Proposition 20] to the constant-
determinant case of a more general exact sequence: see [3, Theorem 2[; the last arrow is actually a double
cup product to H%(Ggp, 1)?, which vanishes here. O

For more details, see Chapter [7}, where a basis for Tan, is constructed in the unobstructed case.

Obstruction for p =2,3,5,7,13

Proposition 2.16.
If p=2,3,5,7,13 and 7 : Ggp — F,, is a modular pseudocharacter, then T is unobstructed.

Proof. If 7 is reducible, then it is unobstructed by Proposition [2.15] since Vandiver’s conjecture holds for
all these p. If 7 is irreducible, then p = 13 and 7 is either the mod-13 representation attached to A or a
cyclotomic twist (see Chapter |8 for details). In this case, 7 is unobstructed by an argument of Weston given
in Appendix [F] O

2.5.2 The map R, —» A,

Deligne’s construction of a p-adic representation attached to eigenforms over @p may be glued together and

reduced modulo p to obtain a Galois pseudocharacter over A. For an example of this construction, see [4].

Proposition 2.17.
1. There is a unique continuous odd dim-2 pseudocharacter t : Gg,, — A satisfying t(Frob,) = Ty.
2. For each T, there is a unique continuous odd two-dimensional pseudocharactert, : Gg,p, — A, satisfying
t.(Frob,) = T,. Each of these further satisfies dett, = w*(T)=1,

The first part is the construction alluded to above. The second part follows by localizing at m..

Corollary 2.18. There is a surjection R, — A, sending ty to Tp.
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Proof. The pseudocharacter t, : Gg,p, — A; is a deformation of 7 : Gg, — F, since the maximal ideal m
is by definition is generated by elements of the form T, = T, — 7(Froby), so that T, = 7(Frob,) modulo
m;,. Since R; is the universal deformation ring for 7, the deformation ¢, is induced by a continuous map
R. — A,. This map is surjective: we must have ¢, map to Ty (both are images of Frob, € Gg ;), the image
of R, is compact and hence closed in A, and the Ty topologically generate A.. O

Proposition 2.19. The rings A, and A are noetherian.

Proof. The local ring A is a quotient of the noetherian ring R, and A is a product of finitely many A,s. [

Corollary 2.20. The topology on A, coincides with the m,-adic topology.

Proof. Proposition [2.9 O

Corollary 2.21. The Krull dimension of A, satisfies 1 < dim A, < dim R,. If 7 is unobstructed, then
1 <dim A, < 2; and if further we know that dim A, = 2, then R, = A; ~ F[z,y].

For irreducible 7, the inequality dim A, > 1 was first observed by Khare in [20].

Proof. For the first statement, Jochnowitz shows that dimg A, is infinite [I9, Corollary 6.6]. If dim A, were
equal to 0, then A, would be artinian, hence finite over F. Therefore dim A, > 1. The other inequality
follows from the surjection R, — A, from Corollary The first clause of the second statement is
definition of unobstructedness plus the Cohen Structure Theorem surjection F[z,y] — R, in that case. The
last bit follows from the surjection F[z,y] - R, — A,. (In the irreducible case, by Proposition we
already know that R, is isomorphic to F[x,y] as soon as 7 is unobstructed. But the isomorphism with A,
still requires dim A, = 2.) O

2.6 The operator U and its kernel

Three interrelated operators act on M and its Hecke-invariant subspaces: U, the p'" power map F, and 6.
We define these operators and discuss their properties. Most of the basic facts are from Jochnowitz [18].

2.6.1 The U operator and the p' power map

Definitions

The operator U = U, acts on M by sending f = )" a,q" to
Uf = Z apnq”.

This operator is the image of 7}, modulo p, so it commutes with every T, for n prime to p, and hence with
every T € A. Every My, M<y, and M* is U-invariant.

The operator U has a right inverse, the p*" power map. We will denote it by F, so that
Ff= Z ang®".
n

If n is prime to p, then T;, and F' commute; every Hecke-invariant space of modular forms is F-invariant.
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Since U is right-invertible, it is surjective on M. Let K C M be the kernel of U. A form f is in K if and
only if its nonzero Fourier coefficients appear in prime-to-p places:

K={feM:a,(f)#0 = (n,p) =1}

Properties

The operator FU is a projector, sending a form in M onto the image of F: FUf =" | a,q". Its complement

1 — FU projects a form f € M to K: (1= FU)f =3, 1 anq".

pln

Therefore, we have a decomposition
M=imF &K,
fe (FUf7 (1 —FU)f).

We record some generalizations of these properties of U and F.

Proposition 2.22. For every integer m > 1:
1. UmF™ =1

2. The operator F™U™ is a projector onto im F™ and gives a decomposition
M — im F™ ® kerU™,
f= (F™U™f, (1—F™U™)f),

D ang" = [ D ang”, Y ang”
n

p'rn|n pm,fn
3. We have an exact sequence

_pmym

0— M vt MY Mo

Proof. The case m =1 is discussed above, and the general case is the same. The core of the exact sequence

above is the usual sequence associated to a projector P : V — V acting on a linear space V:
0—kerP >V —im(l - P) — 0.

In our case for m = 1, we have V = M and P = FU, so that

0 — ker FU — M — im(1 — FU) — 0,
Il I
im F' ker U

and we can splice in maps on both sides of the projector exact sequence. O]

As m grows, im F™ gets smaller and ker U™ gets bigger, so that, in some sense, more of the “bulk” of M in

the exact sequence moves to the right. Here’s one attempt to make this observation precise.

Lemma 2.23. For every nonzero f € M, the image of f in ker U™ under the decomposition above is nonzero

for all m sufficiently large.

Proof. The image of f in ker U™ under the projection 1 — F™U™ is given in terms of g-expansions in
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Proposition above:
(1-F"U™)f = Z an(f)q".

pmin

Since f is nonzero, there is some n with a,(f) # 0. Any m > v,(n) will work. O

2.6.2 The 0 operator

The 0 operator is a little miracle particular to modular forms modulo p.

Lemma 2.24 (Swinnerton-Dyer). The operator 6 = qd% that takes a q-series f =3 anq"™ to
0f = Z nanq"
n

sends My, to Myyp+1. Moreover, w(0f) = w(f)+p+ 1 unless p divides w(f).

Recall that w(f) = min{k : f € M}} is the weight filtration of f.

Proof. [29, Lemma 5(ii)]. O
In particular 0(M?) C M**2, so that 6 permutes the graded components of M.

Corollary 2.25. For f graded in M, w(6P~1f) < w(f) + p*> — 1 with equality iff w(f) =1 modp.

Proof. By Lemma above, w(0P~1f) < w(f) + p? — 1, with equality if and only if for every n with
0<n<p-—1, we have pf w(0™f). But the only way to ensure that that none of the p — 1 numbers in the

arithmetic sequence

w(f), w(f)+p+1, wlf)+2(p+1), ..., wlf)+(P-2)p+1)
is divisible by p is to start with w(f) =1 modp. O

Unlike T}, and U, the 6 operator does not preserve M. However, it does satisfy the following easy-to-prove

properties.
Lemma 2.26. 1. imf =K 2.6""'=1-FU 3. 0P =1k
In fact, # and Ty commute up to a twist:
Lemma 2.27. Tyo 0 =600 T).
Proof. Tt suffices to check this on f € M*, keeping in mind that 8f € M**2. On one hand,

L0T, Z anq" =1£6 Z (agn + ¢kt an/g)q" = Z 14 (n Qg + £F71 nan/g)q”.
On the other hand,

Ty 02 anq" =Ty Znanq” = Z (Enaen + 572 (n/€) anse)q™
O

Lemma implies that, if f € M is an eigenform then so is 6 f! More precisely, if the eigensystem for f is
{A\¢}, then the eigensystem for 6f is {¢A;}. On the Galois side, twisting by 6 corresponds to twisting by w,
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the mod-p cyclotomic character. We continue this discussion in Section [2.8

2.6.3 The U-nilpotent component of M
Let M[U™] :=ker U™ be the part of M killed by U™ and let
MU®|={feM:U"f=0 for some n} = U MU
n>1

be the U-nilpotent part of M.
Lemma 2.28.

1. MU =KaFK)sF}(K)®- & F'Y(K)

2. MU =B, F"(K)
Proof. 1t suffices to prove the first part. Certainly the right-hand side is contained in the left, and the
sum is direct, since F"(K) = {f € M : U™ f = 0but U"f # 0} U {O}H It remains to show the reverse
containment. Proceed by induction. The case n = 1 is the definition of K. For n > 1, if f € ker U™, use the
projector F"~1U™~1 and its complement (see Proposition [2.22)) to write f as a sum f = F" g+ f,_; with
fao1 €ker U™ 1. Finally, 0 = U"f = U"F" g+ U"f,_1 = Ug shows that g € K. O

How does M[U®] interact with M,? Jochnowitz proves that, for every 7, “most” of M, is contained in
M[U®] — the complementary subspace only contains forms of low filtration. More precisely, since the
operators in A commute with U, the generalized eigenspace M, is U-invariant and splits up further into
(A, U)-eigencomponents. Jochnowitz proves that every generalized (A, U)-eigenspace that contains a form
of high enough filtration is actually U-nilpotent.

First, a lemma:
Lemma 2.29. w(Uf) < % + p with equality if and only if w(f) =1 mod p.
We give the proof from [I8, Lemma 1.9]:

Proof. From Lemma 1—FU = 67! so that w(f — FUf) < w(f) + p? — 1 with equality if and only
if w(f) =1 modp (Lemma [2.25). Since w(f) < w(f) + p? — 1 but the two numbers are congruent modulo
p — 1, we can conclude that

w(FUf) =w((Uf)F) =pw(Uf) < w(f)+p* 1,

with the same condition on equality. The claim follows. O
As a corollary, U lowers the filtration of every form of filtration greater than p + 1:

Corollary 2.30. If w(f) > p+ 1, then w(Uf) < w(f).

Proof. Immediate from Lemma If p+1 < w(f), then p?> — 1 +w(f) < pw(f), so that

wws) < W=y <),

In the notation of Chapter F™(K) is the set of forms f in M with Ny (f) = n, along with 0.
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This is the main proposition:

Proposition 2.31 (Jochnowitz, [19, Lemma 3.2]). If there is a form f in a generalized (A, U)-eigencomponent
with w(f) > p+ 1, then this (A, U)-eigencomponent is contained in M[U].

Proof. Let M; 5, be this (A, U)-eigencomponent, with A, the U-eigenvalue, and suppose that A, is nonzero.
Then U is bijective on M,y N My 5,. Choose g € M,y N My, with Ug = f. Since M, is also
U-invariant, we must have w(g) = w(f) > p+ 1. But Lemma then forces w(f) = w(Ug) to be strictly

less than w(g): a contradiction. O

Proposition 2:31] and Lemma[2:28 imply that to understanding the full Hecke algebra, which is topologically
generated by all the T;, including T}, = U, it essentially suffices to understand the Hecke algebra on K; see

subsection below for a precise statement. But first, we prove that the Hecke algebra on K is isomorphic
to A.

2.7 Duality between A and ker U

We show that A is also the Hecke algebra on the kernel K of U, and establish a duality between A and K.

2.7.1 The Hecke algebra on K
We begin by restricting the spaces of modular forms to K. Namely, define
Ky, =M,NK, K<i =M< NK, K':=MNK, K. =MnNK.
Here k is an integer, ¢ € 2Z/(p — 1)Z, and 7 is a modular Galois pseudocharacter corresponding to a system

of eigenvalues appearing in M. Because all the M-subspaces are U-invariant (U commutes with all the

operators in A), we get the same kind of decompositions for K as we do for M. To wit,
K=Y Ki=Y K, =PK =PK, and K =|]K,.
k k i ™ k=i

All equivalence here and below are modulo p — 1.

Proposition 2.32. The Hecke algebra A acts faithfully on K.

Proof. Let T # 0 be in A, and find f € M with Tf # 0. Let m be the least p-valuation of any n with
an(Tf) nonzero. Then U™T f is not in im F, so that its image in K under the projector 1 — FU is nonzero.
In other words, the form g = (1 — FU)U™ f is both in K (because it’s in the image of 1 — FU) and satisfies
Tg # 0. O

Corollary 2.33. The Hecke algebra components A* and A, act faithfully on K* and K., respectively.

Proof. The decomposition of A into a product of localizations [ [ Am, (Corollary gives a decomposition
of K as a direct sum of faithful A*-modules K = @, K*: let K* := ¢; K, where e¢; € A is the idempotent
corresponding to A;; it follows that Ajl?i = 0 if ¢ # j. On the other hand, we have the decomposition
K = @, K', and the action of A on K restricts to the action of A* on each K. Since A;K* = 0if i # j
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again, we must have Kic K, so that the action of A* on K* is faithful. The proof for K, is the same O

In particular, K contains an eigenvector for each system of eigenvalues appearing in M. See also section 2.8

There doesn’t appear to be any reason for A; and A<y, to act faithfully on K and K<j: the tricks we use in
Proposition 2:32) all rely on going to arbitrarily high weight. One has no choice but to soldier on: let By and
B<j, be Hecke algebras acting on Kj and K<y, respectively, defined just as in section @ Since Ky C My
and the Hecke algebras are generated by the same Hecke operators, we have a surjective map Ap — By,
and similarly A<, — B<y, so that the “B” rings are just the faithful-on-their-part-of-K quotients of the “A”
counterparts. Finally, let

B = @Bk and B := l(iLnBSk
k=i k

be the Hecke algebras on K® and K, respectively. They satisfy all the same wondrous properties of section
[2:2]and Proposition 2.12] so that we can define B;, but fortunately we can forget about these stopgap Hecke

algebras immediately:
Proposition 2.34. There are natural (i.e., T,, maps to T, ) isomorphisms of topological rings
1.A—B 2. A" — B 3. A, — B;.

Proof. The compatible surjections A - A< — B<j, for each k piece together to give a continuous surjection

A — B. Since A acts faithfully on K (Proposition , this map is also injective. Use Corollary for
the rest. O

2.7.2 Duality between A and K
Proposition 2.35. The pairing of A-modules

Ax K =T,
<T7 f> = al(Tf)
is nondegenerate and continuous on both sides. It induces isomorphisms of A-modules

A =7 K\/ and K = A\/,COHt'

Here we use the notation MY for an A-module M to denote the F-linear dual Hom (M, F) viewed as an A-
module, with A-action a-g = [m +— g(am)], fora € A,m € M,and g € M. Similarly M- = Hom_opn (M, F),

the continuous linear dual, with the same A-module structure.

Proof. The pairing is nondegenerate on the right precisely because we’ve restricted to K; the analogous
pairing A x M — I, has a right kernel. It is nondegenerate on the left because A acts faithfully on K

(Lemma above).

More precisely, if f € K is nonzero, then there is some n prime to p with a,(f) # 0. Since a,(f) = a1(T,f),
we see that (T}, f) # 0. So the right kernel is trivial. On the other hand, if T' € A is nonzero, find f € K
with T'f # 0, and then find n prime to p with a,(Tf) # 0. Then (T, T, f) # 0. So the kernel on the left is

trivial.
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Continuity on the right is trivial since K is discrete. On the left, recall that the topology on A has, as a
basis of neighborhoods of 0, the annihilators of M, (Proposition [2.4). Since every f € M is in some My,
the map [T — (T, f)] in A factors through A<y and is therefore continuous.

We therefore get injective maps K < AV:°°" and A — K. These maps are A-module morphisms because
the pairing is A-equivariant: (T, T"f) = (T'T, f).

Finally, these maps are surjective because the pairing is a limit of finite perfect pairings, which automatically
give isomorphisms to duals. That is, the pairing we defined descends, for each k, to a pairing B<j x K<j — Fp.
This pairing is nondegenerate on both sides for the same reason as the pairing A x K, and hence perfect,
inducing isomorphisms B<y —» KZ) and K<), —» BY;. From here, the isomorphism A —> K" is formal.
The other one is even easier: a linear form in A is continuous if and only if it factors through some B<y,
so that AV-eont — ligk Bék = ligk K<, =K. O
Corollary 2.36. The pairing in Proposition[2.35 restricts to perfect pairings

1. A x K' - T,

2. A, x K, = F,

3. AJax K[a] = T, for every open (i.e. cofinite) ideal a C A.

Proof. The first two are clear. For the third, the key is that A/a acts faithfully on KJa. O

2.7.3 The full Hecke algebra

Given a modular pseudocharacter 7, let M, = EB% M. o be the decomposition of the A-eigencomponent
M, into (A, U)-eigecomponents, with « the U-eigenvalue. Let Aiug be the corresponding local full Hecke
algebra.

Corollary 2.37 (Jochnowitz).
1. If a #0, then M, is finite-dimensional and consists of forms of filtration bounded by p + 1.
2. Moreover, Mo = D,,5c F"(K;), so that Al = A [U].

Proof. Proposition for the first part. For the second, Lemma [2.28| restricted to M, and the fact that
U™ is the left inverse of F™ (Proposition ). O

2.8 O-twists of local components
We continue the study of the 6 operator from section beginning where we left off:

Lemma 2.38. If f € M" is a Hecke eigenform for corresponding to pseudocharacter T : Gg, — F, then
Of € M2 is a Hecke eigenform for the Hecke corresponding to the pseudocharacter w .

Proof. Lemma [2.:27] and the observations immediately following. O

The component change from f to 6f is consistent with Lemma Indeed, recall that k() is determined
by det 7 = w*(™) =1 and note that det(w ) = w?det 7, so that k(wT) = k(1) + 2.

Corollary 2.39. Every eigensystem appearing in M is a twist of an eigensystem appearing in MPO.
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Proof. Let A = {\;} be an eigensystem appearing in M with (even) weight k& = k(\). Then 9P—1-% )\ appears
in MO, [

Lemma 2.40. K is 0-invariant, and 6|, is an isomorphism (of vector spaces). Moreover, § permutes the

components K, of K.

Proof. The inverse is given by #?~2 (Lemma [2.26) and we already know that 6(K,) C K, . O

Proposition 2.41. The isomorphism K % K, - is Hecke equivariant, in the sense that there is an iso-

morphism of topological F-algebras
Ay 25 Ay defined by Ty — (T,
that satisfies, for T € Ay and f € K,
0(Tf) =O(T)0(f).
Proof. The isomorphism 6 : K. — K, ; induces an twisted action of A, on K, via
T-f:=0"'oTob)f.

Write K, (1) for K, as an A, -module with this new twisted action. By construction, € is now an isomor-
phism of A, ,-modules K, (1) — K, ,: indeed T(0f) = 0 (T - f). In particular, if T = T;, Lemma tells
us that Ty - f = €T, f for every f € K, (1).

We now compare the images of three maps
A, — EndA, -, A,r = End K (1) = End K, A, - End K.

All three are topologically generated by the T,. The first and third are, by definition, A, and A, respec-
tively. The first and second are isomorphic by construction of the A, r-action on K. (1).

Now consider the second and third together. The second image uses the twist action, so that the image of
T, is £ times what it is in the third. But when we identify End K, (1) with End K, we see that the action
of Ty spans the same F-line. If T" is in some F,-Hecke algebra A’, then so is £T.

Therefore, the images of second and third maps are the same inside End K; = End K, (1). In other words,

A, and A, , are isomorphic via the map © that sends Ty to £T}.

The rest of the proposition follows immediately. O

The bottom line is that to understand the structure of every A, it suffices to understand A°, the 0-graded

component of A with its action on K°.

2.8.1 Sequences of generalized eigenforms

We close with results of Jochnowitz about filtrations of generalized eigenforms, slightly massaged for our
purposes. These will allow us to separate the various eigencomponents of the Hecke algebra. First, a theorem
for context, one that we will also use in applications. Jochnowitz credit it to Serre and Tate in level one.

Theorem 2.42 ([I8, Theorem 4.1]). Every system of (A, U)-eigenvalues appearing in M is a twist of a
system appearing in My with 4 <k <p+1.
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Note that Theorem stated in section [2.3.1]is an immediate corollary. We state it again.

Corollary 2.43. Every system of eigenvalues appearing in M appears in some My, with 4 < k < p? — 1.

Proof. By Theorem [2.42] our system of eigenvalues is a twist of one appearing in weight k£ with 4 < k < p+1.
To find our twist, we apply € no more than p — 2 times, which raises the weight filtration by no more than

(r—2)(p+1). O

The upper bound is sharp if k is required to be strictly positive. For example, for p = 5, the eigensystem
1 + w™! appears first in filtration 0 (carried by E4 = 1) but then not again until filtration 24 (carried by
03 Eg, the reduction of a characteristic-zero eigenform defined over Q(v/144169)). The same is true for any
p > 5: the system of eigenvalues 7 = 1 + w™! appears in weight 0 and then not again until weight p? — 1.
Indeed, 7 is a twist of 1 + w, which is carried by E,1; Tate’s theory of 6-cycles guarantees that no other
form in weight up to p+ 1 is a twist of 7 (see [I8, Lemma 6.2(3)]). Therefore 7 in positive weight is carried

only by 0P=2E, 1, which has weight p? — 1.

Following Jochnowitz, write W}, for the Hecke module of quotient forms of weight filtration exactly k: that
is Wi, := My, /Mj,_p41; of course, we interpret My, =0 if k < 0.

Proposition 2.44 (Jochnowitz, [I8, Lemma 6.4]).
1. If k =1 modp, then 6P~ gives an isomorphsm Wi —> Wiy ip2_1

2. For any k > p+ 1, the Hecke modules W;* and W5,

fpp2—1 OT€ isomorphic.

The notation W** above denotes the the semisimplification of W as a Hecke module.

Sketch of proof. If kK =1 mod p then, by Lemma Wy, injects into Wy p2_1. Dimension formulas for Mj,
imply that this map is actually an isomorphism. The deails for the general case are in [I7, XIII.2]. O

Here is the implication in the form that we need:

Corollary 2.45. Let 7 be a system of eigenvalues appearing in M°. There exists a sequence { fo, f1, f2,-- -, }

of forms in K. with w(f,) a linear function of n.

Proof. We will produce such a sequence with w(f,,) = p(p? — 1)n + kp? for some positive constant k divisible
by p — 1. This k£ will be the filtration of a starting eigenform corresponding to 7.

First, I claim that we can find an eigenform gy of filtration £k > p + 1 carrying 7. Since 7 appears in
MP, certainly there is some eigenform g corresponding to 7 with w(g) positive and divisible by p — 1. If

w(g) # p — 1, then w(g) > p + 1, so that gy = g already works. Otherwise, let go = 67~ 1g. I claim that
w(go) = p* — p.

Indeed, the theory of 6-cycles implies that Ug # 0: see [I9, Corollary 7.7] for details. Therefore we must
have w(Ug) = 0 or w(Ug) = p — 1. But if w(Ug) = 0 then 7 = 1 + w™!, which contradicts the assump-

tion that w(g) = p — 1 by the discussion following Corollary Therefore w(Ug) = p — 1, so that
w(FUg) = pw(Ug) = p* — p, and therefore w(0P~1g) = w(g — FUg) = p? — p. See also [19, Example 7.8].

Now that we have go of weight £ > p+ 1, we can use the second part of Proposition [2.44] to inductively find

a sequence of generalized T-eigenforms g1, go, ..., with g,, of filtration k +m(p? — 1) for each m > 0. To find
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a similar sequence in K, we will twist by #7~!, first taking a subsequence to ensure control of the filtration.

To form the subsequence: let h,, := gig—14np for every n > 0. By construction h,, is still in M, but now the

weight filtration is always 1 modulo p:
w(hy) = w(gk—14np) =k +(k—1+np)(p? —1) =1 mod p.

Finally, the twist: f,, := 0P~%(h,,) for every n. Certainly f,, € K,: it is in K because it’s in the image of
6, and it is in M, because #P~! preserves eigencomponents. And since w(h,,) = 1 mod p, we have, again by

Lemma
w(fn) = w(hy) +p> =1 = kp® + np(p* - 1).

In other words, the sequence {f,} satisfies our requirementsﬁ O

§(October 2015) Thanks to Naomi Jochnowitz for finding a mistake in this argument in an earlier version of this document.
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Chapter 3

The nilpotence method

In this section, we state and prove two theorems formalizing the nilpotence method.

We use the notation of Chapter[2] The key players are the algebra M of modular forms modulo p; the kernel
of the U-operator K C M; the Hecke algebra A, which is in duality with K and splits into a product of
local noetherian algebras (A, m,) corresponding to modular Galois pseudocharacters 7 defined over a finite
extension F of F),. Finally, M, and K, = K N M, are the corresponding pieces of M and K. Note that
restricting to the weight-0-graded spaces M°, K°, and A° (section and ff.) does not change this setup.

3.1 The nilpotence index

Any form f € M, is a generalized eigenform for the action of every T' € A,. If T' € m,, then the corresponding
eigenvalue is 0 (Proposition. Therefore every T' € m, acts locally nilpotently on M : for any form f € M.,
there is an integer k with T%(f) = 0.

Definition. If T is a locally nilpotent operator on any linear space V', we define the nilpotence index of any
nonzero f € V with respect to T as the integer

Nr(f) == min{k : T**1 f = 0} = max{k : T*f # 0}.
Also set the nilpotence index of 0 € V to be Nr(0) := —oo.

If V is a polynomial ring, then an operator on V is locally nilpotent if and only if it lowers degrees; in this
case, clearly Np(f) < deg f for all f € V. On the other hand, if V' is the space of modular forms modulo p
and T is a Hecke operator in A, then T is locally nilpotent on M if and only if 7" is in every maximal ideal
of A. For p = 2,3,5,7,13, we know that M° = F,[A] (see Chapter , so we can put these observations
together.

Lemma 3.1. Let p = 2,3,5,7 or 13. If T is in AY, then the following are equivalent.

1. T acts locally nilpotently on MPO.
2. T lowers A-degrees.
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3. T is in every mazimal ideal of A°.

And a version for general primes:

Lemma 3.2. There exists an integer d > 1 so that the following are equivalent for T € AO.

1. T acts locally nilpotently on MPO.
2. T lowers weight filtration on MP°.

3. T is in every mazimal ideal of A°.

Proof. We show why the other parts imply ; the rest is clear. Quite generally, if a filtration-preserving
operator on a filtered module is locally nilpotent, then corresponding graded operator is also locally nilpotent
on the associated graded module. In our case, assuming that T is locally nilpotent on M, we know that

grT is locally nilpotent on
gaM = P W

k=0 mod p—1

Here Wy, = My /Mj_pt1 as discussed in section Moreover, since dim Wy, stays bounded as k grows
(Proposition or the dimension formulas used in its proof), in fact gr 7' is just plain nilpotent on gr M°:
that is (gr7)? = 0 for d = maxy, dim W},. In other words, T lowers filtration. O

3.2 The Hilbert-Samuel trick

We now state and prove two theorems that will allow us to get lower bounds on dimensions of some local

Hecke algebras. They are both generalizations of a suggestion of Bellaiche outlined in [5, appendix].

Theorem 3.3 (Basic Hilbert-Samuel trick). Suppose that there exists finitely many operators Ty, ..., Ty, in
A and a form f € M so that both of the following conditions are satisfied.

o (Ty,....,T)A, =m, A, for every T
o There exists an o < 1 so that Nr,(f™) < n® for every i.

Then at least one of the local components A, has Krull dim A, > 2.

The first condition simply requires the operators 77, ...7T;, to generate the maximal ideal m, of each local
component. The second is a condition on the growth of the nilpotence index Nr,(f™) as a function in n.
Note that, since we’ve assumed that the T; generate each m,, each T; must be in every m,, so that T; is
locally nilpotent on M and N, (f™) is defined.

In practice we will be applying the theorem not to A and K but to A® and K°; as noted already, this changes
nothing. Here is how the basic application looks: if all the 7 are reducible and unobstructed (p = 2,3,5,7),
then we can use the results of Chapter [7] to find just two Hecke operators in A to generate every maximal
ideal at once. The Nilpotence Growth Theorem (Theorem [A| from Chapter [I) combined with results from
Chapter |§| will then yield an «o; for each T;; set o := max «;.

Before proving Theorem [3.3] we state and prove a simple lemma.

Lemma 3.4. If f is in K, then for every m > 1, the form fP™1 is in K as well.
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The proof uses the notation of section in particular F is the p*"-power map.

Proof. Consider g-expansions: a, (fP™*1) = Ditjen @i(F™ f)a;(f). If p divides n, then either both i and j
are divisible by p, in which case a;(f) = 0 since f € K, or else neither ¢ nor j is divisible by p, in which case
a;(F™f) =0 since F™f € im F. Either way a,(fP™1) = 0 whenever p | n, so that fPm*l € K. O

Proof of Theorem[3.3 Suppose that we have T1,...,T,, satisfying the first condition, and then f satisfying
the second. Let J := (T1,...,T,,), an ideal of A. The first condition says that JA, = m, for every 7.

For any g € M, define the function N(g) = >, Nr,(g). The second condition implies that N(f™) grows no
faster than n® does.

Claim. For any g in M, if N(g) < k, then J*g = 0.
Proof. Indeed, if N(g) < k, then every monomial generator Tj" - --T"m of J*, satisfies
Z n;=k>N(g Z Nr,(g
so that there exists at least one ¢ with n; > N, (g), which implies that 77" ---T)'mg = 0. O

We are ready for the key manoeuvre. Recall that, for a noetherian local ring (B, m), the Hilbert-Samuel
function k — dimp,n B /m¥ is, for k > 0, a polynomial in k of degree equal to the Krull dimension of B

(see, for example, [T, Chapter 11]). Consider a generalized Hilbert-Samuel function

kY dimp A, /mb.

By duality, dimg A, /m* = dimg K, [m*] (Corollary m, so that our function becomes
k»—)ZdlmpA /m —Zdlm]FK ZdlmFK
= dimg €P K [J*] = dimg K[J*].
Here we’ve used the fact that, on K, the ideals m* and J* coincide and the fact that the various eigenspaces
K. are in direct sum.

By Lemma and the claim above, K[J*] certainly contains every fP"*! with N(fP"*!) < k, and these
are all linearly independent because they have distinct filtrations (Lemma . Therefore,

dimg K[J¥] > #{n: NP <k} >  ka. (A)
Here the last inequality is because N(fP"t1) < (pn +1)* =< n®.

Since é > 1, we have shown that the Hilbert-Samuel function & ~ dimg A, /m* grows faster than linearly

in k, so that at least one A, has dimension at least 2. O

Sublinearity vs. O(n®)

In fact, this Hilbert-Samuel trick requires only that each N, (f™) grow slower than linearly in n.

We recall the definitions: a function g : N — RT grows slower than linearly or sublinearly if g(n) is o(n):

that is, (") — 0 as n — oco. The condition that g is O(n®) (equivalently, g < n®) for some a < 1 is strictly
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stronger: g is O(n®) if there exists a constant C' so that g(n) < Cn® for n large enough. For example,

f(n) = Toa(my 18 o(n) but not O(n?%) for any o < 1.

The Hilbert-Samuel trick still works if N(f™) is merely o(n): in that case the quantity #{n : N(f") < k}
still grows faster than linearly, or supralinearly, in k, and the conclusion that at least one A, has dimension
at least 2 still stands. In practice (at least for now) all the sublinear functions come from finitely many
applications of the Nilpotence Growth Theorem (Theorem , which yield O(n®). So that is how Theorem
is stated.

3.2.1 The refined Hilbert-Samuel trick
We also give a component-separating refinement of Theorem

Theorem 3.5. Let A, be a local component of the mod-p Hecke algebra. Suppose that there exist finitely many
operators Ty, Ty, ..., T,, in A, that generate m., and a sequence of linearly independent forms f1, fa, f3,... € K
so that for all i, Nr,(fn) < n® for some fived o < 1. Then dim A, > 2.

Proof. The proof is essentially the same as for Theorem [3.3| For g € M, let N(g) = >, N7,(g9). Then the

Hilbert-Samuel function for A, is
k> dimp A, /mF = K[mF] > #{n: N(f,) < k} > k=,

which grows supralinearly in k. Therefore, dim A, > 2. O

The basic way that this theorem will be applied is that the sequence f1, fa, f3, ... will have w(f,,) depending
linearly on n, and then the Nilpotence Growth Theorem will guarantee Np(f) < w(f).

Corollary 3.6. Fiz A., a local component of the Hecke algebra. Suppose that there exist Hecke operators
Ti,...,Tm in A and a sequence of forms f1, fa, f3, ... in K, so that the following conditions are satisfied.

1. Ty,..., Ty, are in every maximal ideal of A and generate m..
2. There exists an « < 1 so that for every i and every g € M, we have N1,(g) < w(g)*.
3. The filtration w(f,) depends linearly on n.

Then dim A, > 2.

3.3 Plan of action

Theorem [3.3] guides our way forward. In the next two chapters, we step out of the world of modular forms
to develop a purely algebraic theory of recursion operators (Chapter 4) and prove an abstract Nilpotence
Growth Theorem (Chapter [5)) in characteristic p. Then we return to modular forms and establish that the
theory of recursion operators applies to Hecke operators acting on spaces of modular forms (Chapter @ We
find explicit Hecke generators for maximal ideals of reducible components in Chapter [7] Finally we put it
all together in Chapter [§]
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Chapter 4

Recursion operators

We develop a theory of recursion operators: linear operators T on an algebra B so that for any f € B the
sequence {T'(f™)}, satisfies a linear recursion over B. This chapter provides a formal language for the key
technical result of this document: the Nilpotence Growth Theorem (Theorem[5.1]), which is a statement about
the annihilating behavior of certain kinds of locally nilpotent recursion operators on polynomial algebras.

Eventually, we will establish that Hecke operators are recursion operators of this certain kind.

This chapter is still a work in progress. Note that we do not fix a prime p.

4.1 Recurrence sequences
Let N={0,1,2,...} be the set of nonnegative integers.

Let B be a ring. We will assume that B is an integral domain, although this assumption is not necessary for
the basic definitions. The space BY is the set of infinite sequences in B. An element s € BY will be written

as s = (8o, 1, S2, - . .). The zero sequence in BY is denoted 0.
Let E : BY — BN be the shift-left operator, so that
Es= E(so,S1,82,...) = (81,82,83,...).

We can view BY as a module over the polynomial algebra B[X] by letting X act as E.

4.1.1 Linear recurrence relations and companion polynomials

Let B’ O B be any ring containing B. A sequence s € B'N satisfies a linear recurrence relation of order d

over B if there exist ag,a1,...,aq_1 € B so that for every n > d,
Sp = A18p—1 + Q28p—2 + " + QaSn—d- (A)

Note that we do not assume that ag # 0. The words recursion and recurrence will be used as synonyms for

recurrence relation, as in speech.
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A sequence s satisfies the recurrence (A) if and only if
P(E)s =0,
where P(X) is the polynomial
P(X)=X%— a1 X' — X4 2 —...—aq € B[X],
called the companion polynomial (or characteristic polynomial) of the recurrence relation .

A recurrence relation is entirely determined by its companion polynomial. If P € B[X] is a monic polynomial,
we will speak of the recurrence relation defined by P or simply the recursion P. The order of the recurrence
relation defined by a monic polynomial P is its degree.

Solutions to linear recurrences

If a sequence in B'N satisfies the recursion defined by a polynomial P, it is also called a solution to the

recursion P. A root of the companion polynomial always gives a solution to the recursion:

Proposition 4.1. Let P € B[X] be monic and o a root of P in some extension B’ of B. Then the sequence
{a"}, ={1,a,a2,...} in BN is a solution to the recursion defined by P.

Note that even o = 0 gives a nonzero solution sequence.

Proof. Since E{a"} = a{a™}, we have (E — a){a™} = 0. It is now clear that if (X — «) divides P(X), then
P(E){a"} = 0. 0

If B is a field or a domain, then the converse of Proposition [41] is also true; see Proposition [4.7] on page [0]
below.

4.1.2 Solutions to linear recurrences over a field

In this section, we will assume that B = K is a field, K is its algebraic closure, and K’/K an arbitrary

extension. We explore the space of solutions to a given recursion P over K of order d.

Lemma 4.2. The space of all solutions in K'N to a recurrence relation of order d is a d-dimensional vector
space in K'N.

Proof. Satisfying a recurrence relation is a linear condition, and every solution to a recurrence of order d is
determined by its first d terms, which may be chosen arbitrarily. O

All solutions, separable case

A recursion defined by P(X) € K[X] will be called separable if P is separable as a polynomial: that is, its
roots in K are all distinct.

Corollary 4.3 (of Proposition . If P is separable with roots a,...,aq € K, then every K -solution to
the recursion defined by P is a K -linear combination of the d solutions

{af}n, {az}n, -5 {ag}n.

Proof. Proposition [£:1] says that these sequences are all solutions; Vandermonde determinant says that they
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are all linearly independent; and Lemma [£.2] seals the deal. O

As an immediate corollary of Corollary we record for future use:

Corollary 4.4. If aq,- -+ ,aq,c1,...,cq are elements of K, then the sequence s with
Sn = c1af’ + coaly + -+ - + cqal
satisfies the recursion defined by P(X) = (X — a1)(X —a2)--- (X — aq) € K[X].

The constants cy,...,cq in K are the weights of the recurrence sequence s.

All solutions, general case

If P is not separable, there is still a general form, but it is more complicated. The following proposition

holds in any characteristic:
Proposition 4.5. Suppose that P € K[X] factors as
PX)=(X—-a)® (X — )
with ay,...,o, € K distinct. Then every solution to the recursion P in FN s a linear combination of the

e1+ -+ + e, solutions

{(n>a?]} , withl<i<rand0<j<e.
J n

n
Here ( ) is the integer-valued binomial coefficient function
J

e LB RSIS A1)

and we insist that (;’) a™ 7 = 0if n < j for all values of . A proof of Proposition is given in Appendix [B]

If char K is 0 or bigger than j, then then the span of

() =h () =n ()= 5% . ) 2o

is the same as the span of 1, n, n%, ..., n/; and if o; is nonzero then the span of {a]77},, is the same as

the span of {af'},. In other words, the general solution to the recursion defined by P can be rewritten in

the following more familiar way:

Corollary 4.6. In the notation of Proposition [[.5, if char K = 0 or if char K > max; e;, and if a; # 0 for
all i, then every solution s € K" to the recursion defined by P has the form

Sn =g1(n)at + ga(n)ay + -+ + gr(n)a,
where g; is a polynomial in n of degree less than e;.

The problem in characteristic p is that the set of functions represented by polynomials of degree < p is only p-

dimensional: because the polynomial functions n and n? coincide and we’re “missing” the function %. The
basis of binomial coefficient functions 1,n, (5), (5) ... (Z) fixes this problem and gives a (p + 1)-dimensional

space of integer-valued polynomial functions.
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4.1.3 Recurrence sequences over a field

Recall that K is a field, and K’ an arbitrary extension. A sequence s in K'Y is a K -recurrence sequence, or
simply recurrence sequence, if it satisfies a linear recurrence over K. The order of a recurrence sequence s is
the minimum order of any recurrence that it satisfies.

Minimal polynomial
Proposition 4.7. Let s € K" be a recurrence sequence of order d, satisfying a recursion of order defined by

P e K[X]. Let Q € K[X] be any monic polynomial. Then s is a solution to the linear recurrence defined by
Q if and only if P divides Q.

Proof. Recall that s satisfies recursion P if and only if P(FE)s = 0, where E is the shift-left operator defined
on the first page of this chapter. If s satisfies P, then it will satisfy any polynomial that divides P. And if s
satisfies both P and @, then it will satisfy any K[X]-linear combination of P and @, including their (monic)
greatest common divisor. But we’ve assumed that s has order equal to the degree of P. Therefore s satisfies
Q if and only if P divides Q. O

Proposition [£.7] shows that the minimal polynomial Py of any recurrence sequence s is well-defined: it is
the recursion polynomial of least degree satisfied by s. Equivalently, it is the (monic) generator of the ideal
ann(s) inside K[X] when X acts on K through E.

Proposition 4.8. The following are equivalent, for a sequence s € K" :
1. s 15 a recurrence sequence.
2. The map K[X] — K" given by P~ P(E)s is not injective.
3. The image K[E]s C K" is finite-dimensional.

The proof is clear.

The space of all recurrence sequences

Let S ¢ KN be the space of all recurrence sequences, and S%P C S the subspace of separable recurrence
sequences: sequences s satisfying a separable recursion.

Proposition 4.9.
1. S is a subalgebra of KN,
2. S%P s a subalgebra of S.

Proof. We want to show that S is closed under addition and multiplication. If s and t are two recursion
sequences, then P;P; will annihilate s + ¢. For multiplication, we use the general form of solutions to
recurrences from Proposition Over Z, the binomial coefficient functions (}) are a basis for the space
of all integer-valued polynomial functions (Theorem , so that products of binomial coefficient functions
are expressible as linear combinations of binomial coefficient functions. The analogous claim over any ring
(X —a;)% and P = [[(X — B;)77, then the componentwise product

2

follows. In particular, if P, = []

sequence s - t will satisfy the recursion defined by

H(X — ;)

,J
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Finally, if s and ¢ are separable recurrence sequences, then no binomial coefficient functions appear in the
their sum or product, so that s + ¢ and st will be separable as well. O

4.2 Recursion operators on polynomial rings

Let k be a field, and B = k[y] the polynomial algebra over y. A parameter on B is any y’ € B so that
B = k[y]: that is, ¢ is a parameter if ¥’ = ay + b with a nonzero.

We will be considering recurrence sequences over k[y]. Whenever we need a field, we embed into K = k(y)

or into k(y).

4.2.1 Recurrence sequences over k[y]

We begin with a general lemma about recurrence sequences over k[y], which already illustrates how the

theory of recursion over k[y] is different from the general case.

Lemma 4.10. Let {s,} € k[y]" be a recurrence sequence satisfying recursion polynomial P(y, X) € k[y][X].
If a is an element of some extension L of k(y), then {s,(a)}, € LN is a recurrence sequence satisfying the
recursion defined by P(a, X) € L[X].

Proof. For a sequence s € BY to satisfy a recurrence relation defined by a polynomial P € B[X] is a
completely algebraic property: we must have P(E)s = 0 € BY. In particular, this property is preserved
under base change: if ¢ : B — B’ is any map of algebras, then ¢(s) := {¢(s,,)} € B’N satisfies the recursion
defined by the polynomial ¢(P) := ¢[X|(P), where ¢[X]: B[X]| — B’[X] is the map induced by ¢.

Apply this principle to the map k[y] — L defined by y — «a. Since the sequence {s,(y)} € k[y]" satisfies
the recurrence relation P(y, X) defined over k[y], the sequence {s, (o)} € LY satisfies the recurrence relation
P(a, X) defined over K. O

If {s,} is separable, then I expect that {s,(«)} will be separable as well, but I do not have a full proof of
this fact. However, we will make use of a special case, which requires the following definition.

Definition. Let L be any field extension of K. A K-recurrence sequence s € LY has weights in k if
Sn = craf + coad + -+ cqal) (B)
for some o; € K and ¢; € k.

In particular, s is automatically separable. Since s is separable, we know a priori s, has the form for
¢; € K (Corollary ; the condition of weights in k restricts the ¢;. Recurrence sequences with weights in k
are closed under addition and multiplication: the arguments of Proposition are easily adapted.

Lemma 4.11 (c¢f. Lemma 4.10). If s = {s,(y)} € k[y] is a recurrence sequence with weights in k, then so

is s(a) = {sn(a)}n for any a in any extension L of k(y).

Proof. From Lemma we already know that s(«) is a recurrence sequence. By linearity, we can reduce to
the case where t has equal weights 1. (Factor its recursion polynomial into irreducibles over k[y]; a recurrence

sequence whose recursion polynomial is irreducible over k[y] has weights that are Galois conjugates, equal if
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in k.) Let P = P(y, X) be the companion polynomial of the recursion satisfied by s, and 51, ..., 84 be its
roots. The X =% coefficient of P is, up to sign, a; = e;(31, ..., 4), the i*" elementary symmetric polynomial.
By assumption, s, = p,(B1,...,084), the n'® power sum polynomial. Newton’s identities express p, as a
polynomial in the ey, ..., e, with coeflicients in Z; to fix ideas, let p, = ®,(e1,...,e,). In particular, since
en(B1,...,04) = 0 for n > d, we know that s,, = ®,(a1,...,aq): this is a polynomial relationship between
elements of k[y].

Passing to the sequence s(«) via the map y — « doesn’t change this polynomial relationship: that is,
sn(@) = @, (a1(e),...,aq(a)). This means that s, () is the n'" power sum function of the roots of P(«, X):
in other words, s(«) is separable sequence with weights in k. (Note that P(«, X) need not any longer have
distinct roots, so we cannot conclude that s(a) has equal weights: the most we can say is that the weights
of s(«) are sums of the weights of s.) O

4.2.2 Introducing recursion operators

Definition. A recursion operator T : k[y] — k[y] is a k-linear operator so that the sequence {T'(y™)}, of
elements of k[y] is a recurrence sequence over k[y].

We endow T with all of the properties of the recurrence sequence {T'(y™)}: its minimal polynomial Pr is
the minimal polynomial of T'; its order is also the order of T’ if it is separable, then T is separable as well;
if it is separable with weights in &, the so is T.

Ezample. The identity operator 1 is a separable recursion operator of order 1, since {1(y™)} = {y"} satisfies
the recursion defined by the polynomial X — y in k[y][X].

Ezample. The basic degree-lowering operator 1" defined by {T'(y")},>0 = {0,1,y,y% y3,...} is a separable
0"
Y

recursion operator of order 2. The n'" term of the defining sequence is
is X(X —vy).

, and the minimal polynomial

For many more interesting examples, see section [6.2

We will show that many important properties of Pr, depend only on 7" and not on the parameter y, and

eventually drop the y from notation.

Intrinsic definition

The definition of a recursion operator is less arbitrary, and less dependent on the parameter y, than it appears
at first glance:

Proposition 4.12. A linear operator T : k[y] — k[y] is a (separable) recursion operator (with weights in k)
if and only, for every f € kly], the sequence {T(f™)}n is a (separable) recurrence sequence over kly| (with
weights in k).

Proof. One direction is clear. For the other, we take a recursion operator 7' and an f € B, and seek to prove

that {T'(f™)} is a recurrence sequence.

Separable case: First suppose that T is separable, so that T(y") = Z?:o ciaj for some c;,o; € K
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(Proposition . For any g(y) = Y, bxy* € K[y,
d

T(g(y)) = Zka(yj) = Z br ¢ af = Zcig(ai)-
k ik

i=0
Therefore, with g = f™, we have

(") = Zcif(ai)n>
so that {T(f™)}, is visibly a separable recurrence sequence whose weights are sums of the weights of
{T'(y™)}n; it satisfies the recursion defined by

(X = fla)(X = f(az)) -+ (X = flaq)).
General case (sketch): We use notation from Appendix [Bl From Proposition
n\ a_;
T(y") = cij ( .>0% ’
— J
0]
for some «; and ¢; ; € K. With g(y) = >, bry* a general element of B as above, and d,, the differential-like
operator defined on page we have for every m,

kY, k-m
dmg(y) = zk: bi <m> v
which means that
k i k _
T(ow) = 3 by ci,j< > R cl,j( ) o7 =3 0 djglan).
i,k J ig.k J i,j
Therefore, with g = f",

T(f7) = 2 eus (dif™) (o).

Now we can use an analog of Faa di Bruno’s formulas for %} f™ to express d; f* as a B-linear combination of
fomb .. f77 with coefficients equal to products of binomial coefficient functions and powers of various dy f
for ¢ < j. Since products of binomial coefficient functions are themselves Z-linear combinations of binomial

coefficient functions (Theorem , the final expression can again be recognized as a recurrence sequence.

O

Minimal polynomials of recursion operators

For a recursion operator T', we let Pr s be the minimal polynomial of the recurrence sequence {T'(f™)},.
This is a polynomial in k[y][X]; for any such P € k[y]|[X], we will attempt to keep track of the variables by
writing P(y, X), if necessary. The proof of Proposition shows that, for a separabl operator T and for
any f € k[y], the sequence {T'(f™)} satisfies

Q= (X — f(en))(X = f(a2)) -+ (X = f(aa)) (€)

If f(o;) = f(a;) for some i # j in the notation of the proof, then the order of {T(f")} may be strictly less

*In fact, I expect that this is true for all recursion operators.
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than the order of {T(y™)}. Nonetheless, by Proposition if T is separable

Pr.(y, X) divides Q  in K[X], (D)
so that the order of the sequence {T'(f™)} is less than or equal to the order of {T'(y™)}. If we choose another
parameter y' = a + by of k[y], then by symmetry, we must have degy Pr, = degy Pr ., since each divides

a polynomial of degree equal to the degree of the other one. In particular, the order of a separable recursion

operator T on k[y] depends only on T" and not on the choice of parameter y.

Corollary 4.13 (of discussion above). If T is a separable recursion operator of order d, then

d = maxep {order of recursion sequence {T'(f")}}.

In other words, we may freely speak of the order of the recursion satisfied by a separable recursion operator

T without specifying anything else.

Weights in F, and the frobenian property

Here we briefly consider the case k = IF), for some prime p, before quickly returning to the general case. Call an
operator T on an F,-algebra B frobenian if it commutes with the p'" power map: that is, if 7'(f?) = (T(f))p
for all f € B. For example, Hecke operators T;, with n prime to p acting on spaces of modular forms mod p

are frobenian operators.

Lemma 4.14. Let F be an arbitrary extension of F,. A separable recursion operator T on F[y] is frobenian
if and only if it has weights in IF,.

Proof. Let s = {T'(y™)}n be separable. We must show that s has weights in F,, if and only if s = s, for

all n. For the “only if” direction, let s, = >, ¢;a for some ¢;, o in F(y). If ¢; € F, then

n n
Snp = 101" + -+ cqgal’ = (craf + -+ cqal))? = P

Conversely, suppose that for all n,

d a-a
0= st — sy = > (= cal” = ()|
i=1 CZ — ¢y
Putting these together for n =0,1,...,d — 1, we get a matrix equation
1 e 1
P P 6117 — C1 0
al e ad ) B )
a1 a1 i —cq 0
(of) e (ag)

The matrix on the left is in Vandermonde form, and its determinant is
[I @-a= I (a—ar
1<i<j<d 1<i<j<d
Since the «; are assumed to be distinct, the Vandermonde matrix is invertible over K, which means that
¢ = ¢; for all i: all the weights are in F),. O
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In other words, the weights-in-k property is a very natural one to consider in the context of Hecke operators
in characteristic p.

4.2.3 Properties of recursion operators

We define three related properties that a recursion operator on a polynomial algebra may satisty, in addition
to separability and the weights-in-k property.

Filteredness

Recall that B = k[y]. We use the convention that the degree of the polynomial 0 € B is —o0.

Definition. A sequence s € BY is filtered if degs, < n for all n, and i-filtered if degs, < n —i for all n.

An operator T on B is (i-)filtered if the sequence {T'(y™)} is.

Being filtered is the same thing as being O—ﬁlteredm Unless otherwise noted, everything stated below for

filtered sequences and operators will still be true if filtered is replaced by i-filtered. For example:

An operator T on B is filtered if and only if {T'(y™)} is a filtered sequence for any (every) parameter y on B.

Properness
Definition.
e A polynomial P = agX? 4+ a; X941 + ay X972 + ... + a4 in B[X] is proper if dega; < i for all i. In
other words P is proper if and only if its total degree is equal to its X-degree.
e A linear recurrence over B defined by the polynomial P is proper if P € B[X] is a proper polynomial.
e A recursion operator T" on B is proper if Pr, is proper for any (equivalently, every) parameter y on B.

Lemma 4.15. Let P and Q be two polynomials in B[X]. Then the product PQ is proper if and only if both
P and Q are proper.

Proof. For any polynomial P € B[X], let dp and tp be the X-degree and the total degree, respectively. Let
R = PQ. Then dgp =dg +dp and tg = tg +tr. Now use the inequality d < ¢ for all three polynomials. [

Lemma allows us some freedom of expression:

Lemma 4.16.

If T is a recursion operator, then T is proper if and only if it satisfies a proper recursion.

Proof. Suppose {T'(y™)} satisfies the recursion defined by R in B[X]. By Proposition Pr divides R —
a priori in K[X], but since the dividend is monic in B[X], the quotient @ is in B[X]. By Lemma Ris
proper if and only if Pr is. O

You can see if a proper recursion operator is filtered by looking at the first few terms of the sequence {T'(y™)}

only:

Proposition 4.17.
A proper recursion operator T of order d is filtered if and only if degT(y™) < n for all n < d.

TNote that some authors use the term filtered for what I have called k-filtered for some k € Z.
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Proof. Let s, = T(y™). We show that s, is a filtered sequence by induction. The base case is n < d. For
n > d, the filtered recursion says that there exist a; € k[y], with dega; < 4, so that s, = >, a;s,—;. By

induction deg s, _; < n — i, so that degs,, <n. O

Similarly, the condition of being i-filtered for a proper recursion operator of order d can be checked on the
first d terms of the sequence {T'(y™)}.

We record one more convenient lemma, easy to prove for separable recursion operators.

Lemma 4.18. A sepambleﬂ recursion operator T is proper if and only if, for every f € B,
Pry=X'4+a, X" 4 a1 X +ag

satisfies dega; < ideg f for all i.

Proof. Suppose Pr 4 is proper, let o; be its roots, and fix f € B of degree d. We want to prove that the nth
elementary symmetric function e, of the f(a;)s has degree bounded by dn given that the n'" elementary
symmetric function of the «;s has degree bounded by n. The highest-degree term of e, will come from
the n'® elementary symmetric function of the y? term of f, which will be the nd'" elementary symmetric
function of the a;s. This establishes the f-properness of ) from equation . Then use Lemma O

Fullness

Definition.
e A proper polynomial P = agX?+a; X9 1 + a3 X972 +-.. + a4 in B[X] will be called full if degaq = d.
In other words, P is proper and full if and only if

X-degree of P = y-degree of P = total degree of P.
e A proper recursion defined by P in B[X] will be called full if P is a full polynomial.
e A proper recursion operator T on B is full if Py, is full for any (equivalently, every) parameter y of B.
The fullness property is not particularly meaningful unless accompanied by properness.
Ezxample. The identity operator is full.

Ezample. The recursion operator T' associated to the sequence {T'(y")},>0 = {0,1,y,y?,...} is proper but

not full. Its companion polynomial is Pr, = X? — yX.

The following three statements are all very easy to prove.

Proposition 4.19.
1. If P and @ are two proper polynomials, then PQ is full if and only if both P and Q are full.
2. A recursion operator is proper and full if and only if it satisfies a proper and full recursion.
3. A proper sepambl(ﬁ recursion operator of order d is full if and only if for every f € B, the constant
term of Pr ¢ has degree ddeg(f).

1 expect this lemma to be true in general: the proof only requires that {T(f™)}n satisfies the recursion with companion
polynomial as given in equation .
81 expect this property to hold in general.
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4.3 The algebra of recursion operators

We will prove that the space of separable with-weights-in-k recursion operators on B = k[y] is a subalgebra
of the algebra of linear operators on B m

For concision, we fix a parameter y on B and write Pr := Pr, for a recursion operator 7' on B. Recall
that we write P(y, X) to clarify the dependence of a polynomial P € B[X] on y and X. Recall also that
K = Frac B = k(y).

4.3.1 Sum of recursion operators

Proposition 4.20. Let S, T be two operators.
1. If S, T are filtered, then so is S +T.

2. If S, T are recursion operators, then so is S+ T.
If S, T are separable recursion operators, then so is S+ T.
If S, T are separable recursion operators with weights in k, then so is S +T.

If S, T are proper recursion operators, then so is S +T.

S o o

If S, T are full and proper recursion operators, then so is S +T.

Proof. Preservation of filtration is clear. From the proof of Proposition[4.9/and the remark S+7 is a recursion
operator satisfying PsPr and separability and separability with weights-in-k is preserved. Lemmas [£.15] and
Proposition [1.19] complete the proof. O

We record the following simple lemma for later use.
Lemma 4.21. If T : k[y] — k[y] is a recursion operator, and o € k, then the operator T' = T + «, satisfying
T (y™) = T(y™) + ay™ is also a recursion operator, and satisfies the polynomial

(X —y) Pr(X).

In particular, T is proper (repspectively, proper and full) if T is.

4.3.2 Composition of recursion operators

Proposition 4.22. If S and T are two separable recursion operators and S has weights in k, then S oT is

also a separable recursion operator with weights in k, satisfying the recursion defined by

Qy, X) = Pr(a1, X)Pr(az, X) -+ Pr(aq, X) € BIX] (E)
where vy, ..., aq € K are the distinct roots of Ps(X).
Observe that () as defined above need not be a separable polynomial; part of the claim is that T o S is a

separable recursion sequence with weights in k& nonetheless. In other words Pr.s may be a proper divisor of

Q. (The same phenomenon happens with sums of recursion operators.)

Remarks.

1. T expect this proposition to be true more generally: if S and T are recursion operators, then S o T

9In fact, I expect that this is also true for the space of all separable recursion operators and the space of all recursion
operators generally, but I do not have a full proof.
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should be as well, satisfying the same @ as above; and if S and T are separable then S o T should be
as well.

2. If the full expected form of Propositionholds, then a linear operator on k[y] is a (separable) recur-
sion operator precisely when it transforms (separable) recurrence sequences to (separable) recurrence

sequences.

Proof of Proposition[{.22 We can slightly enlarge our definition of a recursion operator to include recursion
maps S’ : kly] — K: linear maps S’ from k[y] to some extension K of k(y) with the additional condition
that {S'(y™)}, in K" satisfies a linear recursion over K.

Since we are assuming that S is separable with weights in k, we know that there exist elements ; in K and
¢; € k so that S(y") = c1af + -+ + cqal}. Let S; : k[y] — K be the recursion map S;(y") = c;a?, so that
S=5+--+5,

As in the proof of Proposition for any f(y) € kly], we know that S;(f) = ¢;f(e). Let ¢, = T'(y™).
Then S;(T(y™)) = Si(tn) = ¢itn(c;). By Lemma above, the sequence {c;t,(;)} satisfies the recursion
defined by Pr(c;, X) € K[X] and has weights in k. Therefore, {S(T'(y"))} satisfies the recursion defined by
Q(X) =11, Pr(a;, X) and has weights in k as well. The fact that Q(X) is in k[y][X] comes from symmetry;

this can be made precise using the resultant perspective below. O

Remark. More generally, the same argument shows that if S and T are recursion operators with
S separable, then S o T is also a recursion operator satisfying the polynomial . But it neither
obviously restricts to showing that S o T is separable if both .S and T are, nor obviously generalizes to

general S, and the asymmetry is inconvenient.

The resultant perspective

There is another way to interpret the polynomial @ in Proposition abovem Consider the algebra
B = k[y, X], and introduce a new variable Z. Then both Pr(Z, X) and Ps(y, Z) can be viewed as polynomials
in E[Z] I claim that

Qy, X) = Res (Ps(y, 2), Pr(2,X)) € B = kly, X]. (F)

Here Res(f, g), for polynomials f,g € L[z] over a field L, is the resultant of f and g. It is most commonly
defined as a determinant of a matrix whose rows are shifts of coefficient vectors of f or g padded out with
zeros (see [16] for a self-contained exposition, for example). But an equivalent definition for our monic case

is the following: suppose f = (z — 1) -+ (z — Bq) factors over some extension of L. Then

d
Res(f., g) = Hg(ﬂi) €L

Equation is now clear: we find the roots of Ps(y,Z) in K = k(y), and then plug them in for y in Pr,
and take the product.

Composition of filtered and proper recursion operators

Composition preservess all the properties that we have introduced.

IThanks to Paul Monsky for this suggestion.
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Proposition 4.23. Let S,T be two separable recursion operators on kly] with weights in k.

1. If S, T are filtered, then so is SoT.
2. If S, T are proper, then so is SoT.
3. If ST are proper and full, then so is SoT.

Proof. Point 1 is clear (and has nothing to do with recursions): if S and T preserve the degree filtration,

then so does their composition.

Point 2 is proved using the homogeneity properties of the resultant. To see this explicitly, write
s(Z)=Ps(y,Z2) = 2+ a1 2" + - + ag
with a; € k[y|. Similarly, write
t(Z)=Pr(Z,X) =boZ° + b, 2" +--- + b,
where b; are polynomials in k[X], degy b. = e, and by may be zero if Pr is not proper. Let s*(Z) = Z¢ s(%)
and t*(Z) = Z°t(%), so that Q = Res(s, t) = Res(t*, s*) by [16, Theorem 1.12]. The homogeneity property
[16, Theorem 1.4] applied to this case tells us that, if a; and b; is each weighted i, then @ is homogeneous

of weight ed. In our case, because of the filtration assumption, deg, a; < ¢ and degy b; < i. Therefore the
total degree of each term of () is bounded by ed, which clearly the X-degree of Q.

Finally, point 3 can be seen by tracing through the y-degrees in the product expression from Proposition
the max-y-degree part of () comes from the constant-in-X term [], a?eg” P and the y-degree of that
term is (deg, Ps)(deg, Pr), since deg, (][, ;) = deg,, Ps. O

4.3.3 The algebra of recursion operators

For simplicity, we will restrict our attention to filtered operators: that is, operators 1" that preserve the

degree filtration on k[y]. These clearly form a subalgebra F of End k[y].

Proposition 4.24. The following spaces are all subalgebras of F under composition:

1. The space of filtered separable recursion operators with weights in k
2. The space of proper filtered separable recursion operators with weights in k

3. The space of proper and full filtered separable recursion operators with weights in k.
Proof. Proposition .20} Proposition .22 and Proposition [£:23] O

The subspace of i-filtered operators is a two-sided ideal in each algebra. The ideal of 1-filtered operators in
F is the Jacobson radical of F.

4.4 Towards generalizations:
Recursion operators on filtered algebras

A coda: the notion of a filtered recursion operator on a polynomial algebra may be generalized to filtered

algebras.
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Definition. A filtered algebra is an algebra B equipped with an exhaustive N-filtration of linear subspaces

{0}cBycBiCByC---CB with |JBi=B

so that 1 € By and B;B; C B, for all 4, j.

The definitions imply that By is a subalgebra, and that each B; is a By-module and an ideal of B.
Ezample. Let B =k[y] and B; = {f € B :deg f <i}.

Ezample. Fix a prime p and let B = M the space of 0-graded modular forms modulo p as defined in section
and B; = M;(,_1), the space of modular forms of filtration bounded by i(p — 1). This is a filtered

[F,-algebra, and every Hecke operator T} is a filtered operator on this space (definition natural and follows).

The second example essentially reduces to the first for p = 2,3,5,7,13, since M® = F,[A] in each case. The
filtration is indexed differently, but since p — 1 divides w(A) = 12 in each case, the adjustment is easy to

make.
The following are natural extensions of notions already defined for polynomial algebras.

Definition.

e If B is any algebra, then a linear operator T : B — B is a (separable, resp., separable with weights
in k) recursion operator if the sequence {T'(f™)}, is a (separable, resp., separable with weights in k)
recursion sequence for every f € B.

e If B is a filtered algebra, then an operator T : B — B is filtered if T(B;) C B; for all i, and j-filtered
if T(B;) C B;_; for all i. Positively filtered operators are locally nilpotent but the converse need not
be true in this setting[7]

e If B is a filtered algebra, recursion operator 1" on B is proper if, for every f € By, the recursion
polynomial Pr ¢ has the form

Pry=X"+a X"+ +aq,
where a; € By;.
e If B is a filtered algebra, a recursion operator 1" on B is proper and full if for every f € By, the

recursion polynomial Pr s has the form
Prj=X'4+a, X7+ +ay,
where a; € By; and aq € Big\Bkd—1-
In Chapter @ we will show that the Hecke operator T} acting on the filtered algebra MY is a proper filtered

separable recursion operator with weights in k. For p = 2,3,5,7,13, we will show that every T € A° is a

proper and full filtered separable recursion operator with weights in [F),.

**Consider the algebra k[z,y] filtered by total degree. The operator T defined by T(xiyd) = z'*+1yi=! for 5 > 0 and
T(z*) = 2*~! is locally nilpotent but not 1-filtered.
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Chapter 5

The Nilpotence Growth Theorem

In this chapter we state and prove the Nilpotence Growth Theorem (Theorem below). This is the key
technical result of this document, and it is purely algebraic. This chapter is self-contained, though the

discussion in Chapter {4] gives context to some of the conditions of the theorem.

Review of terminology

We fix a prime p. Let F be a field of characteristic p, and F[y] the polynomial algebra.
We rely on the terminology of Chapter [4]

e A linear operator T : Fly] — F[y] is a recursion operator if the sequence {T'(y™)} satisfies a linear
recursion over F[y|. That is, there exist ay,as,...,aq € Fly] so that, for all n > d,
T(y") =a T(y" ) +as T(y" ) + -+ aaT(y" ).
e The companion polynomial of this recursion is
Pp=X%—a X1 — X2 — ... — a4 € Fly][X]
The operator T is called proper if for all ¢ < d, we have deg a; < 7. It is further called full if degag = d.
For a full and proper operator T', the X-degree, y-degree, and total degree of Pr coincide.
e A linear operator T on F[y] is filtered, or E-filtered for some E € Z,if deg T'(y") < n,or deg T'(y") < n—FE,
respectively. Any positively filtered operator is degree-lowering, and therefore locally nilpotent.

e If T is a locally nilpotent operator on Fly], the nilpotence index of any nonzero f € F[y] is
Nr(f) = max{k : T*f # 0} = min{k : T**1 f = 0}.
Set Nr(0) := —oo. Then Nr(f) < deg f for all f.

For discussion of these properties, see sections and

5.1 Statement of the theorem

Let T be a degree-lowering proper recursion operator on Fly]. We will show that if 7" is full, then Np(y™)

grows slower than linearly in n.
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5.1.1 The most general version
Theorem 5.1 (Nilpotence Growth Theorem (NGT)).

Suppose F is a finite field. Let T be a degree-lowering proper recursion operator on F[y].

If T is full, then Np(f) < (deg f)* for some aw < 1.

Which of these conditions is necessary? The degree-lowering property guarantees that the operator is locally
nilpotent. Properness goes hand in hand with this kind of degree control: a proper recursion operator of
degree d is degree-lowering if and only if it lowers degrees on the first d powers of y (Proposition .
Conversely, if a recurrence is not proper, it is difficult to control the degree of the n'" term.

Fullness is necessary, at least in this generality. We have already seen that operator T' defined via the
sequence {T'(y")}n>0 = {0,1,y,4%,...} has recursion order 2 and Pr, = X? — yX, filtered and proper but
not full. Here Np(y™) = n, so that the nilpotence index is linear in n.

This example is not rigged: computationally it appears that all degree-lowering T with Pr proper of degree
d with intermediate terms of total degree d but no y? term to counterbalance them are either degenerate
(logarithmic growth, say) or give linear growth. For example: let p = 2 and consider the operator T' defined
by Pr = X2 +yX +y. (We have no choice for the initial values: if [T'(1),T(y)] # [0, 1], then T is either the

zero operator or not degree-lowering.) By induction, deg T'(y™) = n — 1. Therefore Np(y") = n.

Characteristic p is necessary: A counterexample: consider a degree-lowering recursion operator 7' on
Qly] with Pr = X2 — yX — 4? and degree-lowering initial terms [T(1),T(y)] = [0, 1]. This is a proper, full,
separable recursion, and it is easy to show that T(y") = F,y"~!, where F, is the n'® Fibonacci number:

the recursion is s, = ys,—1 + ¥%5n—2. Therefore
Tk(yn) = Fh1 o Fagi yn—k’

so that Np(y™) = n. (Of course, in characteristic p, we know that F5 = 5 and that p # 5 divides F,4;. Since
Fy, also divides F,, for all n, in fact TP*! is identically zero on Fp[y].)

Computationally, it appears that characteristic-zero examples that do not degenerate (to logn growth, say),
all exhibit linear growth. In characteristic p, however, you get a spectrum of O(n®) growth for various a.

Further study of these somewhat mysterious phenomena awaits.

Finiteness of F is necessary: The Fibonacci example above may be tweaked] to give a counterexample
over F,(t). Let Pr = X2 —tyX —y? and start with [0, 1] again. Then T'(y") = F,,(t)y"~! with F,(t) € Fp|[t]
monic of degree n — 1, so that Np(y™) = n again. This example suggests that the rather violent reduction
of Theorem to Theorem which is true over all F of characteristic p (see next section), cannot be
altogether avoided.

Values of «
In general, as the order of the recursion satisfied by T increases, o goes to 1. Not much more can be said
in this generality, but see Theorem [5.2] below, which gives a formula for « in the case where the companion

polynomial of the recursion Pr has a particular shape. See also Appendix [C]

*Thanks to Paul Monsky for this observation.
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5.1.2 Special NGT

The proof of Theorem proceeds by reduction to the following special case in which the shape of the
recursion satisfied by T is restricted. Note that the statement below has no finiteness restrictions on F, and

even no fullness restriction on the recursion.

Theorem 5.2 (Special NGT). Suppose T is a degree-lowering linear operator on Fly] so that the sequence

{T(y™)}n satisfies a linear recursion whose companion polynomial has the shape
X ay? + (terms of total degree < d — D)
for some D > 1 and some constant a € F. Suppose further that the order d of the recursion satisfies one of

the following conditions:

1. d is a power of p,

2. d is one less than a power of p,

3. d=q"(q—1) where ¢ > 2 is a power of p and m > 1.
Then
log(p* — D)

log p*
The theorem is stated for y™ for simplicity, but the same statement holds with y™ replaced by f and n

Nr(y™) < n® fora= , where p* satisfies p* =1 < d < p*.

replaced by deg f.

Case (3) alone is enough to prove Theorem (see proof below), but the argument is substantially easier in
cases (1) and (2), and gives much better o bounds. For the sake of presentation, we will first give the proof
in the toy case d = p and D =1 in section which makes a good stopping point for a first reading. The
general case (1) is not much more complicated, but we give it together with case (2) next. The proof of case
(3) itself is technical.

I expect that Theorem with its precise «, holds for any d. In addition to the cases above, I have proved
it for all d prime to p, but the proof is longer and even more technical, and relegated to Appendix

Computationally, it appears that o = log,» (p* — D) is optimal when d = p and not optimal otherwise. See
Appendix |C| for more discussion and some examples of T apparently achieving Nr(y") =< n®.

Proof that Special NGT implies NGT (Theorem (5.4 —> Theorem|5.1]).
Let P = X%+ a; X% ! + ... 4 ag € F[y][X] be the companion polynomial of the proper and full recursion
satisfied by the sequence {T'(y™)},. We will show that P divides a polynomial of the form

X¢ — y® + (terms of total degree < e)

for e = ¢™(q — 1), where ¢ is a power of p and m > 0. Then the sequence {T(y")}, will also satisfy the
recursion associated to a polynomial of the shape required by Theorem

Let H be the degree-d homogeneous part of P, so that P = H + (terms of total degree < d). I claim
that there exists a homogeneous polynomial S € F[y, X] so that H - S = X¢ — y¢ for some positive
integer e of required form. Once we find such an S, we know that P - S will have the desired shape
X¢ —y°+ (terms of total degree < e).
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To find S, we dehomogenize the problem by setting y = 1: let h(X) := H(1,X) € F[X], a monic polynomial
of degree d and nonzero constant coefficient. Let F’ be the splitting field of A(X); under our assumptions
all the roots of h(X) are nonzero. Let ¢ be the cardinality of F'. (Recall that we are assuming that F, and
hence its finite extension F’, is a finite field.) Every nonzero element « € F/, and hence every root of h(X),

satisfies a?~! = 1.

Finally, let ¢™ be a power of ¢ not less than any multiplicity of any root of h(X). Since every root of h
satisfies the polynomial X9~! — 1, we know that 1(X) divides the polynomial (X9~* 1) = X4a"(@—1) _1.
Set e = q™(q — 1), and let s(X) be the polynomial in F[X] satisfying h(X)s(X) = X° — 1.

Now we can finally “rehomogenize” again: if S € F[y, X] is the homogenization of s(X), then Q-5 = X°©—y°,
so that S is the homogeneous scaling factor for P that we seek. O

5.1.3 Very special NGT with constants

Before we begin the proof of Theorem [5.2] we state a more precise version in a yet more constrained case.
It will be used for estimating growth nilpotence indices of modular forms with respect to certain Hecke

operators for p = 2, 3,5 in Chapter

Theorem 5.3 (Very special case of NGT). Let T be an E-filtered recursion operator Fly| satisfying the

recursion defined by a polynomial of the form
(X + ay)? + (terms of total degree < d — D)

for some constant a € F (not necessarily nonzero). Then

ko ko .
Ne(y) < B BN oot ™)

This is Corollary [5.20] in section [5.9] and proved there.

5.2 Overview of the proof
Here’s the general plan of attack for Theorem [5.2] and for its refinements in section and Appendix

Given a degree-lowering recursion operator T' we will define an integer-valued function ¢y : N — N with
growth on the order of n® for some o < 1 and satisfying cp(n) = 0 only if n = 0. We also define ¢ on
polynomials in Fly] by values on the exponents: for f = > by™ € Fly|, define cp(f) := maxy, 20 cr(n;).
Also set ¢ (0) := —o0.

To get the bound on N, we will show that T lowers cr: that is, that ¢z (T(f)) < er(f) for all f # 0. Since
cr(f) takes integer values, we know that ez (T°7(/)(f)) < 0, which means that T°7(/)(f) is a constant, so
that Np(f) < cr(f). Hence the growth bound Nr(f) < er(f) < (degf)aﬂ

From the definition of ¢y on polynomials, it’s clear that, to show that T is cp-lowering, it suffices to prove

that cr(y™) < er(n) for all n. This step is done using the recursion by a tricky induction on n: instead of

TRemarkably, for d = p it appears that one can always find T satisfying the conditions of Theoremwith Np(y™) = cr(y™)
“most” of the time. See Appendix |g for more discussion.
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using the recursion of order d corresponding to the given companion polynomial P(X), we use a so-called
deeper recursion of order d p¥, corresponding to a (p*)™" power of P(X) for some s depending on d and n.
The sequence {T'(y™)},, will still satisfy the recursion given by P(X )pk since this polynomial is divisible by
P(X). The base case is always n < d, which is checked by hand.

On deeper recurrences

Deeper recurrences are a special case of a completely general recursion phenomenon, but in characteristic
p, they have a particularly nice form. The basic idea is very simple: if a sequence s € F[y]" satisfies the
recursion defined by @ € F[y][X], then it also satisfies the recursion defined by any polynomial divisible by

Q, in particular the recursion defined by ka for any k. That is, if s satisfies polynomial
Q :Xd—ale_1 —aQXd_2 — s —ayg
corresponding to the recurrence
Sy = A18p—1 + @28p—9 + -+ agSp—q forallm >d

then s will also satisfy
Qrf = x" aﬁ’kX(d—l)p’“ _ afgkx(d—Q)Pk e a:s’“

corresponding to the recurrence
p" p* p* k
Sp =0ay Sp_pk + Ay Spy_opk + -+ ay S,_gpe  for all m > dp”.

It is not unreasonable to expect that any study of recursion operators and sequences in characteristic p would
involve looking at digits of a number base p. We see this phenomenon in Nicolas and Serre’s calculations
of Nz, (A™) + N, (A™) for p = 2 [23]. We also see it in Derksen’s recent theorem that the index set of the
zeros of any (nice enough) recurrence sequence (that is, the set Z(s) = {n : s,, = 0}) in characteristic p is

p-automatic [10].

What deeper recursions allow is an inductive argument that allow you compare s, not with s,,_1 or s,_o —

these small differences can be very disruptive for the base-p expansion of n — but with s,,_,x and s,_5,x

n—p
for a k of your choosing. In other words, it allows you to pretend that n has only one or two digits base p,
which idea is used in the proof of Theorem [5.2] I learned this technique from Gerbelli-Gauthier’s alternate
proof [I3] of the key technical lemmas of Nicolas-Serre [23].

5.3 A toy case of the Nilpotence Growth Theorem
In this section, we prove a baby subcase of case (1) of Theorem d=p, D=1,F=F,.

Theorem 5.4 (Toy case of NGT). If T : Fply] — Fply] is a degree-lowering linear operator so that the

sequence {T(y™)}n satisfies a linear recursion over Fyly| with companion polynomial
P = XP + (terms of total degree < p) + ay” € F,[y][X]
then Np(y") < n'og»(P=1),

The proof is technically much simpler, but all of the main features of the general case are present.
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5.3.1 The helper content function

We define a function ¢ : N — N depending on our prime p as follows. Given an integer n, we write it base p
asn =y a (n)p® with a;(n) digits base p, only finitely many of which are nonzero, and define the p-content
of n as c(n) :== >, a;(n)(p — 1)

For example, since 71 = [241]5 in base 5, the 5-content of 71 1is 2-42 +4 -4 + 1 = 49.

The following properties are easy to check. The first one is proved in Lemma [5.5] in section [5.4.1] below,
where the content function and many variations are discussed in great detail.
L. ¢(n) < nlogr (=1
c(pFn) = (p — 1)*¢c(n) for all k > 0
If 0 < n < p, then ¢(n) =n.
If i is a digit base p and i < n < p?, then c¢(n — i) is either ¢(n) —i or ¢(n) —i + 1.
If p<n <p? then ¢c(n —p)=c(n) —p+1.

Gl woN

5.3.2 Setup of the proof

For f € Fply], define the p-content of f # 0 by ¢ (D any™) := maxq, +oc(n); set ¢(0) = —oo. For example,
the 3-content of 2y° + 37 + y? is 5.

Let T : F,,[y] = F,ly] be a degree-lowering recursion operator whose companion polynomial
P=XP+a X" 4+ +a, € F,[y][X]
satisfies dega; < i for 1 <i < p and dega, = p, as in case (1) of Theorem [5.2

We will show that T lowers p-content of any f € Fply]: that is, that ¢(Tf) < ¢(f). It willl suffice to do
this for f = y™. We will proceed by induction on n, each time using the deeper recursion of order p*+!
corresponding to PP" with k chosen so that pFtl < n < pF*+2. The base case is n < p, in which case being
p-content-lowering is the same thing as being degree-lowering.

5.3.3 The induction

Induction in the toy case. For n > p, we show that ¢(T(y")) < ¢(n) assuming that ¢(T(y¢)) < c(e) for all
e < n. As above, choose k > 0 with p**! < n < p**2. The polynomial

k k+1 k k+1_ kK k k+1_o k k
PP =XV — b XPTP gl XV T — e —ab € Fy[y][X]

corresponds to the recursion of order p*+!
k k k k k k+1
T(y") = af T(y"") +ah T(" ")+ +ap T ).

Pick a term y© appearing in T(y"); we want to show that c(e) < ¢(n). From the recursion, y° comes
from afkT(y"_iPk) for some i. More precisely, y© appears in yijT(y"_”’k) for some gy’ appearing in a;,
so that either j < i or i = j = p. Then y°~9?" appears in T(y"~ "), and by induction we know that
c(e — jp*) < c¢(n —ip”*). To conclude that c(e) < ¢(n), it would suffice to show that

c(n) — c(e) > c(n —ip*) — c(e — jp*),
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or, equivalently, that
c(n) = e(n —ip*) > e(e) — e(e — jp").

Since subtracting multiples of p* leaves the last k digits of n base p untouched, we may replace n and e by

|5k ] and [ |, respectively, and then cancel out a factor of (p — 1)*. In other words, we must show that

c(n) —c(n—1) > c(e) — cle — j).

for n, e, i, j satisfying i <n < p? and j < e < n and either j < i or i = j = p. But this an easy consequence
of the properties of ¢ listed in section [5.3.1] For j < i, we know that c¢(n) — c(n — i) is at least i — 1 and
c(e) —c(e —j) is at most j <i— 1. And for i = j = p both sides equal p — 1. O

5.3.4 A good stopping point

This toy case already shows most of the features of the general case. Most of the difficulty of generalization
comes from working with more general versions of the content function. For example, the proof for case (1)
for d a power of p proceeds the same way, but we use base b = p* for the content function. The refinement
in a coming from the degree descent D comes from replacing the base b with b — D rather than b — 1. These
steps are both straightforwards. However, to prove cases (2) and (3) we must extend the notion of content
to rational numbers (section , whence the technical difficulties. Case (2) is still relatively simple because
the base b expansion of ﬁ is so easy; it is proved in sections and together with the general case (1).
Case (3) is more computationally complicated, and postponed until sections and

The rest of this chapter is devoted to the proof of Theorem [5.2] as well as a few technical refinements in
section [5.9] Now is an excellent stopping point for a first reading. Chapter [6] begins on page [70]

5.4 The helper function cp

5.4.1 The content function for integer n
First, we introduce a general type of function with sublinear growth out of which all the c¢ps will be built.

The idea for this kind of function was originally suggested by Bellaiche, as in the appendix to [5].

Definition. Fix an integer b > 2 as the base. Let D be a descent: a integer with 0 < D < b — 1. Given a
nonnegative integer n, write it in base b as n = [ag ag—1 - -+ a1 agly, where a; € {0,1,...,b — 1} are digits
base b, and ¢ = |log, n|, so that n = Y. a;b'. Then the (b, D)-content of n is the quantity

¢

ch.p(n) =Y ai(b—D)",

=0

In particular, ¢, 9(n) = n, and ¢ p—1(n) is sum of the digits in the base-b expansion of n. In applications, b
will always be a power of p and D > 1.

For example, since 196 = [1241]5 in base 5, we have c52(196) =1-3% +2-3%2+4-3 + 1 = 58.
If D > 0, then the growth rate of ¢, p(n) is sublinear in n. Indeed, let £ = |log, n|. Then
cop-1(n) < (b—1)(¢ + 1) < log(n).
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And for D < b— 1, note that (b — D)¢ < nlogs(b=D);

b-DY*'—1  (b—1)(b-D)
b—1-D ~ b—_1-D

nlogb (b—D) < nlogb (b—D) )

14
ern(n) <3 (b—1)- (b— D) = (b—1)
=0

We have therefore proved
Lemma 5.5. For 0 < D < b— 1, we have ¢, p(n) < %nlogb(%m < nloge(®=D)  Moreover,
cpp—1(n) < logn.

Although we will not use this fact in full generality for the proof of Theorem 5.2} the content function exhibits
a certain amount of regularity under addition and subtraction. See Lemma [D.2] in Appendix where a
slight generalization of Theorem is proved.

5.4.2 Extending content to rational n
From now on, we assume that b > 2 and that the descent D satisfies 1 < D < b —1.

We extend the definition of (b, D)-content to nonnegative rational numbers in the most natural way. Write
n € QT in base b: that is, find a infinite sequence of base b digits

[a,.,aT_l,aT._g,...,ao,a_l,a_2, ...... }

indexed by all integers less than or equal to r = |log, n] satisfying

T

n= Z a;b’.

i=—00
If the base-b expansion of n is finite — that is, if b*n is in Z for some k — then there are two choices for this
expansion, and we choose the “proper” one: the one with a; = 0 for ¢« <« 0. This proper base-b expansion
extends the one we use for integers. Finally, define ¢, p(n) exactly as before:

cy,p(n) = Zai(b — D).

This converges since we have assumed that D > b — 1 and the a; are uniformly bounded. Because n is
rational, its base-b digits a; will be eventually periodic for negative 7, which implies that ¢, p(n) is always
rational.

For example, if b =7 and n = %, then n = [0.2]; = Zig_l 2.7 so that cr2(n) = Zi§_1 9.50 — % Similarly,
cra(2) = cra ((0.T5)) = .

We record two lemmas. The first is a useful multiplicativity property clearly satisfied by (b, D)-content by
definition.

Lemma 5.6. Let b be a base and D a descent. If n € Q>o and k € Z, then

cb7D(bk n)=(b— D)k cp,p(n).
And the second is trivial:

Lemma 5.7. If 1 <n <b, then ¢, p(n) —cpp(n — 1) = 1.
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Integrality

In this section, we suppose that d is prime to b.

Then é base b is purely period of period ¢, where ¢ > 1 is the multiplicative order of b modulo d. Write

1A
d b -1
where A =[a_1 a_y ... a_g] is the integer whose base-b digits are one full period cycle of 5.

Lemma 5.8. If i satisfies 0 <1¢ < d then
E o Cb,D(Z'A)
P i)~ b-DyY -1

Proof. Computation using the periodicity of the expansion. Note that, for these values of i the number of

digits in ém base b is exactly £. O

Corollary 5.9. If n is any number in %Z“', and ¢ is the multiplicative order of b modulo d, then
((b — D)e — 1) Cb,D(TL)

15 an integer.

Proof. Write n = N + é where N is an integer and 0 < ¢ < d. Then ¢, p(n) = ¢, p(N) + ¢ D(%) Now use
Lemma ]

Growth

The examples in the beginning of this subsection show that, if n is not an integer, then ¢, p(n) need not be less
than n. However, we can easily bound the bad behavior. We have observed that ¢, p(n) = ¢, p (1)) +cp,p((n)),
where (n) = n — |n] is the fractional part of n. Since ¢, p(n) < n for all integers n, to see how much ¢, p(n)
may exceed rational n, it suffices to look at n strictly between 0 and 1. In this case, ¢, p(n) is always strictly
bigger than n — but fortunately, not by much:

(b—D
CbD —n—Za_ﬁ ZG;_ Za_ blb_D))

i>1 i>1 i>1

It is clear that for fixed b, D this sum is maximized if a_, = b — 1 for all 4. (In this case, n = 1 and the
expansion is not proper, but this is irrelevant for the bound.) We estimate: for 0 <n < 1,

D

b—1 1
CbD —n<z — — 1= .
Z>1b D)? b—Dl—b_—D b—1—-D

The weaker statement that, for 0 < n < 1, we have ¢, p(n) < bfgil = O(1) establishes that ¢, p(n) is still
O(nlogb(b’D )). More precisely,

O=D0O=D) rog,0-0), =1 (B)

a.n(n) < ———p b—D-1
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5.4.3 Defining cr given T

Let P(X) = X% + cy? + (terms of total degree < d — D) be the companion polynomial of the recursion
satisfied by {T'(y™)}. We take three cases, as in the conditions of Theorem In each case, we will set
cr(n) == My cb7D(%) for the smallest p-power b > d and My chosen to make cp integral, though note that

in case (3) there is a further condition on D.
1. Case d is a power of p. Let b = d. Set My =d — D, so that
n n
er(n) == (d= D) e (%) = (b= D)ern (5

This function coincides with ¢, p(n), so it is integer-valued.

2. Case d is one less than a power of p. Define b so that d =0 —1. Set My =d — D and
er(n) = (d=D)erp (%) = (=D =D e (%)

This is integer-valued by Corollary with £ = 1.
3. Case d = ¢ !(¢—1) for ¢ > 2 a power of p and m > 2. Define b = ¢". Set Mr = (b—D)(b—D—1)

and

er(n) = (b—D)(b—D — 1)cb7p(g) .

The proof will require that | D < q[gl]q , where we use the notation [m], =

This function is integer-valued because
n -1 g -1 nq
oYy = b1 ) — - D .
Cb,D<d) Cb,D( q—l) ( )" ¢ (q—l)
and Corollary applies again with ¢ = 1.

Although case (3) reduces to case (2) for m = 1, it is actually quite a bit more complicated than case (2).

In fact, it is cases (1) and (2) that behave similarly, and simply, and unconditionally.

5.5 The base property and the step property

Let d, D, and b be as in one of the three cases above, and write c for ¢, p. The induction argument for the

proof of Theorem [5.2) requires two properties of c.
The first property is required to establish the base case of the induction.
e Base property: c is strictly increasing on the set {0, é, %7 ceey d%dl}.

This is easily seen to be true in cases (1) and (2): in both cases, ¢(%) = -5 (Lemma|5.10| below). For case
(3), this is only true for D not to big. This is established in Corollary in section @

The second property is required for the inductive step. The induction proceeds by considering each yJ X~
term of the recursion polynomial in turn. Accordingly, ¢ and j are integers between 0 and d satisfying

7 <1 — D. Moreover, e and n are rational numbers in éZ satisfying 0 < e <n < band n > %l and e > %.
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e Step property: If i and j satisfy 0 < j <i— D < i <d, then

o(n) — c(n - ;) > e(e) - c(e - 2) .

In cases (1) and (2), Lemma below and Lemma [5.7| above establish that, for n and 7 in these ranges,

(n) — _ c i i=D
anm "y d—D'd—DJ’
i—D

and similarly for e and j. Therefore the least possibility for the left-hand side is Z=7, and the biggest

possibility for the right-hand side is ﬁ. Since j < i — D, this is just enough to establish the inequality.

For case (3), this statement is more involved and established in section

5.5.1 Lemmas for cases (1) and (2)

As noted above, we need the following lemma for the inductive step for cases (1) and (2), if d is either a
power of p or one less than a power of p. In fact, the lemma is true for any base b > 2 and D < d, where d
is either b or b — 1.

Lemma 5.10. If d=b ord=0b—1, then for A with 0 < A < d,
Ay__ A
w“P\d) " d-D

Proof. Computation. The fact that the formula looks the same is a coincidence that explains the similarity
of case (1) and case (2). O

Lemma 5.11. Suppose n € ézzo satisfies n < b, and i is an integer with 0 <1 < d and é <n. Then

ep(n) —c¢ n—z € b =D

b,D b,D d di—D d—DI"
Proof. Write ¢ = ¢, p. Let n = N + g, where N < b and 0 < A < d. We will use the fact that
c(n) =¢(N)+c(4) and Lemmam

If A >4, then
i A A—i A A—i i
c(“)_c("_d) _C(N)+C(d>_c(N)_c< d >_dD_dD_dD'

And if A <, then

i A d+A—i A d+A-i i-D
C(n)_c<n_d>_C(N)+C<d>_C(N_1)_C<d>_1+d—D_ D — 4D

by Lemma O

Proving the base and step properties for case (3) is postponed until section
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5.6 The main induction

We are ready to give the proof of Theorem [5.2] for 7" assuming the base property and the step property from

the previous section hold.

Proof of Theorem[5.3 If d = 1, then T must be the zero operator and the sublinearity statement holds. So
assume that d > 2. Use section to define b, D, and the function cp(n) = Mcy p (%) dependmg on the
case that we are in. (Note that b > 2 unless p = d = 2, in which case cr(n) = ¢21(n) and Lemma|5.11| holds.
The condition b > 2 is otherwise assumed in section and thereafter.) We assume that ¢ = ¢, p satisﬁes
the two properties from section

Write z,, for T'(y™). Recall that we want to use induction on n to show that cr(z,) < c¢r(n). The base
case is all n < d. Since T decreases degrees the statement cp(x,) < cr(n) for n < d is equivalent to the

statement that ¢ = ¢ p is increasing on 0, %. This is the base property from section

s dr

For n > d, let k > 0 be the integer so that d - bk <n < d-bFt1. Let P(X) be our given recursion, and write
it in the form
Xd + ayd + Z ai,j yj Xd_i
0<j<i—D<i<d

with a; ; and a all in F. Raise P(X) to the b* power to get
k k ok N1k
XP 4 gy 4 Z ai; 1y x (d=i)p"
0<j<i—D<i<d
(Here we have simplified notation by replacing at* by a, and similarly for a; ;. The coefficients play no part
in this game.) This translates into the recursion
wn=—ay™ wa_ar — Y gy wa_a
0<j<i—D<i<d
We want to show that, for all terms y© appearing in x,, we have cp(e) < ep(n). We take two cases, depending

on which term of the order-d b* recursion above y¢ appears in.

Suppose y© appears in the (4, j)-term in the sum on the right. That is, y© appears in yjbkxn,ibk for some
0<j<i—D<i<d. That means that ye_jbk appears in x,,_;x, so that, by the induction assumption,
cr(e — jbk) < cp(n —ib*). To show that er(e) < cr(n), it would therefore suffice to show that

?

er(n) —cr(e) > er(n — ibk) —cr(e— jbk),

or, arranged more conveniently, that

cr(n) — ep(n — ib®) 27 cr(e) — ep(e — jb*)

under our assumptions jbk <e<mnandd¥ <n<dbFt! and 0 < j<i—D < i<d Wedivide by M,
replace e and n by their respective quotients by db*, and use the multiplicativity property of ¢, p (Lemma
5.6) to pull out and cancel a factor of (b — D)*. We have therefore reduced the desired inequality to the

inequality o _
c(n) — c<n - ;) > cle) — c<e - gl)

Note: There is a mistake here in the last reduction step rendering the rest of the proof of Theorem 5.2 invalid in the required
generality. Indeed, e and n are now in (1/d) Z[1/b”K], not in (1/d) Z

This mistake is corrected in the published version. 62

See Medvedovsky, A., “Nilpotence order growth of recursion operators in characteristic p”, Algebra and Number Theory 12
(2018) no. 3, or https://math.bu.edu/people/medved/Mathwriting/Nilgrowth_pubversion.pdf .
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assuming that e, n are in éZ with 0 < e <n < b and that 7 and j are integers with 0 < j <i—D < i <d,
and that all the arguments of ¢ are nonnegative. This inequality is exactly the step property of section

Suppose, on the other hand, that y¢ appears in the first term. After the same reduction tricks, we must
show that

cen)—c(n—1)>cle) —cle—1)
provided that 1 < e,n < b. This is trivially true by trivial Lemma [5.7} both sides are equal to 1. O

This completes the proof of Theorem [5.2) in the case where d is a power of p or one less than a power of p.
It still remains to establish the necessary step properties for the case d = ¢™~!(¢ — 1). This will be done in

section In the next section, we reformulate the properties in a way that makes them more tractable.

5.7 Reformulating the step property

In cases (1) and (2), the step property is proved relatively easily by using Lemma which gives two
options for a difference like ¢(n) — c(n — é) depending on whether the fractional part of n exceeds i or not.
It turns out that a comparable lemma is tricky when summing two proper fractions of denominator d may

cause carrying in digits base b, which difficulty does not occur if d =bord =5b— 1.
The following proposition gives a sufficient condition for satisfying the step property.
Proposition 5.12. Let ¢ = ¢y, p for some base b and integer descent D. Let d < b be an integer.

Suppose that, for integers A, B, i, j satisfying 0 < j,k,A,B < d and 0 < i < d so that further all the

arguments of ¢ are nonnegative, the following properties are satisfied.
AN (AN s (B _ (B4
{3 ol — zel 5 o = .
AN (AZEY L (BY_ . (B=d
N\a) U4 Nd) U4
AN (A=iN L (BY_(B=k
“\a) 4 Na) U d

Then c satisfies the step properties from section[5.5

1. If j <i— D, then

2. Ifk+j<d— D, then

IN

1.

3. Ifi+k>d+ D, then

v

1.

If, further, b is a power of p, and
4. The function c is strictly increasing on [0,1) N é

Z:
O_C(O)<C(Cll> <C(C2l> <~--<c<dd1>.

then any recursion operator T : Fly] — F[y] satisfying a recursion polynomial with shape

X 4 cy? 4 (terms of total degree < d — D)
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is c-decreasing, where c(n) = ¢y p (%)

Proof. Let n, e, i, j be as in section that is, n and e are in éZ and satisfy 0 < e < m < b, and
0<j<i—-D<i<d.

Write n = N + 4 with N € Z and 0 < A < d. Similarly, let e = E+ Z.

For the step property, recall that we want to show that

e(n) —c(n— ;) > ¢(e) —c(e— iz) .
If A > i, then

c(n)—c(n—;) :c(N)+c<;1>—c(N)—c(Ad_i) :c<g>—c<A;i).

And if A < i, then

(n>—c(n—;) =c<N)+c<‘3) —c(N—l)—c(CH_j_i) =1+c(3)—c(A+j_i).

Similar statements are true for e, F, B, j.

Q

We consider four cases, depending on how A compares to ¢ and how B compares to j.

e |A>1i, B> j|We want to show that ¢ (%) —c (Agi) >c (%) —c (%). This is property in the
statement of the proposition.

e | A< i, B<j|Wewant to show that 1—&—0(%) —c (W) > 1+c(%) —c (W). This is again
covered by property , with d — i playing the role of j and d — j the role of i.

e | A< i, B> j|Wewant toshow that 1+c¢ (%)—c (M> >c (%)—c (%) Since (d—i)+j < d—D,

d
this is property from the statement of the proposition, with k = d — .

e | A>i, B < j|Wewant toshow that ¢ (%)—c (Ad_i) > 1+c (%)—c (W). Since i+(d—j) > d+D,
this is property from the statement of the proposition, with &k = d — j.

Finally, the proof of Theorem uses the properties from section [5.5] only, so that the last statement is

clear.

O

5.8 The proof of case (3)

We prove that case (3) satisfies the base property and the reformulated step properties from section to
complete the proof of Theorem [5.2]

5.8.1 The base property for case (3)

Recall that d = ¢™ (¢ —1) and b = ¢™ with ¢ > 2 and m > 2. Let M = (b— D)(b— D — 1) and write ¢ for

¢y, p. We will analyze 5 and c(%) for 0 < i < d. Recall that [m], = q;"_—ll =g g 24 f g+ 1

Lemma 5.13. For 0 <i <d, leti =a;(g—1)+r; with0 <r < g—1, as in Euclid’s algorithm for i+ (q—1).
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Then

g

7:[0. i1+ a; Ti[m]q} and Mc<d

> =i(¢q[m]q — D) — Da,.

Proof. We prove the first assertion. It is clearly true for i = 0 and we already established that % = [O. 1 m} ,
which proves the claim for ¢ = 1. Fori =2,3,...,¢—2, one has i = r; and a; = 0, and it’s clear by multiplying
that % = [0. i m] If i is a multiple of ¢ — 1, say i = a;(¢ — 1), then 2 = %4 = [0. a;q 0]. The claim
follows by considering sums of these: the first digit after the radix point is a;q+r; = a;(¢—1)+(ri+a;) = i+a;,
and the second is clear. Observe that, since i < ¢"™ — ¢™ !, we know that a; < ¢™~1, so that i + a; < ¢ is

a digit base b.

The second assertion follows by computation from the first using the relationship between ¢, a; and r; and

the definition of [m],. O
Corollary 5.14 (Base property). If | D < (I[LQ]Q , then the function c is increasing on {0, %, %,~~~ ,%}.
That is,

O:c(0)<c<cll)<c<62i)<---<c<d;1>.

The condition D < @ is absolutely necessary: as you can see from the proof below, every violation will

give counterexamples. This condition is satisfied if D satisfies the simpler inequality | D < g .

Proof. Tt suffices to see, for 0 < i < d — 1, that the difference M ¢ (%) —Mec (5) is strictly positive. We
use Lemma [5.13] and note that a; 1 — a; is either 0 or 1 depending on ¢ modulo ¢ — 1.

Me <i+1) _Me (Z) — gfml, — (1 + ais1 — a5)D > qlm], — 2D.

d d

This last is strictly positive precisely when D < [I[LQ]‘Z. O

5.8.2 The properties of Proposition |5.12 for case (3)

Recall that have d = ¢™ (¢ — 1) and b = ¢ with ¢ > 3 and m > 2. Let M = (b— D)(b— D — 1) and write

¢ for ¢p, p. We use the notation [m], = 4 =L Also set a; = LqilJ' In Lemma [5.13] we have shown that

g—1
¢(%) =i([m]q — D) — Daj for i < d.

Lemma 5.15. Suppose © and j are integers with 0 < j <1¢ < d. Then
DN () Lo(i) B (i
el 3 {5 ol — 7 A3 .
Proof. From Lemma [5.13] we know that

we(§) = are(3) = G- ialml, - D) - Dlas — o)

Since a; = {ﬁJ ;and |z]+|y] € {|lz +y|, |z +y|+ 1} forallreals z and y, it is clear that a,—a; € {a;—;, a;,—; +1}.

The claim follows. O
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Lemma 5.16 (Property ) Suppose A, B, i, j are integers satisfying 0 < i,j, A, B < d so that moreover

i—j>Dand A—i,B—j>0. If| D < 2| thepn

(&) () =(a) (57)

Proof. From Lemma the left-hand side is at least c(é) — ﬁ, and the right-hand side is no more than
c(%). Therefore it is enough to show that c(é) — c(%) > %. But by Lemma again, the left-hand side

of this last is at least c(%) — %, and by Lemma this last is no less than c(%) — %. So it is enough

to know that c¢(£) > 2.
This is an easy estimate: since we are assuming that D < %, that implies that ¢[m], — D > %, and
that ap = L;TDJ < %. Therefore
[mlq D m
D\ D(qlm],—D)—Dap _ P (q SR 7) Dl
cl =) = > >

d M M M

For ¢ > 3 and m > 2, we have % = qi‘(]:_z;) > 3, so that the desired inequality is easily satisfied. O

Lemma 5.17 (Property ) Suppose A, B, k, j are integers satisfying 0 < k,j, A, B < d so that moreover
k+j<d-Dand A—k,B—j>0. If| D < 4% | then

(2) ()5 =

Proof. Same tricks using Lemmas [5.14] and [5.15] The left-hand side is bounded above by

ENLo(2Y <53\, D (=D, D
ANa) " N\a)=\"4 M =N\ "4 M

To show that this quantity is no more that 1, we must prove that

(d — D)(glm]q — D) — Daq—p + D ; M.
This inequality is, again, true by a comfortable margin: I claim that
(d— D)(glml, — D) + D < M.
Indeed, the left-hand side is

_ m_1
dglm]q — Dglm]q — dD+D?*+D=q" (g - 1)%

:qzm—qm—Dq[m]q—qu—qm_1D+D2+D,

— Dg[m], —q™D —q™ 'D+D*+ D

and the right-hand side is (¢™ — D)(¢™ — D — 1) = ¢*™ — ¢"™ — 2Dq™ + D? + D. Canceling like terms and
dividing through by D leaves us with

?
—qmly — ¢ < =™,
which is obviously true, since ¢ is already strictly less than g[m],. O

Lemma 5.18 (Property ) Suppose A, B, i, k are integers satisfying 0 < i,k, A, B < d so that moreover
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i+k>d+D and A—i,B—k >0. Then (with no condition on D),

(0)- () 8) ()

Proof. More same tricks. Then left-hand expression is at least

c(;) +c(§> _ % _ (i‘f‘k)(Q[m}q_Dj\Z_ D(ai+ak+2);

we want to show that the numerator is bounded below by M. The numerator is bounded below by

(d+ D)g[m]y — D(i+a; + k + ai + 2).
As observed earlier, i + a; < ¢"™ — 1, and the same for k, so that this quantity is no less than
(d + D)glm], — 2Dg™ = ¢*™ — g™ + Dg[m], — 2Dg™.

On the other hand, M = ¢*™ — ¢™ — 2Dq™ + D? 4+ D. As in the previous lemma, we cancel like terms and
divide by D to get the inequality
?
qmlq > D+1,
which is trivially true, since ¢[m], > ¢ =b> D + 1. O

Therefore, the properties in Proposition [5.12] are satisfied. This completes the proof of Theorem [5.2)

5.9 Complements
In this section, we state a more precise version of the growth bound for each of the cases in Theorem [5.2]

Theorem 5.19 (Refinement of Theorem [5.2). Suppose that T : Fly] — Fly] is an E-filtered recursion
operator for some E > 1 whose companion polynomial has the shape
X+ ay? + (terms of total degree < d — D)

for some D > 1. Let b= plogs 4l s the smallest power of p mo less than d.

1. If d is a power of p, then

(d — D)(d — 1) nlogd(d—D).

NeWw") < Ba—p-1

2. If d is one less than a power of p, set b=d+ 1. Then
b—2

(b _ 1)1710&(571)([) — D) nlogb(be) N .
E E

Nr(y") <

3. Ifd=qm 1(qg—1), set b=q™. Then if D < %7

(b= (b= D) rgop) , (b=2)(b=D)
E

Nr(y") <~ e, 6-D)

Proof.
1. If d = b is a power of p, then ¢ = ¢ p. I claim that the proof of Theorem can be minimally
adapted to show that cr(T(f)) < er(f) — E. Indeed, by the definition of er on F[y], it suffices to
prove this for f = y™ only. Since we're assuming that degT'(y"™) < n — FE for n < b, and ¢r(n) =n on
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this range, it’s clear that the base case is established. The inductive steps are unchanged, as they only
involve comparing a change in ¢r(n) with a change in ¢ (e) for some e < n, rather than an absolute
measure of change in ¢p(n) Therefore, the claim is established, and ¢ (T(f)) < er(f) — E.
Finally, since T lowers c¢p-value by at least E at each application, we see that Np(y™) < cTr(L"). The
estimate that cp(n) = ¢, p(n) < %nlogb“’_m from Lemma completes the proof.

2. In this case, with b = d 4+ 1, we have set cr(n) = (b— D — 1) cb,D(%). From Lemma and the fact
that cp, D(d%dl) = b_sz_l is the maximal value of ¢; p on fraction less than 1 with denominator d, we

know that C <§)<(b—1)(b—D) n logb(be)—‘r b_9
5P\ 4 b—1-D \b—1 b—1-D’

The proof of Theorem shows that ¢ (T(f)) < er(f) — E for all f € F[y]. The base case is true
because cr(n) = n for n < d, and the inductive step needs no adjustment as before. The claim follows.
3. Here we have set b = ¢™ and c¢r(n) = (b— D)(b—1— D) ¢y p(%). We bound the growth of c:
(b—1)(b— D)?

n
er(n) = (b— D)(b—1— D) cbp(E) < O DO = Dl tosn=2) 4y~ 2)(b — D),

and note that everything goes through as in the other parts.

nlog,(=D) L p 9 _ ((b — 1)t-Tosn(b=1)( — D)) nlogs(=D) L 9

O

Finally, we have two more refinements to Theorem [5.1] but they are only refinements of Theorem [5.1]in that
neither is formally covered by Theorem as stated. In fact, in each case, it is the Theorem argument
forms the backbone of the proof. The first is a generalization of case (2) of Theorem [5.2

Corollary 5.20 (to Theorem [5.19). If T : Fly] — F[y] is a recursion operator that lowers degrees by at least
E > 1 and satisfies the recursion whose companion polynomial has the shape (X +ay)?+(terms of total degree < d—D)
for some D > 1 and a € F, then

(Pk - D)(pk -1 . (p¥—D)
Nr(y") < o8k (P

for any k > log,, d.

Proof. Choose k so that p* > d. Multiplying the companion polynomial by (X + cy)pk*d puts us in the
power-of-p case of Theorem [5.19 O

And the second is Theorem exaclty, for the case where d is any number prime to p.

Theorem 5.21. Let T : Fly] — F[y] be a degree-lowering recursion operator so that the sequence {T(y™)}
satisfies a linear recursion of order d where d is prime to p and such that the companion polynomial has the
shape X%+ ay? + (terms of total degree < d— D) for some constant a € F and some D > 1. Let k = [log, d],

so that d < p* =b. Then if| D < % , then

NT (yn) _ O(nlogb(be))'
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More precisely,

(b=1)(b=D)((b=D)'=1) 15,01, (b=D((b=D)" ~1)
dlog,6=D)(h — 1 — D) b—D—1 ’

where £ is the multiplicative order of b modulo d.

Nr(y") <

The proof of this theorem runs through the same argument as the proof of Theorem [5.2] via Proposition
It is technically fussy and not particularly interesting, even more so and even less so than case (3) of
Theorem respectively. See Appendix [D]for the proof.
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Chapter 6
The Hecke recursion

We prove that Hecke operators acting on algebras of modular forms are always recursion operators: if T is
a Hecke operator and f is a modular form, then the sequence {T'(f™)},, of forms satisfies a linear recursion
over the algebra of modular forms. The main proposition is a straightforward generalization of a theorem of
Nicolas and Serre about Hecke operators acting on modular forms modulo 2 [23, Théoréme 3.1]. It belongs
to the same circle of ideas as the theory of the modular equation for j; see, for example, Cox [8, §11.C].

6.1 The general Hecke recursion

Let B be a subalgebra of C or F, or Q,. Let My(B) C B[q] be the space of g-expansions of modular forms
of level one and weight k, and let M(B) := >, My(B) C B[q] be the algebra of modular forms of level one
and all weights.

Lemma 6.1. For any f € My(B) and any prime £ # char B,
(™) = € (o)™ + S o+ f), (A)

where fo == f(q*) and, fori >0, f; == f(Ciq%) for some primitive £** root of unity ¢ in Blu).

[th

Equation is an equality of power series in B[ju][q?], where pg is the set of /0 roots of unity.

Proof. The lemma for m = 1 follows from considering the effect of Ty on g-expansions: Let f = > a,q".
Then fo = > a,q¢™ and f; = 3 a,("q™*, so that
¢

£
fi+t.. 4+ fe= ZZ%CMQ"/Z = Zanqn/zzcm = Zzafnqn’
n 1=0 n

=1 n
where the last equality follows from the fact that Zle(gn)i = ( if ¢ divides n, and 0 otherwise. Since
T,(f) =Y, amq™ + 513 a,q"" for a form of weight k, the case m = 1 is established.

For general m, it suffices to observe that the maps f — f™ and f — f; commute. Applying the lemma for
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m =1 to the weight-mk modular form f” we see that

(™) = (7 (0 + (P o+ (7)) = € (o)™ + (F)™ + o+ (F)™),
as desired. 0

Proposition 6.2. The sequence {Tg(f”)}n satisfies a linear recursion of order £ + 1 over M(B). More
precisely, there are modular forms gy, ..., ge+1, with g; € M, (B), so that for alln > €+ 1,

To(f™) = gu Te(f"™Y) 4 -+ goa Te(f7 D) (B)

Proof. 1t is enough to prove the statement for B = Z, so that we can assume that f is a (classical complex-

analytic) modular form with integer coefficients.

Lemma together with Corollary imply that the sequence {T;(f™)}, satisfies the linear recurrence
associated to the polynomial

Prp(X) = (X =L fo)(X — f1) -+ (X = fo)
=X — g X — g X = X — g e Zlud[a*][X]-

It remains to show that the g;, which are, up to sign, elementary symmetric functions in the f;, are in fact

modular forms of level one and weight ik over Z.

We use the notation of [I2]. Recall that the group GLa(Q)* acts on the space of holomorphic functions on
the upper half-plane, with the weight-k right action of v = (’é Z) given by
- +b
= (det )" ezt ) (L)
(D) () = (det )™ ez + )" f{ =

Define matrices ~; for 0,1,...,¢ as follows:
vi=(g¢) ifi>0, Y0 :=(§9)
These matrices are known to be a complete set of right coset representatives of SLy(Z) in the double coset

SL2(Z)(§ 9)SLa(Z), which defines the T, operator on forms of level one. And indeed, it is easy to check that,
for each 4,

fi =€ flvilk-
For any (3 in SLy(Z), the set 7,8 is also a complete set of right coset representatives for SLs(Z) in the
Ty-defining double coset. And since f is invariant for the weight-k action of SLs(Z), the set

folBlk, filBlk, -5 felBk

is a permutation of the f;s. Therefore, each g;, which, up to sign, is the i*" elementary symmetric function
in the f;s, is invariant for the weight-ik action of SLy(Z). The holomorphy of g; comes from the fact that
it visibly has a g-expansion. (A priori the expansion is in q%, but we have already shown that g; is of level
one.) Finally, I claim that the g; are defined over Z, since a priori the g-expansion has coefficients in Z[u,].
Indeed, the Galois group Gal(Q(u,)/Q) also visibly permutes the f;, so that the g;s are again invariant, and
hence in M;i(Z).

The linear recursion associated to polynomial P ; is precisely equation . O

From equation , it is clear that the recursion is separable.
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Instead of considering M (B) = >, M(B), we may consider the algebra of forms whose weight is a multiple
of some particular m. That is, let M™(B) = ", My, (B). This is still an algebra, and, for f € M, (B)
for some k and m, the sequences {f™} and {Ty(f™)} are both in M™(B), and the recursion polynomial P, ;
from Proposition [6.2| will be in M™(B)[X].

For example, if B = F, and m = p—1, then M™(B) = M?, the 0-graded part of the space of mod-p modular
forms. This is a filtered F,-algebra (see Example in section and the recursion polynomial of T} acting
on powers of f respects that filtration. We restate this in the terminology of Chapter [4}

Proposition 6.3. For any prime p, the Hecke operator T, acting on M° is a proper filtered separable

recursion operator with weights in IF,,.

In the next section, we show that for p = 2,3,5,7, 13, this recursion is also full.

6.2 Examples of the Hecke recursion
Example 1. Let B =7. Then M(Z) = Z[E4, A] & FEgZ|E4, A], and
Pya = X3 +48AX? + (T68A% — AE) X + A®
= X? +48A X7 — (960A% + AE) X + A® € M(Z)[X].
This example was computed by hand using SAGE.
Example 2. The best-known example — B = C and f = j, the modular invariant — falls outside the scope
of Proposition [6.2] as stated because j is not holomorphic at the cusp. But everything works the same way,

and Py ; is the modular equation for j of level ¢, known to be a two-variable symmetric polynomial (in X

and j, in our notation) with coefficients in Z. See Cox [8 §11.C].

The computations for p = 2,3,5,7,13 below rely on the data for P, ; that Andrew Sutherland has made
available online at http://math.mit.edu/~drew/ClassicalModPolys.html|[6].

Example 3. For p = 2,3,5,7, and 13 and B = F,, it is easy to compute that M? = F,[A] (see Chapter
for details), so that P, A is automatically in F,[A, X]. Moreover, using Sutherland’s data, Py A is very easy
to compute: in each case A is a rational function of j, so that Py o can be deduced from P ;. Specifically,

over I, for these small p,

1
A=—— withecy =0,c3=0,¢c5 =0, ¢y =1, and c;3 = 8.
Jt+cp
Therefore
1 1
Ppa = XY P <X ~ g~ cp> e F,[X,Y],

where we're interpreting both P ; and Py A as polynomials in F,[X,Y]. As a corollary, P, o is always a

symmetric two-variable polynomial.
Ezample (p = 2).
Poa=X*"+AX +A* and Psa =X+ AZX* + ATX? L AX + AS
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Ezample (p = 3).
Popn = X3~ AX + A3
Pra=(X—-AP - AX*+ A?X? + APX? — (A* - A)X
Example (p =5).
Pya = X?+3AX? + (3A% — A)X + A®
Pia=X"+3AX" + A2X10 + (3A% + 2A) X7 + (4A°% + 2A% + 2A) X6 4+ 3ATX5
+ (3A% +2A% + A% + A)X* + (2A% + 3A% +4A% + 4A) X
+ (AT +2A° 4 A* + 4A3 + 3A% +4A) X3
+ (BAM +2A7 + 2A° + AT+ 4A3 + 4A? +4A)X + AP
Example (p=7).
Pya = X?+6AX? + (6A% +6A)X + A?
Pya = X"+ (2A% + 2A)X? 4+ (2A% + 6A)X + A*
Ezample (p = 13).
Poa = X2+ 9AX? + (9A2 — A)X + A3

Paul Monsky has a number of conjectures about the shape of the polynomial Py A modulo these small primes p.
The conjectures, as well as a proof for p = 2, are posted in MathOverflow questions 5278 and 153787E|

Corollary 6.4. If p = 2,3,5,7,13, then the recursion operator T, acting on M° = TF,[A] is full in the sense

of section [5. 5[
Proof. The polynomial P, A € F,[A][X] is symmetric and monic in X, so the A" term is present. O

Corollary 6.5. Let p = 2,3,5,7, or 13. Any operator T € A" c Aisa proper and full filtered recursion
operator on M° = TF,[A].

Here A° is the naive Hecke algebra on M?: the algebra of all the polynomials in the T}. See section m

for an extended discussion of this object and its relation to A°.

Proof. Proposition Corollary and Proposition O
Example 4. Let B = Fy;. The space of modular forms modulo 11 is
M =TF11[Ey, Eg|/(EsEs — 1) = Fy1 [ET).
The space is weight-graded M = @, .45 M?*, with M° = Fy;[Ef"] and M?* = E3*M,. Finally,
Pyp, = X? +4E,X* + 6B, € M[X].

Note that this recursion is full: E;? = EZ, so that w(F;?) must be 12 since p — 1 = 10 and there are no

forms of filtration 2.

*http://mathoverflow.net/questions/52781: “What’s known about the mod 2 reduction of the level ¢ Jacobi modular
equation?"

Thttp://mathoverflow.net/questions/153787; “The ‘Level N modular equation for delta’ in characteristics 3, 5, 7 and 13"

T expect T; to be full in this sense for every p.

8In fact, the operators in A are also separable with weights in Fp, but we do not need this for applications.
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6.3 Hecke operators as NROs

In light of Theorem [5.1] we will use the abbreviation NRO for “nilpotent recursion operator” for a degree-
lowering proper and filtered recursion operator 7' : F,[y] — F,[y]. Then Theorem states that if
T : Fply] — Fply] is a full NRO, then Np(f) < deg(f)® for f € F,[y]. For p =2,3,5,7,13, we will want to
apply Theorem to Hecke operators acting on M° = F,[A]. By Corollary and Lemma a Hecke

operator T € A® is a full NRO as soon as T is in every maximal ideal of A°.

Recall that, if 7 is a modular Galois pseudocharacter appearing in M corresponding to system of Hecke
eigenvalues {A({)} = {7(Froby)}, then the operator Ty — A(¢) is in m,. In general A(¢) depends on 7, but in

two special cases, Ty — A(¢) looks the same on all reducible components:

Lemma 6.6. Suppose that T is reducible.
1. If £ =1 modp, then 1(Froby) =2, so that T, =Ty — 2.
2. If £ = —1 mod p, then T(Froby) =0, so that T; = Ty.

Proof. Direct computation for 7 = w®(1 4+ w®), noting that b is odd modulo p — 1. O

Finding Hecke NROs
In light of Lemma and Corollary we can list some ways of finding Hecke NROs.
1. If every 7 appearing in M is reducible (p = 2,3,5,7), then Ty is a full NRO whenever £ = —1 mod p.
This is the case for every T, for p = 2.
2. If every 7 appearing in M is reducible (p = 2,3,5,7), then Ty — 2 is a full NRO whenever ¢ = 1 mod p.

This is again the case for every Ty mod 2.

3. Let A1,..., Az be a complete list of systems of eigenvalues appearing in M. For every /, the operator
T, =11,(Te — Ai(€)) is a full NRO.
4. Let A1,..., A\, be a complete list of systems of eigenvalues appearing in M°. For every ¢, the operator

T =TI, (Ty — Xi(£)), where we restrict the product to a subset of 1,...,4,...k with \;(£) distinct, is
2

a full NRO. Moreover, T" is never in mZ.
5. More conceptually, let A1, ..., A\x again be a complete system of eigenvalues appearing in M°. For each
i, let m; be the ideal corresponding to \;, and find generators T},...,T, 1771, for m; so that each T]? is in
AY. (This can always be done because A° is dense in AY.) Moreover, for each i, find an “approximate
idempotent” E; € A9 with the property that E; € m; for j # i and E; = 1 in Ay, /m;. (Again, this

can always be done by lifting true idempotents of [[ A, /m;.) Then the set
{Einil <j<m}
consists of full NROs with the additional property that they generate each m,.

We will use full NROs of type (1), (2), and (5) in Chapter
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Chapter 7

Generators of reducible local

components of the Hecke algebra

In this chapter, we assume that 7 is reducible and describe an algorithm to find modified Hecke operators
T, that generate the maximal ideal m, of the local component of the Hecke algebra. We are particularly
interested in the question of finding generators for multiple A, simultaneously.

We will prove the following theorem:

Theorem 7.1. Suppose Vandiver’s conjecture holds for p. Then there exist infinitely many pairs of primes
(04, 0_) with {1 = £1 modp so that for every reducible modular pseudocharacter T : Gg,, — F,, the ideal
m, of A, is generated by Ty, —2 and Tj_.

Without assuming Vandiver’s conjecture, we can only guarantee that Ty, —2 and T, _ are linearly independent

in m,/m2, so part of a generating set of m,.

The theorem is proved in section |7.4

Notation review

We use the notation of Chapter[2] and especially Section The most important notation is recalled below.

e A, is alocal component of the shallow Hecke algebra acting on modular forms modulo p. Its maximal
ideal m, corresponds to a modular Galois pseudocharacter 7 of the Galois group G = Gg,, defined
over I, a finite extension of Fp,.

e D, is the functor that takes F-algebras B to the set of odd, constant-determinant deformations
7 : G — B of the pseudocharacter 7. That is, the constraints are 7(¢) = 0 for complex conjuga-
tion ¢ € G (automatic for p > 2 since 7 itself is odd) and det7 = det 7.

e (R;,mp_) is the complete local noetherian F-algebra representing D, equipped with universal defor-
mation 7, : G — R,.

e ( always refers to a prime different from p. It parametrizes Hecke operators T, € A, and modified
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Hecke operators T, = Ty — 7(Frob;) € m,. It also parametrizes elements ¢, = 7(Frob;) € R, and
7 =ty — T(Froby) € mp_ of the universal deformation ring that map to T, and T}, respectively.

A word of warming: the symbol A will, in this chapter only, refer not to the modular form or its residual
g-series, but to the Galois group Gal(Q(up)/Q).

7.1 The algorithm for p > 2

The algorithm presented below is inspired by Bellaiche’s treatment of the case p = 3 in [5, appendix]. It
uses his prior work on pseudodeformations in [3] as well as mild extensions in [B, Section 10]. We assume
that p > 2 and that Vandiver’s conjecture holds for p. For p = 2, see section below.

Any reducible pseudocharacter has the form w®(1 + w®) for some a and b defined modulo p — 1. Note that
F =, in this case.

Recall that we have a surjection R, — A, (described in section [2.5.2). By Nakayama’s lemma, computing
generators for m, is equivalent to finding a basis for the cotangent space m, /m2. Fortunately we have access

to its dual, the tangent space
(mg, /m} )" = Hom(mp, /m% ,Fy) = Dr(F,le]).

We will find 74 and 7_ in D, (F,[e]), with 7_ reducible and T2 irreducible lifts of T to F,[¢], thus necessarily
linearly independent (Theorem 2 and Proposition 2 in [3], but clear in our case from analysis below).
Vandiver’s conjecture allows us to assume that dimp, D; = 2, so that the two deformations that we find will
form a basis (Proposition .

Once we have a basis for the tangent space, we can find a basis for the cotangent space mp_/ m%r. More

precisely, we will show that it is possible to find primes ¢_ and ¢, satisfying

Basis conditions
e 7_(Froby_ ) nonconstant, so f_(t, ) nonzero

e 74 (Frob, ) nonconstant, so f.(t;, ) nonzero
o 7_(Froby, ) constant, so f_(t;,) =0

Here f_ and fy are the maps mp_ /m%T — F,, induced by maps R — F,[e] corresponding to deformations

7_ and T4, respectively.

It is now clear that the images of t;, and t2+ will form a basis for mp_ /m%T. By Nakayama’s lemma, they
generate mp_. Finally, the surjection Rz — Az will imply that 7, and Tler generate m, as an ideal, and

hence all of A, topologically as an algebra.

We now describe how to find 7 and 7, for 7 = 1 + w®. Once we find these, we can use them to deform
w1+ w?): namely, w®7_ and w® 7, will be the corresponding deformations for w?(1 + w”). However, since
we are mainly concerned with whether 74 (¢g) is nonconstant, the particular deformations are irrelevant. If

we find ¢4 so that T} . generate m,, the same £ will work for my.a - (and the Hecke algebras are isomorphic:
Proposition [2.41]).
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7.2 The reducible deformation 7_

The group Gal(Q(u,2)/Q) is isomorphic to (Z/p?Z)*, which sits in an exact sequence
1 — (14 pZ)/p°Z — (Z/p°L)* — (Z/pZ)* — 1.

This sequence splits via a mod-p? Teichmiiller lift, so that (Z/p?Z)* projects onto (1 + pZ)/p?Z, which we
can identify with Z/pZ. This gives an additive character a : Gal(Q(pp2)/Q) — Fp.

Then xo := 1+ ac is a deformation of the trivial character Gg , — F,le]*, and
Ta i = Xa + W’ X—a
is a reducible deformation of 7 with determinant det 7. Let 7_ := 7.
It remains to understand the primes ¢ so that 7_(Froby) is nonconstant, that is, has a nonzero e-part. For
any g,
7_(9) = 1 +ea(g) +w’(9)(1 — ealg))
= (1+w’(g)) +ealg) (1 —w’(g)).

We are looking for elements g = Froby so that both a(g) # 0 and w®(g) # 1. The kernel of « is those g € G
whose order in Gal(Q(s,2)/Q) is prime to p. In other words, a(Froby) # 0 if and only if /=" £ 1 mod p*.

Corollary 7.2. With 7_ as above, T—(Froby) is nonconstant if and only if both
?* £ 1 modp and P! # 1 mod p?.

Note that any £ = —1 mod p but not congruent to —1 modulo p? will satisfy these requirements. Indeed, if

¢ = —14ap mod p? then P~ = 14ap mod p?, which is congruent to —1 modulo p? if and only if p divides a.

7.3 The irreducible deformation 7,

This construction is a little more involved. In the first two sections, we discuss some cohomological prelimi-

naries; 74 is constructed in section m

7.3.1 The cohomology of w*

Reflection principle preliminaries

Recall that G = Gg, = Gal(Q?/Q), where QP is the maximal extension of Q unramified outside p and
0o. Let K = Q(up) and A = Gal(K/Q), and H C G be the kernel of the quotient map G — A so that
H = Gal(QP/K). Finally, let p be the prime of K above (p), and E C K* the group of elements that are
units away from p.

For any F,[A]-module A, we write A[w] for the subspace on which A acts through w*. Since the order of

A is prime to p, there is always a decomposition A = @i;g AlwH).

Let K be the maximal abelian exponent-p extension of K inside QP, and I = Gal(f( /K), an elementary

p-group. By Kummer theory, abelian exponent-p extensions of K are obtained by adjoining p'" roots of
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representatives in K /(K*)P. Restricting to extensions unramified outside p forces K to be obtained by
adjoining representatives of E/EP. By a refinement of the Dirichlet unit theorem (for example, Washington
[31, Proposition 8.10]),

1 ifk=1orkiseven modulo (p—1
dimg, B/EP[w"] = =1
0 otherwise.
Since K is a Kummer extension of Q(p), it is Galois over Q and A acts on I by conjugation:

1-T — Gal(K/Q) = A —1

Therefore T also breaks up into A-eigenspaces: I' = D, ['[w¥]. This decomposition is closely connected to
the decomposition of E/EP. For k = 1 or k even, choose a € K representing F/EP[w*]. Then K(a%) is
contained in K and is Galois over Q. Therefore I', := Gal(K(a%)/K) is a A-eigenspace inside .

Proposition 7.3. Ty = I'[w!™*]

Proof. Washington, [31, section 10.2]. This is a special case of the reflection principle. There is a A-
equivariant perfect pairing
T x E/EP — pu,
1
v(+4)

1
ur

(v, u) —
The pairing restricts to a perfect pairing of A-eigenspaces
T[w’] x E/EP[w*] = p,

if and only if j + k = 1 mod (p — 1). Since I',, permutes the p'" roots of a, we are forced to conclude that
I, = Tw!=*]. O

Explicit cocycle for w*

Switch of notation. Suppose k is odd modulo p — 1. Choose « € E representing E/EP[w'~*]. Recall that
we let I'y, = Gal(K(a%)/K), and A acts on I' through w®. Let G, = Gal(K(a%)/@).

Proposition 7.4. The map ci : Go — F;, defined by, for g € 'y,

extends uniquely to a nonzero element of H' (G, wF) TN HY (G, wb).

Vandiver’s conjecture for p implies that dim H'(G, w*) = 1, so that this cocycle generates (Proposition
2.15).

Proof. By inflation-restriction we have an exact sequence

0— H' (A, (W) - HY(G,w*) = HY (H,w*)® — H?(A, (05)H).

The second and last term are both 0, since A has order p — 1, so that all of its cohomology groups over F,
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are trivial. Moreover, since H acts trivially on w, we know that H'(H,w*)® = Homa (H,w"), so that
HY(G, «*) X5 Homa (H, w*) = Homa (T, w*) = Hom(T'y, F,).

Here the first equality is from the exact sequence, the second is IFp(wk) is an abelian group of exponent p,
and the third is due to the fact that I'[w*] = T',.

Therefore H'(G, w*) factors through G, = Gal(K(a%)/Q), and the definition of ¢; on the subgroup
T'nw C G, is exactly as claimed. From the cohomological exact sequence we already know that ¢ must

extend uniquely to T'.
O

Corollary 7.5. Suppose c is a cocycle representing an element of H' (G, w*) in the same line as c, defined
in Proposition , If g € G is an element whose image in G is a nontrivial element of Ty, then c(g) # 0.

Proof. Since H'(G, w*) factors through G,, we may as well assume that 1 # g € I',. It’s clear that
ck(g) # 0. Changing cj, by a coboundary means adding a(w*(g) — 1) for some a € F,. But o.)’“|F =1, so
that ¢(g) is still nonzero. O

7.3.2 Constructing 7,

We now construct 7, for 7 = w” + 1. We make a guess and prove that our guess is a constant-determinant
pseudocharacter deforming 7. In fact, 7 is the trace of an irreducible representation of Gg,, over F[e]; this
more conceptual construction is given in Appendix [E]l In either case, we use the ideas of [3] and [5] section

10], but both constructions are self-contained.

We use the notation of the previous section. Let o and 3 be nonzero representatives in E/EP[w!~%] and
E/EP[w'*?], respectively. These exist because b is odd mod p— 1, but note that they may coincide if b = %
(so only if p = 3 mod4). Using Proposition we obtain cocycles ¢, € H'(G, w), factoring through

K(a%), and c_, € HY(G, w™?), factoring through K(B%)

Recall that D, is the functor that takes profinite F-algebras B to the set of deformations 7 : G — B with
constant determinant det 7 = det 7 (the oddness condition is automatic for p > 2). Also let D¢ C D, be
the subfunctor of reducible deformations 7. Then there is an exact sequence (see [3, Theorem 2| and [5]
Proof of Proposition 20] and Proposition

0 — DY(F[e]) = Dy(Fe]) — Extg(1,w’) ® Bxtg(wh, 1) — ExtZ (Wb, w?) @ ExtZ(1,1) = 0.

Here the last arrow is the Yoneda product in both directions. The space Di*d(F[¢]) is one-dimensional,
generated by 7_ (see section . Assuming Vandiver’s conjecture, both Extg(1,w?) and Extg(w?, 1) are

one-dimensional as well, generated by cocycles ¢, and w® c_y, respectively. These satisfy cocycle conditions

ab(gh) = cy(g) +w'ep(h) (A)
c_p(gh) = c_p(g) +w ey (h). (B)

Moreover, since Exté(wb, wb) =0, we can find a 1-cochain X : G — F whose boundary is ¢, U wlc_y:
er(g) (W)e-o(h) = ()X (h) + X () (h) — X (gh). (©)
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Similarly, we can find Y : G — F whose boundary is w’c_, U ¢, € Extg(1,1) = 0:
W (g)e-s(g)es(h) =Y (g9) + Y (h) = Y (gh). (D)
The X and Y that we have found are not unique: for example, it’s clear that Y may be altered by adding
an additive character of G, and X by adding an additive character twisted by w’.
Proposition 7.6.
1. The map o : G — F,, given by
a=w X +Y +cpe_y G—T,

is an additive character of G to IF,,.

2. The two maps t : G — Fyle] given by
t=14wt+e(X+Y)

tozt(l—ga),

are both pseudocharacter lifts of T to Fple]. Moreover det t = det 7.

See section [2.4.1] for definitions.

Proof. o is an additive character: This is a many-term identity that uses all of the identities , ,
, and @
a(gh) — a(g) — a(h)
= w "(gh)X (gh) + Y (gh) + cy(gh)c—p(gh) —w™*(9)X(9) = Y (9)
—ap(g)e—p(g) —w ()X (h) = Y (h) — ey (h)e—p(h)
—...=0
Since the defining identity @ for Y is unchanged if Y is altered by an additive character, and the defining
identity for X is unchanged if we add w® times an additive character, we see that t° is just ¢ for another
choice of X and Y:
t0=t(1-% a) :t—ga—gwba
_ _a _ Y
—T+5(Y 2)+5(X w 2).
Therefore anything that is true for ¢ that follows formally from the identities , , , and @ is also

true for to, and vice versa.
Now we prove that ¢ and ¢ are pseudocharcter lifts of 7 to Fp[e]. They are certainly lifts of 7.

Identity maps to 2: From equations and (D)) we see that X and Y restricted to either Gal(@p/K(a%))
or Gal(Q?/K (B %)) become homomorphism from either group to F,,. Therefore both X and Y factor through
some exponent-p extension of K(a%,ﬂi); in particular X (1) = Y(1) = 0, so that ¢(1) = 2. Similarly, 1-
cocycles always satisfy ¢(1) = 0, so that t°(1) = 2.

Centrality: The sum of the identities and @ show that X + Y is central. Therefore ¢, and hence t°

is central as well.
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Constant determinant for t°: We compute det ¢:

(ett) = M) L (14 ) 42X + ¥ () 1 - H(P) - eX() - e ()

= w’(g) + %(2X(9) +2Y (9) +20°(9) X (9) + 20" (9)Y (9) — X(9%) — Y (¢°))
= (g) + (X (9) + W (9)Y (9) + " (9) cb(g)c-o(g) )

= (det 7)(g) (1 + ea(g)),
where we’ve used both identities and (D) with (g, h) = (g,9). It follows that d is multiplicative, since o

is an additive character. Moreover, is easy to check using the definition of det that, if ¢ is any map and x is

a (multiplicative) character, then det(xt) = x? dett. Therefore
2
det(1°) = det(t) (1 - %a) — (det 7)(1 + ca)(1 — ea) = det T
as desired.

Trace-determinant identity: It is also easy to check that, if x is a multiplicative character, then the

trace-determinant identity for ¢ holds if and only if the trace-determinant identity holds for xt.

So it suffices to see that t(gh) + d(g)t(g~1h) = t(g)t(h) for all g, h. This is a completely straightforward but
even longer computation using identities and @ with (g,h) = (971, h). O

Set 7, := t°, and make the change ¥ +— Y — S and X — X — wb% so that 7, is still of the form

Ty =7+e(X 4Y) where X and Y satisfy identities and (@, but now additionally the e-component of
the determinant is zero, so that
WY + X = —wlepey. (E)

In other words, the new o = 0.

7.3.3 Analyzing 7,

If g € G = Gg,p fixes either K(a%) or K(B%), then at least one of ¢, or c_, must be zero, and certainly
wb(g) = 1. From equation [E| we see that

X +Y =0 on Gal (QV/K(a¥)) U Gal (Q°/K(87))

(that’s a union of two subgroups). Conversely, if w’(g) = 1 and g moves both ar and B%, then both ¢;(g)
and c_p(g) are nonzero, so that, by equation [E| again,

X+Y #0 on Gal(QF/K) — (Ga1 (Q?/K(a¥)) U Gal (QP/K(,B%))). (F)
We have proved

Proposition 7.7. There is an irreducible constant-determinant deformation 74 : G — Fple] of 7 = wh 41
that satisfies the following:

If g generates both T, = Gal(K(a%)/K) and T'g = Gal(K(B%)/K), then 74 (g) is nonconstant.

Here o and 3 are two p-units whose images in E/EP are in the w!~’- and w!*’-eigenspace, respectively.
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Corollary 7.8. If { = 1 modp is a prime so that neither a nor 3 are p™ powers in Fy, then 7, (Froby) is

nonconstant.

We justify the statement of the corollary: ¢ = 1 mod p, then £ splits completely in K, so that the residue field
of a prime A lying over ¢ in O is Fy. Therefore we can view elements o and  of K in Fy. For £ =1 mod p,

there are 571 perfect p*" powers in F,.

Proof of Corollary[7.8 We translate the condition that ¢ = Frob, generates Gal(K (a¥)/K) into a statement
about /. First of all, we must have ¢ = 1 mod p; otherwise, Frob, won’t be in Gal(QP/K). If A is a prime of
K lying over /, then the action of Frob, = Frob, on av is uniquely defined by the congruence

Froby (o) = (a%)z mod \.

An element of Fy is in F, if and only if it is fixed by the ¢! power map. And Frobenius elements modulo

unramified primes of an extension lift to characteristic zero uniquely. The claim follows. O

If & and B are obviously elements of F, (if they are represented by integers, for example), then the condition
that £ = 1 mod p in Corollary is superfluous: if £ # 1 mod5 then every element of F, is a perfect p'P

power.

Finally, we note that the Chebotarev density theorem guarantees that we can always find such ¢. Their

density is pp—21 if a # g and % otherwise.

7.4 The takeaway for p > 2

We have now constructed two deformations 7_ and 7 of 7 = 1 + w® and proved that they satisfy the

following:

e 7_(Froby) is nonconstant if and only if #* # 1 modp and #°~! # 1 mod p?
e If /=1 and a and 3 are not p** powers in Fy, then 7, (Frob,) is nonconstant.

Here « and 8 are two elements of Q(y,) depending on b.

It is clear that if we choose /- = —1 modulo p but not modulo p?, and £, = 1 modulo p satisfying the
additional condition on o and 3, then /_ and £ satisfy the basis conditions from p. Therefore T, and

Te/+ will generate m, and hence A,.

7.4.1 Examples

Example (p = 3). The case p = 3 is done in [0 appendix|, but we repeat it here for completeness. For

p = 3, the only possible reducible 7 is 1 + w, so that b = 1. Therefore,
(_e{l:0#1mod3, *#1mod9} ={¢:¢{=2mod3, £# —1mod9}
={2, 5, 11, 23, 29, 41, 47, 59, 83, 101, 113, 131...}.
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To find ¢, we need 3-units of Q(u3) on which Gal(Q(u3)/Q) acts through w!*® = 1 mod third powers. So
we can take o = 8 = 3. Therefore
_ e {f:{=1mod3, 3isnot a perfect cube mod ¢}
— {7, 13, 19, 31, 37, 43, 79, 97, 109, 127,...}
The smallest pair is ({— =2, £, =T).

Example (p = 5). For p = 5, there are a priori two 75, 1 + w and 1 + w3, but they are w-twists of each
other. So b = +1. (And indeed, the construction of both ¢_ and ¢, the same for +b.) Therefore,

(_e{l:0#1mod5, ¢*#1mod25} ={f:0#1mod5, ¢#+1,+7 mod25}
=42, 3, 13, 17, 19, 23, 29, 37, 47, 53, 59, 67, 73, 79...}
For /,, we need 5-units of K = Q(us) on which Gal(Q(us)/Q) acts through w'*? = {w® w?} mod fifth
powers. One of these is the trivial action, so we can take & = 5 again. The other one must be in Oj.
Moreover, from |31, Chapter 8|, we know that this unit 8 can be taken from K™, which is the real quadratic

field Q(v/5) in this case, whose unit group has rank 1. And because the roots of unity are in their own

separate w-eigenspace, any unit of infinite order in Q(\/g) will work — for example, 8 = 2 + /5.

We verify: for a € (Z/5)*, let 0, € Gal(Q(us5)/Q) that acts on (5 € ps via 0,(¢) = ¢*. Then, on one hand,

a=4+1mod5 = 0,(2+V5)=2++5and a = +2 mod5 = 0,(2++/5) = 2—+/5: that’s the only way

to get an order-2 quotient of (Z/5)*. On the other hand,

245 if a=+1

(2 + \/g)uﬂ(gn) — (2 + \/g)a2 _
—(2—+/5) ifa=42.

Since —1 is a fifth power, these two actions coincide modulo fifth powers. (We get the w?-action on the nose
if we start with a unit of norm 1, such as 82 = 9 +4+/5.) In any case,

ly € {E =1mod5: 5and 2+ /5 are not 5™ powers modulo E}
= {11, 41, 61, 71, 101, 131, 151, 181,...}.

Note that, by quadratic reciprocity (%) = (g) =1, so that v/5 € Fy. (Of course we already knew that since
¢ splits completely in Q(us).)

The least pair that will work is (¢ =2, ¢, = 11). But it can be handy to have /_ = —1 mod p for reasons
explained in Lemma so we record ({_ =19, ¢4 = 11) as well.

7.4.2 Proof of Theorem (7.1

Recall that Lemma explain why it is convenient to choose primes congruent to +1 modulo p: in this

cases, modified Hecke operators look the same on all reducible components.

Proof of Theorem[7.1} See Section [7.5] below for p = 2, so assume that p > 3.

For each reducible 7 mod p, we have constructed 7. and 7_ and used them to find two primes whose
associated modified Hecke operators generate m, /m2. It remains to show that we can do this simultaneously

for all reducible 7 mod p.
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For ¢_, this is easy: we have already noted that any £ = —1 modulo p but not modulo p? will do. We just
have to check that the requirements on ¢4 can be met over all components simultaneously. The group r
defined in section is isomorphic to IFPPTH, one F,-dimension for every wk-eigenspace for k even modulo
p — 1 and for £ = 1. Of these, all the even ones are of the form 1 — b for some odd b corresponding to a
pseudocharacter of the form 1 + w?, so that there are % distinct useful-for-tangent-computations p-units.
(The extra one that we never use comes from the torsion part of the unit group, generated by ¢,. The action
of Gal(Q(pp)/Q) on ¢, is through w, which reflects to b = 0, which never appears since our pseudocharacter
is odd.) In any case, the requirements on ¢ over all reducible components amounts to requiring Frob,, to
project to a basis for each of the % special lines (the Gal(Q(u,)/Q)-eigenlines) in the group ]sz%l- This
is clearly possible: (p — l)pr1 of the p”= elements do it.

By the Chebotarev density theorem, there are infinitely many primes ¢, that move every useful eigenunit in

E/EP. Their density is
p—3

1<p_1>2
p p

7.5 The case p=2

Recall that for p = 2 we use Chenevier pseudorepresentations and keep track of the determinant along with
the trace. In [30], Tate proves that there is only one modular pseudorepresentation of G = Gg,2, namely
(r =141, d =1). The infinitesimal pseudodeformations of 7 factor through I' = Gal(Q(i,v/2)/Q) (see [7,
Lemma 5.3]), which is isomorphic to the Klein-4 group. Write I' = {1, g, h, ¢}, where g fixes v/—2, h fixes i,
and c fixes v/2. A basis for those with determinant 1 and 7(c) = 0 is given by 7, 7, where 7,(g) = 7, (h) = ¢,

and all the other 7-values are 0. These are visibly a basis for D...

A curious note: While both 7, and 73, are reducible as pseudorepresentations of G = Gg,2, both are traces of
irreducible true representations of G factoring through two different D4-extensions of QQ, the former through
Q(i, (—2)%) and the latter through Q(i,2%).

In any case, the maximal ideal of A, is generated by (7y,,T},) where £; = 3 mod 8 and £, = 5 mod 8. This

happily matches Nicolas and Serre’s discoveries in [23].
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Applications to p =2,3,5,7,13

We apply the nilpotence method to small primes with M° = F,[A]. The results are summarized below. The
isomorphism © : A, —> A, is induced from the #-map on modular forms modulo p; see section

Theorem 8.1.
e For p = 2, the Hecke algebra is A = Fo[T5,T5] = Fao[T,, Te,] for any pair of primes {3 and €5 with
{; =i mod8.

e For p =3, the Hecke algebra is A = F3[Ty, Ty — 2] = F3[T,_, Ty, — 2] for any pair of primes {_ and
{4 satisfying
{_ congruent to 2 or 5 modulo 9,

3 is not a perfect cube modulo £ .

e For p =5, there are four twist-isomorphic reducible local components. In each case,
A =Fs[Ti1 — 2, Too] =F5[Ty, —2, Tr—1—¢7"]
for any pair of primes satisfying
{#1 modb5 and £ # +1,4+7 mod 25,
neither 5 nor 2 4+ /5 are perfect fifth powers modulo £, .

e For p =17, there are nine local components, all reducible, in two isomorphism classes up to twist. In
each case,
A =TT, -2, T,_],
where {_ is any prime congruent to —1 modulo 7 but not modulo 49; and ¢, is congruent to 1 modulo
7 with additional conditions described in Corollary [7.8

e For p =13, there are 48 local components: 36 are reducible in three different isomorphism classes up

to twist, and 12 irreducible and twist-isomorphic. If T is reducible, then

A‘r = ]F13HT£+ - 27 Tg_ﬂ,
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where {1 satisfy similar conditions as above. Moreover, A; ~ T3]z, y] for every .

The case p = 2 recovers a theorem of Nicolas-Serre [24, Théoréme 4.1]. The case p = 3 is new. The case
p > 5 recovers and slightly refines results of Bellaiche-Khare [5, Theorem III, Theorem 22].

The rest of this chapter is devoted to the proofs of all these statements, prime by prime. We will again use
the shorthand NRO for a proper degree-lowering recursion operator in the sense of section
Recall that full NROs are precisely what Theorem applies to.

Proposition 8.2. Let p = 2,3,5,7 or 13. Let T € A0 s in every mazimal ideal of A°. Then T is a full
NRO on M° and hence N (f) < (deg f) for some o < 1.

Proof. Lemma Corollary [6.5, and Theorem [5.1} O

Corollary 8.3. Let p=2,3,5 or 7.

1. If { =1 modp, then T =Ty, — 2 is a full NRO on M?O.
2. If ¢t = —1 mod p, then T = Ty is a full NRO on MP°.

In each case, Np(f) < (deg f)* for some oo < 1.

Proof. Lemma [6.6] plus the fact that none of these primes have irreducible components, which follows from
Theorem And then Proposition O

82 p=2

There is only one modular 7, namely, (tr = 0, det = 1), coming from p = 1®1, which is the unique semisimple
representation Ggo — GL; (F). This uniqueness is a theorem of Tate from the 70s [30] using discriminant

bounds, but see also the elementary observation of Serre described in [0, footnote in section 1.2].

Moreover, M = M, = F5[A], and maximal ideal m of A = A- is generated by T3 and Ts (Section [7.5)). The
corresponding Hecke polynomials (computed in Section and tuple of initial values (easy to compute by
hand) are:

Pya=(X+A)*+AX initial values = [0,0,0, Al;
Psa=X0+ APX P+ A X2+ AX + A% = (X + A)° + AX initial values = [0,0,0,0,0, A].
Theorem applies to T3 acting on M with p*¥ = 4 and D = 2, and to Ty acting on M with p* = 8 and

D = 4. Therefore,

N3(A") < cip(n)/2 < 3V N5(A") < csa(n)/4 < Inf.

The nilpotence index N(A™) := N3(A™) + N5(A™) for n odd (i.e., A™ in K) has been studied in depth
by Nicolas and Serre in [23, 24]. They give a surprising exact formula for the minimum & for which m¥
annihilates A", which implies that 1\/n < N(A") < 3,/n for n odd. Their proof that A = F[T3,T5]
proceeds more or less immediately from the formula for N(A™) by duality. The upper bound for N5(A™)
that we get from Theorem leaves something to be desired in comparison.

Since % is less than 1, Theorem applies for 75,75 and f = A. Since 7 is unobstructed, A = Fo[T5, T5].
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Alternatively, we can use generators Ty, and T, for any primes ¢35 and {5 with ¢; congruent to ¢ modulo 8.
Use Corollary [8:3] and then Theorem [3.3] applies for Ty, , Ty, and f = A.

83 p=3
For p = 3, there is again only one 7 =1 + w (Serre [28]), so that A = A,. Again M =TF3[A].
Generators for the Hecke algebra are computed carefully in section [7.4.2} The generators using the smallest
primes are Ty and 77 = T7 — 2. Again, we see P a, I} o and the initial values for each relevant /.
Pya=X?—AX + A? initial values = [0, 0, A]
Pra=X+AXT+AX°
+ AXD 4+ (X = AD)XH + (A + A X3 + (A5 + AHX? + (AT - A* — A)X + A8
= (X —APF—AX*+ AZX3 L A3X2 — (A*+A)X
initial values = [—1, —A, —A?, A3 —AT + A, —A° — A? —AS —AT - A+ A]
Pia=(X-A)Pra=X"—AX° - A’X* 4+ (A* = A) X + (A% + A?)X — AP
initial values = [0, 0, 0, 0, A, =A%, 0, —A* + A, A% — A?].
Clearly, Ty and T are full NROs, so that Theorem applies to Tp with p* =2 and D = 1, and to T% with
p* =9 and D = 3:

Ny(n) < 4n'°8s? ~ 4063 N7(n) < 48plo8s6 ~ 320082,

Computationally, one sees that both Na(n) and N7(n) grow like v/n on K.

Finally, Theorem applies for T, T3 and f = A. Since 7 is unobstructed, A = F3[Tz,T7 — 2]. Use
Corollary [8-3] and Theorem [3.3] for other generators.

85 p=5

Because Ey = 1, we know that M = F5[Eg], which we decompose first into weight-mod-4 components:
M° = F;5[EZ] and M? = Eg F5[EZ], and then we can take advantage of the fact that A = 2 —2EZ to arrange

things in more convenient form:
M° =TFs5[A], M? = EsFs[A]

We also have four modular pseudocharacters, all twists of one other: w? + 1, 1 + w, w + w?, and w? + w3.
Let 7, = wh~! 4+ w¥ for i = 0,1,2,3. Moreover M® = M, & M,,.

The algorithms in Chapter (7| tell us that m., = (T, _, T,f+)7 where
{{-#£1modb, £_ #£+1,£7mod25} = ¢_ €{2,3,13,17,19,23,29,37,47,...}
{£+ =1modb5, 5and 2+ V/5 are not 5t powers in IFng} = ¢y €{11,41,61,71,101,131,151,181,...},

so that m,, = (Tg + 27“, T — 2) = (Tlg, T — 2), depending on whether we want the smallest ¢/_ or the

one that has a unified modified form in every component.
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The Hecke polynomials for Tj; = T1; — 2 and Tig acting on M° = F5[A] are long to write out, but their
general shape is
Plia=X—-A)PuaX)=(X~- A)'3 + [terms of total degree < 9]
Pig.a = (X — A)? 4 [terms of total degree < 18].

so that the descent D is 4 and 2, respectively. Moreover, the operators lower degrees by 4 and 2, respectively.
Theorem applies with (p¥, D, E) equal to (25,4,4) and (25,2, 2), respectively, so that

Nll(An) < 6.3n10g2521 ~ 6.3n0'946 and ng(An) < %n10g2523 ~ 12.67’L0'974.

Finally, Corollary applies, and then Theorem with T7;, Ti9 and f = A, so that at least one of
A, A, has dimension at least two, and hence is power series ring in two variables because these 7s are
unobstructed. But A,, and A,, are twist-isomorphic, so that both are isomorphic to F5[7};,T19]. Same for
the other generators.

Remark. Results of Jochnowitz in [I8, Theorem 6.3] can be used to show that M° = F5[A] has a basis
{90,91, 92, ...}, with g, of A-degree n, satisfying

gn € M, iff n is even and gn € M, iff n is odd.

Such a basis is a priori not unique: g, is only well-defined modulo {g,_2,gn—4,...) and up to scaling.
We can force uniqueness in various ways; here is one: let g9 = 1 and g, for n > 1 be of the shape

A" + Zgé% a; A" 172 for scalars a; € F,. Then we can compute:
go=1, g1=4, ¢g2=A>"4+2A, g3=A>+4A% g =A*+4A>+3A, g5 = A5, etc.

It’s worth noting that 3ga = 6?(A) is in the kernel of Us and a true Hecke eigenform, the reduction of a
normalized cuspidal eigenform in So4(1,Q(1/144169)). But g5 = A® is just an A-eigenform, not in K.

87 p=7

For p = 7, we know that Eg = 1, so that M = F7[E4]. The weight grading is modulo 6, so that we have
M=M"® M?@® M* =F;[E}]® E?M° @ E,M°. Finally
B} — E§

A =
1728

so that MY = F7[A].

Every 7 is reducible (Theorem [2.42)) so that there are three of them in M°: namely, 7 € {1+w®, w+w?, w?+w?}.

Let 7; = w® 4+ w®~%. Then 7 and 75 are twists of each other.

By Theorem we can find two primes £+ so that T, — 2 and 7T,_ generate each maximal ideal. Then
Theorem applied to these operators and f = A guarantees that at least one of the eigencomponents has
dimension at least 2, and hence is isomorphic to F7[T,, —2,T,_] because it is unobstructed.

Using Jochnowitz’s results from section 2.8:1} we can do more. Corollary 245 guarantees that, for each i,
we can find an sequence of eigenforms {fo, f1, f2,...} in K, with w(f,) depending linearly on n. And now
Corollary with generators T, — 2 and T;_ implies that dim A, > 2 for each ¢, which, in turn, implies

that A, is a power series ring in the two generators.
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Remark. Again, [18, Theorem 6.3] implies that M° = F7[A] has a basis {go, 91, g2, - - -}, With g,, of A-degree
n, satisfying

gn € M, <= n =0 mod4; gn € M, < n==1 mod4; gn € M;, <= n=+2 mod4.
Normalizing in a similar manner to the case p = 5 above, so that gy = 1, we can compute:

=24, gp=A"+A, g3=A>+2A% gy =A"+4A3 £ 5A% £ 5A, g5 = A° +2A* +2A%.

Here g1, g2, and g4 are reductions of true cuspidal eigenforms of weight 12, 24, and 48, respectively.

8.13 p=13

Express E12 as a polynomial in E and E2:
691F1 = 441E3 + 250E2.
That means that the algebra of modular forms is

M =TF3(Ey4, Eg)/(3EG — Ej — 2).

The 0-graded piece is M© = Fy3[E3, E2]/(3E2 — E — 2) = F13[E?2] with B = 3E2 — 2. At the same time,
E} — E2
1728

so that once again M° = Fy3[A]. Note that E3 = 3E? —2 = 3(1+6A)—2 = 1+5A, so that j = EKZ = LA

_ 1
whence A = s

A= =E2 - E}=2-2F2,

There are six reducible 7s in M°, namely,
Fe{l+w!, w+wl W+ WP+l W+, W W)
The first and last are twist-isomorphic, as are the second and the second-to-last, as are the middle two. As

before, let 7; = w' + w!'~* for i = 0,1,...,5.
Plus there are two irreducible 7s, namely 7a and 7gs A)E

There are no more 7s in M°: any 7 in M has a twist coming from an eigenform of filtration k with 4 < k < 14
(Theorem . We have accounted for all the ones from Eisenstein series (there are always ”2;1 reducible

components in M?) and the only cuspidal eigenform appearing in weight bounded by 14 is A.

Theorem @ guarantees infinitely many pairs of Hecke operators T, =T, — 2 and T_ = T),_ that generate

all of the maximal ideals m.,.

Claim. We can find a Ty and a 7_ that are also contained in m,, .

Proof of claim. It suffices to find £+ with a;,_(A) = 0 and a,, (A) = 2. Since the /_ is defined by congruences,

*That Ta is irreducible at 13 is well known ([29], for example) but also very easy to see: if T7a were reducible, then
7(Froby) = a;(A) would depend only on ¢ modulo 13. But

A = q+2q2 +5q3 + 10(]4 +7q5 + 10(16 +6q8 +3q9 +l]10 + 11q12 +8(113 +qui’)
+7¢"0 +4¢" 4+ 6¢"° + 3¢" + 5¢*° + 11¢* + 4¢** + 2¢* + 3¢*° + 9¢*" + ¢*° + O(¢*),
and, for example, 5 = a3z(A) # a29(A) = 1.
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is easy to find one: ¢_ = 1741 satisfies aj741(A) = 0.

For ¢, we use the notation of section Consider the (irreducible) representation pa : Gg,13 — GLa(F13)
whose trace is 7a. We want to find an element g of H = Gal (Q'%/Q(13)) so that both tr pa(g) = 2 and the
image of g in [ is in some list of allowable elements. Then the Chebotarev density theorem will guarantee
that we can find an £ so that g = Frob,_ satisfies the same conditions, since the conditions factor through

a finite extension of Q.

The representation pa restricted to H lands in SLy(IF13) since det pa = w™!, which is trivial on H. Moreover,
by [26], 3.3 (Exemple f = A)] the prime 13 is not exceptional for A, so that the restriction of pa to H surjects
onto SLQ(Flg).

Consider the map H paxproj, GL»(F3) x T. It would suffice to know that this map is surjective. The image

R C SLy(Fq3) x r surjects onto both components. By Goursat’s lemma, R is a fiber product over a groups
that is a quotient of both SLy(F13) and I'. But I' is abelian and SLy(F13) doesn’t have any nontrivial abelian
quotients, so in that that common quotient is the trivial group, and R = SLo(Fq3) X . Therefore we can
pick an element g of H that is, for example, simultaneously in the kernel of pa (so its trace is 2) that lands

anywhere we like f, as desired. O

As for p = 7 above, Corollary guarantees that, for each reducible 7;, we can find an sequence of
eigenforms { fo, f1, f2, ...} in K, with w(f,) depending linearly on n; and Corollary with generators T
and T_ together with the fact that 7; is unobstructed implies that A,, = F7[T4,T_].

We cannot a priori make the same deduction for the irreducible 7 because we have not been able to guarantee
that T and T_ are linearly independent in the cotangent space of the irreducible components — either may

well be in m2, for example.

Better results

Consider the irreducible components, m,, up to twist. We can find finitely manym Hecke operators Sy, ..., Sn

that generate m,.. (As always, we choose them in A°.)

Next, for each 7 appearing in A°, we find elements E, in A® with the property that E. is a unit in A, and
in m,, for all 7/ # 7. These can always be found: we know that A° is a direct product of local rings A,, so
that any lift of the idempotents of [[ A,/m, = [[ F will do. Since A° is dense in A° and [[_F is finite,

we can always find E, in A°.

Finally, consider the finite set

{EAS1,...,EASh}.
These operators are all in ZO, so that they are proper and full recursion operators by Corollary Moreover,
each one is in every maximal ideal by construction, so they are all NROs by Proposition [8:2} Finally, their
images in A,, generate m,,, again by construction. Therefore Corollary @ applies, using a sequence
guaranteed by Corollary for Ta.

fIn Appendix [F| we give Weston’s argument that 7a is unobstructed at 13, so that in fact we need only two operators to
generate m,,. Prior to this argument, it was known to the literature that the representation attached to A is unobstructed for
all p with the possible exception of 11 and 13 [33] Theorem 5.6].
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Remark. As for p =5 and p = 7, [I8, Theorem 6.3] implies that the A-degree of a generalized eigenform is
controlled by its eigencomponent. Specifically, we can find a basis {g,,} for M = F13[A] so that

n=0mod14 <= g, € M,, Eio=1 and T7AY 4+4A2 £ 5AY 4 12A10 4 4A%+
+12A7 + 11A5 + 10A° + 12A% + 7A% + 6A% + A

n=+41modl4 < g, € M,, A and 60(A)=5AY 4+ A

n=+2modl4 < g, € M, 10A2 + A

n =43 modl4 < g, € M,, 3A% +TA? + A

n=+4modl4 < g, € M,, 2A% + 10A% + 2A% + A

n=+5modld < g, € M,, TAS + TA* + 5A% + 12A%2 + A

n=+6mod1l4 < g, € My, 0°(A) =5A% +8A% +12A" + 3A% + 9A% + A
n=7modl4 < g, € M,, AT +2A° + 8A* + 6A® + 3A% + A,

The polynomials above are all the corresponding true eigenforms (for Uz as well as for A) — reductions of

eigenforms appearing in characteristic zero, in this case normalized if cuspidal.

8.100 The nilpotence method

We restate the core part of Theorem [B.1] in a more uniform way. The proof is the nilpotence method for

obtaining lower bounds on dimensions of mod-p Hecke algebras.

Theorem 8.4.
Ifp=2,3,5,7 or 13, and 7 : Gg,p — F,, is a modular pseudocharacter, then dim A, > 2.

Since 7 is always unobstructed for these primes (Proposition [2.16]), in fact A, ~ Fp[z,y].

Proof using the nilpotence method.

Reduce to A°: By Proposition A, is isomorphic to a local component of A%, so it suffices to prove the
theorem for 7 with k(7) = 0. Let 71, ..., 75 be a complete list of modular Galois pseudocharacters appearing

in A°. Let my,..., m, be the corresponding maximal ideal and A;,..., A, the corresponding localization.
That is A, = A, and A% = A; x --- x As. Fix i; we will show that dim A4; > 2.

Find generators for each m;: Each A; is noetherian (Proposition [2.19)), so that for each ¢ we can find
finitely many Hecke operators T7,..., T}, in A° each of the form T, — 7;(Froby), to generate m;. These are

simultaneously ideal generators of m; and topological algebra generators of A;. Their image in A; for j # 4

is not controlled.

Find “approximate idempotents” for each A;: For each i, we find elements E; € A0 ¢ A® with the
property that E; =1 modm,; and E; € m; for each i # j. One way to find these is to lift idempotents of
Ar/my X Ag/mg X -+ X Ag/mg =F, xF, x - x Fp,.

The set
{ET):1<i<s, 1<j<m}
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consists of elements of A° that are, by construction, both in (), m; and generate each m;. Therefore, each
E;iT; is a full NRO on M° (Proposition . Since there are finitely many of them, we can find o < 1 so
that Ng, i (f) < deg(f)* for all f € M° =TF,[A] and all 4, j (ibid.).

Find a sequence of witnesses for the fullness of A;: Corollary [2.:45|of Jochnowitz’s results on filtrations

of generalized eigenforms gives us, for each i, a sequence {f,} with f, € K., and w(n) ~ (p> — p)n.

Use the Hilbert-Samuel trick to conclude that dim A; > 2: Apply Corollary [.6]to the set of operators
{EIT;}” and the sequence of forms {f,} to conclude that the Hilbert-Samuel function of A, grows faster
than linearly, and hence dim A; > 2. O

8.101 Blueprint for generalizations

I believe that the nilpotence method can be generalized to work for all primes, and all levels. To do this we
must

1. Generalize the Nilpotence Growth Theorem to filtered algebras. Ideal statement:

If T: B — Bisa full NRO on a filtered algebra B, then there is an o < 1 so that
Np(f) < w(f)*.
Here w(f) is of course the minimum filtration of f. Other terminology (proper, full) has already been
developed in section [£.4] Most probably we would need to assume that filtered algebra B has the
property that w(f™) = nw(f).
2. Prove that Hecke recursions are always full. This just entails proving that, for f € My,
w(fofi... fo) =L+ 1) w(f),

where fo,..., fe are the translates of f defined in Lemma If true, this should not be difﬁcultﬁ
3. Generalize the results of Chapter [] especially Proposition [£.22] to filtered algebras. This would imply
that A" is always an algebra of proper and full filtered separable recursion operators (possibly with

additional conditions satisfied by Hecke operators).

The proof would then proceed just as the proof of Theorem above.

8.102 A question of Khare

We end with a few remarks on a question of Khare [20]. Let 7 a modular Galois pseudocharacter modulo p,

and assume that k(7) = 0 for simplicity. Recall that M, has its weight filtration
{0} c MT>p_1 C M"’72(1)—1) - MT,3(p—1) C---CM;

¥(October 2015) In fact, this is false, and there are many counterexamples. For p = 11, we have M? = Fq1[y,y~'] with
y = Ef and y~! = EZ, so that w(y) = 20 and w(y~!) = 30. The recursion polynomial for the action of Ty on M? for £ =3 is

P3y=X"+Oy+9)X3+ (2 +9+9+9y HX2+(9+8 ' +y )X +y L

Evidently, agy1 =y~ has filtration 30 rather that (£+ 1)w(y) = 80. It now seems likely that a different condition will have to
be used to carve out those NROs whose nilpotence index grows slower than linearly.

92



CHAPTER 8. APPLICATIONS 8.102. A QUESTION OF KHARE

In [20) Section 3|, Khare defines the nilpotence filtration on M,:
{0} € M, [m,] C M,;[m?] C M,;[m3]C---C M,,

and asks how the nilpotence filtration compares with the weight filtration when restricted to K = ker U:
“Does there exist a nice function f(n) such that K, [m?] — KT,f(n)?’ﬂ He also notes that there is “a strong
connection” between the function f(n) and the dimension of A,. With the Hilbert-Samuel trick and (a
hypothetical but plausible strengthening of) Jochnowitz’s results, we can make that connection precise: if
f(n) is O(n*), then dim A, < k.

The nilpotence method naturally answers the inverse comparison question: if p = 2,3,5,7 or 13, then we
have shown that there is a function g(n) < n® for some a < 1 so that M, , — M- [m?-(")], which gives lower
bound for the dimension of A,. But for p = 2, Nicolas and Serre have found a Khare-type function: they
find that f(n) is quadratic in n. It would be very interesting to see if this other side of Nicolas-Serre can be

generalized as well.

§We have substituted our notation — but note that Khare states his question for forms of level 'y (IV).
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Pseudocharacters and

pseudorepresentations of dimension 2

A pseudocharacter of a group G to a ring A is a function G — A that mimics the properties of the trace of a
representation of G. We'll briefly discuss two related notions of pseudocharacters of dimension 2: Rouquier’s
pseudocharacters and Chenevier’s pseudorepresentations, and prove that they are equivalent if % € A. The
arguments don’t appear to be written down anywhere, though the equivalence is well known. The main

references are [25] and [7].

A.1 Rouquier pseudocharacters of dimension 2
Definition. A pseudocharacter of dimension 2 of a group G over a ring A is a map t : G — A satisfying

e tis central: For all 2,y in G we have t(xy) = t(yx).
e ¢ is not multiplicative: There exist x,y in G with t(z)t(y) # t(zy).
e t satisfies the Frobenius identity of order 3: For all x,y, z in G,

t(@)t(y)t(z) — t@)t(yz) — ty)t(vz) — t(2)t(zy) + t(zyz) + t(zzy) = 0.

To explain the second requirement: if t : G — A* is a multiplicative character, then ¢ is central and also
satisfies the Frobenius identity of order 3, but of course we prefer to call this a pseudocharacter of dimension 1.

A proper pseudocharacter of dimension 2 is not multiplicative.

Remark (Digression on the Frobenius identity). The Frobenius identity of order 3 is a special case of a more
general construction. If ¢ : G — A is any central map, n is any positive integer, and o € §,, is a permutation,

define t, : G — A as—well, this is a one case where an example is clearer than a formula:
t(164)(23) (71, - - -, T6) = H(T17674)t (T273)t(T5).
Finally, let S,,(t) : G" — A be defined as S, (t) = >_ ;. sgn(o)t,.

Then the Frobenius identity of order 3 defined above is exactly the condition S3(t) = 0 as a map G — A.
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The Frobenius identity of order 2 is Sa(t)(z,y) = t(z)t(y) — t(xy) = 0 forces ¢ to be multiplicative—that is,
a pseudocharacter of dimension 1. More generally, a map t : G — A is a pseudocharacter of dimension < d
if it is central and Sg14(t) = 0.

The inequality appearing in that definition is inconvenient but necessary: If t : G — A is central and
Sn(t) =0 (as a map G™ — A), then S,,11(t) = 0 as well. Indeed, it’s not hard to convince oneself that

Snt1() (@1, s xn,y) = tH(y)Sn(t) (21, ... 20) — ZSn(t)(xl, e LY e Tp)-

In other words, a central map ¢t : G — A is a pseudocharacter of dimension d if Sg11(t) = 0 but Sg(t) # 0.

By playing around with 2 x 2 matrices, it’s not difficult to verify that p : G — GL2(A) is a representation,
then trp is a pseudocharacter of dimension < 2. Unfortunately, the trace of a representation of dimension
2 in characteristic 2 may be identically 0, and hence accidentally multiplicative. Consider, for example,
the trivial two-dimensional representation of any group over A = Fa: its trace is identically 0 and hence
satisfies the Frobenius identity of order 1. Should it be considered a pseudocharacter of dimension 0?7 (The
answer is that one should keep track of the determinant as well as the trace and work with Chenevier

pseudorepresentations instead.)
Lemma A.1l. If A is a domain and t : G — A is a dimension-2 pseudocharacter, then t(1) = 2.

1€ Aand p : G = GLy(A) is any representation, then trp is a

pseudocharacter of dimension exactly 2.

In particular, if A is a domain with

Proof. Let a = t(1) € A. The Frobenius identity with z = 1 gives

0 =at(@)t(y) — t(z)(y) — t)t(z) — at(zy) + t(zy) + tay) = (a - 2)(H2)Hy) — t(zy)).
Since we assumed that ¢ is not multiplicative, there exist  and y in G with t(xy) # t(z)t(y). If Ais a
domain, this forces a = 2. O

A.2 Chenevier pseudorepresentations of dimension 2

Definition. A (Chenevier) pseudorepresentation of dimension 2 of a group G over a ring A is a pair (¢, d)
of functions from G to A satisfying

e t: G — Ais central: for all z and y in G, we have t(xy) = t(yx)

o t(l)=2

e d:G — A* is a group homomorphism

(Trace-determinant identity) For all z and y in G, we have
t(zy) +d(@)t(z"y) = t(2)t(y).

It’s trivial to verify that (trp,detp) is a pseudorepresentation of dimension 2 is if p : G — GLy(A4) is a

representation.

Do we need to assume ¢(1) = 2 in the definition? The trace-determinant identity for the pair (1,1) gives
t(1) + d(1)t(1) = t(1)2, so that (1) is a root of X (X — 2), and it’s likely possible to set up situations with
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t(1) = 2 forced. In any case, it’s desirable.

Lemma A.2. Suppose (t,d) : G — A is a pseudorepresentation of dimension 2. Then 2d(x) = t(x)? —t(x?)
forallz € G.

Proof. Trace-determinant identity for the pair (z,x) and (1) = 2. O

Proposition A.3. If% € A, then we have a natural bijection
{dim-2 Rouquier pseudochars t : G — A with t(1) = 2} <> {dim-2 Chenevier pseudoreps (t,d) : G — A}
t(z)? — t(a?
t— (t,d), where d(z) := M
t i (t,d)

Proof. Rouquier implies Chenevier: First, suppose t : G — A is a Rouquier pseudocharacter of dimen-
2 2

sion 2. Define d : G — A as above: d(z) = M for © € G. We will show that (¢,d) satisfy the

trace-determinant identity (easy) and that d is multiplicative (less easy).

Lemma A.4. For any a,b in G,
1. 83(t)(a,a,b) = Q(d(a)t(b) + #(ab) — t(a)t(ab))
2. S3(t)(a,b,ab) = t(a)t(b)t(ab) + t(a®b?) — t(a)t(a?b) — t(b)t(ab?) — 2d(ab)
R-to-C: Trace-determinant identity: Let x and y in G be arbitrary. By the first part of the lemma

above with @ = x and b = 2~ 1y,
Ss(t)(z,z, 27 1y) = 2(d(a:)t(a:_1y) + t(zy) — t(x)t(y))

Since S3(t)(z,x, 27 1y) = 0 and 2 is invertible, the trace-determinant identity holds for = and y.

R-to-C: d is a group homomorphism: Again, let  and y in G be arbitrary. I claim that
Sa(t)(x, y, x,y) + 483(t) (2, y, 2y) = t(y) S3(t)(z, 2, y) + 255(t) (x, y, 2y) — S3(t)(w, 2,?)
= 4(d(@)d(y) — d(zy)).
Indeed, the general identity from the remark above for n = 3 reduces to
Sa(t)(a,b,c,d) =t(d)S3(t)(a,b, c) — Ss(t)(ad, b, c) = S3(t)(a, bd, c) — S3(t)(a,b, cd)
for any a,b, c,d in G, which essentially immediately implies the equality of the two expressions on the first
line. The first part of the lemma above applied twice, the first time for ¢ = = and b = y, and the second for

a =z and b = y2, along with the second part of the lemma applied for a = z and b = y, combined with the
definition of d(y), establishes the rest of the identity.

Since S3(t) = 0, the middle expression is identically 0; since 4 is invertible, this forces d(x)d(y) = d(zy).
2 2
Finally, d(1) = % = 1, which means that d really is a group homomorphism.

Chenevier implies Rouquier Suppose (¢,d) : G — A is a Chenevier pseudorepresentation of dimension 2.

Note that, since 2 is invertible in A, this automatically implies that d(z) = % (¢(z)? — t(2?)) (Lemma|A.2).

Since we're assuming that ¢(1) = 2 and 2 invertible in A, it’s also easy to see that ¢ is not multiplicative: if

t were multiplicative, then 2 = ¢(1) = ¢(12) = (1) = 4 in A, which isn’t true since 2 is a unit.
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In other words, the only thing to prove is the Frobenius identity. We simplify the computations slightly
with a trick. Let R = A[G], and extend ¢ to R by linearity. Then Ss(t) is a symmetric and multilinear
function from R® to A. In the case where 3 is also invertible in A (in addition to 2), inclusion-exclusion-type
expressions show that such a function is always determined by its values on the diagonal R < R3. Indeed,
if f: R?® — A is symmetric and multilinear, and g : R — A is defined by g(z) = f(x,z, ), then

9@ +y+2)—gle+y) —glz+2)—gly+2) +9(@) +9(y) + 9(2) = 6f(x,y, 2).
So if g is identically zero, and 6 is invertible, then f is identically zero as well.
However, we definitely want to establish this for rings of characteristic 3, so we can’t assume that 3 is
invertible. So we adapt this argument very slightly. We show instead that for any z,y € R, we have
S3(t)(x,z,y) = 0. This is enough: again, if f : R®> — A is symmetric multilinear, then
flet+yz+y,z)=2f(2,y,2) + f(z,2,2) + f(y,y, 2).
Since 2 is a unit in A, if f evaluates to zero whenever two of the arguments are the same, it is in fact

identically zero on R3.

It remains to establish that Ss3(t)(z,z,y) is always zero. But we already computed in the first part of
Lemma [A 4] that
S3(t)(x, 2, y)
5 = d(2)t(y) + t(z*y) — t(2)t(zy)
—and the latter expression is exactly the trace-determinant identity for the pair (z,zy), so known to be

identically zero for a Chenevier pseudorepresentation of dimension 2. O
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Solutions to linear recurrences

over a field

The purpose of this chapter to give a proof of Proposition restated below:

Recall that K is a field. If P € K[X] is monic, then P is the companion polynomial of a unique linear

recurrence, so the two notions are conflated below.

Proposition B.1 (Repeat of Proposition . Suppose that P € K[X] factors as

P(X) = (X —a)" - (X —ap)”
with oy, ... o, € K distinct. Then every solution to the recursion P in FN s a linear combination of the
following e; + - - - + e, solutions:

{(n>a7]} , withl1<i<rand0<j<e,.
J n

n
Here < ) is the integer-valued binomial coefficient function

SN n(nl)(ni)'(anrl)

We continue to use the convention that a® = 1 for all ; here we additionally insist that (;L) a1 =0 if

j < n for all a as well.

In this section, we resort to the following notational trick: if A is a ring and f : N — A is a function, then
we will identify f with its sequence of values (f(n)), € AY. In particular, we’ll always assume that n is the

function variable.
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B.1 Background on polynomial functions

For k > 1, let () € Q[z] be the k™ binomial coefficient function:

ﬂm:<z>:x@1yéfk+1)

Also set (9 =1 and 2(*) = 0 for k < 0. Even though a priori the coefficients of z(*) as a polynomial are not
integral, as a polynomial function, t(*) takes integers to integers. So z*) is an integer-valued polynomial: a
polynomial f € Q[z] that takes Z to Z.

Theorem B.2. The functions {x(k)}k are a Z-basis for the space of all integer-valued polynomials.

This theorem is attributed to Poélya, but the proof, which is given at the end of section below, uses
only very simple calculus of finite differences, so the statement may well have been known to Newton much

earlier.

For all k, the sequence n(®) = (n(k))n is an element of ZY and hence of KN regardless of the characteristic

of K. The first few sequences of binomial coefficient function values:

n =(0,1,2,3,4,5,6,7,...)
n® =(0,0,1,3,6,10,15,21,...)
(
= (

n©® =(1,1,1,1,1,1,1,1,...)

n<3 0,0,0,1,4,10,20,35,...)

0,0,0,0,1,5,15,35,...)
Lemma B.3. The sequences n'9, n™M n® .. form a linearly independent set in KN.
Proof. For n < k, we have n(®) = 0; and k*) = 1. Linear independence follows. [

Note that the same is not true for the polynomial z*: the set {1,n,n2 n3 ...} of sequences in K" is not
linearly independent if char K = p. Indeed, n and n” define the same function from N to K. Binomial

coeflicient functions fix this exact problem.

Lemma B.4. If char K = 0 or if char K > k, then the span of the sequences
{1,n,n® G nk)}

is the same as the span of
{1,n,n% 03, ... nF}.

Proof. The sets {1,z,22,...,2*} and {1,z,2®, ... 2} both span the space of polynomials of degree
bounded by k inside Z[Z;][z].

O
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B.2 General form of a recurrence sequence

Proposition B.5. Let P(X) € K[X] be a polynomial defining a linear recurrence of order d. Suppose that
P(X) factors over K as

P(X) = (X —a1)™ (X — ) -+ (X — a,)*"
with the a; € K distinct.

Then s € K is a solution to the recurrence defined by P if and only if s is a K -linear combination of the d
linearly independent solutions

_ o et .
n(O)a?, nMar=t ., nle 1)04? eit as i runs over 1,2,...,r.

Proof. As before, we have to show that n(k)a?_k is a solution for k£ < e;, and that the d solutions given are
linearly independent. For the first, see Lemma [B.6] below combined with Proposition [I.7] For the second,

we need the invertibility of a generalized Vandermonde matrix; see section O

In other words, the space of recurrence sequences contains the algebraic span of all polynomial functions and

all geometric sequences.

Lemma B.6. Let a be any element of K, and consider the recurrence equation with polynomial P(X) = (X —a)?.

Then the sequence n®a™=* is a solution to the recursion for any k < d.

Proof. We continue the methods of the proof of Proposition let E be the shift-left operator on KV; then
f € K" is a solution to the recursion defined by P € K[X] if and only if P(E) f =0

Let A = E — 1 be the finite difference operator, a discrete analog of differentiation. We first show that

An®) = pt=1),

st -8()- (1) ()= ()

By induction, A%n*) = n*=9) o that A%(*) = 0 if an only if & < d. This proves the lemma for o = 1.

Indeed,

The general case is analogous:

(FE — ) (n(k)anfk) _ <n —I: 1) Q kL (Z) o=k — p(k=1) yn—k+1
so that (E — a)? (nPan) = nlk=dqn=d,

In other words, n(®)a™ is a solution to the recursion if and only if k < d.

The finite difference operator gives a way to prove Theorem [B:2}

Proof of Theorem[B.2 By Lemma any integer-valued polynomial f € Q[z] of degree d can be written
as > g apn®, with the ar € Q. (Recall that we’re identifying polynomial functions like z(*) with their
sequence of values on integers, a perfectly reasonable thing to do over Q.) Moreover, ag = f(0) € Z.

It is clear that the discrete difference operator A takes polynomials to polynomials, and it certainly preserves
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the space of integer-valued polynomials. Therefore Af = AZkgd apn®) = Zkgd apn*=1 is an integer-
valued polynomial, and hence a; = (Af)(0) € Z. By induction aj = (A¥f)(0) € Z for every k. O

B.3 Invertibility of the generalized Vandermonde matrix

In this section, we prove a lemma necessary for Proposition [B.5] We will show that a certain type of

generalized Vandermonde matrix is invertible.

We first define the matrix. Fix a positive integer r and positive integers eq,...,e,; the matrix will have
dimension d = e; +- - -+ e,. For any ordered r-tuple (ay, ..., a.) of elements of K we define the d x d matrix
Vey,....en(@1,...,ap) by listing d functions f : N — K the entries of the each column will be the value f(n)
for 0 < n < d. The first e; functions are

n@ar, nWan=1 .. plaDgr-eatt
Then next e, functions are

n(o)ozg7 n(l)agfl, c.on
And so on; the last e, functions are, of course,

n—1
r

n(O)af, nWar=t . pler g

For example,

1 0 0 1 0 1
a 1 0 b 1 c
a®> 2a 1 2 2 2
\% a,b,c) =
32 ) a® 3a®> 3b b 3 &
a* 4a® 6b2 bt 4
a® Ba* 100 bv* 5b* P
If e; = 1 for all ¢, we get the usual Vandermonde matrix.
Proposition B.7. If aq,...,a, are distinct, then the generalized Vandermonde matriz Ve, o (01,...,0p)

s invertible.

The proposition establishes the linear independence of the solutions given in Proposition whose first
d entries are scalar multiples of the columns in the generalized Vandermonde matrix. The argument be-
low is adapted from the elegant one given by user Taar on Math.stackexchangd® to the case of arbitrary

characteristic.

To prove the lemma, we first define a variation on formal derivative operators on polynomials. For a
nonnegative integer k, define the operator di on K[z] by setting di(z") = (})z" % and extending by
linearity. For comparison to the usual formal derivative d defined by d(z") = nz"~!, we have k!d = d*.

Lemma B.8 (Leibniz rule). For any k > 0 and any f,g € K|z],

de(fg) = Z di(f)d;(9)-

itj=k

*http://math.stackexchange.com/questions/654324, “Determinant (and invertibility) of generalized Vandermonde matrix.”
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For comparison, the usual Leibniz rule for d* is d*(fg) = Dtk (f) di(f)d’(g).

Proof. By linearity, it suffices to prove the formula for f = 2™ and g = z". The left-hand side gives

("™ znFtm=F; the right-hand side is
n m n+m—=k
2 () ()

k
i+ji=k
Equality follows: for example, one can think combinatorially about choosing a k-subset from the (disjoint)

union of an n-set and an m-set. O

Lemma B.9 (Raison d’étre of dy). Let f be a polynomial in K|[z], and suppose for some o € K we have

fle) =dif(a) =daf(a) = =dn_1f(a) =0.
Then (z — )™ divides f(x).

Proof. Write f(x) = (z — a)™g(z) with g(a) # 0. First use induction with the Leibniz rule to conclude that

di(z — )™ = () (x — @)™ *. Next, the Leibniz rule again gives
m m m—1
dpf(z) = Z di(x — )" d;g(x) = Z <Z>(xa) ig(x)
i+j=k i+j=k

Evaluate at « successively for £k =0,1,...,n — 1 to conclude that m > k. O]
Finally, we are ready to prove the invertibility of the generalized Vandermonde matrix.

Proof of Lemma[B.7} Write V. = V., .. (o1,...,a.). Let ¢ = (co,...ca—1) € K? be a row vector so that
¢-V =(0,...,0). Define the polynomial
fx)=co+cz+ - +cq12% ! € K[z].

Then the condition ¢+ V = 0 considered column by column exactly says that, for all i,

flai) =dif(ai) = =de,~1f(a;) = 0.

By Lemma (x—a;)% divides f for each i. Since the a; are distinct, we in fact have [],(z — ;)¢ dividing
f as well. But [],(z — ;)® has degree d, and deg f is explicitly less than d. This means that f = 0, so that

¢ = 0 and the rows of V' are linearly independent.

O

In fact, one can also show that
det Ve, . e (01,...,00) = H(O‘i — o),
1<j
For a proof of this determinant formula in the case where char K = 0, see http://www.garretstar.com/
secciones/publications/docs/generalized_Vandermonde.pdf. The general case follows since the deter-

minant is is a polynomial function in the a4, ..., a, and the formula is true over Z.
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Appendix C

Notes on «

Here we discuss some computational aspects of the special-shape Nilpotence Growth Theorem. The form we

will discuss is stated below.

Theorem C.1 (c¢f. Theorem and sections and . Suppose T is a degree-lowering linear operator
on Fly] so that the sequence {T(y™)}n satisfies a linear recursion whose companion polynomial has the shape
X 4 ay? + (terms of total degree < d — D)
for some D > 1 and some constant a € F. Suppose also that either d =b or d =b—1 for some p-power b,

and D <b—1. Then
Nr(y") < er(n) = n'os®=P),
where cp(n) = ¢y, p(n) if d=0b and cp = (b— D — 1)eyp (Z) if d=b— 1.
For T satisfying the conditions of the theorem, let a(7T) = min{a : Nr(y™) < n®}. Also, let
a(d, D) := max{«(T) : T satisfies the conditions of Theorem [C.1] with d, D}.

If d is a power of p or d is less than a power of p, then clearly a(d, D) < log,(b— D). The question we briefly
computationally investigate here is whether a(d, D) = log, (b — D).

C.1 Cased=0p

Computationally, it appears that a(p, D) = log,(p — D). More surprisingly, it appears that one can always
find a T so that Nr(y™) = cr(y™) on the nose, if not always then infinitely often. Here are some of these

maximal examples. In each case, we use the initial values [0, 1,y,y2, ...,y 2]. We will focus on D = 1.

e p = 2: This is outside the purview of the theorem since b — D = 1, but ¢z 1(n) is the sum of the digits

of n base 2, so that c¢z,1(n) < logy(n). The recursion operator 7' with
Pr=X%+X+4°

and initial values [0, 1] appears to achieve Np(y™) = cr(n) infinitely often.
e p = 3: The recursion operator T' with Pr = X3 +yX —y? and initial values [0, 1, y] appears to achieve
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Nr(y™) = er(n) infinitely often. For n < 10000, I compute that Nr(y™) is equal to cp(n) over 60% of
the time, and never differs by more than 7.

e p = 5: The recursion operator T with Pyr = X° 4 3yX?3 4+ y2X? + 3y3X + 4y° and initial values
[0,1,y,52,v%] appears to achieve Nr(y") = cr(n) for “most” n: every counterexample n has 0s in its
base-5 expansion, and cr(n) — Ny (y™) < 2 for all n < 1000.

e p = 7: The recursion operator T with Pr = X7 + 3y2X* + 643 X3 + 552 X2 + 3y°X + 6y7 appears
to achieve Nr(y™) = cr(n) for most n. For m < 1000, there are only 36 counterexamples, and
cr(n) — Np(y™) < 3 for each one.

e p = 11. The recursion operator T with
PT _ Xll + 6yX9 + 2y2X8 + 3y3x7 + 6y4X6 + 8y6X4 + y8x2 + 9y9X + loyll

appears to achieve Nr(y™) = er(n) for most n. For n < 1000, there are only 8 counterexamples, and
Nr(y™) = er(n) — 1 for each one.

C.2 Other cases

If d = p?, it is less clear what is happening. One guess is that as p grows, it becomes easier to find examples

with N7 (y™) a lot like ¢z (n), but it’s not clear if that is just for small n. A few examples that look maximal.
e p = 2: The recursion operator 7' with Pr = X* + y* 4+ y? and initial values [0, 1,,y?] appears to have
a(T) = 0.71, whereas log, (b — 1) = 0.792.
e p = 3. The recursion operator T' with Pr = X9 4+ 292 X% + 43 X5 4 2¢° X3 + 6 X2 4+ 247X + 23° and
initial valuess [0,1,,...,y"] appears to have a(T) < 0.92, whereas log, (b — 1) = 0.946.
e p =5 The recursion operator with
PT _ X25 + 2yX23 + y2X22 + 22/3X21 + 2y5xl9 + yﬁxl8 + 4y7X17 + 2y8X16
FA4gP X O X1 | 3yl X 13 g 12 X012 4 3,16 X8 4 g 18 X6 | 19 x5
+4y21X3 + y22X2 + 4y23X +4y25
has Np(y™) = er(n) for n < 125. For 125 < n < 1000, the difference ¢r(n) — Np(y™) is bounded by
31: compare to ¢r(1000) = 936. Unclear if this is a small-n noise or not.

For d = p*¥ — 1, I simply record a few examples that seem to have high growth (though probably not as high
as cr) for further investigation later.

ep=3,d=2 Pr=X?>+X+9y>+2

e p=2d=3 Pr=X3+X?+yX +9°+y.

e p=2d=T Pr=X"+X+ X5+ X4+ (¥ + 1) X3+ X2+ y*X + ¢
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Proof of Theorem 5.21

We prove Theorem [5.21] restated below, using Proposition [5.12]

D.1 Statement of the theorem

Theorem D.1 (Theorem [5.21). Let T : Fly] — F[y] be a degree-lowering recursion operator so that the
sequence {T'(y™)} satisfies a linear recursion of order d where d is prime to p and such that the companion
polynomial has the shape

X4+ ay? + (terms of total degree < d — D)
for some constant a € F and some D > 1. Let k = flogp d], so that d < p* =b. Then if| D < % , then

Nr(y") = O(n'os D)),

More precisely,

(b=1)(b=D)((b=D)' ~1) 1y , (=D (b=D) 1)
dlos,(=D) (b — 1 — D) b—D—1 ’

where £ is the multiplicative order of b modulo d.

Nr(y") <

Why is this theorem necessary? It isn’t, but it gives a somewhat better upper bound for the nilpotence

growth.

How much better? Suppose ¢ # p is prime, and we have a polynomial
P(X) = X* —y* + (terms of total degree < ).

Since 2/ — 1 divides 2?’ ~1 — 1 in F,[z] if and only if ¢ divides p/ — 1, we will find that the a < 1 guaranteed

by Theorem [5.19)is %, where f is the multiplicative order of p modulo ¢, and may be as high as ¢/ — 1

if p happens to be a generator in (Z/¢Z)*. On the other hand, the o guaranteed by Theorem is %

where p* merely has to be greater than .

For an example of this phenomenon, take p = 3 and ¢ = 7. Since 3 is a generator mod 7, we are comparing
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a = logr99 728 = 0.9998 from Theorem with o = logg(8) = 0.9464 from Theorem Is this dramatic
enough to warrant several more pages of technical lemmas? A question only the dedicated reader who has
made it this far can answer. The ultimate goal would be to get a better bound still, and Theorem [5.21] is
a small step in the right direction. For example, let P(X) = X7 + yX5 + yX — 7, and let T'(y") = y" !
for 1 < n < 7. Computations with SAGE suggest that Nz (y") is multiplied by about 2.6 every time that n
is multiplied by 7, which gives an « =~ 0.88. The real coup would be to approach this bound.

D.2 Proof of the theorem

The proof proceeds exactly the same as before. We set b be the smallest power of p not less than d. We will
assume that | D < 221 | Let M = (b— D)* — 1, where ¢ is the multiplicative order of b modulo d. Finally,

we set

er(n) == Mcepp (%)

as usual. We will eventually show that ¢ satisfies all the properties of Proposition [5.12

D.2.1 Preliminaries
We begin with a general and very satisfying lemma about comparing how the content function changes when

you add or subtract arguments.

The question of how (b, D)-content changes when we add or subtract integers can be answered completely.
Write two nonnegative integers m and n base b as m = [mg my_1 -+ m3 mg] and n = [ng ng—1 - -+ ny ngl,
possibly padding one of the expressions with initial zeros so that they have the same number of digits. Define
ry(m,n) = [rgre—1 -+ r1 10| as the number whose base-b expansion is the tuple of carry digits when m is
added to n base b. That is, let s = [sg415¢ - - - So] be the base-b expansion of s = m+n, and define r; € {0,1}
implicitly and inductively via mg + ng = sg + ro b and m; +n; + r;_1 = s; + r; b for ¢ > 1. Finally, for any

tuple r = [rg - - 1], we will write ¢, p(r) = Zfzo(b — D)’ry, so that ¢, p(n) = c(base-b expansion of n).
Lemma D.2. With r,(m,n) as above,
¢, p(m+n)=cy,p(m)+cp,p(n) —Depp (7”;,(m7 n))
Proof. A clean computation. Let s = m +n and r = ry(m, n). Recall that we have
mo + no = S0 + rob = so + D ro + ro(b — D)

and m;+n; +ri1=s;+rib=s;+Dr;+r;(b— D) for ¢ > 1.

Multiplying the i*" equation by (b — D) and adding up the sides of the equalities, we get
a,p(m) +a,pn)+ > rioi(b— D) =c,p(s)+ Depp(r) +ro(b—D)+ Y _ri(b— D)+

i>1 i>1

The extraneous terms on each side cancel to finish the proof. O

Next, a simple lemma about the base-b expansion of fractions with denominator d.

Lemma D.3. Let b be a base and d a denominator prime to and less than b.
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1. Any fraction é with 0 < i < d, has no zeros in its base-b expansion.
2. Write é with 0 < ¢ < d as 5 = 35 with £ minimal. Then all the digits of m base b are distinct.

Proof.

1. The first digit of % after the radix (i.e., “decimal”) point is L%J, which is at least 1 since d < b. This
division @b + d has a remainder r, which is at least 1 since d is prime to b. The second digit is L%J,
which is again at least 1, and the remainder is again at least 1, for the same reasons. And so on.

2. Write é = [0.apajaz - ]p, so that m = [ag - - - ag—1]p. The digits a; are obtained by Euclid’s algorithm:
ib = aod + rg with and then for n > 0, we have r,_1b = a,d + r,; at each step, r, < d and a,, < b.
Suppose a; = ay, for some j, k. I claim that this forces r; = r, so that j and k are a multiple of ¢ apart.
Indeed, we know that a;d is r; less than a multiple of b for some r; < d < b. This defines r; uniquely,
and since ard has the same relationship to 7, we must have r, = r;. By induction a4, = ag4, for all

integer n > —j, —n, both positive and negative. Since £ is the length of the period, the claim follows.

O

D.2.2 The properties of Proposition [5.12

Throughout, base b > 2 is a power of p, descent D is an integer, and d is a denominator prime to and less

m
bt—1"

Moreover, for i, j integers between 0 and d, let r; ; =7 =1} (im, jm)7 the carry digits when im and jm are

than b. We also let £ be the multiplicative order of b modulo d, and m be the integer defined by é =

added together. Finally, write ¢ = ¢ p.

, then

N

Lemma D.4 (Property ) If|D <

1 2 d—2 d—1
0=1c¢(0) < C(d) < c(d) << c(d) < C(d) .
The lemma is not generally true if D > 2. Here is the simplest counterexample: for (b, D) = (7,5), we have
L — 480 _ [0.1254];. It’s easy to check that 0775(%) = 0775(3) = 3. Worse yet,

5 7i-1
(BB
oz | =% 7 — ol )

Proof. We show that for integers j and ¢ with 0 < j < i < d, we have c(%) < c(é).

Since d is prime to b, we know that é is purely periodic, say, of period ¢ < 1. This means that there exists

an integer m with exactly ¢ digits in its base-b expansion (because % > %), so that é = 375 Moreover,

__cm)
@ =G -pyr_1

-

and

Qe

i clim)
G =Gy 1

observe that, for ¢ in the range 1 < ¢ < d, the integer i m still has exactly ¢ digits in its base-b expansion.

It therefore remains to show that, for integers 1 < j < i < d — 1, we have ¢(jm) < c¢(im). Of course, it’s
enough to do this for i = j+1. Here we use Lemma we know that ¢((j+1) m) —c(jm) = ¢(m)—D c(r),
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where r = ;1 is the number whose base-b expansion keeps track of the carry digits when jm and m are
added together base b. So the statement is proved as soon as we establish that ¢(m) > D ¢(r).

As observed above, m, jm, and im = jm + m all have exactly ¢ digits base b. This means that the topmost
carry digit of the addition problem jm + m is r,_1 = 0. The rest of the r;s are all Os and 1s, so that

{—

De(r)< DY (b— D)

%

[ V)

D

:7b_D_1((b—D)H—1).

Il
=]

On the other hand, since d < b, we know that the first digit of m is at least 1, so that c¢(m) > (b — D).

Since we're assuming that —2

7—p—1 < 1, the desired inequality follows.

To extend the inequality to all D < g, we use part : since every digit of m is nonzero, we know that

actually
-1

c(m) >> (b—D)' = b_’%_l((b—D)f ~1).
=0

1=

So this sequence of inequalities also holds if (b— D)*—1 > D((b— D)*~* —1): for example if 1 < D < b—D,
or, equivalently, 1 < D < g But since b;Ql < D < 1 implies that b < 3, and we’re assuming that b > 2, we
don’t have to worry about the condition D > 1 in the region b;zl <D< %.

O

d—D
Lemma D.5. For all descents D, we have c(d) < 1, with equality if and only if d =b— 1.

<1. Sincedn=0b"-1=[b—1---b—1] and m

d—D) _ c(((d—D)m

Proof. We want to prove that c( d b— DY —1

has no zero digits, we know that

T
L

e((d=Dym) < (b—D~1)Y (b= D) = (- D)’ ~ 1),
i=0
with equality if and only if mn = [1 --- 1]: that is, if d = b — 1. Indeed, if d < b — 1, then Lemma
guarantees that one of the first two base-b digits of m is at least a 2, which will leave (d — D)m with either
its first or second digit strictly less than b — D — 1, either of which is enough/[f] O

Lemma D.6 (Property ) Let b be a base, D < b— 3 a descent, and denominator d < b and prime to b.
Moreover, we have two integers 0 < j < i— D < i < d and two nonnegative integers A and B so that both

*Lemma guarantees that % >1[0.123 ---{]p. This is a relatively crude estimate. In fact, if é =10.12...]p, then d =b—2
and each digit after the decimal point is at least double the previous one (unless of course this doubling exceeds b). But this
estimate é >1[0.123 ---4]p easy to work with because we know that ¢ is a digit base b: since ¢ is the multiplicative order of b

mod d, we know that £ < ¢(d) < d < b. Alternatively, Lemmaimplies £ < b as well. In any case, ¢c(m) < Zf:l i(b—D)¢—7,
We derive how to compute this type of sum:

N o0 0o
§ nxnfl — 2 T'L.’)Sn71 _ § nx"71 —
n=1 n=1

NE

o0 oo
nz" "t — gV E nz" "t — Nz E z"
n=1

n=N+1 n=1 n=0
1 zN NzN 1 —(N+ 1)z + NgN+1
T l-x)2 (1-2)2 1-—2 (1—2)2
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A+1i and B + j are strictly less than d. Then

A+i A B+j B
Cp,D P — Cy,D a > Cp,D 4 — Cy,D 1)

12
s drdr
what matters are relative jumps é and %, not the starting points % and g. The case A = B =0 is Lemma

D.4

That is, not only is ¢; p increasing on {0 . d%dl}, but this increasing is “uniform" over the interval:

Proof. Write c for ¢, p. Let £ and m be as the proof of the previous lemma, and recall that, for 0 < s < d,

(3 = or=r

The desired inequality is therefore equivalent to the integer-content inequality

we know that

c((A+i)m) — c(Am) ; c((B+j)m) — c¢(Bm).

Recall that, for integers s and ¢, we write 7, for r,(sm,tm). By Lemma the left-hand side of the
inequality above is equal to ¢(im) — D ¢(ra;), and the right-hand side to ¢(jm) — D ¢(rp,;). In other words,

the inequality above is equivalent to the inequality
?
c(im) —c(jm) > De(ra) — De(rp,;)-

Using Lemmaagain, we replace c(im)—c(jm) by ¢((i—j)m)—D c(r;;—;). By Lemma c((i—j)m) > ¢(Dm),
and certainly D ¢(rp,;) is nonnegative. It therefore suffices to prove that

?
c(Dm) > De(ra) + De(rjij).

Using the crude estimates at the end of the proof of Lemma we know that ¢(Dm) > D(b— D)*~! and
that each of the terms on the right-hand side is bounded by # ((bf D)=t — 1). The condition D < b—3

guarantees that —2

7—p—7 < 1, which proves the last inequality. O

For the next two lemmas, let A, B, I, and J be integers satisfying 0 < A, B,I,J, A+ 1, B+ J < d.

Lemma D.7. If I+ J <d—D and D < b— 2, then

1) ef2) <1
o ety o) o 2) we(22) ~o(2) <1

Proof. 1. If d=b—1, then
I J I+J d—D
— — | = < = 1.
C(d)+c(d> b-D-1-b-D—1 "

Otherwise, we need to look more carefully. We know that

Therefore, we know that

L

c(m) < (b—D)' >

i=1

. I . 5 S 2
EECE——— ®-D) T =Dyt _ (b=D)* - ((+1)(b-D)+¢
(b— D)t (1 1 )2 (b—D—1)2

“ D

Perhaps one can get even better bounds from this.
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C(I) n C(J) _ eI+ J)m) + De(rr,y) _ e((d=D)m) + De(rr,g)

d d (b— D) —1 = (b—D) -1

Since dm = [b—1 --- b — 1], we know further that ¢((d — D)m) = ¢(dm) — ¢(Dm). And on the other
hand, D c(ry,y) < 52— ((b— D)* —1). Therefore, the numerator of ¢(4) + ¢() is no more than

c((d = D)m) + Dc(ry,y) < e(dm) — c(Dm) + (b—D)" —1)

b—D—1
(b— D) —1
b—D -1

:(h—DV”(1+

=(b-1) - DOb-D) !+

2D

e _ -1
—p 1 Pb-D)).

Therefore, our claim is established as soon as we know that D(b — D)~! > — =" This is easily

INA |
C“’_l

seen to be true provided that £ > 1 (the case £ = 1 was dispatched earlier) an — 2, which we

gladly assume.
2. As in the proof of Lemma [D.6] we know that

() (2) (232)(3) o) () e

If I +J <d— D, then by the observation above and Lemma [D.7]
A+1T A B+J B I J
2T (= —e[2) <l = Z) <.
(5 = (@) = (5) () =+(3) +<(0) =2

Lemma D.8 (Property ) IfI+J>d+D and|D < %51 then

() (2) 5

C(I)+C<J)C«I+JV@-%Dc&Lﬂ.

d (b— D) —1

Proof. We know that

d

If I+.J>d+ D, then (I +.J)m =dm+im = b’ — 14 im for some i > D. Since im has £ base-b digits, we
know that c¢((I + J)m) = (b— D)* + c(im — 1); since im not divisible by b, this is further equal to
c(Im + Jm) = ¢(b*) + c(im) — 1
>c(b)+e(Dm)—1> (b—D)+D(b- D) -1
On the other hand, ¢(r; ;) is certainly bounded below by (b— D)*~!, so that the numerator of ¢(4) + ¢(%)

is at least
c(Im + Jm) 4+ De(ryy) > (b— D) =14 (D +1)(b— D)1

We also have

(52) 0 25) () -<0) )2
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Analyzing the extra terms as before, we have
2D

< b_D_1 ’ ((b*D)Eil - 1),

De(rar)+De(rp,y)
so that, if I +.J > d,

C<A+I> —c<A> +C<B+J> _C<B) N (b—D) -1+ (D+1)§b—D)“1 — bffil'

d d d d

In short, the claim is established provided that (D +1)(b— D)*~! > ;22— Certainly the left-hand side is

at least 2, and under the assumption D < %, the right-hand side is no more than 2. So we are done. [J

This completes the Theorem{5.2}style part of Theorem [5.21} For the precise bounds, note that
n
er(n) = (b= D)’ = Nern ()

<o p (R ) )

which proves the claim.
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Appendix E

Irreducible representation deforming a

reducible pseudocharacter

Let G be a group, F' a field with char F' # 2 and x1, x2 : G — F* two characters. Suppose that there exist
cocycles ¢15 € Ext};(xg, x1) and co1 € Exté(xl, X2) with the property that both Yoneda cup products ¢i12¢21
and co1¢12 are nullhomologous in ExtzG(Xl, x1) and EXté(Xz, X2), respectively. We construct a representation
p: G — GLo(F'[e]) whose trace is an irreducible pseudocharacter trp : G — F[e]| deforming 7 = x1 + x2.

E.1 Cohomological computations

E.1.1 Ext-groups via cochains

For i > 0, let C* be the space of i-cochains (that is, set maps) G* — F, and let C := @, C*. This is a graded
algebra with C° = F whose multiplication is defined as follows: if a € C* and b € C’ then ab is in C**7 with

ab(g1,. .., 9i+5) = a(gr,- -, 9)b(Gix1s- - - Gitj)-

Given two characters x1,x2 : G — F*, we endow C with a differential operator d : C — C, graded of degree
1, with d* : C* — C**! defined by

i
(d'c)(gr,-- -, gi+1) = xa(g1)c(g2, - - -, git1) + Z(*l)JC(gl, s G5 Git1)
j=1 | IS |

+ (=) g, -, gi)x2(git1)-

One can check that d'*1d’ = 0, so that C is a complex with differential d, and we can consider its cohomology.

For i = 0,1,2, the i*" cohomology group gives us an explicit realization of Exté;(xg, X1), described below

*I expect this is true for all 4, but have not checked the details.
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APPENDIX E. DEFORMING A REDUCIBLE PSEUDOCHARACTER E.1. COHOMOLOGICAL COMPUTATIONS

The first few graded pieces of C as a complex are
0 1 2 .
0" St e S8
where the maps can be described explicitly:

(d’)(9) = x1(g)e — exa(9):
(d*c)(g, h) = x1(g)e(h) — c(gh) + c(g)x2(h),
(dzc) (ga h7 k) = X1 (g)c(h7 k) - c(gh, k) + C(g, hk) - C(Q? h)X2(k)

Whence the first few cohomology groups:

F ify =
Extg(x2, x1) = ker d® = X1 = X2 ’
0 else
ker d! {c e Ch:c(gh) = x1(g9)c(h) + c(g)x2(h)}

Extg = =
K602 x1) imd®  {ceC':c(g) =x1(9)b—bx2(g) for some b in F}’

kerd®  {ceC?:xa(g)e(h, f) — clgh, f) + clg, hf) — (g, h)x2(f) = 0}
imd'  {ceC?:c(g,h) = x1(9)b(h) — b(gh) + b(g)x2(h) for some b € C*}’

Extg(x2, x1) =

If x1 and yo are understood, then, for a 1-cochain ¢ € kerd* C C!, write [c] for the corresponding element
of Extg&(x2, x1)-

Ext! and representations

A 1-cochain ¢ represents an element of Extg (2, x1) if and only if

xi(g) c(9)
QH( 0 X2(9)>

is a representation G — GLy(F'). The isomorphism class of this representation depends only on the image
of [¢] in the projectivization P Ext¢ (X2, X1)-

E.1.2 Yoneda product via cochains

Let X1, X2, x3 be three characters G — F*. From now on, we specify by writing d;; for the differential giving
Extg (x;, x:) in cohomology.

Cochain multiplication satisfies a kind of graded Leibniz rule:
Lemma E.1. If a € C* and b € C? are two cochains, then
dii’ (ab) = diy(a)b + (—1)"a ddy(b).
Proof. Computation, completely straightforward. O
In particular, if i = j = 1, then d%5(ab) = diy(a)b — adi;(b): this the main form we will use.

Now if ¢19 € C! represents an element of EXté(Xg, x1) and co3 € C! represents an element of EXté«(Xg, X2)
are two 1-cocycles, then the 2-cochain cizcp3 € C? represents an element of EXté(Xg, x1) that depends only
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on [c12] and [c23). Indeed, by Lemma [E.1]
di3(c12¢23) = di2(c12)ca3 — c12 daz(cas) = 0,
so that c1aca3 is in ker di3. Moreover, if c12 + djya is another representative of [c12] for some a € C°, then
(012 + d(l)z(a)) Co3 = C12C23 + di5(a)cas = 12023 + diy(a)cas — a dys(cas) (A)
= 12023 + dis(acas), (B)
where we’ve used Lemma again along with the fact that dl;(co3) = 0 by definition. Adjusting the
representative of [ca3] works the same way.

Therefore multiplication of cochains descends to a map

Exts(x2, X1) ® Extd(xs, x2) — ExtZ(xs, x1),

corresponding to the Yoneda product of extension classes.

Nullhomologous Yoneda products

Suppose again that cjo and co3 are 1-cocycles in ker dis and ker dsa3, respectively. Further suppose that we
know that the product 2-cocycle ¢15 ca3 is nullhomologous in ExtzG(Xg, x1) Then there exists a 1-cochain b

trivializing this 2-cocycle, so that c¢is co3 = d13b. That is, for all g, h € G,
c12(g)eas(h) = x1(g)b(h) — b(gh) + b(g)xs(h).

The choice of b is not unique, but any two 1-cochains b and ¥’ trivializing cjsce3 differ by a 1-cocycle in
ker d?[3.

Finally, if ¢1o is replaced by another representative of [c1o] € Extg (X2, x1), then the trivializing cochain b
adjusts by an element of C°cp3 C C!, that is, an F-scalar multiple of cp3 (same reasoning as in equations
— above). Similarly, replacing ca3 by a cohomologous cocycle moves b by ¢12C° C C'. Therefore, if
we only know [c12] and [c3], the trivializing cochain b is well-defined in C* modulo ¢15C? + C ca3, that is,

modulo linear combinations of ¢i5 and ca3.
We record a lemma about the trivializing cochain in the case that x; = xs3.

Lemma E.2. Let ¢15 represent an element of Exté(xg,)a) and co1 represent an element of Exté;(xhxg)
so that cia¢o1 is nullhomologous in Ext?;(xl,xl), with b in C a trivializing 1-cochain. Then b’ € C' also

trivializes c1ac21 if and only if (b — b’)xfl is an additive character of G.

Proof. We know b — b’ is a 1-cocycle representing an element in Exté(xl,xl), which exactly means that
(b—b')x7" is an additive character of G. O

E.1.3 A triple product computation

Now suppose [c12] € Ext};(xg,pa) and [co1] € Extg()a,xz) are such that both ciac91 and coq a1 are
nullhomologous in Exté(xl, x1) and Exté(xg, X2), respectively. (This happens, for example, if both Ext?s,
which are isomorphic via twist by Xfl X2, vanish.) Choose trivializing 1-cochains fi; and fa2, respectively.
That is,

1 1
ci2¢21 = diy fi1 and ca1012 = dag fo2.
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I claim that the 2-cochain
e = fiiciz2 + ciafa
is in the kernel of d?,. To see this, apply Lemma twice:

di2(e) = dia(fr1c12) + diz(ci2fa2) = di1(fi1) c12 — fi1 diz(ci2) + dia(cr2) faz — ci2 daa(fo2)

= c12¢21¢12 — 0+ 0 — c12¢21¢12 = 0.

Therefore e represents an element of EXtQ(XQ, X1)- When we pass to cohomology, both fi; and foo are
defined up to a linear combination of c;5 and co; only, so that this element need not be Well—deﬁnedﬂ But

in our application, we will have EXté(Xz, x1) = 0, so this ambiguity doesn’t matter.

E.2 Application to a tangent pseudodeformation

As before G is a group, F a field with char ' # 2, and x1,x2 : G — F* two characters. Suppose that
Extg(x2, x1) # 0 and Extg(x1, x2) # 0, but Extg(x1, x1) = Extg; (x2, x1) = 0.

Proposition E.3. Under the assumptions above, there exist irreducible representations
p: G —= GLy(F[e])
whose trace trp is a deformation of t = x1 + x2 to Fle] as a pseudocharacter, and whose determinant

det p = x1x2-

Proof. We use the ideas of [3], though the construction of p is completely self-contained based on section

above.

Find 2-cocycles c15 and co1 representing elements of Exté(xg, x1) and Extla(xl, X2), respectively. Since we
are assuming that ExtZ(x1,x1) = ExtZ(x2, x2) = 0, we can find 1-cochains fi; and foy with the property
that

di1(f11) = cize21 and daa(fa2) = carc12.
Further, since we assume EXt%(X27 x1) = 0, we can find a 1-cochain Z;5 with the property that
d12(Z12) = fi1c12 + c12 fao.
I claim that

. (Xl —efi1 ci2+ EZ12>

£C21 X2 — €f22

is a representation of G over F[s]ﬂ Since the image is in GLo(F'[¢]), it suffices to check that p(gh) = p(g)p(h).
We compute, using the fact that cio € ker dis,

It is an element of the Massey triple product (c12,c21, c12).
fThanks to Carl Wang Erickson for suggesting the shape of p and a conceptual interpretation of Z13.
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[ x1(gh) ci2(gh)
p(g)p(h)—< 0 X2(gh)>

te —x1(9) f11(h) = fii(g)x1(h) + c12(g)ca1(h)  x1(9)Z12(h) — f11(g)cia(h) — c12(g) foa(h) + Z12(g)x2(h)
ca1(g)x1(h) + x2(g)c21(h) ca1(g)c12(h) — xa(g) faz(h) — f22(g)x2(h)

To prove that p(gh) = p(g)p(h), we verify equality in each coordinate:

(; 8) Because dy1 f11 = ci2¢21,

—fi11(gh) = —x1(9) f11(h) = f11(g)x1(h) + c12(g)ca1(h).

(2 9) Similarly, because daa foo = 21012,

—faa(gh) = ca1(g)c12(h) — x2(g) foa(h) — f22(g)x2(h).

(92) True because ca1 € ker do;.

(Z ;) Because di12715 = f11612 =+ 012f22, we have
Z12(gh) = x1(9)Z12(h) — f11(g)ei2(h) — c12(g) faz(h) + Z12(g) x2(h)-

Therefore p is a representation whose trace visibly deforms x1 + X2, as claimed. It remains to see that we

can adjust p to force the determinant to be x3x2. We compute

det p = x1x2 — e(X1f22 + fiixe + c12¢21)-

Since p is a representation, its determinant is a character of G, which means that its e-component scaled by
X7 'xz ', namely

o= foxs ' +x1 fi1+ x5 ezeanxs
is an additive character of G. By Lemmawe can replace f11 by fi11 — xyio = —X1f22X2_1 — 012021)@_1 in
the construction of p above. This adjustment affects only Z;5, which does not affect the determinant. It is

clear that the adjusted representation by construction has determinant xix2, as desired. O

Of course several such p may be possible: most obviously, if x1 # X2, then we can swap the roles of x; and
X2 to get a deformation that residually has xo as a subrepresentation instead of x;. But as far as the trace,
from [3] we know that, if x; # x2 and both Extg(x2, x1) and Extg(x1, x2) are one-dimensional, then the

tangent space to the pseudodeformation functor modulo reducible deformations is one-dimensional as well.

E.3 Applications to reducible modular pseudocharacters

We check the cohomological conditions for applying Proposition @ in the case that G = Ggp, the field is

F =T, and all maps are additionally assumed continuous. Recall that w is the mod-p cyclotomic character.

Proposition E.4. Assume Vandiver’s conjecture for p. If k =0 or k is odd modulo p — 1, then

HQ(GQ)I,, wk) =0.

Proof. We use Tate’s global Euler characteristic formula [22], Theorem 5.1]: if M is a finite F,-vector space,
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th
o #H(Ggp, M) #H?*(Ggp, M) _ #H°(Gal(C/R), M)

#H(Gg,p, M) #M

In our case with M = F,(w*), we have

(G ety = 17 L0
1  otherwise;
#H"(Ggp,w") =pif k=0or k is odd (here assuming Vandiver’s conjecture for k odd);
p if k is even
1 if k is odd;
#M = p.
Therefore if k = 0 or k is odd, #H?(Ggp,w") = 1, as claimed. O

#H°(Gal(C/R),wr) =

Therefore, if 7 = w® 4+ 1 is a reducible modular pseudocharacter of Gq,p, then b is odd, and we have
Exté@,p (Fp,F,) = Exté@,p(]Fp,wb) =0, and Proposition applies.
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The representation attached to A is

unobstructed mod 13

We give an argument of Tom Weston showing that for p = 13, the residual representation
PA - GQ,p — GLQ(FI))
attached to A is unobstructed.

The representation p = pa is unobstructed if and only if H? (Gq,p, ad p) vanishes (this is the original defintion
of unobstructed, which coincides with the one given here in section for absolutely irreducible p). By Weston
[32, Lemma 6] and its Poitou-Tate source [22] Theorem 4.10],

dim H*(Gg,p, ad p) = dimg, [II' (G p, w ® ad’p) + H(Gp,w @ ad p) + H*(Goo,w @ ad p).

Here w is the mod-13 cyclotomic character; G, C Gg,p is an image of Gal(Q,/Q) inside Gg,, and G is an
image of Gal(C/R). Moreover, H°(Go., M) is reduced H° modulo norms, and

T (Go,p,w @ ad’p) = ker (Hl(G@yp, w®ad’p) — HY (Gp,w@ad’p) ® H (Goo,w ® adop)).
The III!-term vanishes by the analysis in Weston [32} section 4], which relies on results of Diamond-Flach-Guo
[TT]. The infinite local H%-term also vanishes because p # 2.

For the remaining G,-invariants, we use the fact (see, for example, Gross [I5, Equation (0.1)]) that

whxyTt %
p|Gp ~ 0 X 9

where x : G, — F5 is the unramified character taking Frob, to ai3(A) = 8. (In fact, in [I5, Theorem 13.10
and chart on p. 513], Gross proves that this extension is nonsplit, but the only thing that actually appears
to matter here is that ay3 Z +1 mod 13.)
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In general, if the eigenvalues of some representation p’ are a and 3, then the eigenvalues of ad p’ are 1, 1,

2

aB™!, a='B. In our case, the eigenvalues of adp are 1, 1, wyx? and w™!x~2, so that the eigenvalues of

w ® ad p are
w, w, w2, and Y2

Since x is unramified and x =2 # 1, there are no Gp-invariants, and this term vanishes as well.
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